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Supervisor’s Foreword

This thesis has introduced a detailed programme of research into optimization and
development of Superconducting Magnetic Energy Storage (SMES) using second-
generation (2G) high-temperature superconducting tapes. This is a complex,
interesting and important area of research.

The first part of the thesis provides an appropriate summary of existing
knowledge about magnetic field penetration in superconductors (including the
important finite size effects), the techniques for modelling the magnetic properties
of superconducting structures of increasing complexity (including stacks and
coils), and the performances of SMES technology compared to other forms of
energy storage. Next, an efficient algorithm is provided in order to design the
geometric parameters of the superconducting coil in view of maximizing the
stored energy for a given length of available superconducting tapes.

The main part of the thesis presents an original model for determining the
electrical characteristics of the system (losses, amount of energy and critical
current) as a function of the parameters of the superconductors. Weijia has
developed analytical expressions that extend those developed by Clem et al. An
advanced numerical model also allows him to determine the distribution of
magnetic flux density and current density over a full AC cycle and to determine the
losses therefrom, even for a field-dependent critical current density. Significantly,
the results obtained by this model show that the knowledge of the maximum values
of the alternating excitation are enough to determine the AC losses of the coil,
which reduces considerably the calculation time. The current and magnetic field
profiles are presented for various values of the superconducting parameters, and
the discussion reflects an excellent understanding of the physics of the system.
A detailed comparison of the ‘‘infinite stack’’ and the circular pancake geometries
is also carried out. He clearly shows that the infinitely long stack approximation of
a pancake coil is adequate in most practical situations.

Next three prototype SMES are built and tested at the liquid nitrogen tem-
perature. The superconducting properties of the coils are measured. A specific
cryogenic system based on a cryocooler is then designed in order to operate the
pancake coil at lower temperatures.
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Finally, Weijia studies an electronic converter for the control of the SMES;
this system is tested successfully and demonstrates, both by modelling and by
experiment, that the superconducting coil can be used for compensating a voltage
sag. In the final chapter, Weijia draws a number of practical conclusions for his
investigations. These include a summary of how the performances of a super-
conducting coil can be optimized. Weijia finally gives an outlook of the research
topics that could be developed for a further improvement of the use of SMES with
2G YBCO tapes. The results of this study are particularly relevant to power
engineering applications, and a number of key issues are highlighted.

In summary, the research work carried out by Weijia represents a significant
contribution to the understanding of 2G superconductors for magnetic energy
storage. In his work, Weijia demonstrates the evident knowledge of the engi-
neering and physics skills required for the theoretical and experimental investi-
gation of HTS systems. This research is novel and important for the development
of coated conductors for magnetic energy storage applications.

Cambridge, March 2011 Dr. T. A. Coombs
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Preface

Since a superconductor has no resistance below a certain temperature and can
therefore save a large amount of energy dissipated, it is a ‘‘green’’ material by
saving energy loss and hence reducing carbon emissions. Recently the massive
manufacture of high-temperature superconducting (HTS) materials has enabled
superconductivity to become a preferred candidate to help generate and transport
cleaner energy.

One of the most promising applications of superconductors is Superconducting
Magnetic Energy Storage (SMES) systems, which are becoming the enabling
engine for improving the capacity, efficiency and reliability of the electric system.
SMES systems store energy in the magnetic field created by the flow of direct
current in a superconducting coil. SMES systems have many advantages compared
to other energy storage systems: high cyclic efficiency, fast response time, deep
discharge and recharge ability, and a good balance between power density and
energy density. Based on these advantages, SMES systems will play an indis-
pensable role in improving power qualities, integrating renewable energy sources
and energizing transportation systems.

This thesis describes an intensive study of superconducting pancake coils
wound using second-generation (2G) HTS materials and their application in SMES
systems. The specific contribution of this thesis includes an innovative design of
the SMES system, an easily calculated, but theoretically advanced numerical
model to analyse the system, extensive experiments to validate the design and
model, and a complete demonstration experiment of the prototype SMES system.

This thesis begins with literature review which includes the introduction of the
background theory of superconductivity and development of SMES systems.

Following the literature review is the theoretical work. A prototype SMES
system design, which provides the maximum stored energy for a particular length
of conductors, has been investigated. Furthermore, a new numerical model, which
can predict all necessary operation parameters, including the critical current and
AC losses of the system, is presented. This model has been extended to analyse
superconducting coils in different situations as well.
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To validate the theoretical design and model, several superconducting coils,
which are essential parts of the prototype SMES system, together with an exper-
imental measurement setup have been built. The coils have been energized to test
their energy storage capability. The operation parameters including the critical
current and AC losses have been measured. The results are consistent with the
theoretical predictions.

Finally the control system is developed and studied. A power electronics
control circuit of the prototype SMES system has been designed and simulated.
This control circuit can energize or discharge the SMES system dynamically and
robustly. During a voltage sag compensation experiment, this SMES prototype
monitored the power system and successfully compensated the voltage sag when
required.

By investigating the process of building a complete system from the initial
design to the final experiment, the concept of a prototype SMES system
using newly available 2G HTS tapes was validated. This prototype SMES system
is the first step towards the implementation of future industrial SMES systems with
bigger capacities, and the knowledge obtained through this research provides a
comprehensive overview of the design of complete SMES systems.

Cambridge, October 2010 Dr. Weijia Yuan
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Chapter 1
Introduction

1.1 Background

The shortage of energy in the world is becoming a bigger and bigger challenge.
Nearly 8% of total electricity energy is dissipated during transportation process
[1]. Saving electricity and hence energy, as well as reducing carbon emissions, are
key priorities for the future.

The introduction of electricity to the public started over one century ago and
since then electrical devices and systems have been widely used. However, due to
the deterioration and ageing of electrical devices in existing systems, generation
and transportation of clean energy is becoming a challenge.

Since superconductors have no resistance below a certain temperature and can
therefore save a large amount of energy dissipated in comparison to conventional
materials, they are becoming the enabling engine for improving the capacity,
efficiency, and reliability of the future electric system. They have the potential for
bringing a more fundamental change to electric power technologies than has
occurred since the inception of power systems.

The application of superconductors in electrical devices can be divided into two
categories. The first group is to replace copper with superconductors in conven-
tional electrical devices, such as superconducting cable, superconducting trans-
formers and superconducting machines; the second group consists of two emerging
devices which have no counterparts in conventional electrical devices and have
been enabled by superconductors: Superconducting Magnetic Energy Storage
(SMES) systems and Superconducting Fault Current Limiters (SFCL).

Compared to conventional electrical devices, the most important advantage of
superconducting devices is the significant amount of saved energy. Moreover, they
can reduce device dimensions and are more green and safe. For instance, super-
conducting cables act as ‘energy superhighways’ with a higher capacity while
eliminating resistive losses. Thus, the superconducting transmission and distri-
bution system would allow more electricity to reach consumers with no increase in
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fossil fuel-related CO2 emissions, using smaller sized equipment. It is estimated
that 40% of USs total grid energy losses are from aging conventional transformers
and that the use of superconducting transformers could reduce energy losses on the
grid by one-third—equivalent to eliminating about 15 million tons of CO2 annu-
ally [2]. Furthermore, they are cooled by liquid nitrogen as opposed to flammable
and toxic oil coolants used in conventional transformers. Superconducting
machines are more compact and efficient than conventional ones since super-
conductors can carry a large current or produce a large magnetic field with only a
small device dimension. An SFCL is able to protect electric grid equipment from
damage and thus reduce the cost for utilities.

SMES systems are efficient devices of storing large electrical energy. The
superconducting coil in a SMES device has an almost completely lossless current
path and is very compact. Compared to other equivalent energy storage systems,
SMES systems have the following advantages:

• More environmentally friendly since they do not have any toxic chemical
materials

• A higher cyclic efficiency since they have no resistance during DC conditions
• Respond more quickly since the energy conversion only involve with electrical

but no mechanical or hydraulic devices
• A deeper discharge and recharge ability since the superconductors can be

completely discharged and recharged
• A better balance between power density and energy density

SMES devices are playing an important role in the expansion and moderniza-
tion of the transmission system infrastructure, as well as the integration of
renewable energy sources. With its stored energy and fast response capability, a
SMES system can protect the electrical grid from faults, which might include
voltage fluctuations that crash digital electronics, brownouts that disable industrial
processes and harm electrical equipment, and power failures like the North
American blackout in 2003 that affected 50 million people and caused approxi-
mately $6 billion in economic damage which lasted for 4 days [3]. Furthermore,
renewable energy sources, such as wind power, solar plant and tidal generators,
have very unstable output power. By connecting with renewable energy sources,
SMES systems will smooth their output power and ensure a safe and reliable flow
of power for consumers.

1.2 Thesis Purpose and Structure

The biggest difficulty in achieving the widespread application of superconductivity
is the extremely low temperature. However, the discovery of high-temperature
superconductivity in 1986 has brought superconductor much closer to real industry
application. High-temperature superconductors (HTS) materials are supercon-
ducting at 77 K using easily-accessible liquid nitrogen as the coolant, whereas
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low-temperature superconductors (LTS) material usually work at 4.2 K and
requires liquid helium which is much more difficult and expensive to obtain.

More than 20 years have past since then, and now long lengths of second-
generation high-temperature superconductors (2G HTS) have become commer-
cially available. Researchers are using them to wind superconducting pancake
coils which can be used in a large range of applications, such as superconducting
machines, SFCLs, Magnetic Resonance Imaging (MRI), SMES and so on.

However, before the real application of 2G superconducting coils, several
problems need to be investigated. A comprehensive simulation model has to be
created to simulate the superconducting coils. This model would accurately predict
how much current can be put into the superconducting coils, and this is one of the
priorities. Using this model to calculate AC losses during the charge and discharge
process is also very important. Although a superconductor has no losses during DC
conditions, it does have a certain amount of loss during AC conditions. More
fundamentally, how the magnetic field and current density distribution within the
coil changes during an AC cycle need to be understood.

When superconducting coils are used in a SMES system, some additional
factors need to be considered. The coils need to be designed in an efficient way to
give the maximum stored energy possible. Methods to control the input and output
of the coil energy also need to be studied.

Finally, the coils need to be experimentally tested. All the crucial parameters
for operations of the coils including the critical current, AC losses, magnetic field
distribution need to be measured to validate the theoretical model. The coils will
also be charged and discharged in an voltage sag compensation experiment thus
the control strategy can be validated.

This thesis will investigate all the aforementioned problems in superconducting
coils, aiming to discover an engineering application for them in a SMES system.
The detailed structure of this thesis is as follows:

Chapter 2 introduces the development of superconductors and their background
theories, followed by previous modelling work on superconductors.

Chapter 3 provides an introduction to SMES applications and its developmental
history. It also itemises the difficulties in 2G HTS SMES systems and introduces
how they are investigated in this thesis.

Chapter 4 presents the characteristics of the superconducting tape performance
in background fields with different angles. Studies of different designs are pre-
sented and the best design, which can give the maximum stored energy of the
system based on a certain length of conductor, is selected.

Chapter 5 introduces a new numerical model. This model is easier to calculate
and faster to compute compared with other models, and it maintains consistency
with superconductivity theory. This numerical model can calculate the critical
current and AC losses of a superconducting coil, which is the essential component
of a SMES system.

Chapter 6 provides experimental test data for the superconducting coils. An
experiment rig and data acquisition system was built. The tests, including the
critical current measurement and the AC losses measurement, validate the model
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in Chap. 5. A control circuit design for a SMES unit is also presented. This circuit
can put the SMES unit into two different modes: charge and discharge modes. The
superconducting coil has been tested with the control circuit and it successfully
compensated a voltage sag in a power system.

Chapter 7 summarises the work and discusses the problems to be solved and
potential applications of SMES systems for industrial use in future.
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Chapter 2
Background of Superconductors

2.1 Development of Superconducting Materials and Theory

Superconductivity was discovered in 1911 by Kamerlingh Onnes. It was observed
that the resistance of the solid mercury abruptly disappeared at the temperature of
4.2 K [1]. In subsequent decades, superconductivity was found in several other
materials, most of which are metals. Lead was found to be superconducting at 7 K
in 1913, and niobium nitride was found to be superconducting at 16 K in 1941.

Ever since its discovery, scientists have been working to find physical theories
explaining this superconductivity phenomenon. A milestone in understanding
superconductivity came in 1933 when Meissner and Ochsenfeld discovered that
superconductors completely expelled applied magnetic fields, a phenomenon
known as the Meissner effect [2]. Figure 2.1 gives the diagram of Meissner effect
[3]. When the temperature is below the critical temperature Tc; the superconductor
will expel all magnetic field from within it.

The London model was proposed in 1935, which showed that the Meissner
effect was a consequence of the minimization of the electromagnetic free energy
carried by superconducting current. To maintain the superconductor in the Mei-
ssner effect, there is a superconducting current flowing within very small pene-
tration depth, which is negligible to the superconductor thickness [4].

Landau and Ginzburg suggested a mathematical theory to model supercon-
ductivity. It describes some of the phenomena of superconductivity without
explaining the underlying microscopic mechanism with the help of general ther-
modynamic arguments [5]. Using this so-called Ginzburg-Landau theory,
Abrikosov successfully predicted the division of superconductors into the two
categories now referred to as Type I and Type II superconductors which are
introduced in Sect. 2.2.1 [6].

The first complete microscopic theory of superconductivity was proposed by
Bardeen, Cooper and Schrieffer. According to BCS theory, the superconducting
current is carried by a pair of electrons known as Cooper pairs. The Cooper pair is
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more stable than a single electron within the lattice, since the Cooper pair is more
resistant to vibrations within the lattice as the attraction to its partner will keep it
stable among the lattice it experiences less resistance. Therefore, Cooper pairs
move through the lattice relatively unaffected by thermal vibrations (electron-
phonon interactions) below the critical temperature [7, 8, 9]. BCS theory turned
out be of great success as it correctly predicted the dependence of the value of the
energy gap E at temperature T on the critical temperature Tc and Meissner effect.

Although superconductors were found in 1911, it is until fifty years later that
the superconducting wires was successfully manufactured for a large scale
application. All the early superconductors are metals, which means they are all
Type I superconductors. The reason why Type I superconductor cannot be used for
a large scale application is that it immediately loses superconductivity when
carrying a small current or exposed to a small magnetic field. In contrast, Type II
superconductor can be used on a large scale application since it still maintains
superconductivity with a bigger transport current or in a bigger magnetic field. In
1960s, the first commercial superconducting wire, a niobium-titanium(NbTi) alloy
and niobium-tin ðNb3SnÞ alloy, was developed by researchers, allowing the con-
struction of the first practical superconducting magnets [10]. The critical tem-
perature of NbTi is 10 K and can remain superconducting until about 15 T. Nb3Sn
is more expensive than NbTi, but can withstand magnetic field intensity values up
to 30 T. Its critical temperature is 18.3 K which is also higher than NbTi. How-
ever, Nb3Sn is much more expensive and hard to use than NbTi.

Everything seemed to be settled in the superconductivity area. BCS theory
explains the mechanism of superconductivity, whereas NbTi and Nb3Sn is man-
ufactured for engineering application. According to BCS theory, 30 K was thought
to be the highest theoretically possible critical temperature. However, the
appearance of high-temperature superconductivity (HTS) breaks up the harmony.
The first high-temperature superconductor were discovered to become supercon-
ducting at 35 K in 1986 by IBM Researchers Karl Mller and Johannes Bednorz
[11]. Then Yttrium barium copper oxide (YBCO) and Bismuth strontium calcium
copper oxide BSCCO was found to become superconducting at 93 K and 105 K,
respectively [11, 12, 13]. The family of high-temperature superconductors are all

Fig. 2.1 Meissner effect
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cuprate superconductors. Cuprate indicates a copper compound involved in a
larger coordination complex has an overall negative charge. Cuprate supercon-
ductors are generally considered to be quasi-two-dimensional materials with their
superconducting properties determined by electrons moving within weakly cou-
pled copper-oxide ðCuO2Þ layers.

The discovery of HTS materials has brought the superconductivity much closer
to industrial applications. One benefit is that the higher critical temperature of HTS
materials is above the boiling point of liquid nitrogen, which is much more
accessible and cheaper as opposed to liquid helium for LTS materials. The other
advantage is that they also have a higher critical magnetic field (and critical current
density) at which superconductivity is destroyed. In large scale applications the
high critical magnetic field and upper critical temperature are very valuable.

BSCCO was the first high-temperature superconductor to be used for making
superconducting wires. These materials have come to be known as first generation
high-temperature superconductors (1G HTS). It has two differnt types,
BSCCO-2212 ðBi2Sr2Ca1Cu2O8Þ and BSCCO-2223 ðBi2Sr2Ca2Cu3O10Þ; very
often they are referred to simply Bi2212 and Bi2223. BSCCO needs to be hole
doped by cation substitution or an excess of oxygen atoms in order to become
superconducting. This is usually done by adding interstitial oxygen atoms to the
copper oxide plane. Both Bi2212 and Bi2223 can be made into wires via the
powder-in-tube process.

More recently, rare earth-based HTS material ((RE)BCO) have been developed.
Rare earth elements include, but are not limited to, Yttrium, Samarium and
Gadolinium. These materials are known as second-generation high-temperature
superconductors. Among the all 2G HTS materials, the most famous and already
industrially manufactured one is Yttrium barium copper oxide (YBCO), which is a
crystalline chemical compound with the formula YBa2Cu3O7 [14, 15]. A problem
limiting the use of this material is the difficulty in making it into wires. Oxide
materials such as this are brittle, and forming them into wires by any conventional
process does not produce a strong enough superconductor. Unlike BSCCO, the
powder-in-tube process does not give good results with YBCO. The most popular
method developed to utilize this material involves deposition of YBCO on flexible
metal tapes coated with buffering metal oxides which is known as coated con-
ductor. There are now two commonly used process, Rolling Assisted Biaxially
Textured Substrates (RABITs) process and the Ion-Beam-Assisted Deposition
(IBAD) process. Companies such as American Superconductor, Superpower,
Sumitomo, Fujikura, Nexans Superconductors, and European Advanced Super-
conductors, are now routinely manufacturing these 2G HTS tapes.

More than twenty years have passed since the discovery of the first HTS
material, there are intensive experimental and theoretical research on these
materials; however, there is still no convincing theory to explain their properties.

In 2001 Nagamatsu et al found the superconductivity in Magnesium diboride
ðMgB2Þ at 39 K [16]. This is the highest temperature amongst conventional
superconductors. This discovery caused great excitement since MgB2 is a simple
ionic binary compound that has proven to be an inexpensive material.

2.1 Development of Superconducting Materials and Theory 7



In 2008 iron-based superconductors were found to have superconducting
properties [17, 18]. This is currently the material with the second highest critical
temperature, behind the cuprates. Much of the interest is because the new com-
pounds are very different from the cuprates and may help lead to a theory of
non-BCS-theory superconductivity.

Figure 2.2 gives the comparison of the critical magnetic fields of different
superconducting materials at different temperatures [3]. The blue dashed lines are
the boiling points. We can find that HTS materials have significantly larger critical
magnetic fields and temperatures than LTS materials.

2.2 Modelling of Superconductors

2.2.1 Type I and Type II Superconductors

Superconductor will lose its superconductivity when the applied field is too large,
i.e. Meissner effect breaks down. According to how this breakdown occurs,
superconductors can be divided into two classes, Type I and Type II. In Type I
superconductors, superconductivity is abruptly destroyed when the strength of the
applied field rises above a critical value Hc: All the early found metal supercon-
ductors are typical Type I superconductors, such as aluminium and lead.

Equation 2.1 links the magnetic field H, magnetic flux density B, the magnet-
isation of the material H, and the permeability of free space l0:

B ¼ l0ðH þMÞ ð2:1Þ

Figure 2.3 illustrates the magnetisation process of a type I superconductor [50].
When the applied field H is smaller than Hc; M is equal to -H, thus the total
magnetic field in the superconductor B is zero. However, immediately after H is
bigger than Hc; M drops to zero and the superconductor is in the normal state.

Fig. 2.2 Comparison of
critical magnetic fields of
different superconducting
materials at different
temperatures. The upper
critical field Hc2 at which
bulk superconductivity is
destroyed is indicated in
black, while the
irreversibility field H� at
which the bulk critical current
density goes to zero is
indicated in red [3]
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A Type II superconductor will gradually lose its superconductivity when the
applied field increase, this is featured by a gradual transition from the supercon-
ducting to the normal state within an increasing magnetic field. In comparison to a
Type I superconductor, a Type II superconductor has two critical magnetic fields,
the lower critical magnetic field Hc1 and the higher critical magnetic field Hc2:
When the external field is larger than Hc1; it is no longer completely expelled from
the superconductor but exists in a mixed state. Only when the applied field is larger
than Hc2; the superconductivity will be completely destroyed and the material will
exist in a normal state. Also there are two critical temperatures, Tc1 and Tc2: The
superconductor will gradually lose its superconductivity between critical temper-
atures Tc1 and Tc2:

Figure 2.4 shows the graduate transition from the superconducting state to the
normal state. When the applied field H is smaller than Hc1; the magnetic field is
completely expelled from the superconductor with M ¼ �H; when the applied
field is between Hc1 and Hc2; the superconductor will partly expel the magnetic
field with M gradually dropping to zero. Only when the applied field is larger than
Hc2; the superconductor exists in the normal state.

Typically Type II superconductors have higher critical temperatures and critical
magnetic fields than Type-I superconductors. This allows them to conduct higher
currents and makes them useful for large scale applications.

Fig. 2.3 Magnetisation of
Type I superconductors

Fig. 2.4 Magnetisation of
Type II superconductors
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2.2.2 Critical State Models

The critical state model for superconductors are concentrated on macroscopic
properties of the material. They are based on the experimental observations of the
relationship between the current density and the magnetic field. For the large scale
applications of superconductivity, engineers are more interested in the macro-
scopic properties such as the current and the magnetic field, rather than the
microscopic behaviour inside the superconductor. Therefore the critical state
models are very important in the large scale application of superconductors.

The critical state model suggests when a superconductor carries a small current
or is exposed to a small applied field, the outer layer of the superconductor is in a
critical state, which means the current density is defined by a critical value. The
interior of the superconductor is shielded from the applied field or current.

For a type II superconductor, the applied field begins to penetrate into the
superconductor when it is larger than Hc1: When entering into the superconductor,
the magnetic field becomes superconducting electron current vortices. Each of
these vortices carries the same amount of magnetic flux. The Lorentz force pushes
the vortices to move, whereas they are also trapped at defects in the crystal lattice
of the material. This is known as flux pinning. As a result, the distribution of the
vortices is determined by the balance of Lorentz force and pinning force. The
depth where the vortices can penetrate depends on the magnitude of the applied
field. The surface layer that the vortices occupy is in the so-called critical state.
The interior of the superconductor is left without flux and current.

2.2.2.1 Bean Model

Bean model is a widely used critical state model [19]. To simplify the problem,
Bean considers an infinitely long slab as shown in Fig. 2.5. Since this slab is very

Fig. 2.5 Infinite slab in a
uniform field parallel to
surface
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thin, only the magnetic field component which is parallel to the slab surface needs
to be considered. Since there is only z-direction field, the induced current flows in
a circular path along the surface of the slab as shown in Fig. 2.6 and 2.7. The
assumption of Bean model is that the change of electric field will induce a constant
current density Jc: Therefore we can use the following equations to describe
the slab,

JðxÞ ¼ �Jc if jEðxÞj 6¼ 0 ð2:2Þ

JðxÞ ¼ 0 if jEðxÞj ¼ 0 ð2:3Þ

The Faraday law will simplify to Equation (2.4) below in this slab case,

dB=dx ¼ l0JðxÞ ð2:4Þ

This equation tells us that the magnetic field will linearly decrease to zero until
the critical current disappears along the slab width direction. Figure 2.6
illustrates this.

When the external field starts to change in the other direction, there will be an
opposite induced current from the surface. With the external field decreasing
further, the opposite induced current penetrates further until the slab is fully
penetrated.

2.2.2.2 Kim Model

Kim et al proposed a model which allowed the current density in the critical state
vary with the local magnetic field [20, 21],

a=J ¼ B0 þ B ð2:5Þ

The empirical relation describing a is,

a ¼ ð1=dÞða� bTÞ ð2:6Þ

The constants a and b appear to satisfy a=b� Tc; while d will depend strongly
on the physical micro-structure of the material.

When T is constant, Equation 2.5 reduces to,

Fig. 2.6 Current density and
magnetic field distribution of
a slab exposed to a field by
Bean model
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JcðBÞ ¼ Jc0ðTÞ
1

1þ B=B0
ð2:7Þ

where B0 is a constant depending on the material and Jc0ðTÞ ¼ aðTÞ=B0:
Kim model is quite useful in engineering applications since the magnetic field

varies a lot from the surface to the centre of a superconductor, especially for the
2G HTS tapes which has a thin-strip configuration.

2.2.2.3 E 2 J Power Law

Bean model assumes there is a step relation between the current and the electric
field in the superconductor. in 1962 Anderson introduced the flux creep theory
indicating that this relation is continuous [22]. Rhyner proposed a formula
describing the relation between the current density and the electric field qualita-
tively [23],

E ¼ E0
J

J0

� �n

ð2:8Þ

where n is one of the material properties and E0 ¼ 1 lV cm�1: J0 is the critical
current density at E ¼ E0:

For LTS type II superconductors n is usually larger than 40, whereas for HTS
materials n is usually between 20-30. When n is infinite, E - J power law
becomes equivalent to Bean model. Figure 2.8 gives the comparison of different
n values. n value is an important parameter for the HTS materials performance.

2.2.2.4 Superconducting Strip Model

A thin strip is a common configuration for HTS coated conductors, thus it received
great interest in theoretical and experimental studies. 2G HTS tapes have this
typical thin strip configuration. Both Brandt et al. and Zeldov et al. have

Fig. 2.7 Current density and magnetic field distribution of a slab exposed to a decreasing field
by Bean model
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theoretically analysed the critical state behavior of an infinitely long type II
superconducting thin strip [24, 25]. There are significant differences between the
thin strip and the aforementioned Bean slab.

In the thin strip exposed to an applied field Ha perpendicular to the wide face
(y-direction), a constant critical current density Jc is assumed. When the applied
field is not too large the strip is in the Meissner state. The perpendicular magnetic
field is completely shielded from the strip by the screening current JðyÞ which
exists in b\jyj\a; where a is the half strip width. The part where jyj � b remains
in Meissner state. Flux penetrates from the edges such that HðyÞ ¼ 0 for
jyj � b; jJðyÞj\Jc for jyj\b (shielding currents), and jJðyÞj ¼ Jc for b\jyj\a:
This leads to the following solution,

JðyÞ ¼ 2Jc

p
arctan

cyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � y2

p for jyj\b

¼ Jcy=jyj for b\jyj\a ð2:9Þ

where b is the penetration depth and is given by

b ¼ a

coshðHa=HcÞ
ð2:10Þ

c is defined as

c ¼ ða2 � b2Þ1=2=a ¼ tanhðHa=HcÞ ð2:11Þ

Hc is defined as

Hc ¼ Jc=p ð2:12Þ

Fig. 2.8 E - J power law with different n values
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The magnetic field strength along the tape is

HðyÞ ¼ 0 for jyj\b

¼ Hc arctanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 � b2

p
cjyj for b\jyj\a

¼ Hc arctanh
cjyjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y2 � b2
p for jyj[ a ð2:13Þ

where Hc is the characteristic field, given by Hc ¼ Jcd=p:
These results are significantly different from the Bean model for a slab: The flux

penetration initially is quadratic in H but in Bean model it is linear; the penetrating
flux front has vertical slope but in Bean model it has a constant finite; when the
flux has partly penetrated and a critical state with J ¼ Jc is established near
the edges of the strip, the current flow over the entire width of the strip to shield
the central flux-free region, but in Bean model the flux-free region is also current
free; the screening current density is a continuous function with a vertical slope at
the flux front where it reaches Jc; but in Bean model it is a piecewise constant.
Figure 2.9 shows the magnetic field and current density distribution [24, 25].

When a superconducting strip is carrying a transport current. The equations for
J and H would be

JðyÞ ¼ 2Jc

p
arctan

a2 � b2

b2 � y2

� �1=2

for jyj\b

¼ Jc for b\jyj\a ð2:14Þ

Fig. 2.9 Current density and
magnetic field in a
superconducting strip of
width 2a in a perpendicular
field Ha increasing from zero.
The depicted profiles are for
Ha=Hc ¼ 0:5; 1; 1:5; 2
and 2.5
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where

I ¼ 2Jcða2 � b2Þ1=2 ð2:15Þ

b ¼ að1� I2=Imax
2Þ1=2 ð2:16Þ

Imax ¼ 2aJc is the maximum total current occurring at full penetration b ¼ 0:
Then we can get the magnetic field component perpendicular to the strip,

HðyÞ ¼ 0 for jyj\b

¼ Hcy

jyj arctanh
y2 � b2

a2 � b2

� �1=2

for b\jyj\a

¼ Hcy

jyj arctanh
a2 � b2

y2 � b2

� �1=2

for jyj[ a

where Hc is the characteristic field, given by Hc ¼ Jcd=p:
Figure 2.10 gives the current density and magnetic field in a superconducting

strip of width 2a carrying a transport current I which is increased from zero to 0:95Ic:
There are also a number modelling of small numbers of superconducting tapes

placed either in a stack or parallel [26, 27].

2.2.3 Finite Element Method Modelling

The finite element method (FEM) is a numerical technique for finding approximate
solutions of partial differential equations (PDE) as well as of integral equations.

Fig. 2.10 Current density
and magnetic field in a
superconducting strip of
width 2a carrying a transport
current increasing from zero.
The depicted profiles are
for I=Imax ¼ 0:1; 0:5; 0:8
and 0.95
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The solution approach is either rendering the PDE into an approximating system of
ordinary differential equations, which are then numerically integrated using
standard techniques, or eliminating the differential equation completely.

The FEM method originated from the needs of solving complex elastic,
structural analysis problems in civil and aeronautical engineering. It was first
developed by Hrennikoff and Courant [28].

The FEM method can also be used to solve Maxwell equations for supercon-
ducting materials. After solving Maxwell equations, the magnetic field and current
density distribution in the superconducting material can obtained. The FEM
methods solving superconductors can be classified into three categories by the
equations: A - V formulations, T � X formulations and H formulations.

A - V formulations are derived from Maxwell’s equation by introducing
magnetic vector potential A as the state variable, which is coupled with E - J
power law [29, 30]. After derivation, the final equations are,

E ¼ � oA

ot
�rV ð2:17Þ

� 1
l0
r2A ¼ J ð2:18Þ

E ¼ E0 �
J

J0

� �n

ð2:19Þ

In this model the sample starts with no current flowing. Elements carrying Jc

are then inserted at the point of maximum vector potential and the field recalcu-
lated. The process is continued until the external field is screened from the interior.

T � X formulations use the electric current vector potential T and magnetic
scalar potential X: Amemiya et al. proposed to use E - J power law to link the
equations [31, 32],

r� 1
r
r� T

� �
¼ �l

o

ot
ðH0 þ T �rXÞ ð2:20Þ

r � l o

ot
ðH0 þ t �rXÞ ¼ 0 ð2:21Þ

r ¼ Jn
0

E0
ðr � TÞ1�n ð2:22Þ

In Amemiya’s papers, he calculated the current distributions in non-twisted and
twisted superconducting tapes carrying their transport current and/or exposed to the
external magnetic field. The current distribution in a short piece of superconducting
tape exposed to AC magnetic field is also calculated. An experimental set-up was
built to the measurement of transport loss, magnetisation loss, and the total loss in
Bi-2223 tape carrying AC transport current in AC magnetic field were calculated
numerically. The measured transport and magnetisation losses almost agree with the
theoretical predictions by T � X model.
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H formulations are to couple the magnetic field equations with E - J power
law [33, 34, 35, 36]. Figure 2.11 presents the cross section view in x-y plane of a
infinite superconductor. Since the rectangle superconductor is infinite in z direc-
tion, this model can be simplified to a two dimensional problem.

According to Faraday’s law, we have,

r� E ¼ � oB

ot
¼ �l0lr

oH

ot
ð2:23Þ

Ampere’s law gives,

r�H ¼ J ð2:24Þ

In this two dimensional problem, Equation 2.25 reduces to,

Jz ¼
oHy

ox
� oHx

oy
ð2:25Þ

In the superconductor region, the E - J power law is expressed as,

Esc z ¼ E0
Jsc z

Jc

� �n

ð2:26Þ

where Jsc z and Esc z is the current density and electric field in the supercon-
ductor, respectively. Jc is defined as a standard criterion, which is 1 l V � cm�1:

By combining Equation 2.25 and 2.8, we can get two coupled equations to
describe the superconductor region:

Thus in the superconductor region,

d E0

dHy

dx �
dHx
dy

Jc

 !n !,
dy ¼ �l0lr

dHx

dt
ð2:27Þ

�d E0

dHy

dx �
dHx
dy

Jc

 !n !,
dx ¼ �l0lr

dHy

dt
ð2:28Þ

Fig. 2.11 Subdomains and
boundaries in a two-
dimensional infinite
superconductor

2.2 Modelling of Superconductors 17



In the non-superconducting region, a linear ohm’s law, E ¼ qJ; is used instead
of the nonlinear E-J power law, where q is the resistivity of air. The coupled
equations for the non-superconducting region are,

d q

dHy

dx �
dHx
dy

Jc

 ! !,
dy ¼ �l0lr

dHx

dt
ð2:29Þ

�d q

dHy

dx �
dHx
dy

Jc

 ! !,
dx ¼ �l0lr

dHy

dt
ð2:30Þ

By solving Equation 2.27 to 2.30, we can calculate the magnetic field and
current density distribution in the whole space.

2.2.4 Modelling of Superconducting Stacks and Coils

Only in recent years have long-length coated conductors become commercially
available. This makes it possible to wind pancake coils for large scale applications,
e.g. Superconducting Magnetic Energy Storage (SMES), Superconducting Fault
Current Limiter (SFCL), MRI, etc [37, 38]. Therefore an understanding of mag-
netic field and current density distribution, and the ability to predict AC losses and
critical currents of the coated conductor coils are necessary before designing these
devices. Since superconducting pancake coils are only recently available, there are
limited research papers on this topic to date. However, analysing superconducting
pancake coils is becoming a popular topic due to its importance in application of
2G HTS tapes.

If the coil radius is much larger than the tape width, the coil can be approxi-
mated as a stack of superconducting tapes, which will be much easier to compute.
Thus in many models, a finite stack of superconducting tapes are used to replace a
superconducting coil.

Clem et al. has proposed to use an anisotropic homogeneous-medium
approximation to model the pancake coils [39]. In his model Clem has assumed the
current density is distributed all across the conductor area such as the engineering
current density. The pancake coil is approximated as an infinitely long stack of
tapes. These tapes are electrically insulated from each other and each tape carries
the same transport current. This differs from a solid with the mean properties of the
stack in that firstly there is a significant field penetrating parallel to the tapes, and
secondly that the mean current density is uniform in the direction normal to the
tapes if averaged across the tapes. In these circumstances we can define two
regions. The outer edges will be penetrated by the field and carry the critical
current density. The central region will carry a lower current density. In this
central region the tapes have not been penetrated by the magnetic field. The critical
state and constant critical current density are assumed in the model. Figure 2.12
shows how this approximation is made.
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By searching for the critical boundaries which can minimise the perpendicular
magnetic field in the sub-critical region, a solution is obtained. After a solution is
obtained, a simple equation 2.31 is used to calculate the AC losses. This equation
based on the force on the flux lines as they move in was firstly proposed by
Claassen [40].

Q0 ¼ 2Jc

Za

cðzÞ

Zb

�b

jBz peakjða� xÞdxdz ð2:31Þ

Claassen’s paper shows that when Jc is constant Equation 2.31 is equivalent to
the integration of E � Jc [39, 40].

FEM modelling has also been used in studying superconducting pancake coils
[41, 42, 43]. These models compute the electromagnetic quantities by coupling the
non-linear E - J power law equation with Maxwell equations. Grilli et al. are
using an edge-element method to model the superconducting coil by FEM
methods. An axis-symmetric model is used to reduce the number of mesh nodes
and, consequently, the computation time. The superconducting film in the tapes is
very thin (a few micrometres) and its aspect ratio (width/thickness) is very high,
typically between 1000 and 10000. This increases the number of nodes and the
computation time considerably. As far as the aspect ratio is concerned, they uti-
lized a thickness of 100 lm, with reduced Jc such that the critical current of the
tape (330 A) is preserved. They found that this does not significantly affect the AC
loss computation in a single tape, because the physics is governed by the sheet
transport capacity, i.e. the critical current per unit width, and not much by the
actual thickness of the tape. Figure 2.13 shows the the configuration of the coil
modelling.

Brambilla et al. are applying the integral equation method to stacks and
windings [43, 44]. Due to the high aspect ratio of HTS tapes and the large number
of mesh nodes in the geometry, an unacceptably long computation time is needed

Fig. 2.12 Infinitely long
stack of tapes carrying the
same current
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if multiple tapes and coils are considered. They developed an integral equation
(IE) model that considers the sections of the conductors as 1D objects, in this way
eliminating the problem of meshing their interior. The power law is used in the
integral equation to link the electric field E and current density J. This method is
much faster than the traditional 2D FEM method. Figure 2.14 presents one solu-
tion example of the model.

Pardo et al. presented another numerical model to analyse superconducting
pancake coils [45, 46]. This model assumes the critical state model with a constant
critical current density. The current distribution is calculated by means of the
minimum magnetic energy variation (MMEV) method. The real thickness of the
conductor and the magnetic interaction between the turns has been taken into
account. Figure 2.15 shows the current distribution in his coil.

Fig. 2.13 FEM modelling of
a superconducting coil

Fig. 2.14 1D FEM
modelling of a
superconducting coil
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There are also a number of researchers trying to tackle this problem analytically
[47, 48, 49]. Although the practical problem needs to be simplified to be adapted
for analytical calculations, the analytical methods can usually calculate much
faster than the other techniques and provide a good comparison to both numerical
methods and experimental results.
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Chapter 3
Development of SMES Systems

3.1 Structure of SMES Systems

As energy storage devices, superconducting magnetic energy storage (SMES)
systems utilise a relatively simple concept; it stores energy in the magnetic
field created by the flow of direct current in a superconducting coil which has
been cryogenically cooled to a temperature below its superconducting critical
temperature.

The stored energy can be released back to a connected power system by dis-
charging the coil. The power conditioning system uses a converter to transform
alternating current (AC) power to direct current or convert DC back to AC power.
Thus a typical SMES system includes four parts: a superconducting coil, a power
conditioning system (PCS), a cryogenically cooled refrigerator and a protection
device. Figure 3.1 gives the structure and devices of a SMES system.

Previously before the discovery of HTS materials, all SMES projects are using
low-temperature superconductors, which require liquid helium as the cryogen.
However, HTS-SMES system can use a dry-cooling cryocooler or liquid nitrogen
to cool down as well. Using liquid nitrogen to cool down SMES is relatively
easier, whereas a cryocooler can cool down to around 20 K at which the SMES
can carry a much larger current. Figure 3.2 shows the SMES system using a
cryocooler as the refrigerator.

A SMES device also needs a control system and power conditioning system to
transfer energy in and out. It can be connected with an integrated power system, or
distributed power system, such as propulsion systems for transportation. Figure 3.3
presents a complete SMES system including the control circuit, refrigerator and
the protection circuit.

Once the superconducting coil is charged, the current will decay at a very
small-rate which is determined by the resistance of the persistent switch. Usually
the resistance of the persistent switch made of low-temperature superconductors is
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below 10�10 X and the magnetic energy can be stored for a long time. If the coil
were wound using a conventional wire, the magnetic energy would be dissipated
as heat due to the wire’s relatively large resistance to the flow of current. However,
if the wire is superconducting which means there is very little resistance of it, then
energy can be stored for a long time up to several years.

The magnetic energy stored by a coil carrying a current is given by one half of
the inductance of the coil times the square of the current.

E ¼ 1
2

LI2 ð3:1Þ

where E is the coil energy, L is the coil inductance and I is the coil current.

Fig. 3.2 SMES system using cryocooler as refrigerator [8]

Control 
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Distributed or integrated 
power system

Power 
conditioning 
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Fig. 3.1 SMES system connected to power system
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3.2 History of SMES Technology

Although the phenomenon of superconductivity was discovered in 1911 by
Heike Kamerlingh Onnes, it was not used in industrial applications until decades
later due to its extreme operating conditions and high cost. It was not until 1969
that the application of a SMES system was first proposed [1, 2]. That idea is
to charge the superconducting magnet with the surplus generation of the basic
load units during off-peak time, and to discharge to the power system during
peak time.

Before HTS was discovered or even a long time after the discovery, the primary
research interest in SMES was focused on LTS conductors. In Japan a
5000 MW=1000 MW SMES system was designed for utility load levelling
(Masuda and Shintomi 1987). In the USA, a team headed by Bechtel, developed a
5000 MW=1000 MW SMES concept for the same application. The results of this
baseline study led to two design-improvement and cost-reduction studies, also
performed by Bechtel. Shortly after the birth of the Strategic Defense Initiative
(SDI) the Engineering Test Model (ETM) project to build a 20 MW=400 MW
SMES system for military applications was launched. The cryocooler for LTS
SMES is too expensive and the cooling down process usually takes a long time,
which makes it very difficult to start operating a LTS SMES.

At the early stage of SMES research, it was almost exclusively considered as a
potential solution for utility application. Researchers usually spend many years
building a large SMES with the stored energy of several hundred Mega Joules or
even more than 1000 MJ, in order to damp system oscillations, to enhance voltage
stability, to reduce area-control error (ACE), to provide load levelling and to
provide spinning reserve [3].

Fig. 3.3 Complete SMES
system components [8]
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Since the discovery of HTS, almost all HTS-SMES systems have been proposed
or built using BSCCO wire. This is because BSCCO wire is the first commercially
available HTS conductor. The cost of cryogen is greatly reduced due to the HTS
conductor’s higher critical temperature than LTS wires. These two factors make
HTS conductors popular in winding SMES coils.

As early as 1993, a conceptual design of HTS-SMES was published by the
researchers in the US [4]. The proposed SMES unit has been investigated over the
mid-size energy range of 2 to 200 MW (7.2–720 GJ), using the Bismuth-based
superconductor-BSCCO. This research project was supported by US Department
of Energy. Many effects have been considered including the critical current density
on feasible configurations, mass of conductor, cost and magnetic field and strain
limits. In the end the paper noted several developments needed for HTS-SMES to
exceed LTS SMES. These suggestions are still very valuable today. They are:
(1) improving Jc and reducing the cost of HTS material, (2) designing for higher
field operation, (3) increasing the strain range, (4) minimizing AC loss.

The researchers in American Superconductor corporation reported their test
results of a 5 kJ HTS-SMES in 1997 [5]. Their magnet consisted of a solenoid coil
constructed from Bi-2223 conductor, working at the temperature of 25 K. It was
built and cryo-integrated by American Superconductor, and then connected to a
scaled grid in Germany. Actually it was the first reported significant size HTS-
SMES that had been successfully constructed. The successful design and testing of
this HTS-SMES proved that HTS conductors could be utilised in commercial
products.

Since the first commercial generation of HTS conductor, Bi-2223, became
available in the late 1990s, more and more HTS-SMES have been proposed,
designed and constructed. Their sizes vary from small-scale (several hundred
Joules) to large-scale (several Mega Joules), and they are mainly used in electric
power application.

Friedman wrote a paper about HTS-SMES operating at liquid nitrogen tem-
peratures for electric power application in 2003 [6]. This laboratory-scale SMES
which could store up to 1.2 kJ energy consisted of BSCCO tapes and operated at
77 or 64 K. Although the stored energy was only 1.2 kJ, the unique ferromagnetic
core increased the stored energy by a factor of more than five and, at the same
time, decreased the perpendicular field component on the windings. They also
developed a cryogenic DC–DC convertor immersed in the LN2; which yielded low
losses and high operational efficiency. These special improvements have been
implemented in this SMES device, to compensate the voltage drops in the standard
three phase grid.

Many companies are also actively involved in HTS-SMES projects. Within the
frame of the publicly funded German project high temperature superconducting
magnetic energy storage the companies ACCEL, AEG SVS, EUS, and the utility
company have developed a 150 kJ HTS-SMES for a 20 kVA uninterruptible
power supply system [7]. The superconducting coil is composed of twenty double
pancakes wound of a high temperature superconductor tape with BSCCO-2223
filaments. A test module composed of two double pancakes has been manufactured.
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With a cryostat free of cryogens, the whole device was cooled down to 77 K and
stably operated with a current of 17 A.

Korea is also leading a HTS-SMES project. Researchers have published their
papers about their HTS-SMES system, in which they are using BSCCO-2223 wire
to wind the coil. Their paper published in 2005 gave us the characteristic test
results of HTS pancake coil modules for their small-sized SMES [8]. Another
paper in 2007 gave the stress analysis of the HTS magnet. The operating tem-
perature of this 600 kJ SMES was 20 K [9]. Unlike the early researchers, the
Korean researchers were using the pancake as the configuration of the coil, with
the optimization process based on evolution strategy and FEM. GM cryocoolers
and bridge type converters were used to operate this SMES device. The test results
were consistent with the calculated results.

The University of Wollongong has developed the design for a 20 kJ SMES
device for compensating the voltage sags. They constructed their 2.5 kJ prototype
using BSCCO-2223 tape, and operated their device at the temperature of 25 K.
Besides the SMES coil, they also developed the Power Control Circuit (PCC) to
control the power flow in the SMES system [10, 11]. Their SMES circuit topology
was to install the SMES circuit in series with a Voltage Source Inverter (VSI) as
the inverter configuration.

An HTS-SMES device has been realised using a 350 m long BSCCO tape
wound as a pancake coil in University of Liege in Belgium. The superconducting
properties were tested when the coil was cooled down to 17.2 K. This SMES was
built up in order to supply a stable voltage of 30 V, and this UPS capability was
demonstrated in another experiment [12].

In 2004, a four-year Japanese national project was launched to develop an
HTS-SMES coil. The objective was to obtain high energy density via an HTS-LTS
hybrid coil system. The HTS coil was composed of 16 double-pancake coils and
the coil was wound with a BSCCO-2212 Rutherford-type cable. This SMES
system was tested at the temperature of 4.2 K with a maximum magnetic field of
8.9 T in HTS and 3.5 T in LTS. This unit could store up to 6.5 MJ energy.
Mechanical compression test, DC operation test and thermal runaway test have
been performed on the SMES coil [13].

A SMES system using Bismuth PIT tape with the 2212 stoichiometry (BSCCO-
2212) was under research in France [14]. The SMES coil consists in 26 superposed
simple pancakes wound and bonded on sliced copper plates coated with epoxy.
The rated current is 315 A for an energy of 814 kJ. During operation the SMES is
cooled down to 20 K by cryocoolers. One experiment result shows that from a
current of 244 A, this SMES delivered 425 kJ to a resistance with a maximum
power of 175 kW. This SMES system is designed as a current source in a weapon
system.

Some other SMES projects have also been proposed. Although the device has
not yet been constructed, the simulation and design have been studied. In High
Energy Accelerator Research Organization in Japan, researchers intend to combine
the LH2 cryocooler and HTS conductor to build a SMES system, which is
designed as a backup for supplying electricity to hospitals and other high-rise
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office buildings [15]. In addition, the researchers intend to combine a fuel cell and
a SMES. At a power failure, the fast response SMES will immediately supply
electric power in the first few seconds, then the fuel cell will substitute SMES for
power supply. However, LH2 is not yet considered as a safe cryogen and safety is
always the essential concern with this system.

Table 3.1 gives a summary of some of the aforementioned SMES projects
mentioned.

3.3 Comparison of SMES with Other Energy
Storage Systems

Energy storage is the storing of some form of energy that can be drawn upon at a
later time to perform some useful operation. There are five forms of energy storage
methods: chemical (bio-fuels, etc.), electrochemical (batteries, fuel cells, etc.),
electrical (capacitor, super-capacitor, SMES), mechanical (compressed air energy
storage, flywheel energy storage [16–18], pumped hydro energy storage, etc.) and
thermal (molten salt, cryogenic liquid, etc.). A comparison of typical energy
storage devices is presented below.

• Cyclic efficiency

Since there is no resistance of superconductors in the critical state, the efficiency
of SMES is particularly high compared to other energy storage devices.
Table 3.2 gives the comparison of the efficiencies. From Table 3.2 we can see
out among the energy storage devices listed, SMES has the highest efficiency.

• Response time

As an electrical device, SMES has the fastest response time since it has purely
electrical energy conversion, whilst other energy storage devices involve either

Table 3.1 Summary of SMES projects

Names Year Stored energy Material Temperature (K)

Australian SMES 2005 2.48 kJ BSSCO-2223 25
Korean HTS-SMES 2005 626 kJ BSSCO-2223 20
Japan FBC coil 2004 270 kJ NbTi 4.2
Israel SMES 2003 1.5 kJ BSSCO-2223 64
Japanese UPS SMES 2007 100 kJ NbTi 4.2
Japanese hybrid SMES 2007 14.9 kJ BSSCO-2212 4.2
Japanese CIC SMES 2004 2.9 MJ NbTi 4.2
Japanese SMES 2003 100 kJ BSSCO-2212 20
Italian SMES 1999 2.6 MJ NbTi 4.2
ACCEL SMES 2003 2 MJ NbTi 4.2
French SMES 2008 814 kJ BSSCO-2212 20
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electrical–chemical or electrical–mechanical energy conversion which is much
slower [1]. Table 3.3 presents the comparison of response times.

• Energy density and power density

Energy density and power density are two important factors to compare energy
storage devices. From Fig. 3.4 [19], we can clearly find out that SMES has
achieved a good balance between the energy density and the power density in
terms of mass compared to other energy storage devices. Additionally, since the
critical current of the commercial 2G HTS tapes improves significantly, the
energy density of a 2G HTS-SMES system also achieves a large amount of
increase.
Figure 3.5 presents the comparison of discharge time and power rating for
different energy storage systems. We can see that SMES is one of the highest
power-rating systems, at the same time it does not have a long discharge time.
These characteristic have made SMES suitable for particular applications such
as power source for propulsion systems, voltage sag compensation devices for
power grids and so on. Section 3.4.1 will explain the applications in detail.

• Recharge capability

In theory, a SMES device can be discharged and recharged unlimitedly, and the
cyclic efficiency will always be at a high-level 90%. Batteries are not like SMES
devices, and they cannot be discharged or recharged unlimitedly. Their cyclic
efficiency will also reduce as the using cycles increase. Other energy storage
devices that involve with electrical–chemical or electrical–mechanical energy
conversion can neither be cycled unlimitedly; they all have a certain amount of
loss due to depreciation in every cycle which will reduce the efficiency.

Table 3.2 Comparison of
efficiencies of different
energy storage devices

Compressed air energy storage 80%
Pumped hydro 75%
Batteries 75%
Flywheels 80%
SMES 90%

Table 3.3 Comparison of
response times of energy
storage devices

Type of storage Relative access time (%)

Capacitors 0.1–1
Pumped hydro 100,000
Batteries 100
Flywheels 1–10
SMES 0.1–1

The access time is all normalised to that of batteries
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3.4 Application of SMES Technology

3.4.1 Application of SMES Technology in Power Grids

SMES systems can convert the AC current from a utility system into the DC
current flowing in the superconducting coil and store the energy in the form of
magnetic field. Conversely the stored energy can be released to the AC system
when necessary. These capabilities of SMES systems offer very desirable benefits

Fig. 3.4 Comparison of energy and power density for different energy storage systems

Fig. 3.5 Comparison of discharge time and power ratings for different energy storage systems
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to power system applications. A number of reported studies explored and inves-
tigated feasible SMES applications to power systems. These applications can
basically be classified into two aspects: one is system stability enhancement and
the other is power quality improvement [3].

Referred to enhance system stability enhancement, SMES systems can actively
reduce low-frequency oscillations in power systems. Low-frequency oscillations
(0.5–1 Hz) following a major system disturbance are usually used to describe
power system stability limitations. Power transfers are often limited to prevent
growing oscillations from occurring, following the loss of a single major trans-
mission line or generator. When limited by long-term stability the transmission
capacity can be increased through actively damping these oscillations. These
system oscillations can be reduced by SMES systems through modulation of both
real power and reactive power.

In addition, SMES systems can be used to boost voltage stability. Dynamic
voltage instability will occur when there is a major loss of generation or heavily
loaded transmission line and there is insufficient dynamic reactive power to
maintain voltages. A SMES system is able to stabilise the system long enough to
allow generators or other reactive power sources to come on line and thus prevent
voltage instability, by providing real power and reactive power simultaneously.

Figure 3.6 presents a schematic diagram of a typical power transmission system
with a SMES unit for reducing system oscillations and boosting voltage stability.

With regards to improving power quality, SMES systems can offer energy
storage for flexible AC transmission system (FACTS) devices. FACTS inverters
and power conditioning systems of SMES systems worked in very similar ways.
SMES can enhance FACTS performance by providing more real power in addition
to reactive power. A static synchronous compensator (StatCom) can only absorb or
inject reactive power, and consequently is limited in the degree of freedom and
sustained action in which it can help the power grid. The active energy from SMES
permits the StatCom to inject or absorb active and reactive power simultaneously,
and therefore offers additional benefits and improvements in the system. In
addition, SMES systems can offer spinning reserves, balancing power system
asymmetries and decreasing area control error.

When used to improve power quality, a SMES system usually needs an enormous
amount of energy. During the early days of SMES research, the superconducting

Fig. 3.6 SMES system
connected to large power grid
providing both active and
reactive power. In the
diagram active power is
represented by P and reactive
power is represented by Q
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coils are using tons of superconductors to be able to store a large amount of energy.
However, large coils will bring technical challenges such as safety issues, leakage
magnetic field and mechanical stability problems.

3.4.2 Application of SMES Technology in Distributed
Power Systems

Besides working in power grids, SMES can also be used in distributed power
systems as a back up power supply, balancing fluctuating loads and providing a
large pulse power [20–22]. And they also have smaller capacities and different
control strategies compared to those used in large power grids.

Since SMES can store a significant amount of energy it is possible that SMES
provides enough reserve to satisfy the requirement until other back up generators
can be brought online. Offering back up power supply by using SMES is much
faster than other energy storage devices.

In addition, a SMES device is promising for balancing fluctuating active
and reactive power from various loads such as industrial manufacturing plants,
nuclear fusion power plants, and aircraft power system. Figure 3.7 depicts a
typical SMES control system to compensate for fluctuating loads, located close to
the customer end.

Since a SMES system has a relatively high power density and discharge its
power within a very short time, it can also be used to provide a large pulsed power
in transportation such as aircraft and ship.

3.4.3 SMES Application for Aircraft Taxiing

Taxiing refers to the movement of an aircraft on the ground under its own power.
An aircraft uses taxi ways to taxi from one place on an airport to another; for
example, moving from a terminal to the runway is taxiing. Normally taxiing does

Fig. 3.7 SMES system
connected with distributed
power system balancing
fluctuating load. In the
diagram active power is
represented by P and reactive
power is represented by Q
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not include the accelerating run along a runway prior to take-off, or the deceler-
ating run immediately after landing.

At present the energy source to propel a commercial aircraft forward comes
from its propellers or jet engines. When taxiing, aircraft travel slowly. This makes
sure that they can be stopped fast and do not risk wheel damage on larger aircraft
when accidentally turning off the paved surface. Since aircraft is moving very
slowly when taxiing, the efficiency of petrol combustion aero-engines is low due to
insufficient combustion of petrol. For every one minute of taxiing time, an airline
operating a Boeing 737 consumes almost four gallons of fuel, a Boeing 747 will
consume 15 gallons of jet fuel in four minute period [23]. This is not only a waste
of money for petrol, but also a waste of energy in an energy-short world.

In addition, the low efficiency of petrol combustion aero-engines would raise
environmental problems. The on-airport greenhouse gas emissions take up 12.5% of
worldwide emissions produced by aircraft. In many airports passengers and airport
personnel must be kept at a sufficient distance from any aircraft having a gas turbine
engine in operation due to the noise and the wake created by an operating engine.

Therefore researchers begin to consider using electric power to drive the taxiing
of aircraft instead of engines. Although there is auxiliary power unit (APU) in
aircraft for on-aircraft electrical needs (lighting, instruments, etc.), the current
APU has a limited capacity that it should be twice as big to supply the power and
energy needed for electric taxiing of aircraft. Thus an additional energy storage
device is needed in this occasion to support electrical taxiing of aircraft, and to
reduce emissions and save airlines money through greater fuel efficiency. A SMES
system will be a good candidate to supply the power for the taxiing of aircraft.

3.5 Current Problems with SMES Projects

Due to the massive commercial production of 2G HTS conductors, it is now
possible to use them winding SMES coils. Compared to 1G HTS conductors, 2G
HTS conductors have obvious advantages: they have larger critical currents and
can sustain larger magnetic fields. Therefore the project in this thesis is using
2G HTS tapes to wind SMES coils.

However, there are several crucial problems needed to be investigated in SMES
systems using 2G HTS tapes.

• Since 2G HTS tapes are relatively more expensive, it is necessary to store the
maximum energy in the SMES using a certain length of conductors. This will be
investigated in Chap. 4.

• 2G HTS tapes have significantly different configurations with other supercon-
ducting conductors including 1G HTS conductors. They have a flat and thin
cross-section. Thus we need an efficient and new model to analyse the 2G HTS
coils. Based on the design introduced in Chap. 4, modelling and experiment of a
numerical model for 2G HTS coils are presented in Chaps. 5 and 6.
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• Unlike other SMES systems, there is no persistent mode for 2G HTS SMES
systems since a persistent switch with less than 10�10 X resistance cannot be made.
This brought a challenge to the control circuit. Chapter 6 also gives the design of
the control circuit, which is both validated by simulation and experiment.
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Chapter 4
Coil Design

This chapter firstly introduces the characteristics of the second generation high-
temperature superconductors (2G HTS) tapes used to wind the Superconducting
Magnetic Energy Storage (SMES) coil. The critical current of the tape in external
magnetic fields with different angles is presented by graphs. Then it gives the
optimisation process of getting the maximum energy out of a certain length of
conductor. A few optimisations which do not work as expected are also included
and the reason is analysed.

4.1 Second Generation High-Temperature
Superconductors Tape

Long length of 2G HTS tapes recently became commercially available. This makes
it possible to wind the tapes into coils which could produce a large magnetic field
for a large scale application. We are using SuperPower’s 2G HTS wires (coated
conductors), based on YBCO. This 2G HTS wire is fabricated by an automated,
continuous process using thin film deposition techniques, such as those used in
the semiconductor industry, to apply the superconducting material on buffered
metal substrates. The structure of the superconducting tape is shown in Fig. 4.1 [1].
The superconducting layer in the tape is actually very thin, only about 1 lm:
This tape uses high-strength, non magnetic and highly-resistive Hastelloy substrate.
Higher resistance leads to lower eddy current AC loss, and non-magnetic property
leads to lower ferromagnetic AC loss. Therefore this kind of tape has better
mechanical properties and lower AC losses. Surround copper stabilizer (SCS) is

Parts of this chapter are reprinted with permission from Weijia Yuan et al, Design and test of
a Superconducting Magnetic Energy Storage (SMES) coil, IEEE transaction on applied
superconductivity, 20(3):1379–1382, 2010. copyright@2010 IEEE.

W. Yuan, Second-Generation High-Temperature Superconducting Coils
and Their Applications for Energy Storage, Springer Theses,
DOI: 10.1007/978-0-85729-742-6_4, � Springer-Verlag London Limited 2011
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applied to completely encase the wire. There are no sharp corners on this tape and
this is valuable for high voltage applications.

Superpower produces two types of tapes with different widths. The detailed
specification of the two tapes is listed in Table 4.1 [1].

Figures 4.2 and 4.3 give the angular dependence of Superpower’s tapes. All the
data of the tape performance is provided by Superpower Inc. [1]. It is clear that the
tape’s performance mainly depends on the perpendicular field (perpendicular to
a – b plane).

Therefore for this thesis, we will only consider the perpendicular field’s impact
on the tapes. Figures 4.4 and 4.5 show the performance of the superconducting
tape in a perpendicular field. We can see how the critical current decreases when
the applied field increases at different temperatures.

For our coil, we tested it at liquid nitrogen temperature 77 K. If the coil is cooled
down by a cryocooler, it will operate at around 22 K. Therefore we interpolate the
data from Figs. 4.4 and 4.5 with Kim model as introduced in Eq. 2.7, and then we get
Eqs. 4.1 and 4.2. In the following calculations of this thesis, the current densities in
Eqs. 4.1 and 4.2 all indicate the engineering current density.

Fig. 4.1 Structure of 2G HTS tapes from superpower

Table 4.1 Characteristics of Superpower’s SCS 4050 and SCS 12050 tapes

Characteristic SCS4050 SCS12050 Comments

Tape width 4 mm 12 mm
Individual conductor thickness 0.1 mm 0.1 mm
Insulation + epoxy thickness 0.05 mm 0.05 mm
Total thickness of the tape 0.15 mm 0.15 mm
Critical current (self-field, 77 K) 80 A 240 A
Stabilizer Copper Copper
Substrate thickness 0.05 mm 0.05 mm Hastelloy C276
Yield strength 1,200 MPa 1,200 MPa At 76 K
Critical bend diameter in tension 11 mm room temperature
Critical axial tensile strain 0.45% 76 K
Substrate resistance 125 mX � cm 125 mX cm
Substrate magnetic properties Non-magnetic
Ic Uniformity �%10 deviation
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Jc;77 K ¼ J0;77 K �
B0;77 K

B0;77 K þ jBzj
ð4:1Þ

where J0;77 K ¼ 1:11� 108 A/m2; B0;77 K ¼ 0:12T:

Fig. 4.2 Angular dependence of two representative superpower’s tapes

Fig. 4.3 Angular dependence of superpower’s tapes with different doping methods

4.1 Second Generation High-Temperature Superconductors Tape 41



Jc;22 K ¼ J0;22 K �
B0;22 K

B0;22 K þ jBzj
ð4:2Þ

where J0;22 K ¼ 6:58� 108 A/m2; B0;22 K ¼ 1:49T:
The SCS4050 tape used to wind our mini double-pancake coils is coming from

185 to 275 m in one spool. The critical current and n values of the tape is given by
Fig. 4.6.

Fig. 4.4 Superpower’s 2G HTS tape Ic for different applied fields

Fig. 4.5 Superpower’s 2G HTS tape Ic at different temperatures
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4.2 Coil Design

Since 2G HTS tapes have a thin strip configuration and their performance decrease
rapidly if twisted, they are usually wound into a pancake coil configuration with
many turns, rather than the conventional solenoid configuration.

In contrast with the superconducting coil in accelerator or MRI applications,
the aim of the SMES coil is to achieve the maximum stored energy rather than
the maximum or uniform magnetic field. Another factor considered is the
economy factor, the coil cost will be equivalent of 100-m long 12 mm-width
tape.

The energy stored in a coil is,

E ¼ 1
2
� LI2 ð4:3Þ

where E is the total stored energy, L is the inductance of the coil, and I is the
current through the coil.

Fig. 4.6 Critical currents and n values of the tape
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4.2.1 Optimisation with 12-mm-Width Tape

Firstly we use a 100-m long 12-mm-width tape in the optimisation process.
In order to get the maximum stored energy, we need to increase both L and

I and then find the optimum point which makes E maximum. The maximum
current will be the critical current of the tape, which is determined by the magnetic
field and the temperature. Since the perpendicular magnetic field has a much larger
impact on the critical current of the tapes, we only consider the perpendicular
magnetic field Bz: It is assumed that the current density is distributed all across the
tape but not only in the superconducting layer, i.e. the engineering current density.
This SMES coil will finally operate at 22 K, thus we are using Eq. 4.2 to describe
the Jc�B relation of the tape. The inductance L will be determined by the
configuration of the coil.

To get the maximum energy, we developed the algorithm shown in Fig. 4.8.
Since the total length of the conductor is a fixed value, if we choose a set of the
inner radius and layer number of the coil, the width of the coil can be calculated
and one coil configuration design is then achieved. For each particular configu-
ration, the current in the coil can be increased until it reaches the critical current
given by Eq. 4.2 at the maximum field in the coil. Figure 4.7 gives how to
calculate the maximum current. This is a conservative consideration. A certain
number of the sets of the inner radius and the layer number can be chosen which
are practical from an engineering perspective. Therefore a table of the stored

Fig. 4.7 Solution to achieve maximum working point
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energies of the coil can be calculated for different configurations, and the design
that gives the maximum stored energy can be selected.

The computation result shows that one-layer pancake design will give the
maximum energy. Table 4.2 shows the details of this design.

4.2.2 Further Optimisation with 12-mm-Width Tape

By investigating the magnetic field distribution of the pancake coil, we find that the
maximum perpendicular magnetic field exist on the top and bottom surface of the
coil. Since the maximum operating current decreases when the maximum perpen-
dicular magnetic field increases, we could potentially increase the maximum

Choose a set of the 
inner radius and 

layer number of the 
coil

Calculate the coil 
configuration

Calculate the 
maximum 

working point

Computation 
finished?

Calculate the 
stored energy

Get the table of 
different
designs

Get the optimum 
design for 

maximum energy

No Yes

Determine the 
number of different 

designs

Fig. 4.8 Optimisation
algorithm to achieve
maximum energy

Table 4.2 Pancake coil
design using 12-mm-width
tape, giving maximum energy

Coil properties Quantity

Inner radius 40 mm
Outer radius 79.9 mm
Coil height 12 mm
Conductor length 100 m
Turns 266
Inductance 10 mH
Operation temperature 22 K
Operation current 418 A
Stored energy 863 J
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operation current and eventually the stored energy by decreasing the perpendicular
magnetic field (if the coil configuration does not change).

We naturally came up with the idea to use diamagnetic materials to shield the
perpendicular magnetic field around the top and bottom surface. Using a com-
mercially FEM software Comsol/Multiphysics, we built up two models to inves-
tigate the shielding effect: partially diamagnetic shielding and completely
diamagnetic shielding. However, the results show that the shielding method does
not work the way we expected. This is because there is always a gap between the
shielding material and the coil surface, thus the flux will be pushed into the narrow
gap, which results in a even bigger local perpendicular field than that without
shielding. Figures 4.9 and 4.10 present the results of two different shielding
effects.

The other way to protect the coil from the perpendicular magnetic field is to put
separate windings with a opposite-direction current near the top and bottom sur-
face of the SMES coil. These so-called cancellation windings can reduce the
maximum perpendicular field and would potentially increase the stored energy.

We modelled two different cancellation windings as shown in Figs. 4.11 and
4.12. The flux distribution shows that the maximum perpendicular field in the coil
has been reduced. Then we calculated the maximum operating currents and
energies. A comparison of the design with and without cancellation windings is
presented in Table 4.3.

From Table 4.3 we find the cancellation windings cannot give the SMES coil a
higher store energy. Although the windings do reduce the perpendicular magnetic

Fig. 4.9 Cross-section view of an axis-symmetric partially diamagnetic shielded SMES coil.
The big block represents the coil, and the two small blocks represent the shielding
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Fig. 4.10 Cross section view of an axis-symmetric completely diamagnetic shielded SMES coil.
The big block represents the coil, and the two small blocks represent the shielding

Fig. 4.11 Cross section view of a SMES coil with cancellation winding 1. The big block
represents the coil, and the two small blocks represent the cancellation winding 1
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field and increase the operating current, they behave like a ‘negative’ inductance to
the SMES coil due to their opposite-direction current, thus the stored energy is
reduced.

4.2.3 Optimisation with 4-mm-Width Tape

We can also use the other kind of tape made by Superpower, i.e. 4-mm-width tape.
In this case the total length will be three times that of a 12-mm-width tape, since
the width is one-third of it. Therefore the length of the 4 mm-width tape is 300-m.

We still follow the optimisation algorithm as in Fig. 4.8. The optimisation
result is shown in Table 4.4. Again, one-layer pancake design gives the maximum
stored energy possible.

Since the maximum operation current is limited by the maximum perpendicular
magnetic field which is located around the top and bottom surface of the coil, we

Fig. 4.12 Cross section view of a SMES coil with cancellation winding 2. The big block
represents the coil, and the two small blocks represent the cancellation winding 2

Table 4.3 Comparison of coils with and without cancellation windings

Stored energy (J) Operation current (A)

No cancellation windings 863 418
Cancellation winding 1 739 423
Cancellation winding 2 719 426
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can increase the operation current in the middle section of the coil while decrease
the operation current in the top/bottom section. This optimisation could potentially
increase the stored energy. This will involve a multi-pancake coil design. There
are four independent variables in this optimisation process, the coil inner radius,
the coil width, the height and the current of the middle section. Firstly we choose a
set of these four variables, then we work out the maximum operating current in the
top and bottom section and eventually the stored energy. The flow chart of opti-
misation is shown in Fig. 4.13.

Table 4.4 Pancake coil
design using 4-mm-width
tape, giving maximum energy

Coil properties Quantity

Inner radius 26 mm
Outer radius 122 mm
Coil height 4 mm
Conductor length 300 m
Turns 644
Inductance 72 mH
Operation temperature 22 K
Operation current 160 A
Stored energy 917 J

Fig. 4.13 Optimisation
algorithm to achieve
maximum energy
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The optimisation result is presented in Table 4.5. Although we allow the cur-
rents vary in different pancakes, the result shows that the coil tends to need a
uniform current to achieve the maximum stored energy.

Therefore, when 4-mm-width tapes is used, Table 4.4 gives the design to get
the maximum energy.

4.2.4 Final SMES Coil Design

To compare the two different designs with different width tape, we get Table 4.6,
from Table 4.6 we can see that although the 12-mm-width tape design will store
energy 6% less than 4-mm-width tape design, its efficiency (energy/cost) is twice

Table 4.5 Multi-pancake
coil design giving maximum
stored energy

Coil properties Quantity

Pancake number 4
Inner radius 36 mm
Outer radius 92 mm
Coil height 16 mm
Conductor length 300 m
Turns per pancake 374
Inductance 72 mH
Operation temperature 22 K
I in the middle section 142.5 A
I in the top/bottom section 141.3 A
Stored energy 864 J

Table 4.6 Comparison of
4-mm-width and
12-mm-width tape
designs

12 mm 4 mm

Stored energy 863 J 917 J
Operation current 418 A 159 A
Tape length 100 m 300 m
Cost $ 9,500 $ 195,000
Efficiency 0.091 J/$ 0.047 J/$

Fig. 4.14 SMES coil final
design
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the latter one. Therefore we will choose 12-mm-width tape design, which is shown
in Table 4.2, to wind our SMES coil. Figure 4.14 shows the cross-section view of
this design.

Reference

1. Superpower Inc. Technical documents. http://www.superpower-inc.com.46
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Chapter 5
Modelling of Superconducting
Pancake Coil

Superconducting1 pancake coils can be used in a range of large scale applica-
tions—for example, Superconducting Magnetic Energy Storage (SMES), Super-
conducting Fault Current Limiter (SFCL), MRI, and so on [1–3]. Predicting AC
losses are also very important for the applications of superconducting coils in
machines [4–8]. Therefore an understanding of the electromagnetic behaviour of
the superconducting pancake coils are important before using them in real appli-
cations. The magnetic field and current density distribution needs to be investi-
gated thoroughly. The critical current of the coil needs to be predicted as well.
Moreover, superconducting coils have a resistance in AC conditions, although they
do not have any in DC conditions. Therefore calculating AC losses is necessary
designing applications.

Since superconducting pancake coils are only recently available for research
due to the development of commercial 2G HTS tapes, they have not yet been fully
studied yet. Recently there are some research papers studying this topic [9–14].
One major difficulty in modelling these pancake coils is the significant compu-
tation resource needed. 2G HTS tapes all have a very high aspect ratio (around
0.01–0.2), moreover the pancake coils usually have a large number of turns
(usually� 100).

Clem et al has proposed to use an anisotropic homogeneous-medium approx-
imation to model the pancake coils [15]. Starting from his original model, which

1 Parts of this chapter are reprinted with permission from Weijia Yuan et al. (2010) AC losses
and field and current density distribution during a full cycle of a stack of superconducting tapes.
J Appl Phys 107(9):093909. �2010 American Institute of Physics. Parts of this chapter are
reprinted with permission from Weijia Yuan et al. (2010) Comparison of AC losses, magnetic
field/current density distribution and critical currents of superconducting circular pancake coils
and infinitely long stacks using coated conductors. Supercond Sci Tech 23(8):085011. �2010
IOP Publishing Ltd. Parts of this chapter are reprinted with permission from Weijia Yuan et al.
(2009) A model to calculate the AC loss of second-generation high temperature superconductor
pancake coils. Supercond Sci Techn 22(7):075028. �2009 IOP Publishing Ltd.

W. Yuan, Second-Generation High-Temperature Superconducting Coils
and Their Applications for Energy Storage, Springer Theses,
DOI: 10.1007/978-0-85729-742-6_5, � Springer-Verlag London Limited 2011
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makes a number of simplifying asumptions, we have adapted it to a more precise
model to describe the electromagnetic behaviour of the SMES coil.

5.1 Clem Model

The pancake coil is approximated as an infinitely long stack of tapes. These tapes
are electrically insulated from each other and each tape carries the same transport
current. This differs from a solid with the mean properties of the stack in that firstly
there is a significant field penetrating parallel to the tapes, and secondly that the
mean current density is uniform in the direction normal to the tapes if averaged
across the tapes. In these circumstances we can define two regions. The outer
edges will be penetrated by the field and carry the critical current density. The
central region will carry a lower current density. In this central region the tapes
have not been penetrated by the magnetic field and therefore the field must be
parallel to the surface of the tapes [15]. Other numerical models have also proved
this result [13, 14, 16]. Since the tapes are close together this field must be the
same at all points on the surface of the tape and therefore the current density in
each tape is constant as in Fig. 5.1, although it can vary from tape to tape. This is
in contrast to an isolated tape where the field and current density decrease towards
the centre of the tape. This means that if we know the current carried by the tape
and the depth of penetration of the critical current we can find the current density
carried in the unpenetrated region. Clem assumed a constant Jc and that the depth
of penetration of the critical current was the same for all tapes. This penetration
depth was treated as a variable parameter and adjusted to make the field in the
unpenetrated region parallel to the tapes. He also assumed a single infinite wire.

As can be seen in Fig. 5.1, in the unpenetrated region (shaded) of length 2c the
field has only one component. Therefore the field is uniform, and so is the current
density. In this thesis we retain the approximation of a long wire, which is
appropriate for a coil in which the radius is large compared with the cross-section
of the turns. However we allow the depth of penetration to vary across the turns,
and also use the Kim model to make the local current density in the critical region
consistent with the local magnetic field. This latter is quite important as the field
varies from zero at the centre to a relatively large value at the surface.

5.2 An Infinitely Long Stack of 2G HTS Tapes

5.2.1 Model Assumptions

Following Clem’s assumption, we are still using an infinitely long stack to
approximate a circular pancake coil. The difference between the infinitely long
stack and circular coil will be discussed in Sect. 5.4
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Figure 5.2 shows the cross-section view of a stack of infinitely long tapes carrying
the same transport current. The width of the tape is 2a, the thickness of each tape is D,
and the height of the stack is 2b, therefore there are 2b=D tapes in the stack.

Firstly, we assume that in the critical region Jcðx; zÞ depends on the local
Bzðx; zÞ: The perpendicular magnetic field has a much larger effect on the critical
current of coated conductors than the parallel magnetic field, and we use Kim’s
model which gives us [17, 18],

Jcðx; zÞ ¼ J0
B0

B0 þ jBzðx; zÞj
ð5:1Þ

where B0 is a material constant.
Secondly, the critical region is constrained by a curve rather than a straight line,

i.e. we allow the unpenetrated width, 2c, to vary as a function of z.
Let us assume the current in the middle region (the subcritical region) is

Jmðx; zÞ: To make sure each tape in the pancake carries the same transport current
I, we need to have

R a
�a Jydx ¼ I=D: Therefore in the subcritical region of the stack:

JmðzÞ ¼
I=D�

R a
cðzÞ Jcðx; zÞdx

2cðzÞ ð5:2Þ

I
I

I
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D

Fig. 5.2 Cross-section view
of a stack of infinitely long
tapes
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X

X
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I

Fig. 5.1 Stack current
density distribution. For the
two regions of the stack, I is
normal to the plane of the
paper and B is parallel to the
surface in the central region
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Figure 5.3 presents the current distribution in the stack of tapes.

5.2.2 Solution Methodology for Transport Current Only

We assume the red dashed curves c(z) in Fig. 5.3 above can be represented by the
function x ¼ cðzÞ ¼ c2�c1

b2 z2 þ c1; where c1 and c2 are the x-coordinate values of
the intersection points of the curve with the surfaces and the x-axis, respectively.

There are two numerical methods to solve this model. The first is to dynami-
cally divide the cross section into rectangular blocks as shown in Fig. 5.4, with a
uniform current density which varies with x and z in each block. Firstly we divide
the stack into M equal sections along the z-axis by drawing M � 1 straight lines
parallel to the x-axis. Secondly we divide the region from the intersection points of
the parabola and the upper/lower boundary of the stack to the right/left boundaries
of the stack into N sections. Finally we find the intersection points of the straight
lines along the x-axis with the parabola, and plot straight lines parallel to the z-axis
between the intersection points to divide the parabola region into blocks. We
regard the blocks intersected by the parabola as the critical state boundary. The
inner part within the parabola is considered as one block along the x-axis as the
current density is uniform in this region. Details of the division are shown in
Fig. 5.4 where M ¼ 8 and N ¼ 4: Since this is a dynamic division of the stack
varying with different curves x ¼ cðzÞ; it works very well even when the curvature
of the parabola is small.

The second way is to use a fixed division method. Since the locations of the
blocks are fixed, we can produce a look-up table for every computation which will
save a lot of time, hence we can divide the cross section into smaller blocks and
gain computation speed. Firstly we divide the cross section into M equal sections

x

z

X

A stack 
of tapes

( )mJ z

( , )cJ x z ( , )cJ x zX

X

Fig. 5.3 Transport current
density distribution in a stack
of superconducting tapes
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along the z-axis by drawing M � 1 equally spaced straight lines parallel to the x-
axis. Secondly we divide the region into N equal sections along the z-axis by
drawing N � 1 equally spaced straight lines parallel to the z-axis. We regard the
blocks intersected by the curves as the critical state boundary. The inner part
(including the blocks intersected by the red dashed curves) is the unpenetrated
region, which is considered as one block along the x-axis since the current density
is uniform in this region. However it still has M blocks along the z-axis, thus it has
a current density as JmðzÞ: The shaded area shows the inner blocks. The outer part
is the critical region with the critical current density Jcðx; zÞ varying with each
block. A detailed division example is given in Fig. 5.5 with M ¼ 8 and N ¼ 20:

Although the dynamic division copes with extreme situations very well,
i.e. when the penetration depth is too small or too large, generally its accuracy and
computation speed is not as good as the fixed division method. Thus in this thesis,
we will use the fixed division method.

Each block in Fig. 5.5 can be considered as a long conductor with a rectangular
cross-section carrying a uniform current density Jy: The cross-section of the
conductor lies in the x� z plane and the conductor extends infinitely along the
y axis. The conductor lies in the region x1\x\x2 and z1\z\z2: The vector
potential and magnetic field at ðx; zÞ produced by the current are [15, 19, 20]:

Ay ¼
1
2

l0Jy=2p �
�
� ðx� x1Þðz� z1Þ ln½ðx� x1Þ2 þ ðz� z1Þ2�

þ ðx� x1Þðz� z2Þ ln½ðx� x1Þ2 þ ðz� z2Þ2�
þ ðx� x2Þðz� z1Þ ln½ðx� x2Þ2 þ ðz� z1Þ2�
� ðx� x2Þðz� z2Þ ln½ðx� x2Þ2 þ ðz� z2Þ2�

z

x

N=4 blocks

M=8 
blocks

(x,z)cJ (x,z)cJ(z)mJ

Fig. 5.4 Dynamic division
of a stack of superconducting
tapes
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Fig. 5.5 Fixed division of
the stack cross section
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By summing the contributions from each block we can find Ay;Bx and Bz at
every point in terms of the current density in the stack.

Since in Eq. 5.3 the expression Ay is the value relative to the centre of the
rectangle, we need to subtract Ayð0; 0Þ from the contributions from each block to
guarantee Ay is zero at ð0; 0Þ in the stack.

To save computation time a grid of Ayðx1; x2; z1; z2Þ and Bzðx1; x2; z1; z2Þ values
of each block as shown in Fig. 5.5 for unit current density was calculated and a
look-up table was used to find the values for each computation.

Making Jc consistent with the local value of Bz and the total current in each tape
equal to I leads to the following non-linear equations.

Jy ¼ f ðBzÞ ¼
Jcðx; zÞ ¼ J0

B0
B0þjBzðx;zÞj ; cðzÞ\jxj\a

JmðzÞ ¼
I=D�

R a

cðzÞ
J0

B0
B0þjBzðx;zÞjdx

2cðzÞ jxj\cðzÞ

8<
: ð5:6Þ

Bz ¼ f ðJyÞ ¼
X

x

X
z

BzðJyÞ ð5:7Þ

Assuming the critical region boundary is given by the function x1 ¼ cðzÞ ¼
c2�c1

b2 z2 þ c1; we can put it into the nonlinear equation system above, solve the
equation systems to get matrices of Jy and Bz; and then get the magnetic field and
current density distribution of the stack of tapes.

In order to be consistent with the assumption that Bz is 0 in the subcritical

region, we define an objective function f ¼
R b
�b

R cðzÞ
�cðzÞ B

2
z dxdz: To make Bz

approximately zero we minimize this function by varying c1 and c2: Figure 5.6
shows the flow chart of the solution process.

Having found the c(z) which minimises the objective function
R b
�b

R cðzÞ
�cðzÞ

B2
z dxdz; we can get the magnetic field and current density distribution of the

stack of tapes. We have assumed the tapes start from the virgin state, which
means that the current is raised from zero to I. We neglect losses due to Bx in the
middle sections.

There are several ways to find the loss given the field distribution. The most
fundamental is to find the flux between point x and the point where B goes to zero.
The change in this due to a change in current is proportional to the electric field,
and integrating E � Jc across the sample gives the instantaneous loss. This is then
integrated with respect to the current from zero to the maximum current to give the
total loss on first charging the magnet. This needs a triple integration which is time
consuming.
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Since the first two steps involve first an integration and then a differentiation of
the same function, albeit with respect to different variables, it is possible to reduce
the calculation to two integrations, which is also the effect of using the Poynting
vector, although in the case we must subtract the magnetic energy in the system to
get the loss.

A much simpler Eq. 5.8 based on the force on the flux lines as they move in was
proposed by Claassen [21] and used in references [22, 23].

Q0 ¼ 2Jc

Za

cðzÞ

Zb

�b

jBz peakjða� xÞdxdz ð5:8Þ
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Claassen’s paper shows that when Jc is constant Eq. 5.8 is equivalent to the
integration of E � Jc [15, 21]. However we found that the expression is still true
even if Jc is a function of Bz provided Jc is moved inside the integral as in Eq. 5.9.
The proof for a general JcðBÞ for a slab is shown in Appendix A.

Q0 ¼ 2
Za

cðzÞ

Zb

�b

Jc peakjBz peakjða� xÞdxdz ð5:9Þ

Equation 5.9 is a significant improvement since we can get the initial hysteretic loss
only using the final state when I is at the maximum and this saves computation time.

When Jc is constant, the AC loss Q per unit length in a full cycle will be four
times the initial magnetisation [24], i.e. Q ¼ 4Q0: Unfortunately this is not pre-
cisely true when Jc varies with B. However calculation shows that the error is only
between 5 and 10% [23], which will also be shown in Sect. 5.3, we still use
Q ¼ 4Q0 to approximate the AC loss in a full cycle.

If we multiply Q by the mean circumference of the pancake coil, we can get the
AC loss per cycle of the coil.

5.2.3 Extension of Model to Stack in Only Magnetic Field

It is not difficult to adapt this model to simulate the situation of a stack of
superconducting tapes magnetised in an applied uniform magnetic field Bz: In the
magnetisation process, there will be no transport current in the tapes but only a
magnetisation current which has a different sign in the two critical regions. In the
middle subcritical region, Jm will be zero since the applied field has not penetrated
here. We just need to change the nonlinear equation system to

Jy ¼ f ðBzÞ ¼
Jcðx; zÞ ¼ J0

B0
B0þjBzðx;zÞj ; cðzÞ\jxj\a

0; �cðzÞ\x\cðzÞ
JmðzÞ ¼ J0

B0
B0þjBzðx;zÞj ; �a\jxj\� cðzÞ

8><
>: ð5:10Þ

Bz ¼ f ðJyÞ ¼
X

x

X
z

BzðJyÞ ð5:11Þ

Again we use Eq. 5.9 to derive the initial magnetisation loss.
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5.2.4 Calculation Examples

5.2.4.1 Stack Carrying Transport Current

We plan to operate the pancake coil at 22 K, thus we are using Eq. 4.2 to describe
JcðBzÞ function, which is shown here again,

Jc;22K ¼ J0;22K �
B0;22K

B0;22K þ jBzj
ð5:12Þ

where J0;22K ¼ 6:58� 108A=m2;B0;22K ¼ 1:49 T:
The coil configuration is shown in Table 5.1. Tape thickness also includes the

insulation layer. The coil size used in this section is slightly different from
Table 4.2, but it is still a single layer pancake using super-power’s 12 mm-width
tape.

All the necessary parameters needed for calculation as well as the configuration
is shown in Fig. 5.7.

To gain an accurate solution with an acceptable computation speed, we divide
the coil into blocks using the fixed-division method with M ¼ 10 and N ¼ 200:
The calculation results are shown in Figs. 5.8, 5.9, 5.10, 5.11, 5.12:

From Fig. 5.8 we can see that almost all magnetic flux lines are parallel to the
tapes in the subcritical region as required. Figure 5.9 shows Bz at different heights
of the stack, the values are nearly zero in the whole subcritical region. Figure 5.10
shows the current density across the stack at the same three levels. Figures 5.11
and 5.12 show Bz and Jy in the stack. It is very clear that the further the critical
current penetrates into the middle subcritical region, the less is the local Bz; thus
the more Jc is flowing. At the boundaries of the critical and subcritical regions, the
stack will force the current to drop to a much lower value of Jm as the magnetic
flux lines become parallel to the tapes in the middle subcritical region. It is
interesting to see that the boundaries of the subcritical regions curve inwards at the
centre rather than outwards as in the case of an isotropic bulk super-conductor [25,
26]. This is because Bz in the middle of the stack in the critical region will be
higher than that around the top and bottom, the critical current densities will be
less, hence the critical region will penetrate more to guarantee each tape carries the
same transport current.

Table 5.1 Configuration of
an infinitely long stack to
approximate the pancake coil

Coil Properties Quantity

Inner radius 50 mm
Outer radius 80 mm
Coil height 12 mm
Conductor length 100 m
Turns 133
Operation current 514 A
Operation temperature 22 K
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Based on the results above, we can calculate a full cycle AC loss of this stack
with a 514 A (the peak value) AC current as 147:2 J/cycle/m:

In order to understand whether the number of subdivisions of the stack has a
large influence on the hysteretic losses, we completed two more calculations with a
finer division M ¼ 20 and N = 200. The results are 146:4 J/cycle/m and
144:2 J/cycle/m: The results are similar to those with the coarser division. We
conclude that the division M = 10 and N = 200 is accurate enough for the
calculation.
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Fig. 5.7 Coil configuration
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The model fails when critical currents penetrate into the centre of the middle
tape of the stack, this marks the critical current of the stack. For this coil the
critical current is 803 A. Figures 5.13 and 5.14 give the current distribution of the
coil at the critical current.

This can be compared with two cruder methods of estimating the critical current
of the coil. Firstly if we assume that the stack behaves as a solid conductor
carrying JcðBÞ at all points, but with the local Jc consistent with the flux density at
that point, the critical current Ic consistent will be 1324 A. Our model shows that the
critical current is significantly smaller than this, since the critical current is reached
in the central tape while the outer tapes are carrying less than the critical value.

A lower limit to Ic is obtained by assuming a constant and uniform critical
current determined by the maximum value of Bz in the coil by Kim model as in
Eq. 5.12. This gives a value of 643 A which is 80% of our value. (In the first part

−6 −4 −2 0 2 4 6
−10

−5

0

5

10

−10

−5

0

5

10

−10

x (mm)

z 
(m

m
)

Bz at different heights of the coil

−1.5

−1

−0.5

0

0.5

1

1.5

B
z(

T
)

z=0
z=0.5b
z=b

Fig. 5.9 Bz at different levels
of the stack

−6 −4 −2 0 2 4 6
0

1

2

3

4

5

6

7

8
x 10

8

x (mm)

J(
y)

 (
A

/m
2 )

Jy at different tapes

z=0
z=0.5b
z=b

Fig. 5.10 Current density at
different levels of the stack

64 5 Modelling of Superconducting Pancake Coil



of this paper we used an 80% safety margin on this value as our maximum
transport current, i.e. 514 A). We name this critical current as Ic Bzmax :

It is also interesting to understand how the AC losses and penetration depth of
critical currents will respond to the change of transport currents.

We define the penetration depth d ¼ 0:5ðc1 þ c2Þ; where c1 and c2 are
x-coordinate values of the intersection points of the curve with the top/bottom lines
and the x-axis.

We change the transport currents from 0 to 800 A (peak value), calculate the
AC loss in a full cycle, and normalize the penetration depth to half the width of
tapes. The results are in Figs. 5.15 and 5.16.

For comparison we also calculated the losses given by the Norris strip
model based on different critical currents: Ic ¼ 803 A predicted by our model,
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Ic consistent ¼ 1324 A and Ic Bzmax
¼ 643 A: Figure 5.17 compares the results. We

find that Norriss predictions based on different critical currents are not close to
the values given by our model. Thus it does not seem possible to define a
suitable average Jc for a Norris strip to calculate AC losses.

5.2.4.2 Stack in Magnetic Field

We consider the same stack as in Sect. 5.2.4.1, apply a 1 T Bz to it. Then we divide
it with M = 10 and N = 200. After calculation we get following figures. From
Figs. 5.18, 5.19, 5.20, 5.21 and 5.22 we can see that the calculated results agree
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well with the assumptions: Bz is zero in the middle subcritical region, Jc has a
different sign at two critical regions, and Jy is zero in the middle subcritical
regions. The initial magnetisation loss of this stack from virgin state is 29:1 J/m:

Again we can change the applied magnetic field and plot the magnetisation
losses and penetration depth versus the applied field curves for the same stack of
tapes. The magnetisation loss in the figures below is the initial magnetisation loss
from virgin state. From Fig. 5.23 we see that the loss increases as the cube of the
applied field, and Fig. 5.24 shows that the penetration of the field is approximately
linear.

Finally, we present how the initial magnetisation losses and penetration depth
changes with the number of tapes in the stack.

This time we will change the geometry of the pancake coil, namely the number
of tapes in the stack. All other parameters and configurations are kept the same,
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except that since the tape thickness is the same the stack thickness is proportional
to the number of tapes. Figure 5.25 gives the initial magnetisation hysteretic loss
at a fixed applied field Bz with a different number of tapes, Fig. 5.26 presents how
the penetration depth changes.

Since a field of 1 T is considerably more than that required to penetrate a single
tape, for small numbers of tapes the loss rises linearly with the number of tapes and
the loss per unit volume is large. At around 20 tapes the tapes shield each other so
that the shielding on adding more tapes compensates for the extra loss in the added
tapes. At 80 tapes the cross section of the stack is square and beyond this it begins
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to behave as a slab to which the Bean model can be applied. The loss is propor-
tional to the wide surface area of the slab and therefore again rises linearly with the
number of tapes, but at a much slower rate. Our calculation shows that for a very
large number of tapes the proportion of the loss in half the slab over the surface
area is 203 J/m2: Equation A.12 in Appendix A gives a general expression for the
loss of a half slab and for the Kim model at 1 T this is 202 J/m2 for the initial
charging. We can see from Fig. 5.25 that our model gives a very close result to the
slab model.

Our calculation result shows that if the number of tapes is more than 1000, the
normalised penetration depth will stabilise around 0.247. It is interesting to
compare the penetration depth given by this model with the Bean model with Jc as
a function of Bz: In a slab, if we use Eq. 5.12 for the critical current density, the
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flux density is given by dBz=dx ¼ l0JcðBzÞ: By integration we find that the pen-
etration depth d ¼ ðB0Bz applied þ 0:5B2

z appliedÞ=l0J0B0: At ðB2
z appliedÞ ¼ 1 T the

ratio to the half width is 0.227, compared to 0.247 given by our model. The
difference is because the critical boundary in the Bean model is a straight line as
opposed to a curve in our model. The 8% difference between the results is
acceptable. Thus if the stack has more than 1,000 tapes, we could use an average
critical current density to estimate the penetration depth by the Bean model if we
want to take into account the variation of Jc with Bz:

It is worth pointing out that although we did not divide the stack into the
number of tapes (i.e. 133 in this section) along the z-axis, the model can still
guarantee each tape carries the same current since

R a
�a Jydx is constant along the

width direction of tapes.
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5.2.5 Discussion

The calculated results are consistent with the assumptions and also present some
interesting features. The magnetic flux lines must be parallel to the wide face of
superconducting tapes in the subcritical region, Bz in this region is nearly zero
everywhere. The boundaries of the subcritical region curve towards the centre of
the stack, since Bz is larger in the centre than that in the top and bottom of the
stack, therefore it can penetrate more in the middle. In the critical region, the
further the critical current penetrates into the centre, the larger it is due to the lower
local Bz: However, it is forced drastically down at the boundaries of the subcritical
region. If extended beyond the critical current, one of the tapes will be fully
penetrated, when the model fails, but this makes it easy to predict the critical
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current which is significantly different from the value predicted assuming full
penetration.

Our model predicts a critical current of 803 A, while if we assume there is no
subcritical region and the critical current depends on the local magnetic field, the
value is 1,324 A. The difference is due to the fact that in our model, when the
middle tape is fully penetrated the critical current is reached, while there are
current densities much smaller than critical current densities in the top and bottom
tapes. However, in the other model the critical current is reached when all the tapes
are fully penetrated. This comparison shows that our model is safer as it predicts a
more conservative value of the critical current. Another critical current is given if
the stack carries a uniform current density determined by the maximum perpen-
dicular field, the value is then 643 A.
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For comparison the AC losses was also calculated for the Norris strip model
carrying different critical currents. We find that Norris predictions based on different
critical currents are not close to values given by our model. Thus it does not seem
possible to define a suitable average Jc for a Norris strip to calculate AC losses.

Based on the assumptions above, we calculated the case where the stack carries
no transport currents but induced currents in an applied field Bz: In this case the
boundaries of the subcritical region curve outward, rather than inward, as in the
transport current case. This is partly because the tape in the centre is shielded from
surrounding tapes so it is difficult for the applied field Bz to penetrate it. When the
applied field Bz is far from large enough to penetrate the whole stack, the initial
magnetisation loss goes up as the cube of the applied field as predicted by the
simple Bean model.

When the number of tapes is small the applied field is enough to penetrate them,
the initial magnetisation loss will increase rapidly with the number. If the field
cannot penetrate the stack, which happens for larger numbers of tapes, the
shielding effect will compensate for the extra loss in the added tapes. From when
the cross section of the stack is square it will begin to behave as a Bean slab. The
penetration depth will gradually become stable as the number of tapes increases to
a large value. In this case, we can then use the Kim expression to calculate the loss
and the penetration depth with the Bean model.

5.3 Magnetic Field and Current Density Distribution
Over Full AC Cycle

In Sect. 5.2 we only calculated the distribution of magnetic field and current densities
in the coil at a specific time point, i.e. when the transport current or applied field is at
maximum. This section presents how the distribution of magnetic field and current
densities changes in a full AC cycle, which is very important for application.
Moreover, this presents results for AC losses calculated by two different methods. In
the first method it is calculated step by step over the full cycle, which is based on the
analysis in this section. The second method is using Eq. 5.18 which is also discussed
in Sect. 5.2.4. In this method only one point is used and this is when the transport
current or applied field is at a maximum. This section demonstrates that the second
computationally efficient method gives a good approximation.

We are stilling using an infinitely long stack to approximate the coil. The differ-
ence between the infinitely long stack and circular coil will be discussed in Sect. 5.4

5.3.1 Stack Over Full Cycle With Only AC Transport Current

We consider the case with only AC transport currents first. Due to symmetry we
just need to consider a half cycle, we can take the process from the positive peak
transport current to the negative peak transport current, for instance.
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We can use the assumptions in Sect. 5.2 and compute the current distribution
when the positive transport current is at its peak Ip as shown in [22]. Figure 5.27
shows the current distribution when Ip is firstly applied. The critical boundaries
xðzÞp are the parabolae with solid lines, Jc;p and Jm;p flow in the critical and sub-
critical regions, respectively. If a transport current I is applied, we regard the
decrease amount of the current from the positive peak Ip as a negative transport
current �ðIp�IÞ; and assume this new current will also get a similar solution by our
model in Sect. 5.2, i.e. negative current densities �Jc � Jc;p will be in the new
critical region, much lower negative current densities �J0m will be in the new sub-
critical region to make sure the total negative transport current is �ðIp � IÞ as
shown in Fig. 5.28. The new critical boundaries are the dotted parabolae �xðzÞ:
Thus we can get

�J0m ¼
ðI � IpÞ=D� 2

R a
cðzÞð�Jc � Jc;pÞ dx

2cðzÞ ð5:13Þ

This new distribution of current densities should also follow the assumption that
the perpendicular magnetic field is zero in the sub-critical region.

We can compute the current distribution for any current I in the half cycle by
adding the solutions shown in Figs. 5.27 and 5.28 This is illustrated in Fig. 5.29.
There are three different regions in Fig. 5.29. The most central region within
�xðzÞp is the sub-critical region. The region xðzÞ\jxj\a is the new penetrated
region when the current is going down. The region xðzÞp\jxj\xðzÞ is the old
penetrated region, this region is penetrated when the current is at maximum, but
not yet penetrated by the new critical region after the current is going down. Thus
the current distribution over the stack cross-section is as follows:
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Jy ¼
�Jcðx; zÞ xðzÞ\jxj\a
Jc;p � J0m xðzÞp\jxj\xðzÞ
Jm;p � J0m jxj\xðzÞp

8<
: ð5:14Þ

Therefore in the half cycle of a AC transport current, we have the negative
critical current densities in the new penetrated region where xðzÞ\jxj\a: Since
the negative current �ðIp � IÞ does not produce a perpendicular magnetic field in
old critical and sub-critical region constrained by �xðzÞ; the total magnetic field
there should be the same as in the solution of the positive peak current. We need to
change the solution process in Sect. 5.2.4 and [22] to Fig. 5.30.
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To get the complete solution of a transport current I in the half cycle, first we
need to get the solution with the peak positive transport current. Then we use the
analysis of the equivalent negative current to get the inter-relation function of Jy

and Bz with I in the stack. We search for a particular parabola c(z) to make the
change of Bz in the sub-critical and old penetrated regions between �xðzÞ become
the minimum. After finding c(z) we can get the distribution of Jy and Bz and thus
the final solution.

To get the precise total AC losses during the half cycle we need to divide the
AC transport current going from the positive to the negative peak into an array
with n elements, I1; . . .; Ii; Iiþ1; . . .;�In; where I1 ¼ Ip and In ¼ �Ip: In this array
the neighbouring points need to be very close to each other. Then we find and store
solutions of all the currents in the array. The AC losses during the change between
two neighbouring currents Ii and Iiþ1 will be,
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DQi ¼
Z ZIiþ1

Ii

EJidtdS ¼ Ji

Z ZIiþ1

Ii

EdtdS

¼ Ji

ZIiþ1

Ii

ðAiþ1 � AiÞdS

ð5:15Þ

where E is the electric field, J the current density, and A the vector potential.
Thus the total AC losses in a full cycle will be 2

Pn
i¼1 DQ: We call this method

the electric field method, and this gives the AC losses in a full cycle computed step
by step.

Another method only requires one solution when the current or magnetic field is
at a maximum. It is to assume the AC losses in a full cycle will be four times that
of the initial quadrant,

Q ¼ 4� 2Jc�p

Za

cðzÞp

Zb

�b

jBz;pjða� xÞdxdz ð5:16Þ

Where Jc�p and Bz;p represent the critical current density and magnetic field
when the applied current or magnetic field is at the peak value.

Equation 5.16 is given in [21]. However, it assumes that Jc is independent of
field. We demonstrate in Appendix A that if Jc is field dependent it can be moved
into the integral as in Eq. 5.17 to calculate the losses in the initial quadrant. Thus
the losses in the initial quadrant are,

Qquadrant ¼ 2
Za

cðzÞp

Zb

�b

Jc;pjBz;pjða� xÞdxdz ð5:17Þ

To get a quick estimation, we can use the value 4Qquadrant as the total AC losses
in a full cycle, therefore the total losses in a full cycle is,

Q0 ¼ 4� Qquadrant ¼ 4� 2
Za

cðzÞp

Zb

�b

Jc;pjBz;pjða� xÞdxdz ð5:18Þ

However, the real AC losses in a full cycle will not be simply 4Qquadrant;

although the error is small. We will quantify this error in the following calcu-
lation and demonstrate 4Qquadrant is a pretty good and quick method to give an
estimate of AC losses for engineering application. Due to symmetry, we only
need to consider a half cycle, for example the half cycle from the positive peak
to the negative peak.
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5.3.2 Stack Over Full Cycle With Only AC Applied Fields

It is not difficult to adapt this model to analyse a stack only in an AC applied field.
As in Sect. 5.3.1 we find the solution when the applied field is at maximum Bp as
shown in Fig. 5.31. The critical current densities have opposite directions on both
sides of the critical region. Due to symmetry, there will be no magnetic field in the
sub-critical region. Then we find a second solution for �ðBp � BÞ as shown in
Fig. 5.32. By adding solutions in Figs. 5.31 and 5.32 we can get the complete
distribution of current densities for a magnetic field B as in Fig. 5.33. Finally we
follow the solution process in Fig. 5.30 to get the AC losses in the half cycle.
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5.3.3 Configuration of the Pancake Coil

We are using the same design as optimised in Table 4.2. For convenience, the
configuration of the coils is summarised again in Table 5.2. Tape thickness also
includes the insulation layer. Figure 5.34 shows how the coil is approximated as an
infinitely long stack of tapes:

5.3.4 Stack With AC Transport Current Only

5.3.4.1 Constant Jc

To validate our model, we begin with a simple case, i.e. we assume Jc has a
constant value 4:44� 108A=m2 across the stack but not varies as in Eq. 5.12. Then
we put in a transport AC current with the peak value 500 A. The half cycle from
the positive peak 500 A to the negative peak �500 A is divided into an 20-element
equally spaced array. We present the solutions at four points during the half cycle
in Figs. 5.35, 5.36, 5.37, 5.38, 5.39 and 5.40. Since Jc has a constant value in the
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,c pJ− ,c pJ

B

0mJ =

Fig. 5.33 Total current
density distribution of the
stack with applied field B

Table 5.2 Pancake coil
configuration

Configuration Quantity

Tape width 12 mm
Tape thickness 0.15 mm
Inner radius 40 mm
Outer radius 80 mm
Number of turns 266
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penetrated area, the magnetic field will go approximately linearly from the max-
imum to zero at the critical boundaries across the critical region along the tape
width direction when the current is at the positive peak. As the transport current
decreases, the magnetic field will also decrease linearly from the surface along the
tape width direction, thus the magnetic field distribution is like a sawteeth wave,
Fig. 5.35 shows this. Figure 5.36 gives the contour plot of Bz in the stack. The
critical region penetrates furthest when the transport current is at maximum. When
the current decreases the new critical region will again penetrate from the surface,
and it will reach furthest when the current is at minimum. This is illustrated by
Fig. 5.36. We can see in Fig. 5.37 that Jy in the new penetrate region is always a
constant value 4:44� 108A=m2:Jy in the old penetrated region is the sum of Jy in
the solutions of the positive peak and the equivalent negative current. Jy in the sub-
critical region has a small value in contrast with the critical current density Jc:
Figure 5.38 gives the contour plot of Jy in the stack. Figure 5.39 gives the mag-
netic flux lines in the stack. In the sub-critical region the flux lines are parallel to
the tapes as the model assumptions suggest. Finally Fig. 5.40 gives the contour

x

z

266 
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b=20mm

o

Fig. 5.34 Configuration of an infinitely long stack of tapes to approximate the pancake coil
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plot of the integration of the electric field between two currents (i.e. the difference

of the vector potential of two currents, dA) in the stack, we can see that
R Iiþ1

Ii
EdI is

getting larger and larger while I is decreasing.
Having found the array of solutions in the half cycle, we can calculate the

total AC losses by adding together the AC loss in each change of currents given
by Eq. 5.15, i.e. the electrical field method. We computed for a range of AC
transport currents with different peak values—from 10 to 800 A. For each
transport current, we computed the AC losses with two different methods: the
first is to calculate the complete half cycle process, and then calculated the AC
losses step by step i.e. the electric field method; the second is only to calculate
the solution at the peak current and then calculate the losses using the Claassen
expression. The comparison result is given in Fig. 5.41. We can see the total AC
losses during the half cycle by the electric field mthod gives exactly the same
result as the Claassen expression (5.16), which validates our model from one
aspect.
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5.3.4.2 Jc depending on local Bz

Now we put in the Jc dependence function as in Eq. 5.12, i.e. in the penetrated
region Bz has an impact on the local Jc: This assumption is very important since
the magnetic field varies a lot from the surface to the centre of the stack. We retain
the transport current and the current array as in Sect. 5.4 The current is decreasing
from the positive peak 500 A to the negative peak �500 A: Again we give the
solutions at four points during the half cycle from Figs. 5.42, 5.43, 5.44, 5.45, 5.46
and 5.47 in the appendix. Since Jc is no longer a constant value across the critical
region, Bz will not change linearly across each tape, Figs. 5.42 and 5.43 shows
this. Figures 5.44 and 5.45 present the current densities in the stack. In the sub-
critical region the magnetic flux lines are parallel to the tapes in Fig. 5.46. Fig-

ure 5.47 illustrates the contour plot of
R Iiþ1

Ii
EdI or dA in the stack.

Again, we computed for a range of transport currents with different peak values
(from 80 to 800 A) using two different methods: for the electric field method we
keep using a 20-point equally spaced array of currents to get the AC losses step by
step; for the second method we only calculate one solution at the peak current and
then calculate the losses using Eq. 5.18. Figure 5.48 shows the comparison of two
different methods. The line with the circle marker is the total AC losses calculated
by adding dQ produced by dI; i.e. the electric field method. The line with the
asterisk marker is the calculation results given by Eq. 5.18.
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Figure 5.49 gives the comparison of the two methods. The error is given by the
expression error ¼ ðlossE � lossformulaÞ=lossformula; where lossE means the AC
losses by the electric field method, and lossformula means the AC losses by Eq. 5.18.
We can see the errors are nearly all below 6%:6% is a relatively small value in
engineering applications. Eq. 5.18 only requires one solution when the current is at
maximum, however, the electric field method requires a number of solutions in the
whole cycle. Thus to save computation time, we can use Eq. 5.18 to estimate the
AC losses.
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The error increases sharply when I is approaching 800 A. This is because the
critical current of the stack is around 800 A, the stack will be fully penetrated then
and this will result in a big error.

5.3.4.3 Instantaneous AC Losses

It is interesting to know how the instantaneous AC losses will change with the time
during a AC cycle. In this section we take a half AC cycle from the positive peak
500 A to the negative peak �500 A as an example. Since in our model we directly
change the transport current, we need to normalize the current array to a cosine
wave to simulate how it changes with the time. To get the instantaneous loss
power, we need to divide the losses between two neighbouring currents by the
current difference, then normalize them to the cosine wave as well. Although we
only calculate half a cycle, we can get the other half by symmetry. Figure 5.50
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shows this. The AC current begins at its maximum value, then changes as a cosine
wave. At the beginning the instantaneous loss power is zero because the electric
field change rate is zero, then the loss goes up as the electric field increases and
reaches the maximum after half a cycle, then it will drop down to zero since the
current change rate is zero again, and then increase as same as the first half cycle.
We can also get the similar result from a Bean slab.

5.3.5 Stack With AC Applied Field Only

We will now present the result of a stack in an AC applied field.We are assuming
Jc depends on the local Bz: Every parameter is retained the same as in Sect. 5.3.4
except that there is no transport current but an AC field decreasing from 1 T to
�1 T: Then we follow the solution process presented in Sect. 5.3.2. The
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calculation results are given in Figs. 5.51, 5.52, 5.53, 5.54, 5.55 and 5.56 in the
appendix. Figures 5.51 and 5.52 present the magnetic field distribution in the
stack. The magnetic field is approximately zero within the central sub-critical
region. At the stack surface Bz is slightly higher than the applied 1 T field. Fig-
ure 5.53 and 5.54 give the current density distribution. In the sub-critical region
there is no current density. On each side of the new and old penetrated region, the
critical current density has an opposite sign. We can see from Fig. 5.55 that there
is no magnetic field in the sub-critical region. Finally Fig. 5.56 gives the inte-

gration of
R Iiþ1

Ii
EdI or dA in the stack. All the calculation results are consistent with

the model assumptions in Sect. 5.3.2.
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Then we go on to calculate the total AC losses in a range of magnetic fields
with different peak values– from 0 T to 2 T. Again we calculate the AC losses
using two different methods: the electric field method and Eq. 5.18. Figure 5.57
shows the comparison result. The line with the circle marker is the total AC losses
calculated by adding dQ produced by dI; i.e. the electric field method. The line
with the asterisk marker is the calculation results given by Eq. 5.18.

Figure 5.58 shows the difference between the two results. The error is given by
the expression Error ¼ ðlossE � lossformulaÞ=lossformula; where lossE means the AC
losses by the electric field method, and Lossformula means the AC losses by
Eq. 5.18. We can see the error is around 10% if we use Eq. 5.18 to calculate the
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AC losses. Again, 10% is a relatively small value for engineering estimation, and
Eq. 5.18 saves the computation time significantly. Thus we can use Eq. 5.18 to
calculate the AC losses.

5.3.6 Discussion

This section assumes the critical region penetrate furthest when the AC current is
at the positive peak, then a new critical region will begin to penetrate from the
surface again as the AC current starts to decrease. When the AC current reaches
the negative peak, the penetrated region will be exactly the same with those at the
positive peak, but the magnetic field and the current densities will be opposite. The
calculation results are consistent with our model assumptions.
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In the case that the stack carries an AC transport current, if we assume Jc is
constant in the critical region the AC losses given by our model are equal to the
Claassen formula Eq. 5.16 as shown in Fig. 5.41. If we assume Jc depends on the
local Bz; Eq. 5.18 will give a result about 6% less than the real value given by the
electric field method as shown in Fig. 5.48. Although Eq. 5.18 is not 100%
accurate, we could apply a correction factor to it. Moreover, Eq. 5.18 is very
convenient to use and saves a lot of computation time since it only requires only
one solution at the peak current, while the electric field method normally requires
20 solutions during a full cycle. Thus our method is still preferrable and acceptable
in engineering application.

For the case that the stack is in an AC applied field, the calculation results are
consistent with the assumptions as well. Equation 5.18 gives AC losses about 10%
less than the real values as shown in Fig. 5.57.

5.4 Comparison of Infinitely Long Stack and Circular
Pancake Coil

The models in previous sections in this chapter all use an infinitely long stack of
tapes to approximate the circular coils. This section presents an exact model of
circular coils. For a small value of the coil radius, there is an asymmetry along the
coil radius direction. As the coil radius increases, this asymmetry will gradually
decrease.

In this section AC losses of the circular coil with a transport current are calculated.
A comparison is made between the results of the circular coil and the long straight
conductor. We find that if the internal radius is equal to the winding thickness the long
conductor approximation overestimates the loss by 10% and even if the internal
radius is reduced to zero, the error is still only 60%: The infinitely long stack
approximation is therefore adequate for most engineering applications.

5.4.1 Assumptions of the Model

Due to the symmetry, we only need to analyse the cross section of the coil.
Figure 5.59 gives the cross section view of a circular coil. These tapes are insu-
lated from each other and are all carrying the same current I. The width and
thickness of each tape are 2a and D respectively, the thickness of the coil is 2b, the
mean radius of the coil is r. We set the origin at the centre of the cross section.

Following the assumptions in Sect. 5.2, Fig. 5.60 shows the two regions in the
coil. The unpenetrated region is the inner part constrained by the red dashed
curves, the penetrated region is the outer part. The vertices of the parabolae do not
lie on the x-axis. In the penetrated area, the current density is the critical current
density Jc; in the unpenetrated area, the current density is Jm; the magnetic field is
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parallel to the tapes. Due to the symmetry along the x-axis we assume the red
curves representing critical boundaries can be described by two parabolae,

xðzÞ ¼ � c1 þ
c2 � c3

2b
zþ ðc2 þ c3Þ=2� c1

b2
z2

� �
ð5:19Þ

where c1 is the x-coordinate value of the intersection point of the right parabola
with the x-axis, c2 and c3 are the x-coordinate values of the intersection points of
the right parabola with the top and bottom boundaries of the cross section area.

We should notice that unlike Fig. 5.3, in Fig. 5.60 the vertices of the parabolae
will not lie on the x-axis because of the asymmetry along the z-axis; however,
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when the radius is much larger than the thickness of the coil, it will behave like an
infinitely long stack of tapes, and the vertices will then lie on the x-axis.

We need to point out that there are other more complicated functions which can
describe the critical boundary more accurately. However, a parabola is the sim-
plest three-parameter fit to describe the critical boundary, thus to gain an
acceptable computation speed we use the parabola in this section.

5.4.2 Solution Methodology

We consider a ring located at (x,z) as shown in Fig. 5.61 with a current I flowing in
it. The vector potential and radial component of the magnetic field at the point
(x0; z0) due to the ring are [27],

Ay ¼
l0I

pk

a

r1

� �1
2

1� 1
2

k2

� �
K � E

� �
ð5:20Þ

Bz ¼
l0I

2pr1

d

ðd2 þ ðaþ r1Þ2Þ
1
2

½�K þ a2 þ r2
1 þ d2

ða� r1Þ2 þ d2
E� ð5:21Þ

k2 ¼ 4ar1½d2 þ ðaþ r1Þ2��1 ð5:22Þ

a ¼ r þ z; r1 ¼ r þ z0; d ¼ x� x0 ð5:23Þ

where K and E are complete elliptic integrals of the first and second kind.
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A block in Fig. 5.5 carrying a current density Jy within the area x1\x\x2;

z1\z\z2; produces a vector potential and z direction magnetic field at the point
(x0; z0) as in Eqs. (5.24) and (5.25),

Ayðx1; x2; z1; z2Þ ¼
Zx2

x1

Zz2

z1

Ayðx; zÞdxdz ð5:24Þ

Bzðx1; x2; z1; z2Þ ¼
Zx2

x1

Zz2

z1

Bzðx; zÞdxdz ð5:25Þ

where Ay and Bz are give by Eqs. 5.20–5.23, in which I is replaced by Jy:

By summing the contributions from each block we can find the total Ay and Bz

at every point of the cross section. Unlike the infinitely long stack model, Ay in
Eq. 5.20 is zero on the axis of the coil for all rings in the pancake. Therefore we do
not need to substract the contribution of Ay at ð0; 0Þ from each block.

Following the same solution methodology in Sect. 5.2.2. Again we are using
the fixed division method. A detailed division example is already given in Fig. 5.5.
For a given transport current I, we firstly need to solve Eqs. 5.6 and 5.7. Then we

vary c1; c2 and c3 to search for the minimum fc ¼
R b
�b

R cðzÞ
�cðzÞ B2

z dxdz to make it

approximately zero. This gives the nearest solution to the ideal which has Bz ¼ 0
at all points in the unpenetrated region. Having found c1; c2 and c3; we can get the
distribution of Jy;Ay and Bz in the circular coil.

To get the AC losses of a coil on applying a transport current, we use Eq. 5.18
to calculate the losses Q0 in the initial quadrant. Then using Q ¼ 4Q0 can
approximately calculate the AC losses in a full cycle. In Sect. 5.3 and [23] it was
shown that Q is about 7% less than the full cycle AC loss due to the dependence of
Jc on Bz and computing the complete cycle adds significantly to the complexity.
For most engineering applications, 7% is acceptable and Eq. 5.18 can give a much
quicker estimate compared to finding solutions for a full cycle as already dem-
onstrated in Sect. 5.3. Thus we will use Q ¼ 4Q0 to calculate the AC losses in full
cycle for this section.

5.4.3 Configuration of the Pancake Coil

We are using the same pancake as shown in Table 5.2. The Jc depending on Bz

function is kept the same as Eq. 5.12.

Jc ¼ J0
B0

B0 þ jBzj
ð5:26Þ
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The detailed configuration of the circular pancake coil is shown in Fig. 5.62.

5.4.4 Solution for Fixed Transport Current

The computation results are shown in Figs. 5.63, 5.64, 5.65 and 5.66:
Figure 5.63 shows the fixed division method with M = 10 and N = 200. Fig-

ure 5.64 shows in the unpenetrated area the perpendicular magnetic field Bz is
approximately zero and the flux lines are parallel to the x-axis. Since the radius
r has a relatively large value 3b, the asymmetry effect is not obvious, c2 and c3 are
nearly the same. Figures 5.65 and 5.66 present the contour plots of Bz and Jy in the
coil. All these results are in good agreement with the model assumption.
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The AC losses of the coil on the cross section area in a full cycle would be
792:7 J/cycle/m: The AC losses of the infinitely long stack on the cross section
area in a full cycle is 843:3 J/cycle/m: Table 5.3 gives the comparison results of
the AC losses and computation time. The z-component magnetic field in the coil
will partly be compensated by the other half of the coil, so the modulus of Bz will
be smaller than that in an infinitely long stack, the AC loss will thus be smaller.
The program was running in a PC with Intel Core2 Duo 2.00 GHz and 3 GB
memory. We can see that the AC losses of the circular coil is 94% but the
computation time is more than three times of those of an infinitely long stack.
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5.4.5 Solution with Different Transport Currents

Now we apply transport AC currents with different peak values into the coil, find
solutions individually, and observe how the penetration depth and AC losses will

change with the transport current. We define d ¼ 1
3
ða�c1Þþða�c2Þþða�c3Þ

a as the
penetration depth. Again we use M = 10 and N = 200 to divide the cross section
area.

For comparison we also computed solutions for the infinitely long stack model,
in which the cross section area and tapes are the same as the circular coils.
Figures 5.67 and 5.68 present the results:

We find that the AC losses increase approximately with the cube of the current
I, the penetration depth increases from 0 to nearly 1 as the transport current
increases from 0 to 700 A. We can also find both for AC losses and penetration
depth, the circular coil model gives slightly smaller values than the infinitely long
stack model. This will be explained in Sect. 5.4.6

5.4.6 Effect of Coil Radius

Although normally there is an asymmetry along the z-axis of the circular model,
for a relatively large value of the radius r the coil will rather behave like an
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Table 5.3 Comparison of
AC losses and computation
time between circular coil
and infinitely long stack

AC losses
(J/cycle/m)

Computation
time (s)

Circular coil 792.7 68.8
Infinitely long stack 843.3 20.5

96 5 Modelling of Superconducting Pancake Coil



infinitely long stack. We now keep all the configurations the same as in Sect. 5.4.3,
except for changing the radius r from 3b to 100b. The computation result shows
that c1; c2 and c3 are 1.9, 2.8 and 2.8 mm, respectively. The AC loss is
844:1 J/cycle/m: For an infinitely long stack with the same configuration and
transport current, c1; c2 and c3 will also be 1.9, 2.8 and 2.8 mm, and the AC loss
will be 844.4 J=cycle=m: Thus when r is very large, we can use the relatively
simple model of an infinitely stack to approximate pancake circular coils.

To understand how the radius of the coil affects the AC losses, penetration depths
and critical currents (in Sect. 5.2 and [22] it was defined that the critical current
would be the minimum transport current when the critical regions penetrate into the
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centre of one of the tapes), we vary r but keep the cross section and transport current
the same as in Sect. 5.4.3. Obviously the minimum r is 1, in which case there is no
central core. The normalized computation results are given in Figs. 5.69 and 5.70.
Also we produced a look-up table for the computation results as in Table 5.4..

From Fig. 5.69 we can see that the AC losses of the circular coil will be
approximately the same as an infinitely long stack when r reaches 10b. The
penetration depth will also equal that of an infinitely long stack since r is larger
than 4b as shown in Fig. 5.70. The critical current will approach that of an infi-
nitely long stack since r is larger than 3b as shown in Fig. 5.71. Since there are
some computation errors the curves in Figs. 5.70 and 5.71 are not very smooth
when r=b is small.
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When the radius is relatively small, the z-component magnetic field will partly
be compensated by the other half of the coil, so the modulus of Bz will be smaller
than that in an infinitely long stack, the AC loss and penetration depth will thus be
reduced. As the radius increases, this impact will decrease until the circular coil
behaves like an infinitely long stack. This also explains why in Figs. 5.67 and 5.68
the AC losses and penetration depth of the coil are smaller than those of an
infinitely long stack. Even quite small coils can be treated as infinitely long. The
error is 10% when r ¼ 3b:

To get a better comparison of the circular model and the infinitely long stack
model, we present Figs. 5.72, 5.73, 5.74, 5.75, 5.76 and 5.77 showing the graphs of
a small circular coil with r ¼ 1:2b (when r ¼ b there is no central core so this is
quite a small radius coil) and an infinitely long stack. From the figures it is clear
that when the radius r is small, there will be more flux lines in the inner half than
the outer half of the coil, while in an infinitely long stack the flux lines are
symmetric in each half. We need to point out that since in the circular coil model
the zero of the vector potential is along the coil axis, however in the infinitely long

Table 5.4 Look-up table of corrections factorsa of coil AC losses at different radii

Coil size Correction Coil size Correction Coil size Correction Coil size Correction
(r=b) Factor (r=b) Factor (r=b) Factor (r=b) Factor

1.0 0.60 1.7 0.84 2.4 0.91 4 0.96
1.1 0.66 1.8 0.85 2.5 0.91 5 0.97
1.2 0.70 1.9 0.87 2.6 0.92 6 0.98
1.3 0.74 2.0 0.88 2.7 0.93 7 0.99
1.4 0.77 2.1 0.89 2.8 0.93 8 0.99
1.5 0.80 2.2 0.90 2.9 0.94 9 0.99
1.6 0.82 2.3 0.90 3.0 0.94 10 0.99

a Correction Factor = the AC losses of the coil/the AC losses of the infinitely long stack.
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stack we define the centre as the origin , the values of the contour of vector
potentials are very different between Figs. 5.72 and 5.73. The penetration depth of
the circular coil will be smaller. Due to the cancelling effect of the other half of the
circular coil, Bz will also be smaller than that in the same place of the infinitely
long stack.

5.5 Conclusions

Following the introduction of Clem’s anisotropic homogeneous-medium approx-
imation in Sects. 5.1 and 5.2 gives a more detailed model for a pancake coil of 2G
HTS tapes, adapts it for a transport current and magnetisation in an applied field,
and then calculates the AC losses taking into account the variation of Jc with Bz:
The calculations results are consistent with the model assumptions. This model
offers a fast numerical method to calculate the critical current and AC losses of the
superconducting pancake coils.

Section 5.3 gives how the distribution of the current density and magnetic field
in the coil changes during a full AC cycle. Starting from the existing model for a
stack of superconducting tapes, we have adapted it to analyze a stack with an AC
transport current in a full cycle. We have showed how the current density and
magnetic field distribution change during a full AC cycle. This model has also
been adapted to calculate the stack in an AC applied field. More importantly, it
demonstrates we don’t need to analyse a full AC cycle to calculate AC losses, we
just need to find the solution at the Imax or Bmax and then use Eq. 5.18 to calculate
the losses, and the error will be below 10%; which is acceptable in engineering
applications. This saves computation resources significantly.

Section 5.4 gives an exact circular pancake coil model. Compared with the infi-
nitely long stack approximation model, this circular coil model give very similar
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calculation results. Therefore the infinitely long stack approximation for a circular
pancake coil is therefore adequate for most practical purposes since the error is small
and the computation time is saved significantly. We find that if the internal radius is
equal to the winding thickness the infinitely long stack approximation overestimates
the AC losses by 10% and even if the internal radius is reduced to zero, the error is still
only 60%: In addition, the computation time for calculating the infinitely long stack is
less than one-third of that for a circular pancake coil.

In conclusion, we have developed a new computationally efficient numerical
model to analyse an infinitely long stack of tapes and a circular pancake coil using
coated conductors. This model gives a relatively faster computation speed while
maintaining the physics background. The critical current and AC losses can be
predicted. In addition, the magnetic field and current density distribution in the
stack or coil can be calculated during a full AC cycle. After comparison the
conclusion is made that the infinitely long stack of tapes are accurate enough for
most engineering applications. To calculate AC losses, only the solution when I or
B is at maximum is needed.
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Chapter 6
Coil Tests and Applications for SMES

This chapter1 introduces the superconducting coils and their experimental tests.
Section 6.1 introduces the configuration and winding techniques of the coils.
Sections 6.2 and 6.3 present the critical current and AC loss measurement results.
The experimental set-up for the critical current measurement at 77 K includes a
cryogenic container, a power supply, instrumentation and a measurement system.
The experimental set-up for AC losses measurement at 77 K includes a cryogenic
container, a power supply, an inductive voltage compensation circuit and a mea-
surement system. The critical current and AC losses of the coils are measured at
77 K. An experiment rig using cryocooler which can cool down to 20 K is also
introduced.

Sections 6.4, 6.5 and 6.6 introduce the control circuit for the superconducting
coils to be used as a SMES unit. This control circuit can quickly charge and
discharge the superconducting coils, and it has been both simulated and experi-
mentally tested to validate the control strategy.

Part of the experiment in Sects 6.2, 6.3 and 6.5 was carried out by the author at
Cryogenic Ltd and China Electric Power Research Institute. Cryogenic Ltd pro-
vided the winding machines, the critical current measurement set-up and the
background magnet. Part of the control strategy in Sect. 6.6 is advised by Dr.
Jiahui Zhu from China Electric Power Research Institute.

1 Parts of this chapter are reprinted with permission from Yuan et al. [18] �2010 IEEE.
Parts of this chapter are reprinted with permission from Zhu et al. [19] �2011 Elsevier.

W. Yuan, Second-Generation High-Temperature Superconducting Coils
and Their Applications for Energy Storage, Springer Theses,
DOI: 10.1007/978-0-85729-742-6_6, � Springer-Verlag London Limited 2011
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6.1 Superconducting Coils

6.1.1 Coil Configurations

Three superconducting coils have been made. One is a relatively large single
pancake coil, and the other two coils are two small double-pancake coils.
Table 6.1 presents the configurations of the coils.

6.1.2 Coil Windings

Two different techniques are used in winding the superconducting coils.
During the winding process of Coil 1, the whole length of the superconducting

tape and an insulation tape were firstly wound on an aluminium former simulta-
neously. The copper substrate in the tape was facing outward in the winding to
guarantee a good thermal conduction from outside to inside since the copper has a
good thermal conductivity. Following this, two current terminals made of copper
bars were soldered to the internal and external ends of the coil by a low tem-
perature solder. The dimension of each copper bar is 1:5 � 2 cm: Next the coil was
vacuum pressure impregnated with epoxy. The impregnation process took about
one day. After the resin was cured, the aluminium former in the middle was
removed. Figure 6.1 shows how the voltage taps and current terminals are con-
nected with the coil. Figure 6.2 shows the picture of the coil.

Coils 2 and 3 used some different winding techniques compared to Coil 1. The
whole length of the superconducting tape and the same length of the Kapton
insulation tape were wound on a tufnol former first. The tufnol former was used
instead of the aluminium former is because tufnol is more suitable for low-
temperature physics applications. It is soft, easy to machine and has good elec-
trical/thermal insulation. The tufnol plates are used not only as a former but also to
inject resin inside the windings. Special grooves are made to allow casting resin to
penetrate the windings. An HTS joint is used to connect the two pancake coils.
A laminated copper layer was soldered to the tufnol plate, and both ends of the
coils gradually overlapped with the copper layer to make the current lead. The
connection area between the superconducting tape and the copper layer is 25 mm
long to guarantee a good joint of the current lead as shown in Fig. 6.5. The current
wire can be screwed into the coil to connect with the coil current lead. Different
from Coil 1, after the winding process was finished and the coils became dry, the
formers were not removed to make sure there were no displacement in the
windings or connections. Figure 6.3 presents the structure of Coils 2 and 3.
Figures 6.6 and 6.7 give the pictures of the two small double-pancake coils
(Fig. 6.4).

The differences between the winding techniques for Coil 1 and Coils 2/3 are
summarised below:
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• An aluminium former was used during the winding process of Coil 1 and
removed afterwards. Tufnol formers were used during the winding process of
Coils 2/3 and remained there after the process to guarantee there are no potential
damage to the coils or displacement in the windings.

Fig. 6.1 Schematic drawings
of coil

Fig. 6.2 Coil picture

Table 6.1 Configurations of
superconducting coils

Coil configurations Coil 1 Coil 2 Coil 3

Inner radius 50 mm 22 mm 22 mm
Outer radius 80 mm 24 mm 24 mm
Coil height 13 mm 10 mm 10 mm
Conductor length 100 mm 5 mm 5 mm
Turns 133 16� 2 17� 2
Layers 1 2 2
Coil constant 28.9 G/A 8.6 G/A 9.1 G/A
Tape width 12 mm 4.5 mm 4.5 mm
Tape SCS12050 SCS4050 SCS4050
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• For Coil 1, two 1:5 cm� 2 cm copper bar were soldered to both ends of the
superconducting coil. During the soldering process the copper bar were hanging
there and not fixed. For Coils 2/3, the ends of the superconducting coil were
soldered to the copper layers gradually through a 25 mm long joint region.
During the soldering process, both the coils and the copper layer were fixed.

Fig. 6.3 Structure of Coils 2
and 3

Fig. 6.4 Side view of current
lead connections

Fig. 6.5 Top view of current
lead connections
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• The connection between the current lead and the external power supply is to
solder the wires together for Coil 1. However, for Coils 2/3 the wires are
screwed into the current lead.

6.2 Experimental Rigs and Critical Current Measurements

6.2.1 Experimental Rig

An experiment rig using liquid nitrogen has been set up to measure this super-
conducting coil. This experiment rig includes a instrumented dewar, current
supply, nano-voltmeter and a PC monitoring system.

Fig. 6.6 Coil 2

Fig. 6.7 Coil 3

6.1 Superconducting Coils 109



Figure 6.8 presents the structure of the dewar and its intrumentation, which
includes: (1) Dewar flange, (2) Current leads, (3) Internal hanger, (4) Signal
feedthrough, (5) Current leads, (6) Superconducting coil, (7) Coil supporter, (8)
Dewar, Temperature sensors T1/T2/T3/T4, Voltage contact U1/U2, and Hall probe
B1. Two temperature sensors are placed on the inner and outer surface, respec-
tively. The other two temperature sensors are placed on both sides of the current
lead. Two sets of voltage contacts are soldered to the coil. The hall probe is
attached on the top of the inner tube, facing towards the radial direction.

Figure 6.9 shows the instrumentation on the coil. Figure 6.10 gives the con-
nection of different components of this experiment rig.

In Fig. 6.11 we can see the picture showing the four nano-voltmeters, power
supply and the PC monitoring system. A DC power supply (up to 120 A) manu-
factured by Cryogenic Ltd. is used as the power source.

Figure 6.12 shows the dewar already filled with liquid nitrogen and the
instrumented Coil 1 was placed in it. Figure 6.13 presents how the signal feed-
through go through the dewar cover. The coil is attached on a square plastic
supporter. The coil terminals are soldered to the current leads.

6.2.2 Experimental Tests of Coil 1

Coil 1 was tested at liquid nitrogen temperature. By gradually increasing the DC
current in the coil, the DC voltage across the coil was measured. Figure 6.14
shows the measurement results.

Fig. 6.8 Experimental rig
structure
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There are two different ways to determine the critical current of the super-
conducting coils by the measurement results. One method is to use the standard
criterion 1 lV=cm; thus the critical current of a coil would correspond to
1 lV=cm� L; where L is the total length of tapes in the coil. By this criterion the

Fig. 6.9 Coil with
instrumentation connections

Fig. 6.10 Experimental rig
structure

Fig. 6.11 Control and
monitoring system
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critical current of Coil 1 would be the minimum transport current when the coil
voltage is larger than 10 mV. The other way to determine the critical current is to
observe the changing point where the I – V curves becomes extremely non-linear.

From Fig. 6.14 we can see that the critical currents of the coil at 77 K in the
first test is around 40 A if we use the 1 lV=cm criterion. Then the coil critical
current is keeping decreasing at each test. The non-linearity of I – V curves is
keeping decreasing in each test, and we can see that during the fourth test the
I – V curve is almost a straight line.

The theoretical model which was introduced in Chap. 5 predicts the coil critical
current as 80 A. Figures 6.15 and 6.16 present the current density and magnetic
flux lines of the coil at the critical current. We can see the critical current is
reached when the critical region just penetrates into the middle of one tape.

Clearly there are some problems with Coil 1 as suggested the measurement
results. There are several possible reasons explaining the poor performance and the
difference between the theoretical and experimental results of Coil 1, and they are
itemised as followings:

• During the winding process, particularly when the aluminium former was
removed from Coil 1, there were some displacement between the layers of the
winding and a certain amount of cracks might have developed inside the tape.

Fig. 6.12 Dewar containing
coil with instrumentation
connections
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Fig. 6.13 Coil with dewar
cover and instrumentation
connections
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Every time a current is applied into the coil and increases, the produced heat will
enlarge the cracks which would decrease the coil critical current.

• The joint between the coil ends and the copper layer was not soldered solidly
since during the soldering process the copper bar were hanging there and not
fixed. This poor contact would result in a large resistance and thus decrease of
the critical current.

During the experiment, we also measured the temperature and the magnetic
field of the coil using the temperature sensors and hall probe. Figure 6.17 gives the
measured temperatures by the four temperature sensors. Since the whole coil is
covered by liquid nitrogen, the coil temperature is around 77 K. The small
difference between the sensors is due to the measurement error. Figure 6.18 gives
the comparison of the theoretical and measured magnetic field where the hall
probe is attached. We can see the two groups of values are very close to each other.
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6.2.3 Experimental Tests of Coils 2 and 3

To validate the new winding techniques, the small double-pancake Coils 2 and 3
were tested at liquid nitrogen. Also a 10 cm long tape using the same material
from Superpower with an HTS joint was tested. The HTS joint in the 10 cm long
tape is using the same jointing technique as those in the double-pancake coils.
Figure 6.19 present the measurement results of the critical currents.

As introduced before there are are two different ways to determine the critical
current of the superconducting coils by the measurement results. One method is to
use the 1 lV=cm criterion and the other is to observe the changing point where the
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I – V curves becomes extremely non-linear. Since there are always some
unavoidable resistance in the circuit, e.g. the joint in the current lead and between
the coils. The more practical way to decide the critical current is to observe the
changing point where the I – V curve becomes extremely non-linear. For Coils 2/3
this sharp transition happens when the coil voltage is between 60 lV and 100 lV:
Thus by the second criterion the critical currents of Coils 2 and 3 are 75 and 78 A.

Coils 2 and 3 are also analysed theoretically. The calculation results predict
a critical current 72 A for Coils 2 and 3. Figures 6.20 and 6.21 present the
current density and magnetic flux line in and around the coil at the critical
current 72 A.

Fig. 6.19 I – V curves of
Coils 2/3 and HTS tape at
77 K
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From the results we can see the measurement result is consistent with the
theoretical result. Table 6.2 presents the comparison results. The data of JcðBÞ
function we used in the theoretical calculation is provided by Superpower Inc. The
result has validated that our simulation model is able to predict critical currents of
HTS pancake coils.

To investigate the coil performance in a background field, we applied different
external magnetic fields to Coil 2 and measured the critical currents accordingly.
The magnetic field was applied in parallel with the z-axis of the coil, which also
meant the field was in parallel with the tapes in the coil. Figure 6.22 presents the
experimental set-up that was used to test Coils 2/3 in a background magnet field. It
is a cryogen free system. Coils 2 and 3 are inserted through the hole 5 as showed in
Fig. 6.22 in the experiment.

Figure 6.23 gives the experimental results. As discussed before, the I – V
curves become very non-linear when the coil voltage is between 60 and 100 lV;
this is also true for the coils in a background field. Thus we use these two
different values, 60 and 100 lV; to define the coil critical currents. Figure 6.24
present the critical currents of Coil 2 in different background fields. We can see
that the critical current is keeping decreasing. This is because the critical
current of the superconducting tapes would decrease when the applied field is
increasing. When there is no external magnetic field, the critical current of Coil
2 is higher than 75 A. When the applied field is 5 T, the critical current
decreases to only 8 A.

Table 6.2 Comparison of
theoretical and experimental
critical currents for Coils 2
and 3

Coil 2 (A) Coil 3 (A)

Simulation 75 78
Experiment 72 72
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6.2.4 Experimental Rig Using a Cryocooler

This SMES coil is aiming to work between 20 and 30 K eventually, thus a cryostat
working with a cryocooler is designed and built up.

The coil will be cooled down by a cold head in a cryogen-free cryostat. We are
using a two-stage M-350 CP cold head from CTI-Cryogenics. This cold head can
provide a heat lift of 4 W at 20 K and 20 W at 77 K simultaneously. Figure 6.25
gives the cooling capacity of the two stages at different temperatures.

Fig. 6.22 Experimental set-up for testing superconducting coils in background field

Fig. 6.23 I – V curve of Coil
2 at 77 K in different
background fields applied
parallel to axis of coil
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Figure 6.26 gives the view of the cold head structure. Figure 6.26 presents the
photo of the cold head lying on top of a compressor (Fig. 6.27).

Figure 6.28 gives the picture of the pump that will be used to vaccume the
cryostat. Figure 6.29 presents the compressor which is working with the coldhead.

Figure 6.30 gives a typical vacuum process of the cryostat. A forevacuum pump
is firstly switched on. When the vacuum pressure reaches around 1 mbar a turbo
pump is switched on to achieve a much better vacuum. Usually after 30 min the
vacuum level can go down to the same order of magnitude with 10�4 mbar: Fig-
ure 6.31 gives a typical cooling process of the cold head without any heat load.
It normally takes around 30 min to reach the minimum temperature which is
about 30 K.

Fig. 6.24 Critical currents of
Coil 2 at 77 K in different
backgrounds by two different
voltage criteria

Fig. 6.25 Typical
refrigeration capacity of
cryocooler at 50 Hz
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6.3 AC Losses of the Coil

6.3.1 Theory and Experiment of AC Losses in Literature

The AC losses of the type II superconductor are coming from the non-linear
M – H loop of the superconductor. During the magnetisation and demagnetisation
process of superconductors, the hysteresis losses of the M – H loop will behave
like a ‘resistance’ of the superconductors.

Fig. 6.26 Cold head
structure

Fig. 6.27 Cold head photo
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Fig. 6.28 M-350 CP
cryocooler

Fig. 6.29 Compressor for
the cold head
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Norris has analysed the AC losses in a superconductor with different shapes
using the critical state model [1, 2]. In his paper, he analysed the supercon-
ductor with different configurations such as round, elliptic, rectangular, cruci-
form-sectioned and a thin strip with a finite width. Analytic formulas have been
given to calculate the AC losses quickly.

However, Norris’ method cannot cope with HTS materials very well due to its
high anisotropic characteristics. Brandt et al. have given a different analytic
method to calculate the AC losses in superconducting strips [3, 4]. Their calcu-
lations have been validated by experimental results.

There are two ways to measure the AC losses in the superconductor, the
calorimetric method and electrical method. A calorimetric method to measure the
AC losses in superconducting tapes were introduced in [5–7]. Figure 6.32 presents
the measurement system. This system can measure AC losses when the super-
conductors are carrying transport AC currents in external AC magnetic fields at
variable temperatures. The variable temperature is achieved by a thermal con-
nection between the sample and a cooling machine. The AC losses can be cal-
culated by comparing the temperature rise of the sample to the temperature rise
caused by a reference heater. The other way is to calculate the increase in power
dissipation of the sample which is compensated for by a reduction of the power
dissipation in the heater.

The other method to measure AC losses in superconductors is using electrical
methods. Figure 6.33 gives an example circuit [8–11]. When measuring AC loss in
a short superconducting sample, a compensation coil is used to eliminate the
inductive part of the voltage, so that only the in-phase component remains, i.e. the
purely resistive voltage. A lock-in amplifier is used to detect voltage signals in-
phase with the operating current, as well as serving as a signal source for the AC
power supply. Therefore the resistive part in the sample can be collected and the
AC losses can be calculated.
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The techniques for measuring AC losses of superconducting tapes have already
been tested and validated as introduced above. However, measuring AC losses of
superconducting coils are much more difficult, since their large inductance will pro-
duce a large inductive voltage which makes it difficult to pick up the resistive voltage.

Fig. 6.32 AC loss measurement system using a calorimetric method

Fig. 6.33 AC loss measurement system using a electrical method
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6.3.2 Experimental Rig of AC Losses Measurement at 77 K

One way to measure AC losses is to cancel the large inductive voltage by a
capacitor. Figure 6.34 shows the circuit we used to measure the AC losses of the
coil. The lock-in amplifier sends out a standard AC signal, which is amplified by
the power amplifier. Then it is sent to the transformer which increases the AC
current. When an AC current goes through the coil and capacitor, the capacitor
compensates the inductive voltage on the coil. When L and C have the relation
w0 ¼ 1ffiffiffiffiffi

LC
p ; the circuit is at resonance. This means the inductive voltage is fully

compensated, and the coil and capacitor will behave together like a pure resis-
tance. The resistance is exactly coming from the AC losses of the coil.

Rogowski coil picks up the amplitude and phase of the current in this coil,
transfer it to the voltage signal and finally send it to the lock-in amplifier. The
voltage signal V1 picked up by Rogowski coil is 90� ahead of the coil current, we
need to use the lock-in amplifier to lock the voltage signal V2 which is 90� behind
V1, and this represents the resistive voltage. We can get the resistive voltage by
measuring V1. The reason why we don’t measure V3 directly is that it is large
enough to damage the lock-in amplifier, thus we use a voltage divider consisted of
R1 and R2. The resistance of R1 and R2 together is much larger than the
impedance of the coil and capacitor, thus R1 and 2 will behave like an open circuit
and not affect the circuit. The resistance of R2 is ten thousand times of R1,
therefore by measuring V2, i.e. the voltage of R1, we can calculate the voltage V3.

During the measurement, we firstly choose a frequency, then calculate how
much capacitance we need to fully compensate the inductive voltage. We monitor
the coil current and V3 together using an oscilloscope while we are slightly tuning
the frequency sent out from the lock-in amplifier. When the current and voltage are
in the same phase, the circuit is at resonance. Then we use the lock-in amplifier to
lock and measure the resistive voltage V2. At the same time we measure the
Rogowski coil voltage V1, from which we can calculate the coil current. By timing
the coil current and the resistive voltage V2� R2

R1 ; we can calculate the AC losses
of the coil.

An experiment rig to measure the coil AC losses has been set up. Figure 6.35
presents the experiment circuit. This circuit was built based on Fig. 6.34

Fig. 6.34 Circuit to measure coil AC losses
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6.3.3 Measurement Results and Analysis

Figure 6.36 presents the comparison of the measured AC losses of the coil at
different frequencies with the theoretical calculation. We can see that there is a
large discrepancy between the theoretical values and experimental values.

The initial thought about this discrepancy is that the measured losses might be
due to the DC resistance in the coil. Figure 6.14 shows that there might be some
crack, which would result in a relatively large DC resistance, in the pancake coil 1.
Thus we calculated the DC resistance according to Fig. 6.14 and then calculated
the AC losses. The result is also included in Fig. 6.36. We can see that the
electrical losses due to the coil DC resistance is still much lower than the measured
values. Thus the measured losses are not caused by the coil DC resistance.

Fig. 6.35 Experimental
set-up for measuring coil AC
losses
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The discrepancy of the experimental results between 209 Hz and lower fre-
quencies is because the rated working frequency of the capacitor is below 200 Hz.
If the frequency is higher than 200 Hz, there will be a certain amount of error.

From Figs. 6.12 and 6.13 we can see that when the coil is placed in the dewar, it
is co-axial with the dewar which is made of stainless steel. When an AC current is
applied into the coil, the changing magnetic field will induce a voltage potential
and thus a current in the dewar and vice versa. Thus the measured AC losses are
actually the electrical losses in the dewar. The electrical losses in the dewar can be
predicted by calculating the changing magnetic field and considering the electrical
resistivity of the stainless steel. The calculation results are presented by Fig. 6.37.
We can see the measured values are in the same order of magnitude with the losses
in the dewar.

6.4 Control Circuit for SMES Applications

The control circuit is an essential component of a SMES system [12, 13]. The
control circuit needs to discharge the SMES system quickly when its energy is
needed and charge it when its stored energy is less than the rated value.

For traditional LTS SMES, there is a persistent model in which the super-
conducting current is flowing in the closed circuit and never decreases since there
is no resistance in the SMES coil [14]. However, for HTS SMES, a persistent
mode cannot be achieved since there is still little resistance in the SMES coil due
to E – J power law, and also the HTS superconducting joint resistance is around
10�7X which is not small enough as a persistent switch. Additionally there is
resistance in the diodes that is used in the control circuit. Therefore there are only
two operation modes for HTS SMES, the charge and discharge modes.
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Since a SMES system stored the energy in the form of a DC current, power
electronics converters are needed to convert the DC current into AC current so that
a SMES system can have energy transfer with the external circuit.

6.4.1 Chopper Circuit to Charge and Discharge the Coil

A charge and discharge circuit for a SMES coil can also be called as a chopper. A
chopper is needed to control the energy flow direction between the SMES system
and the external circuit. Figures 6.38 and 6.39 present the circuit of a typical
chopper for a SMES.

The chopper consists of a capcitor Cd; two IGBTs S1 and S2, and two diodes
VD1 and VD2. The chopper manages the conversion between the SMES coil
current and the H-bridge converter voltage. It increases operation safety by iso-
lating the SMES magnet from the power system. It also controls the current flow of
the SMES by switching S1/S2 on and off. During the charge process the current
will go through S1 and S2, and during the discharge process the current will go
through VD1 and VD2.

Fig. 6.38 SMES coil
charging circuit

Fig. 6.39 SMES coil
discharging circuit
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6.4.2 Power Electronics Converter

Figure 6.40 shows the converters and the SMES unit. The converters include three
single-phase H-bridge converters. Each H-bridge converter consists of four power
electronics transistors (insulated-gate bipolar transistor, IGBT). These converters
are able to convert DC voltage from the SMES coil to AC voltage in the power
system. Three independent converters for three phases are used to decouple the
influence between each phase, thus the SMES system can supply unsymmetrical
three-phase power as well as symmetrical three-phase power. This kind of con-
verter is superior to the traditional voltage-source converter since it uses a DC
voltage more efficiently and control the voltage more flexibly [15–17].

6.5 Experiment of Chopper Circuit

To validate the control strategy for charging and discharging the coil, we have
built up and tested a chopper circuit.

Figure 6.41 presents the chopper circuit for charging and discharging the SMES
coil. During the charge mode, the capacitor is charged by the power source. S7 is
always turned on, S8 is turned on and off by PWM with a certain duty ratio. Thus the
coil is charged. During the discharge mode, S7 and S8 are turned off. The current
flows through the diodes in S9 and S10. The coil discharges the energy back to the
capacitor. A 100 X is connected in parallel with the capacitor as a dump resistor.

Although there is no literally persistent mode, we can still operate in a ‘per-
sistent’ mode that the current would quickly decrease due to the coil resistance. S8
is turned off in a ‘persistent’ mode and the current in flowing in loop 1.

Figures 6.42 and 6.43 present the photos for the chopper and the experimental
set-up.

Coil 1 was used in the experiment. During the experiment, initially a square wave
signal was sent to S8 to control its on and off, thus the circuit is switched between the

Fig. 6.40 Power electronics converters and SMES unit
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Fig. 6.41 SMES coil chopper circuit

Fig. 6.42 SMES coil
chopper circuit

Fig. 6.43 Experimental
set-up for testing chopper
circuit
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charge and open-circuit mode, the current was charged into the SMES coil. In the
discharge experiment as shown in Figs. 6.44 and 6.45, at t ¼ 0:45 s the circuit was
switched into the discharge mode, we can see that within 0.3 ms the current in the
coil was completely discharged, the coil voltage also reduced to zero. Figure 6.45
gives the duty ratio of the initial square wave. The DC line current direction was
opposite in the discharge mode as opposed to the charge mode.

Figures 6.46 and 6.47 present the coil performance in the ‘persistent’ mode. A
square wave signal was also sent to S8 to control the charge of the SMES coil at
the beginning. At t ¼ 1:2 ms the coil was turned into the ‘persistent’ mode, i.e. S8
was turned off and thus the current was forced to flow in loop 1. We can see that
within 2 ms the current and voltage completely decreased to zero after the coil was
turned into the ‘persistent mode’. Figure 6.47 gives the duty ratio of the initial

Fig. 6.44 Coil voltage and
current during discharge
mode

Fig. 6.45 S8 signal and DC
line current during discharge
mode
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square wave. The DC line current direction was zero in the ‘persistent’ mode
which validated the ‘persistent’ mode since all the current was flowing in loop 1.

6.6 Simulation and Experiment of Voltage Sag Compensation

6.6.1 System Circuit and Control Strategy

One important application of SMES systems is to compensate a voltage sag in a
power system. A voltage sag in a power system will damage the sensitive electrical
load and equipment. Connected to a power system through a power electronics

Fig. 6.46 Coil voltage and
current during ‘persistent’
mode

Fig. 6.47 S8 signal and DC
line current during
‘persistent’ mode
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control circuit, a SMES system can release its energy within several milli-seconds
with a high cyclic efficiency to recover the voltage.

The connection of the SMES system with the power system is shown in
Fig. 6.48, it includes a SMES unit, a chopper, a voltage-source power electronics
converter and a low-pass filter. The SMES system is connected to the power
system with an isolation transformer. During the operation, if a voltage sag at Bus1
is detected, the SMES system will release its energy to compensate the voltage sag
and maintain the Bus2 voltage at a constant value. Therefore, the important sen-
sitive load is protected.

Figure 6.49 shows the compensation process. In the normal condition the
sensitive load requires a voltage VBus2: During a voltage sag, the voltage at Bus1
will drop to VBus1: The voltage value decreases and the phase shifts compared to
the normal condition. The control circuit will release the SMES energy to produce
a compensation voltage Vconv; and this Vconv will keep the load voltage VBus2 the
same as the normal condition.

Figure 6.50 shows the algorithm to calculate the compensation voltage. Since it
is difficult to analyse the control model in Cartesian coordinates, firstly we need to

Fig. 6.48 Connection of SMES unit with power system

Fig. 6.49 Voltage sag
compensation
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transform the symmetric three phase voltages to d, q-axis voltage components with
phase-lock technique to decouple the three phase power system. Equations 6.1–6.3
shows the transformation. Ui ði ¼ a; b; cÞ is the phase voltage in Cartesian coor-
dinates, Ud and Uq are the d, q-axis voltage components, Tabc=dq is a coordinate
transformation matrix, V is the virtual value of phase voltage Ui:

½Ud;Uq�T ¼ Tabc=dq½Ua;Ub;Uc�T ð6:1Þ

Tabc=dq ¼
ffiffiffi
2
3

r
sin wt sin wt � 2

3p
� �

sin wt þ 2
3 p

� �
cos wt cos wt � 2

3 p
� �

cos wt þ 2
3 p

� �
" #

ð6:2Þ

Ud

Uq

� �
¼

ffiffiffi
3
p

V
0

� �
ð6:3Þ

Secondly, considering the voltage Uq is a constant 0 for a symmetric three
phase voltages in Eq. 6.3, we only need to compensate the voltage Ud. Then we
compare the monitored Ud with the normal reference voltage U�d and we can get
the compensation voltage DUd given by Eq. 6.4.

DUd ¼ U�d � Ud ð6:4Þ

After proportional integral (PI) control and transferring the d, q-axis voltage
back to the normal three phase voltage system, we can send it as sinusoidal pulse
width modulation (SPWM) signal to the converter, which will produce the com-
pensation voltage needed in power system. The compensation voltage
Ui�conv ði ¼ a; b; cÞ are as following:

½Ua conv;Ub conv;Uc conv�T ¼ Tdq=abc½Dud; uq�T ð6:5Þ

where Tdq=abc is the inverse matrix of Tabc=dq.

Fig. 6.50 Control algorithm to calculate compensation voltage
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Figure 6.51 shows the whole system circuit. It includes the SMES unit, a
voltage-source converter, a low-pass filter, an isolation transformer, a power
source, a fault circuit and a senstive load.

The Bus1 voltage is monitored and sent into a digital-signal processor
DSP2812 by the sampling circuit at 5 K sampling rate. The processor compares
the sampling voltage with the reference normal voltage. If a voltage sag happens,
the processor will calculate the difference, send the driving PWM signal to the
converter and produce the compensation voltage needed. Then the voltage is
filtered by the filter circuit and sent to the power system through the transformer.
By the process above, the load voltage is maintained at a normal value during a
voltage sag.

The filter circuit consists of a capacitor and an inductance. The output voltage
of the converter includes the normal 50 Hz component and high-frequency har-
monics. The filter circuit will filter the harmonics and pass the normal 50 Hz
component through.

There are three transformers Uain;Ubin and Ucin in three phases to transform the
converter output voltage to the power system voltage.

In the main system circuit, Ua;Ub and Uc are a three-phase power source. Xs

is the impedance of the transmission lines. RL1 and XL1 are the important sen-
sitive load which requires a constant voltage. Fault circuit consists of Xb;
XL2;RL2 and a fault controller. This fault circuit is able to produce a voltage sag
on Bus1.

Fig. 6.51 Experiment circuit
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6.6.2 Simulation Results

To demonstrate the performance of the SMES in a voltage sag, we first built the
whole system in Matlab/Simulink. The whole system was modelled according to
Fig. 6.51. Since the three-phase voltages are symmetrical, we just take phase A for
example. The Phase A voltage will be dropped for about 300 ms. Figure 6.52
gives the simulation result. We used a 50 Hz voltage. The peak value of the
normal voltage before compensation was 75 V. A voltage sag happened at
t ¼ 75 ms: Immediately after the voltage sag happened, the converter released the
SMES energy and produce a compensation voltage. The total voltage after com-
pensation is maintained at 75 V. The simulation result validates the control
strategy of the SMES system.

6.6.3 Experiment Results

An experimental rig was set up to test the SMES system as well. This experiment
system was also built up according to Fig. 6.51. Figure 6.53 presents the picture of
the power electronic converter and the chopper for the SMES coil. Figure 6.54
shows the components of the experimental set-up. A voltage source was used
instead of superconducting coils to guarantee a stable energy supply since the
inductance of Coil 1 is not big enough. However, the control strategy is still the
same and this experiment would also be able to validate the control circuit.
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Fig. 6.52 Simulation results of Ua before compensation, converter voltage and Ua after
compensation
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Again, we are using a 50 Hz 75 V(peak value) voltage. At t ¼ 75 ms a voltage
sag happened, the converter produced a compensation voltage. Figure 6.55 pre-
sents the experiment result. We can see that there are a few spikes in the com-
pensation voltage since the high-frequency harmonics cannot be completely
filtered by the filter in the real experimental set-up. However, the SMES system
still compensated the voltage sag successfully. The voltage after compensation is
kept at the normal value.

Fig. 6.53 Power electronic
converter and chopper

Fig. 6.54 Experimental
set-up of complete voltage
sag compensation system
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In conclusion, Sect. 6.4 introduces the control circuit for the SMES system.
Section 6.5 presents the experiment for a chopper circuit which can charge and
discharge the superconducting coils. In Sect. 6.6 the simulation and experimental
results both validated the control strategy for the SMES system as shown. The
energy in the SMES system can be quickly dumped into an electric power system
to compensate a voltage sag.
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Chapter 7
Conclusions

7.1 Summary

This thesis has given an introduction to the background of the development of
superconducting materials and their physical theory. It has also outlined SMES
technology, including its history and the current status of research.

A complete optimisation algorithm was presented. This algorithm can calculate
the design to achieve the maximum stored energy in a SMES system using the
finite length of conductor available. This algorithm can be of assistance in the
design of other SMES projects.

A new numerical model was investigated to predict the electromagnetic
behaviour of a 2 G HTS pancake coil. This model is easy to compute without
reducing its complexity in terms of the physical theory underlying the coil’s
properties. Important parameters such as the critical current and AC loss can be
calculated by this model. More importantly, this model is also applicable to other
2 G HTS pancake coils. This will help the study of other devices, such as
superconducting machines, transformers and fault current limiters.

Three superconducting coils were wound and comprehensive experiments of
the basic coil characteristics were accomplished. Two different winding techniques
are presented and compared. The experiments at 77 K have measured the critical
current and AC losses of the coil. The experimental results are consistent with the
numerical modelling results.

Finally, the control circuit of this prototype SMES system was studied.
This control circuit managed to control the charge and discharge process of this
SMES system. The simulation validated the control strategy. The prototype SMES
system successfully compensated a voltage sag in a power system in the
experiment.
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7.2 Possible Improvements

This project can be potentially improved on the following aspects.
The SMES coil discussed in Chap. 4 can only store a small amount of energy,

thus before the optimum design strategy is applied to a large SMES system, other
issues such as the mechanical stability, leakage field and so on need to be
considered.

The numerical model introduced in Chap. 5 only considered the perpendicular
field to the superconducting tapes. For most engineering applications, this
approximation will be accurate enough. However, there might be some new
superconducting material without anisotropy appearing in market in future.
In addition, top/bottom AC losses might be worth studying [1]. Therefore this
model is worth being improved by considering the parallel magnetic field.
Moreover, by introducing the parallel magnetic field into the model, the critical
currents of the coils in the external field as shown in Chap. 6 can be calculated and
compared with the experimental results.

Chapter 6 presented a poorly wound and jointed superconducting pancake coil.
In comparison, several coils using a different winding and joining technique
presented better performances. Thus the first winding and joining technique is not
encouraged for making superconducting pancake coils in future. In addition, the
AC loss measurement experimental set-up for coils cannot give the correct results
since the signal is disturbed by the coupling effect between the coil and the dewar.
To improve the set-up, the coil axis needs to be placed perpendicular to the dewar
axis to maximumly reduce the coupling effect. Another AC loss measurement
system using a compensation coil is designed and being built. The coils will be
tested in the new system and compared with the numerical calculations.

This thesis only gave a relatively simple control strategy for SMES in Chap. 6,
since this is not the major concern of this thesis. However, more delicated control
strategy can be achieved by improving the converter design and circuit.

7.3 Future Look of SMES

Although the concept of 2 G HTS SMES systems has been validated and a lab-
oratory prototype has been built, there is still much research to be carried out
before they can be widely used in industrial applications. Several crucial problems
need to be solved:

• The current price of 2 G HTS tapes is still cost prohibitive for the industrial
application of SMES systems. A large SMES system has significantly more
advantages than a small SMES system. The larger a SMES system is, the higher
energy and power density it has compared to other energy storage systems.
Among the large-scale energy storage systems, the response of a SMES is the
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fastest. However, a large SMES system requires a significant amount of
superconductors and the cost is too expensive based on the market price today.

• Joining methods of 2 G HTS tapes need to be improved. The 2 G HTS tapes’
joint still has a comparatively large resistance. This resistance has caused great
difficulties in building large SMES systems consisting of several superconduc-
ting coils. Moreover, it has significantly limited the maximum current a SMES
system can carry and dissipates remarkable energy losses. Ideally the joint
resistance of 2 G HTS tapes need to be reduced to 10�10 X which is comparable
to that of LTS conductors.

• The experiment results have showed that the relatively big coil, Coil 1, has a
poor performance. However, small coils, Coils 2 and 3, have a much better
performance. Although the difference can be explained by different winding
techniques, whether the winding technique can be applied to large coils to
achieve a good performance still needs to be studied.

• The capacity of the power electronic transistors, which are used within a SMES
system, need to improve. The power electronic transistors are essential com-
ponents in the control circuit of a SMES system since they have a fast response
time and are able to carry large currents. However, future SMES systems for
industrial applications require even larger power electronic transistors to sustain
the operating current.

The most important advantages of a SMES system are, in comparison with
other energy storage systems, the fast response time and large power density.
Therefore the most promising industrial application of a SMES system is as an
emergency power supply to protect critical loads of a power system, such as
assembly lines in semiconductor factories, international media broadcasting
centers or PC server clusters which cannot afford the loss of power supply or even
a small voltage sag. Additionally, SMES systems are preferable candidates to
provide a large pulse power for transportation and defence weapon systems.

Improving SMES design by reducing the impact of the aforementioned prob-
lems, SMES will become a crucial device in the protection of power systems and
achieving a more secure energy supply. Furthermore, SMES technology will also
open the door to new applications such as the delivery of large scale pulsed power.
SMES systems, as a smart power grid-compatible technology, are set to become an
integral part of the twenty first century power system.
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1 Appendix A

2

3 Here we show that Eq. 5.9 of calculating losses can be used even if Jc is a function
4 of B: We consider an external field B0 applied to the face of a slab and first use the
5 method of calculating the electric field from the change in flux.

6 First define a function f ðBÞ such that 1
l0

Jc ¼ 1=f 0ðBÞ, i.e. for the Kim model

7 with Jc ¼ J0=ð1þ B=BkÞ, then,

f ðBÞ ¼ ðBþ 0:5B2=BkÞJ�1
0 ðA:1Þ

9910 B is given by the solution of

dx ¼ f 0ðBÞdB ðA:2Þ

121213 Also define f�1, the inverse of f such that f�1f ðBÞ ¼ B.
14 Then for a slab starting at x ¼ 0 and extending to infinity in the positive
15 direction, the critical state is given by f ðBÞ ¼ f ðB0Þ � x where B0 is the field at the
16 surface. B is given by B ¼ f�1ðf ðB0Þ � xÞ: The penetration of the field is to a
17 distance x0 where x0 ¼ f ðB0Þ � f ð0Þ: Figure A.1 illustrates this.
18 The flux beyond a point x is

/ðxÞ ¼
Zx0

x

f�1ðf ðB0Þ � yÞdy ðA:3Þ

202021 To find the electric field we need the change in this with a change in B0: This is

d/ðxÞ ¼
Zx0

x

f�1ðf ðB0Þ � yÞdyf 0ðB0ÞdB0 ðA:4Þ

232324 where the dashes denote differentiation.
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Integrating with respect to y

d/ðxÞ ¼ � f�1ðf ðB0Þ � yÞ
� �x0

x
f 0ðB0ÞdB0 ðA:5Þ

This is equal to

d/ðxÞ ¼ f�1ðf ðB0Þ � xÞ f 0ðB0ÞdB0 ðA:6Þ

since at x0 the integrand, B, is zero.
The local E is d/=dt and the power loss is E � Jc, so the local loss density in

joules per unit volume is

dQðxÞ ¼ f�1ðf ðB0Þ � yÞ f 0ðB0ÞdB0

l0 f 0ðf�1ðf ðB0Þ � xÞÞ : ðA:7Þ

The total loss per unit area on the y� z face of the slab at a field B0 is

dQðB0Þ ¼ f 0ðB0Þ
Zx0

0

f�1ðf ðB0Þ � yÞ f 0ðB0ÞdB0

l0f 0ðf�1ðf ðB0Þ � xÞÞ dxdB0 ðA:8Þ

dQðB0Þ ¼ f 0ðB0Þ
Zx0

0

f�1ðf ðB0Þ � yÞ f 0ðB0ÞdB0

l0f 0ðf�1ðf ðB0Þ � xÞÞ dxdB0: ðA:9Þ

Now put z ¼ f ðB0Þ � x,

dQðB0Þ ¼ �f 0ðB0Þ
Zf ð0Þ

f ðB0Þ

f�1z

l0f 0ðf�1zÞ dzdB0 ðA:10Þ

and then put B ¼ f�1ðzÞ so z ¼ f ðBÞ and dz ¼ f 0ðBÞdB ¼ f 0ðf�1ðzÞÞdB: Then

dQðB0Þ ¼ l0
�1f 0ðB0Þ � 0:5B2

0dB0: ðA:11Þ

Hence the total loss in joules per unit area on the y� z face of the slab on
raising the external field from zero to Bm can be written

Loss ¼ 1

2l2
0

ZBm

0

B2

JcðBÞ
dB ðA:12Þ

− −

−

Fig. A.1 Critical state in a
slab
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505051 We now show that Eq. 5.9 gives the same result.
52 The loss based on the flux line force is:

Zf ðBmÞ�f ð0Þ

0

xf�1ðf ðBmÞ � xÞ
l0f 0ðf�1ðf ðBmÞ � xÞÞ dx ðA:13Þ

545455 Put z ¼ f ðBmÞ � x,

Loss ¼
Zf ðBmÞ

f ð0Þ

ðf ðBmÞ � zÞf�1ðzÞ
l0f 0ðf�1ðzÞÞ dx ðA:14Þ

575758 as before put B ¼ f�1ðzÞ so z ¼ f ðBÞ and dz ¼ f 0ðBÞdB ¼ f 0ðf�1ðzÞÞdB.

Loss ¼ l�1
0

ZBm

0

ðf ðBmÞ � f ðBÞÞBdB ðA:15Þ

606061 On the other hand,

Loss ¼ 1
2l0

ZBm

0

B2f 0ðBÞdB

¼ 1
2l0

ZBm

0

B2df ðBÞ

¼ 1
2l0

B2
m f ðBmÞ �

ZBm

0

f ðBÞ2BdB

0
@

1
A

ðA:16Þ

6363

¼ 0:5l�1
0 B2

m f ðBmÞ � l�1
0

ZBm

0

Bf ðBÞdB ðA:17Þ

656566 The last step in Eq. A.17 can be shown to be true if the last line is integrated by
67 parts, leading to the third line in Eq. A.16.
68
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