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PREFACE

This book is initiated by the engineering experience of the author. Throughout his career the
author has encountered many of the problems known to others involved in the design of elec-
troacoustic transducers. The fact of the matter is that the complexity of designing electroacous-
tic transducers is inherent in the multidisciplinary nature of the subject. Therefore, the develop-
ers and designers of the transducers must possess the knowledge of several different theoretical
disciplines (such as the vibration of mechanical systems, electromechanical conversion by de-
formed piezoelectric bodies, and acoustic radiation) and be able to actively use this knowledge
to derive equations that describe the performance of the transducers. Furthermore, creating
practical transducer designs that meet certain requirements and can operate under realistic en-
vironmental conditions requires the knowledge of properties of materials used and a certain
level of engineering intuition that cannot be developed without a clear understanding of the
underlying physics. Hardly anyone may possess all these capabilities without having received
a specially targeted education, which, to the best of the author’s knowledge, is not commonly
available in the academic world. Usually, the necessary skills may be acquired through self-
education, which was the case for the author. The main difficulties that arise in this endeavor
are not in the lack of available information. On the contrary, the theoretical disciplines listed
above are very well developed and are well-represented in the literature. Nevertheless, all these
disciplines employ different methods for solving their problems and the results obtained are
usually presented in forms not suitable for direct use in concert for synthesizing equations that
govern transducer performance. Thus, the results must be tailored accordingly.

Experiencing the above difficulties over several decades, the author gradually developed a
special approach to treating transducers problems that allows one to overcome many of the
obstacles. The essence of this approach is in the consistent application of the physics-based
energy method for solving all the problems that arise in the course of treating electromechanical
and electroacoustic transducers. The first attempt to describe this concept was undertaken in
Electromechanical transducers from piezoelectric ceramic published in 1990 in Russia. This

version has now been updated and expanded to the extent that it can be considered a completely



il

different book. Only the underlying energy approach to solving the problems has remained
unaltered. This book is written for students, applied scientists and engineers in a way that should
prove fruitful both for those who have only begun to chart their careers in electroacoustics as
well as for those at a more advanced level. The content of the book is split into four p arts.

In Part I, titled “Introduction of energy method of treating the transducers,” the main con-
cepts of the method are considered (Chapter 1); applications of the method to calculating prop-
erties of transducers with single degree of freedom are illustrated (Chapter 2); and the study of
problems for designing the transducers as a part of the transmit/receive channel is made (Chap-
ter 3). The main concept is that of energy and following its transformation. Different types of
energies involved in the electro-mechano-acoustic conversion in the course of transducer oper-
ation are presented in the generalized coordinates. All the governing equations are derived from
the energy principles, that is, from the Law of Conservation of Energy for transducers with a
single mechanical degree of freedom, and from the Principle of Least Action for transducers
with multiple degrees of freedom. Equations describing the electromechanical part of the prob-
lem are reinterpreted as Kirchhoff’s equations for the corresponding equivalent electromechan-
ical circuits. In Chapter 2, the general approach is applied towards calculating the properties of
transducers of widely used types (spheres, cylinders, bars undergoing extensional vibration and
for circular plates and rectangular beams vibrating in flexure) that may be considered as systems
with single mechanical degree of freedom. In Chapter 3, the operating properties of transducers
as a part of a transmit/receive channel are considered and some recommendations regarding a
rational transducer designing are presented. Given that the single degree of freedom approxi-
mation covers many practical transducer designs, Part I can be regarded as a self-sufficient
study of underwater electroacoustic transduction on a basic level and can be read independently
from the rest of the book.

The general treatment of electroacoustic transduction requires an advanced knowledge of
the vibration of mechanical systems, electromechanical conversion in the deformed pie-
zoceramic bodies and acoustic radiation. Information about these topics, which is necessary for
the consideration of virtually all practical transducer types is presented in Chapters 4-6 of Part
IT under the title: “Subsystems of the Electroacoustic Transducers.” All the constitutive equa-

tions are derived in these chapters from the Principle of Least Action as Euler’s Equations in



v

generalized coordinates. The obtained results are presented in the form of impedances, (includ-
ing the radiation impedances), electromechanical transformation coefficients and acting forces
(including those of acoustic origin) that can be directly substituted into the equivalent electro-
mechanical circuits (multi contour in general) of the transducers. The diffraction coefficients
and directional factors for differently configured transducer surfaces are also presented.

In Chapter 4, special attention is paid to the consideration of coupled vibrations in the
generally two-dimensional mechanical systems. The results allow determining the range of as-
pect ratio, at which the system can be approximately considered as one-dimensional, where the
problem can be simplified.

In Chapter 5, especial importance is ascribed to the theorem that sets the conditions, at
which the electromechanical conversion under the longitudinal and transverse piezoelectric ef-
fects can be treated qualitatively in the same way. This allows for the unifying calculation tech-
nique for the transducers that employ these types of ceramics polarization. Another important
subject is the general analysis of optimizing the effective coupling coefficients in nonuniformly
deformed piezoceramic bodies.

Chapter 6 touches upon several noteworthy issues. Besides solving the general radiation
problems, it provides a detailed consideration of the effects of baffling parts of the surfaces of
cylindrical and spherical transducers, which ensures their unidirectionality. The technique for
the experimental investigation of the acoustic interaction between transducers (or between the
mechanically isolated parts of the same transducer) is also analyzed. Since the baffles have an
effect on the acoustic near field, the interactions can rarely be treated analytically for practical
transducer configurations, hence more reliable characterization of the interaction can be ob-
tained through an experimental investigation.

The results obtained in the Part II are used in Part III of the book titled “Calculating trans-
ducers of different types” for synthesizing equations that describe the detailed operation of
transducers of various configurations: cylindrical (Chapter 7), spherical (Chapter 8), plates and
beams vibrating in flexure (Chapter 9) and bar transducers (Chapter 10).

Chapter 7 presents a study of cylindrical transducers that employ multimode extensional
and flexural vibration of complete and incomplete cylinders (slotted cylinder projectors are also

considered) for various practical applications. Different modes of the cylinder polarization are



considered, including the tangential polarization (with striped electrodes). An extensive study
is provided of the effects of coupled vibrations on the electromechanical and acoustic perfor-
mance of transducers that employ cylindrical piezoelements having finite thickness to diameter
aspect ratios. Chapter 8 covers transducers which employ general multimode extensional vibra-
tions of complete and incomplete piezoceramic spherical shells, (hemispherical in particular).
The baftling of the parts of the surface that allows using multiple modes of vibration for unidi-
rectional transducer operations is also considered.

In Chapter 9, a general analysis is provided of transducers which feature flexural vibrations
of circular and rectangular piezoceramic plates (beams), including non-uniform over thickness
and radius (length) transducer designs. Optimizing the effective coupling coefficients of the
transducers is considered making use of the nonuniformity of the distribution of deformations
in the volume of the plates. Corrections for transducer parameters due to a finite thickness to
radius (length) ratio of the plates are taken into account. It is then concluded that the accuracy
with which the wave numbers can be predicted substantially depends on the aspect ratio (espe-
cially for the higher modes of vibration) and presenting their values without the notion of the
aspect ratios is not appropriate.

In Chapter 10, the length expander bar transducers are considered Transitions of configu-
rations of bars to thickness vibrating plates at different polarizations and related dependencies
of their effective coupling coefficients on the aspect ratios are considered using the technique
of coupled vibrations. Relatively small attention is paid to the widely used Tonpilz transducer
designs because they have already been described in detail in the available literature.

Part IV (Chapters 11 through 15) is titled: “Some aspects of the transducers designing.”

In Chapter 11, a review of the existing data and some new results is presented regarding
effects of operating environmental conditions, such as the hydrostatic pressure, temperature,
and drive level on the parameters of piezoceramics. It is emphasized that, under these condi-
tions, the parameters of ceramics may deviate significantly from those that are given in speci-
fications for normal conditions. Moreover, they may differ for samples of ceramics supplied by
different (and even by the same) manufacturers. This must be kept in mind when calculating
the operating parameters of transducers under real conditions and in estimating a reasonable

accuracy of calculation of the parameters. The variations in the parameters of transducers
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intended for operating at great depths can be avoided by using designs, which incorporate hy-
drostatic pressure compensation. Issues related to the practical implementation of the pressure
compensation are examined in Chapter 12 (more general information), in Chapter 13 (regarding
the liquid filled cylindrical projectors) and in Chapter 14 (regarding the hydrophones).

Chapter 13 presents some considerations regarding the practical challenges of the projec-
tors design. Using the concept of the Reserves-of-Strength for improving parameters of the
transducers of different types by optimizing their matching with the acoustic field is considered.
The possibilities of increasing the dynamic and static mechanical strength of the projectors by
prestressing and combining piezoceramic with passive materials in their mechanical systems
are analyzed.

Chapter 14 is dedicated to the design of hydrophones and related issues. The hydrophones
employing different transducer types are classified by the pressure and pressure-gradient hy-
drophones of the diffraction and motion types. Their properties as a source of energy of signal
and internal noise for a receive channel are considered. Special attention is paid to the response
of the hydrophones and accelerometers to unwanted actions and to measures aimed at increas-
ing their noise immunity.

Chapter 15 is crucial for the structure of the book because it introduces the practice of
combining Finite Element Analysis (FEA) with analytical energy methods. This is illustrated
with examples of flextensional and oval transducers. Combining powerful computer-based FEA
techniques that are used to obtain results for vibration mode shapes with the energy method that
yields great physical insight opens up a new area of research collaboration for many transducer
problems. FEA allows the determination of the vibration mode shapes for mechanical systems
that cannot be approximated analytically due to the complexities of the mechanical system and
its boundary conditions.

The book also contains appendices with information on the properties of the piezoelectric
ceramics and passive materials that may be used in transducer designs, and on the properties of
the special functions that are referred to throughout the book.

In summary, the book presents methods for calculating the properties of most common
electroacoustic transducer problems with particular focus on underwater applications. Moreo-

ver, by combining the FEA technique to determine the prerequisite vibration mode shapes with
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the energy method, virtually any transducer type may be analyzed. Still however, when it comes
to choosing and designing a particular transducer for a particular application under demanding
operating and environmental specifications — this remains somewhat of an art. Thus, recom-
mendations of transduction choices for representative problems remain a guide and not a pre-
scription for success.

It is inevitable that the book may contain typographical or content errors and thus the author

would welcome the readers’ comments and notifications of such.

Boris S. Aronov
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Different Types



CHAPTER 7

CYLINDRICAL TRANSDUCERS

7.1 Introduction

After vibration of the potential mechanical systems of the transducers, electromechanical en-
ergy conversion in the piezoelectric vibrating bodies and conditions of their loading are consid-
ered in Chapters 4-6, respectively, the equations that govern operation of the particular electro-
mechanical transducer types can be completed. This will be done in the following Chapters.
We will start the treatment from the cylindrical transducers. This example is the most typical
for illustrating the general procedure of application of the energy method. Mechanical systems
of cylindrical transducers are usually composed of a number of coaxial rings mechanically iso-
lated from each other. In calculating vibrations of the comprising rings that constitute the trans-
ducers, their joint operation affects only conditions of their loading. Therefore, the general anal-
ysis of the rings vibration that is performed in Ch. 4 remains applicable. The main body of the
treatment will be performed under the assumption that the rings have small height and small
thickness compared with their diameter in order to avoid unnecessary complications in illus-
trating the essential concepts, moreover that the most of practical transducer designs fall into
this category. The cases that the height of a ring is comparable with its diameter (i. e., the ring
becomes a tube of a finite height), or the ring has significant thickness will be considered sep-
arately with example of a transducer uniformly vibrating in radial direction.

As it was discussed in Section 4.4.4, the circular ring may vibrate in the extensional and
flexural modes that have significantly different ranges of the resonance frequencies spectrum
and require different conditions for their electromechanical excitation In order to determine
fundamental design differences of the ring transducers that realize extensional or/and flexural
vibrations, we will assume at first that the transverse piezoelectric effect is employed for elec-
tromechanical conversion in piezoceramic rings. For illustrating the design differences let us
place the origin of the coordinate system on the mean circumference of a ring, as it is shown in

Figure 7.1(a), and represent the electric field in the ring in the form
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2V

E,(z,0)=

Q ( )92((/7), (7.1)

where (z) and Q, ((p) are the functions that depend on configuration and on the manner of

connection of electrodes located in the volume of the ring Figure 7.1 (b)-(d)).

A 3

(a) (b) (©) (d)

Figure 7.1: General view of a ring (a) and the electrical field distributions over the ring thickness
for excitation of: (b) extensional deformations, (c) flexural deformations, (d) both extensional and
flexural deformation. 1 - prisms, from which ring is assembled in the case that the longitudinal
piezoeffect is employed, 2 - electrodes, 3 - layer of passive material. Solid arrow shows direction

of electric field, dashed arrow — of the field of polarization.

After substituting function E, (z,¢) and the general expression (4.220) for strain in the ring
(replacing in it (r-a) by z) into formula (5.67) and integrating the energy density over the volume
of the ring we obtain,

d Vh 27 t/2 a§
w, =2 Q (z)Q — dzd
em 2Sﬁt |:!: I(Z) 2(¢))( aq) +§r] Z q)

—t/2

—T th ( %, g )dzd(ﬂ}

—t/2

(7.2)

Apparently, the first integral is responsible for electromechanical conversion related to the ex-
tensional vibration and the second - for those caused by the flexure. The results of calculating

Wenm depend significantly on the properties of functions €2, (z) and Q, (go) The following
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variants differ in principle regardless of how the function Q, ((p) looks: when Q, (z) is an
even function of z, Q, (z) =€, (—z), as shown in Figure 7.1 (b), and when it is an odd function,
Q,(z)=—, (—z), as shown in Figure 7.1(c). At even Q, (z) the second integral in formula
(7.2) vanishes. Electromechanical conversion can occur only under the extensional defor-
mations. The basic design of a ring element is presented in Figure 7.1 (b). A typical example of
such a transducer is pulsating piezoceramic ring, considered in Section 2.3. At odd Q, (z) the
first integral in expression (7.2) becomes zero. Electromechanical conversion under the flexural
deformations may take place. The variants of basic designs of the ring elements, which allow
for such conversion, are shown in Figure 7.1 (c). Finally, the function Q, (z) may have such a
form that both integrals therein exist, and the electromechanical conversion of both modes of
deformation is possible. The example of one of the possible designs of a ring element for this
case is given in Figure 7.1 (d). In the second row of the Figure 7.1 the variants of ring design
are shown that allow employing the longitudinal piezoeffect for excitation of vibration. In these
cases, the rings are composed of the prisms that have electrodes on their side surfaces. Getting
different patterns of electric field through the thickness of a prism is self-explanatory from the
figure.

In accordance with design versions presented in Figure 7.1 (b)-(c) we will consider sepa-
rately transducers operating in the extensional and flexural vibration modes. It is noteworthy
that by switching electrodes in the volume of a ring the transducers can be, in principle, con-
verted from one type to another. Since in the design shown in Figure 7.1 (d) the result of exci-
tation of both types of vibrations can be obtained as their superposition, transducers of this kind

will not be considered here as a separate issue.

7.2 Transducers Operating in the Extensional Modes

Considering transducers of this type we will use the results presented in Sections 4.4.4 and

4.5.2, where vibration of the passive rings was discussed.

7.2.1  Generating Different Modes of Vibration

Substituting expressions (4.258) and (4.259) for displacements &, and &, under the sign of

the first integral in relation (7.2) and assuming that in this case Q,(z) =1 due to a small
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thickness of a ring, we obtain

d3]Vh

jQ [5 +2§ (1+2° )cos(z(p)}dgp (7.3)

Now the electromechanical transformation coefficients can be found by using formula (5.212)

in the form
n =(dyh/s})Q, (7.4)
where
2z
Q= (l+i2) jQz (go) cos(i(p)dgo . (7.5)
0

In the variant of the longitudinal piezoelectric effect in a segmented ring

n, =(dyth! s55)Q, . (7.6)

Here O is the average width of the prisms comprising the ring (see Figure 7.1). Thus, the con-
ditions of electromechanical conversion for different modes of vibration depend on how the
function €, ((p) looks. By giving this function different forms, it is possible to govern the
frequency characteristics and displacements distribution over the ring surface, as it was shown
for the bar transducer in Section 2.4. Consider values of coefficients €, for some of configu-
rations of electrodes. At first, we will assume that the electrodes fully cover the entire side

surfaces of the ring. In the case that the electrodes are unipolar, as shown in Figure 7.2(a),

Q,(p)=1,Q,=27,Q, =0 ati>l. (7.7

Only the zero mode of vibration that corresponds to the pulsating vibrations of the ring is elec-
tromechanically active.
In the case that the electrodes are divided into 2N parts, which are alternately connected in

phase opposition, as it is shown for N=1 and N =2 in Figure 7.2 (b)-(c),

l}

Q =(-1)"-4(1+7)/(21-1) at i =(2~1)N and [=12,... (7.8)

All the other transformation coefficients are zero. The first electromechanically active vibration
mode is 6, ((p) =cos N¢ . Besides, the active vibration modes are those with numbers 3N, 5N,

etc. Thus, for N=1
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0 =8 and Q, =—40/3. (7.9)

If the electrodes cover only a part of the ring surface at angles |p| <7z /m, ie., Q,(p)=1 at

lo| <7/ m and Q,(9)=0 at |¢|>7z/m, then

Q,=27/m, Q :[2(1+i2)/i]sin(m/m). (7.10)

Note, that it is possible to govern the resonance frequency spectrum of the transducer by varying
value of m and hence changing relation between transformation coefficients for different modes
of vibration. Thus, for example, if a half of the electrodes is used (m = 2), the zero and all the
odd vibration modes are active. Upon changing the position of the electrodes by 180°, the func-

tions €, and transformation coefficients n, reverse the sign at odd values of i.

4

Q, (@) 1 Q, | (9))
| | | }cos(p '_: | | '_: | 1 27
| I 1; 1 | | | | | |
| | T T | | | \T | 3z
V4 i A
| |
|

|
|
- | >
i o 1) .\: o 7 1| IZ o 11 A
'_:_1. :_: |_:1 :4_| : : -1 3 _:
(@) (b) © @

Figure 7.2: Distributions of electric field over circumference of a ring for generating different
resonance modes of vibration: (a) zero mode, (b) first mode (full size electrodes), (c) second mode,

(d) first mode optimized (with suppressed third mode).

Theoretically one can realize all the above-listed variants of electrodes connection in a
single ring and thus to change frequency responses of a transducer by dividing the electrodes
into corresponding parts and by switching these parts accordingly. As an example, in Figure
7.2 the qualitative plots are shown for the frequency characteristics of the amplitude of vibration
of the reference point on the ring surface, §(0) =¢&, +&,, obtained for the case that electrodes
are divided into halves and both halves are connected or in phase (curve &, ), or in phase oppo-
sition (curve & ), or only one half of the electrodes is used at |(p| <z/2 (curve &, +¢) and at
|(p| > /2 (curve &, —¢&). (Note that the frequency responses are shown in vicinity of the res-
onance frequencies f, , f, and below. In the broader frequency range the higher modes of

vibration become involved).
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Figure 7.3: Frequency responses of displacement |§(0)| of the reference point at different elec-
trodes configuration. Solid lines - halves of the electrodes are connected or in phase (curve &,
with resonance frequency f; ), or in phase opposition (curve & with resonance frequency f, );
dashed line - one half of the electrodes is used at |(p| <7m/2 (curve & +¢,); dash-dotted line —

the electrodes are used at || > 7 /2 (curve & —&).

To generate a single mode of vibration, for example, 6, (gz)) = cos ¢, the electrodes should
be designed in such a way as to meet the condition Q, (go) =cos¢@ . However, in practice for
operation in a sufficiently broad frequency range it is enough for this purpose to “suppress” the
closest of the active vibration modes, 6, ((p) =cos3¢ in our example. In accordance with for-
mula (7.5) Q, =0 atm = 3, i.e., in this case two electrode segments of size Ap =27/3 must be
connected in phase opposition (Figure 7.2 (d)), which produces the simplest stepwise approxi-
mation to the ideal distribution 6, (@)= cos¢ .

As shown in Section 5.6, applying of electrodes to the entire side surface of the ring is not
optimal for maximizing the value of its effective coupling coefficient in the case of a nonuni-
form strain distribution. By the same reason that is discussed in Section 5.6.2 regarding the

bars, k

4 for the vibrational mode 6, ((p) =cosig can be increased, if to reduce the size of

electrodes appropriately. This is illustrated by plots in Figure 7.4, where dependence of ratio
o (Ap)/ a () from angle Ag of the electrodes coverage is shown. It is seen that the maximum

value of coefficient &

4 for the vibration mode 6, (@) =cos¢ is reached at Ap = 0.747. Re-

duction in electrode size to Ap = /2 does not lead to a decrease in &

o> and at Ap = 27/3,

which corresponds to suppression of the vibration mode &,(¢) (at this point £,

s =0), it is

somewhat higher.
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Figure 7.4: On the dependence of kéﬁ- from the electrode dimension.

For calculating modal equivalent masses M, and rigidities K of the piezoceramic rings
relations (4.262) and (4.263) are valid that were obtained for the rings made of a passive mate-
rial. One has only to replace Young’s modulus Y in expressions for K, with 1/s/ for the
transverse piezoeffect, and with 1/s%, for the longitudinal piezoeffect. As for the additional
rigidity AK,, which arises in course of electromechanical conversion in the case that strain is
nonuniform along the lines of electric field, the following should be noted.

In the variant of the transverse piezoelectric effect in a thin ring AK =0, since the strains
do not vary over the ring thickness. This quantity should be considered, would the thickness of
a ring be significant (on this issue see Section 7.2.2.1.1). In the variant of the longitudinal pie-
zoelectric effect the segmented ring design is used, and for the modes with nonuniform defor-
mation at number of segments more than 6 on the half wavelength of deformation AK~ 0 by the
same reason, as for a segmented bar (see Figure 5.9). Thus, the expressions for the equivalent

parameters of a thin ring are as follows.

The mechanical parameters are:

M, =M, M :M(l+i2)/2; (7.11)

eqv0 eqvii

E
Kequ ii

=2rth/as;, K. :<7z'th/asf)(l+i2)2. (7.12)

Here /=1 and [ =3 for the transverse and longitudinal piezoeffect, respectively. The modal

resonance frequency is
o, =oN1+i", (7.13)

where @, = (1 !/ a\ls, p) is the natural frequency of the zero mode.
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The electromechanical transformation coefficients for the transverse and longitudinal piezoef-
fects in variants of transducers with full size electrodes are according to expressions (7.4), (7.6)

and (7.8):

ny=(2zdyh/st), n,=(27dth/ s55); (7.14)
n,.:4d31‘5h(1+i2), n,.=4d3;’h(1+i2). (7.15)
Sty S

The last relations are for the first active modes (at / = 1 in expression (7.8)). Together with
expressions for capacitances,

Cy =C,(1-k, ) and C3 =CJ (1-k3), (7.16)
where C! is the capacitance of a clamped ring determined at the particular electrodes config-
uration, the full set of the equivalent parameters that are needed for calculating electromechan-
ical cylindrical transducers is completed.

In further treatment we will title different cylindrical transducers types according to their
main active vibrational modes, which are determined by a certain configuration of the elec-
trodes. Additional characterization of the transducers will be made according to their applica-

tions.

7.2.2  Zero Mode Transducers

7.2.2.1 Omnidirectional Transducers
Transducers of this kind that employ uniform vibration of uniformly loaded rings are considered
in Section 2.32 under the assumption that the rings have small enough height and thickness
compared with their diameter. But it remains not clear to what extent “enough is enough” in
application to the real rings that have a finite height and thickness, and what corrections should
be made to results obtained under this assumption, if the rings are not sufficiently short and
thin. This information can be obtained based on the results regarding radial vibration of thick
isotropic rings of small height and coupled vibration of the finite height cylinders of small
thickness that are presented in Secs. 4.4.2.3 and 4.6.2.4, respectively.

One of the ways of employing longitudinal piezoeffect in the radially vibrating relatively

thin rings is in using so called “tangential polarization” that is achieved without segmenting the



7.2 Transducers Operating in the Extensional Modes 17

rings, as shown in Figure 7.1. In this case the electrodes that are used for polarization and op-
eration have form of the stripes (see Figure 7.10). Approximate method of evaluating electro-
mechanical parameters of tangentially polarized piezoelements is considered in Section

72212

7.2.2.1.1 Equivalent Parameters of the Thick Piezoceramic Rings

In Section 4.4.2.3 the mode shapes of vibration of short isotropic rings were derived as depend-
encies of ratio of their inner to outer radiuses, b/a. The condition of isotropy holds for pie-
zoceramic rings axially poled. In the cases that the rings are radially or circumferentially poled
properties of piezoceramic material in the plane of deformation are anisotropic, equations of
motion differ from the Bessel equation (4.162), and strictly speaking do not allow simple ana-
lytical solution. But very reliable assumption can be made that the mode shapes of deformation
remain the same, as for axial poled isotropic ring. Under this assumption all the equivalent
parameters for differently poled rings can be determined from expressions for the respective
energies, if to use the expressions for stress, charge density, dielectric constant and for electric
field specified for a particular mode of polarization. Under the condition that the height of a
ring is much smaller than wavelength of deformation, the stress in the axial direction is negli-

gible. Thus, we assume that in geometrical coordinates shown in Figure 7.5 7, =0 .

Figure 7.5: Geometry of a thick ring and coordinate system

Correspondence between geometrical and crystallographic coordinates for different modes
of polarization will be as follows: for axial polarization » — 1, ¢ — 2, z — 3 ; for circumferen-
tial polarization » — 1, ¢ — 3, z — 2 ; for radial polarization » — 3, ¢ — 1, z — 2 . Subscripts

for the strain in the plane of the ring,

.S =§=§,(a)9(r) (7.17)
r
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(and for the stress accordingly) must be changed to numbers that correspond to coordinates 7
and ¢ in crystallographic notations for a particular mode of polarization.
In case of the radial and circumferential polarization the piezoelectric equations with stress

as independent variables have form (given that 7, =0)

S, :lelT1 +SIE3T3 +d, E;, (7.18)
S, = SI}‘;TI +s3E3T3 +d;E;, (7.19)
D, =d, T +d,T, + £3T3E3 . (7.20)

The stress 7,° and T," at E, =0 being expressed from Eqs. (7.18) and (7.19) in terms of the
1 3 3

working strain are

Y

Tt :m(sl +07S,), (7.21)
YE

I;E = @(5’3 +01E351) . (7.22)

where the notations are introduced

YIE :l/lel, Yf :1/S3E3, o, :—sg/sf}, oy :—sg/sﬁ. (7.23)

The charge density obtained from Eq. (7.20) after substituting expressions for the stress will be

D, =D/ (S,S,)+e&rE;, (7.24)
where

Df(S,,S,)=d v S °S,)+d Y S. S, 7.25
3( 1 3)_ 31@( 1 703 3)+ 33@( 3T 03 1)’ (7.25)

and & is the dielectric constantat S, =S, =0,7, =0,
Sis _ T | ] k321+k323—2|k31|k33\/0'£035 76
&y =&, 1- otk . (7.26)

—050;

Difference between the variants of the radial and circumferential polarizations is that in all the
above relations instead of S, =S,, S; =S, for the radial polarization it must be adopted
§ =8,, S, =S5, for the circumferential.

In variant of the axial polarization 7; =0, S, =S, S, =S, and piezoelectric equations are



7.2 Transducers Operating in the Extensional Modes 19

S, =s.T, +s5T, +dy E, (7.27)
S, =s5T +s]T, +d,E,, (7.28)
D, =dy (T, +T,)+ &, E; . (7.29)

The stress 7," and T,° at E, =0 are

YE
I :1_(1W(S1 +0/5,), (7.30)
E
=1 __(ofS +8S,). 7.31
; 1_(015)2(1 \+5,) (7.31)

Here o =—s/, /5], . The charge density can be presented as

D, =D{(S,,8,)+ D}, (7.32)
where
YE
Dy (S,,S,)= d“alE (8,+5,), (7.33)
Y
D =By and =l (1K) 030

For determining the equivalent parameters of the rings as functions of their thickness, con-
sider expressions for the energies, in which these parameters are involved. The expressions for
energies and for corresponding equivalent parameters in the form suitable for a single degree
of freedom system are as follows.

The kinetic energy is
1.

e o o~ I 1.
W =2 ! peiav ==¢& (a)zzzhp£92 (r)rdr =28 (a) M, (7.35)

where from M, can be represented as

M, = 27zhpj-¢92 (r)rdr=M
b

eqv.tr

F,(b/a). (7.36)

Here M, = 7r(a2 -b )hp =2rhta, p is the equivalent mass determined in the approxima-
tion of a thin ring (at b - a), and F,, (b / a) is the correction factor that accounts for nonuni-
form distribution of displacements in the radial direction. The equivalent mass obviously does

not depend on a mode of polarization. Plot of the function F,, (b / a) is shown in Figure 7.6.
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Figure 7.6. Correction factors: £, (b/a) for the equivalent mass (dashed line); Fy(b/a) for
the rigidities at the radial, circumferential and axial polarizations (solid lines numbered 1, 2, 3,

respectively.)

The equivalent rigidity is determined from the expression for the potential energy that in the

case of piezoelectric mechanical system we denote W ", as follows,
1 a 52 a
wr =527th’[T,ES,+T¢ES¢]rdr= ; )K:;v. (7.37)
b
We denote in this expression
K. =K.  Fc(bla), (7.38)

where

E_ 47rYI.Eh(a—b)| _2xY’ht

eqv.itr (a +b) (739)

a
|b~>a av

is the rigidity determined by formulas for a thin ring with thickness ¢ and radius «_, . In variants
of the radial and axial polarization i = 1, in the variant of the circumferential polarization i = 3.
Fy (b/ a) is the correction factor accounting for the finite thickness of the axially polarized
ring. When calculating rigidity K f; , from expression (7.37) for different modes of polarization,
the subscripts » and ¢ must be replaced by the corresponding numbers. Thus, for the variants
of the radial and circumferential polarization after substituting expressions (7.21) and (7.22) we

obtain
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Wy = j(SlTlE + 8,17 )dV =

m

27h e E_E E_E E Q2 . (740
—GI[YI 8P+ (¥ ol + ¥ ol)S,S,+ XS] |rdr

Here in variant of the radial polarization S, =S,, S; =S, , and in variant of circumferential
polarization S, =S,, §;=S,.
In the variant of axial polarization S, =S, , S, =S, and

a

_ L E E >

- IST +8,1) )dV = 3T (G 2! +207S,S,+83 |rdr . (7.41)
Functions F}, (b/ a) for different modes of polarization are plotted in Figure 7.6. After the
correction factor is introduced, the mechanical energy can be presented as

wi(bla)=W,, F.(bla), (7.42)

m.tr K

where W*

m.tr

corresponds to energy calculated for a thin ring.

It is noteworthy that dimensions of the rings at (b/a) < 0.7, in which case (¢/a,,)>0.4,
are not practical for cylindrical transducer designs with the radial and circumferential polariza-
tion. Not only it is hard to imagine, how such piezoelements could be effectively polarized at
related nonuniformity of the electric field. Operational characteristics of transducers composed
of such thick rings would not have positive features whatsoever. The axial polarized radial vi-
brating piezoelements can be used as electromechanical transducers at any ratio b/a, for exam-
ple, as annular disks in piezoelectric transformer designs. However, the data in Figure 7.6 are
retained for all the range of ratios b/a in order to show tendency in changing the equivalent
parameters. For the practical range of rings thickness the data will be presented in a scale more
appropriate for using in calculations as correction factors. In case of the radial polarization de-
formation changes along the lines of electric field. At this condition the additional energy term
AW |, strictly speaking, must be taken into consideration, when calculating mechanical energy
and hence the equivalent rigidity. But in the practical range of ratios b/a the mode shape of
deformation changes not significantly (see Figure 4.12), and this term can be neglected, as it is
shown in Section 5.5.2.

The electromechanical transformation coefficient # is determined from the expression for

the electromechanical energy,
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1 ~ 1 1 1
W, = EIDf (S,.8,)ExdV = EZHhIDf (S,.S,)Eyrd = Eg(a). Vn, (7.43)
v b
where D) (S,‘,S w) is given by formula (7.25) in variants of the radial and circumferential po-
larization (with S, =S,, S, =, for the radial, and S, =S;, S, =, for the circumferential
polarizations), and by formula (7.33) with S, =§,, S, =5, in variant of the axial polarization.

Directions of the electric fields in a thick ring (annular disk) at different variants of polarization

are illustrated with Figure 7.7.

~
|

}}jg}_._l_‘_f/’///ﬁi_.

o—

(a) (b) (c)

Figure 7.7: Directions of the electric fields at different variants of polarization: (a) axial, (b) cir-

cumferential, (c) radial.

Expressions for the strength of electric field at different variants of polarization with volt-

age V applied to electrodes are:

E.=V/h (7.44)
at axial polarization;
E, = ﬂ, (7.45)
2xr

at circumferential polarization (N is the number of segments, of which the piezoelement is com-

posed);

E,=Linra), (7.46)
r

at radial polarization. Thus, in the variant of the axial polarization after combining expressions

(7.33), (7.43) and (7.44) will be obtain
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1 27rYE < 0(r) 1
W _ 31 = —_ V . 7.47
=tV T I{ } Sé(@)rn, (7.47)
We denote
n,=mn,, Mx(b/a) (7.48)

where n, , =27(a—b)Y,"d;, is determined by formula for a thin axial poled ring, and

1 1 0(r) do
F,,(b/a)= (l—alEXa—b)'ﬂ p +E}dr (7.49)

is the correction factor accounting for the finite thickness of the ring. It can be obtained in

analogous way that for the variant of the radial polarization

nmd = ntr.md n.rad (b / a) (750)
where n,, ., =27hY"d,, is determined by formula for a thin radial poled ring and
1 d Y (d
F,.u(bla)= %J 1+-2306f €+—E 240k LN — (7.51)
1-050y 5 ds, r Y \d, dr || rIn(a/b)
is the correction factor. And for the variant of the circumferential polarization
n,=n, F,, (b/a), (7.52)

where n, , =2htY,d;;N/(a+b) and

+b) ‘ E
F,, (b/a)= (a j e Dge |0 1 fdn  oe|dO) (753
2(a-Db) 1 0'30'|3 b d} r Y\d, dr

T e e — e ———
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Figure 7.8: Correction factors F (b/a) for different variants of polarization: 1 - axial, 2 - cir-

cumferential, 3 - radial.
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Plots of the correction factors are presented in Figure 7.8. (See the note made in relation to
Figure 7.6 regarding practical values of ratio b/a). After the correction factor is introduced,
the electromechanical energy can be presented as

(b/ a) (b/a) (7.54)

emtr™ n

where W

em tr

corresponds to energy calculated for a thin ring.
Electrical capacitances of the thick rings clamped in direction of the working strain must be

determined from expressions for the electric energy
ey =¢eb+el /. (7.55)
After substituting corresponding expressions for the dielectric constants (from (7.26), (7.34))

and for the electric field strength (from (7.44) - (7.46)), we will obtain the following expressions

for the capacitances related to different modes of polarization:

Cy =enin(a® —b)/ h (7.56)

for thee axial polarization;
C =&} 2xhin(b/ a) (7.57)

for the radial polarization;
cr —gi%—ln(a/b) (7.58)

for the circumferential polarization. Expressions for the dielectric constants in the formulasare:

Expressions for &5 = &5 (1— kz) and &) = &5 +e2 /¢l (see in Table 5.3 in Section 5.3).
After dependencies of the energies W', W, and W, from relative thickness of the rings

are determined, the effective coupling coefficients of the differently polarized piezoelements

can be obtained using the expression (5.126),

WZ
ki = W (7.59)
This formula can be rewritten as
2
b
R —_ AL (7.60)

C'(b/a)KE (b/ a)

eqv



7.2 Transducers Operating in the Extensional Modes 25

considering expressions (7.37), (7.47) and (7.55) for the energies involved and the subsequent

expressions for the equivalent parameters. The effective coupling coefficients £, of the thin

efftr
rings for corresponding modes of polarization are k,, for axial and radial polarizations and £,
for the circumferential polarization. The relative change of effective coupling coefficients vs.

ratio b/a will be denoted as
(b / a)

k., ,
F, (b/a), ===, (7.61)
efftri

where number i corresponds to a mode of polarization. Plots of these functions are shown in

Figure 7.9.
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Figure 7.9: Plots of relative change of effective coupling coefficients vs. ratio b/ for the different

modes of polarization: 1 - axial, 2 - circumferential, 3 - radial.

Qualitative explanation for the trend of the plots is as follows. The effective coupling co-
efficient of a ring under radial polarization (curve 3) decreases with increase of the thickness
due to increase of stress 7, and thus developing distractive contribution of the longitudinal

piezoeffect, which is proportional to d,,, to transverse piezoeffect in the thin ring (remember

33>
that d,, and d,; have opposite signs). Similar effect takes place in the variant of circumferential
polarization (curve 2). The difference is that now the main is the longitudinal piezoeffect in
circumferential direction and due to increasing the radial stress 7, a distractive contribution of

transverse piezoeffect is developing. Thus, the effective coupling coefficient drops with in-

crease of the thickness. In the variant of the axial polarization both stress 7} and 7, in the plane
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of the ring contribute positively that results in increasing the effective coupling. Results of cal-
culating plots in Figure 7.6 through Figure 7.9 were presented in Ref. 1.

Results of the analysis show that values of the correction factors for the equivalent param-
eters are not significant in the practical range of thicknesses for the rings with radial and cir-
cumferential polarization. They can be taken for calculations from the plots presented in the
Figure 7.6 and Figure 7.8. The thick ring with axial polarization gradually becomes an annular
disk vibrating radially. Similar results for this variant of the ring can be obtained from Ref. 2,

though the equivalent parameters are not presented in this work in explicit form.

7.2.2.1.2 Tangentially Polarized (“Stripe-Electroded”) Design of a Piezoelement

The most common cylindrical transducers that employ longitudinal piezoeffect utilize the cir-
cumferential polarization and are made of segmented rings cemented out of the prisms with
electrodes on their sides, as shown in Figure 7.1 (b). Fabrication of such piezoelements is time
consuming and expensive. Besides the segmented rings have significantly smaller dynamic me-
chanical strength compared with solid ones especially in case that the rings are thin. Therefore,
they require reinforcement for a heavy duty operation. For some applications an alternative to
the segmented is design of piezoelements that employs so called “tangential polarization”, in
which case the electrodes in the form of stripes are applied to the exterior surfaces of thin walled
cylinders or short rings. Such electrodes configuration is also used for polarizing piezoelements
in the shape of the thin plates, stripes and rods. Piezoelements design that employs stripe elec-
trodes for performing tangential polarization can be called “stripe-electroded”. Thus, the terms
“tangentially polarized” and “stripe-electroded” may be used interchangeably for such piezoel-

ements.

Figure 7.10: Qualitative view of configuration of electric field in a piezoelement with striped elec-

trodes: p characterizes periodicity of the electrodes, A is the width of the electrodes.



7.2 Transducers Operating in the Extensional Modes 27

Voltage applied to the striped electrodes induce in the body of a piezoelement electric field
that has configuration qualitatively shown in Figure 7.10. The electric field in this piezoelement
design is inherently nonuniform, therefore the electromechanical parameters of the piezoele-
ment do not reach that of the segmented piezoelement of the same geometry.

For example, the effective coupling coefficient is usually about 20% lower than that
achievable in the segmented design, in which case the electric field is uniformly aligned with
the extensional deformation. Another peculiarity regarding the stripe-electroded cylindrical
transducer designs is that diameter of the solid cylinders is typically limited by about 15 cm.
from manufacturing considerations. This makes the operational frequency range of the tangen-
tially poled projectors higher than approximately 10 kHz. It can be said that the stripe-elec-
troded design of piezoelements may be a practical alternative to the segmented design, if the
performance requirements cannot be met by using solid piezoelements employing transverse
piezoeffect (radially poled cylinders in particular).The tangentially poled piezoelements com-
bine simplicity of manufacturing solid transversely poled piezoelements and advantage of em-
ploying the longitudinal piezoelectric effect, though for expense of some reduction of electro-
mechanical parameters compared with the segmented piezoelements of the same configuration.
Analysis of electromechanical parameters of the tangentially polarized piezoelements from ge-
ometry of the elements and configuration of the striped electrodes was reported in papers Refs.
3 and 4. In the first paper an approximate analytical method for evaluating parameters was
considered. In the second paper the electromechanical parameters were calculated more accu-
rately by using FEA. Numerical FEA analysis was also used for modeling the piezoelements
with “interdigitated electrodes” (analog of striped electrodes in our notation) for application as
electromechanical actuators® 6. We will present an approximate analytical analysis that provides
a simple means for calculating the piezoelectric properties of common elements, following the
main results of Ref. 3.

The main peculiarities of the tangentially poled piezoelements are due to nonuniformity of
the electric field in their volume, as it is qualitatively illustrated in Figure 7.10. If the actual
electric field distribution in the piezoceramic was known to a high accuracy, analytical or nu-
merical calculations of the electric field related electromechanical parameters could be possible.

As this is not readily the case, a simplified model of electric field may be used in order to reveal
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the effects on the electromechanical parameters, which arise from nonuniformity of the electric
field. The following simplifying assumptions will be made in this approach. The representative
part of a piezoelement in the shape of a cylinder will be replaced by a volume of piezoelectric
ceramic material having a rectangular shape with attached electrodes, as shown in Figure 7.10.
This is justified, because the thickness of the stripe-electroded cylinders usually is small relative
to their radius. By obvious symmetry considerations it is sufficient to consider the electric field
in a representative part of the volume between two electrodes that is limited by the bold solid
line in Figure 7.10. Further we assume that the real curved electric field lines will be approxi-
mated by rectangular contours tangential to the real lines on their horizontal and vertical parts,

as it is shown schematically in Figure 7.11(a).

@ 0 A2 fe prA o x
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Figure 7.11: (a) Approximation of the real electric field lines by rectangular contours (“piecewise”
representation), (b) the corresponding nonuniform distributions of the vertical and horizontal com-
ponents of the electric field. £, | and E,, are the electric field in the horizontal and vertical

directions, respectively.

Nonuniform distributions of the horizontal and vertical components of the electric field are
qualitatively shown in Figure 7.11(b). Thus, the volume of a piezoelement can be imagined as
subdivided in elemental volumes limited by the electric field lines that are dz apart, inside of
which the electric field can be considered independent of z coordinate. At voltage V' between
the electrodes the electric field in the elemental volume with coordinate z of its horizontal part
will be found as E;(z) =V /I(z)), where I(z) is the length of corresponding electric field line.
Using geometry considerations following from Figure 7.11(a), we obtain that

I(z)=(p—A)1+2pBz/t), where
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t+A
ﬂ_p—A' (7.62)

Correspondingly,

14 1 1

E =\ -F — 7.63).
:(2) PN 142211 " 142pz/1 (7.63)

In Eq. (7.63) E

max

=E,(0)=V/(p—A) is the electric field between edges of the electrodes.
The electric field changes along z axis and reaches its minimum value E,, atz=1t/2

1
E

=EFE —. 7.64
min max 1+ﬂ ( )

Thus, a concentration of the electric field takes place around the edges of the electrodes,
and the electric field drops to its minimum value, which is determined by the coefficient 5. In
order to get a quantitative estimate of the field nonuniformity for a practical piezoelement ge-
ometry, consider two examples that are representative for the tangentially poled cylinders that
have outer diameter D, = 38.1 mm, thickness ¢ = 3.2 mm, electrode width A = 2.0 mm. The
samples differ by number of stripes: N = 12 (sample 1) and N = 16 (sample2). The samples of
this geometry were used for the experimental investigation in Ref. 3 that was aimed on verifying
results of calculation of parameters performed by the method under consideration. It follows
from the geometry of the cylinders and from the electrode configurations that: in the first case

£=073(p=9.1mm, t=3.2mm, A=2.0mm)and E

min

=0.58 E,, ; in the second case f=
1.07(p=69mm,t=32mm,A=2.0mm)and E,, =048 E . The same estimates are valid
for piezoelements in the shape of rectangular plate having the same parameters p, ¢ and A.
Nonuniformity of the electric field can lead to incomplete polarization of a part of its vol-
ume during the manufacturing process of poling the piezoelement. We denote the magnitude of
electric field that is necessary to fully polarize the piezoelement, i.e., to achieve the maximum
piezoelectric modulus of its material, as E, . If the electric field does not reach this value in
some part of the piezoelement, the resulting piezoelectric modulus may depend on the actual
field applied. This is shown qualitatively by the idealized plot in Figure 7.12. By no means can
this plot be recommended for a quantitative estimation. It is used only to illustrate the reason

for possible incomplete polarization. The actual dependence is not known. In fact, the elastic

and dielectric constants also depend on quality of poling the piezoceramic. In order to fully
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polarize a piezoelement, the minimum electric field must be greater than that assumed to be

necessary, i.e., the field should be £, > E,, or

V
E = 2 E,(1+p). 7.65
max p —A P( IB) ( )
A
e T —
| |
| [
dy | } |
T | o
|
: L
| |
| | |
| | | >
0 Emin EP Emax E

Figure 7.12: Qualitative representation of dependence of the piezoelectric modulus on the electric

field of polarization.

The maximum magnitude of the voltage applied to a piezoelement is limited: by the electric
field in terms of intrinsic electric and related mechanical breakdown of the ceramic material(de-
note the magnitude of this field E,); and by the voltage between the stripe-electrodes in terms
of preventing electrical breakdown over the piezoelement surface (denote it V). Obviously,

the following conditions must be fulfilled

E.<E, E,.(p-A)<V,. (7.66)

max max

The conditions (7.65) and (7.66) may be unavoidably contradictory. The first condition (7.66)
is common for piezoelements of different kinds; the second condition may be more restrictive
for the stripe-electroded piezoelements, due to the concentration of electric field around the
edges of the electrodes and thus concentration of the mechanical stress in this region. For small
values of the coefficient S, the most probable limitation may be the electrical breakdown volt-
age V, . In this case the electric field in the piezoelement can be fairly uniform, but the whole
piezoelement may not be fully polarized. For the larger values of f, nonuniformity of the elec-
tric field may become the main reason for “under-polarizing” a part of the piezoelement vol-
ume. In any case, the applied poling voltage must be determined by relation (7.65). Otherwise,

the piezoelement will not be fully polarized.
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Even if all the volume of the piezoelement is considered as being fully polarized, it can be
expected that the electromechanical parameters of the tangentially poled piezoelements should
have reduced values (on average) in comparison with those for the analogous piezoelements
operating under uniform electric field. The reduction of the electromechanical parameters of a
piezoelement with stripe-electrodes may be estimated as follows.

In order to evaluate parameters of a piezoelement under nonuniform electric field in com-
parison with those that would exist for the piezoelement under uniform electric field, the notion
of “effective” parameters for the nonuniform case can be introduced. We define the effective
parameters as the analytically or experimentally determined parameters that can be used in the
regular formulas for piezoelements with uniform field in order to account for the nonuniformity
of the field. Thus, the effective elastic constant, sfw , dielectric constant, 53;[/. , and piezoelec-
tric modulus, d,, ., of a tangentially poled cylinder having N electrode stripes can be deter-
mined from results of measuring the resonance frequency, f, , the capacitance at low frequency,
C,, , and the effective coupling coefficient, &, , of the stripe-electroded cylinder. The effective
parameters may be determined from results of the measurements using the following formulas,

which are valid for segmented cylinders of the same geometry comprised of N staves:

. 1

P — 7.67

¥ Qraf)p (767
2ra

Engr = Coy o (7.68)

_ E T
Ay = ks NS0 "€y (7.69)

Analytically the effective parameters can be determined from considering the corresponding
energies, namely the electrical energy, W, potential energy, W , and electromechanical en-

m 2

ergy, W,

em >

of the striped-electroded piezoelement. In addition, the formula k;f =W2 W -wk
can be used for calculating the effective coupling coefficient..

The effective dielectric constant can be determined from expression for the electric energy
of a clamped piezoelement under the boundary conditions typical for a short and thin-walled
cylinder (at 7; =T, =0). The total electric energy can be found by integrating the electric en-

ergy stored in elemental volumes of the piezoelement along the electric field lines shown in
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Figure 7.11(a). The energy of an elemental volume per unit height of a cylinder,

V(dz) =1(z)- dz , may be represented as follows

Wy =3 B (2) e 2 (2)dv+ 2B (2) a3, () (7.70)

Here / (z) and / (z) are the lengths of the vertical and horizontal parts of the elemental vol-

ume, respectively. From the geometry considerations following from Figure 7.11(a),

dc=(A/t)dz, 1 (z)=z, [ (z)=p-AR2Az/t, [ (2)+](2)=1(z). (7.71)

In the first term of relation (7.70) &;! is taken with subscript S, , because on the vertical lines
the poling direction is perpendicular to the direction of deformation. Therefore, all the conclu-
sions, which may follow from the piezoelectric equations, should correspond to the case of the
transverse piezoeffect, whereas on the horizontal lines they correspond to the longitudinal pie-
zoeffect. Thus, on the vertical lines the elastic constant s;; and piezoelectric modulus d,,
should be used instead of si, and d,, on the horizontal lines. Considering (7.71) expression

(7.70) can be transformed to
_ 1 ., 2 533
w, = §E3 (z)e5; (Z)dz+ E;( (7.72)
Now the electric energy per unit height of a piezoelement will be found as

1 V? ¢ dz 2 el A e zdz
ws =L &5 J =S j—z . (7.73)
2p-A 1+2ﬂz/t p—A &yt o [1+2p8z/1]

The ratio of the dielectric constants in the brackets may be presented as
(6‘33 /& ) = (l -k, )/ (1 - k323) , and for PZT-4 (Navy Type I) it corresponds to a coefficient of

1.75. As a result of integrating in Eq. (7.73), we arrive at the following expression

s Ly est L e AL __B
W, —ZV Zﬁ(p_A){ln(Hﬂ)Jrﬂ(p_A)L;] ; 1}{ln(l+ﬂ) 1+ﬂ}}' (7.74)

In order to determine the effective dielectric constant, expression (7.74) must be equated to the

expression

Wy =VCy /2 (7.75)
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for the electrical energy per unit height of an equivalent piezoelement under uniform electric
field generated by applying the same voltage to the electrodes imaginary attached to the side

surfaces of the piezoceramic element at x =0 and at x = p, where

S.
&3 ol

Cch =24 (7.76)
2p

is the capacitance per unit height of the real piezoelement expressed through the effective die-
lectric constant. Thus, for the effective dielectric constant we obtain

. WA/(p-A . 5 A
Exsgr X33 %{m(l"'ﬂ)‘*ﬂ(}?—w{g—&'——1}[ln(l+ﬂ)—%}}. (7.77)

The effective elastic constant will be found through calculation of the potential energy. As it
was noted, for the parts of the piezoelement, in which the direction of poling is vertical, the
clastic constant s;; must be used instead of s, . Given that we consider the one-dimensional
uniform deformation of a piezoelement, its potential energy can be represented as

7 v 277 V. E_GE
VKf=lS§{Vi+iJ=ls3 [1+—”33 SMJ. (7.78)

£ E E 5T I
2 S35 Sy P Voosy

Here S, is the deformation in the horizontal direction; ¥ is the total volume of the piezo-
element; VT is the part of the volume, in which lines of the electric field go in the vertical di-
rection (shaded area in Figure 7.11(a)); 17% is the part of the volume, in which direction of

deformation and electric field lines go in horizontal. From the geometry of the piezoelement

V=pt/2 and VT =tA/4. In order to determine the effective elastic constant, expression
(7.78) must be equated to
We =SV 125, (7.79)

This will result in the following formula for the effective elastic constant

sE—sE A -
SSESW=S3E3£1+33—E”—j . (7.80)

Thus, from formula (7.80) follows that for piezoelements considered as samples 1 and 2
st 7= 0.97s%, , if they are made of PZT-4. The change of value of elastic constant can be more

substantial in case that the piezoelement is not fully polarized.
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For determining electromechanical energy of a piezoelement that undergoes one-dimen-

sional uniform deformation the density of this energy is defined by formula (5.67 c)
1d, ~

w =§—3E’S3E3dV. (7.81)
When integrating this expression over the volume of the piezoelement, for the parts of the vol-
ume, in which the electric field is perpendicular to direction of deformation, subscript in for-
mula (7.81) has value i =1 and in the parts of the volume, for which they are parallel, i=3.
Thus, we arrive at the following expression for the electromechanical energy

=_s{ 2B (2, ()2 B jE } (78)

33 0

After substituting under integrals the expressions (7.63) for E;(z) and (7.71) for /_, [, and dkx,
integrating and performing some manipulations the electromechanical energy can be repre-
sented in the following form

W, lSVd

2 25,8

(4+B), (7.83)

where

= +(1_(P—AA)ﬂJln(l+ﬂ ) B:i[zdﬂ%j[ 5 )} 75

p—A p-A dys))

The factor in parathesis of coefficient B is (2d31S3E3 ) / (d33sll) —1.07 for PZT-4.

The effective coupling coefficient of a piezoelement can be determined from the expression

(5.127)
2 2
kﬁf/ — VVLm (7 85)
1-k2, WS wE '
efff el m

After substituting expressions (7.73), (7.78) and (7.83) for the energies involved, from this for-

mula will be obtained

(A + B)2
kZ k323

33eff B s _E
P |14 U In(1+ 3)
A Sin 217

. (7.86)
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where A4 and B are given by formulas (7.84). Calculations performed for piezoelements of ex-

amples 1 and 2 made of PZT-4 result in the effective coupling coefficients k,,,, =0.56 and

k}}ejf

3efff

=0.52, respectively, instead of k;; =0.70 for the case of uniform electric field in the

segmented piezoelement. Analysis of formula (7.86) shows that the effective coupling coeffi-

In(1+ )
ko <k, f— 7.87
7 Br/(p-A) (757

for values of S < 1. This approximate formula gives an underestimated result with less than 5%

cient may be approximated as

error. It follows from formula (7.87) that greater values of ;,,, can be achieved for smaller
values of £ and the ratio A/(p—A) (note that In(1+pB)/f—>1 at Ff—0). As
B=t/(p—A)+A/(p—A),this means that the smaller are the thickness to separation between
electrodes ratio (main contributor) and the electrode width to separation between electrodes

ratio, the greater is the effective coupling coefficient £, . But this conclusion is made under

3eff
the condition that all the volume of the piezoelement is fully polarized. Although, the larger the
separation between electrodes, p—A , the harder is to meet this condition due to technological
limits of applying high voltages for achieving a required electric field. Thus, there is a tradeoff
between the quality of polarization and uniformity of the electric field in a stripe-electroded
piezoelement.

After the values of dielectric and elastic constants, and the effective coupling coefficient
are determined from the relations (7.77), (7.79) and (7.86), the effective piezoelectric modulus
can be calculated using formula (7.69). Note that in this formula the quantity

83261/- =& o/ (1 _k323ejf) must be substituted, and finally the piezoelectric modulus may be ex-

pressed as
k33eff
dss oy :—-é./s;;eﬁgf;eﬁ. : (7.88)
NI

For the piezoelement examples 1 and 2 made of PZT-4, we find ds,,, =225-10"2 C/N and
207-10"12 C/N, respectively, compared to d,, =289-1012 C/N for the uniformly polarized seg-
mented piezoelement.

Results of calculating the dependencies of the electromechanical parameters of tangentially

poled piezoelement for examples 1 and 2 are presented in Figure 7.13.
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Figure 7.13: Normalized values of electromechanical parameters vs. parameter £ for the stripe-
electroded rings (examples 1 and 2): effective coupling coefficient, &y, ( p )/ kssr (O) ; piezo-
electric constant, d, o ( ﬂ)/ d}}e[f (0); elastic constant, sf} o ( ,B)/ S3E3£ﬁ (0) ; and dielectric
constant, K;eﬁ. ( Yz ) / K;W. (O) . Note thatat = 1 the poling voltage needs to be twice as large

as the voltage required for the case of uniform polarization.

It is noteworthy that the model of the electric field that was used for the calculations was
developed for the rectangular piezoelements and thus may be less accurate for the piezoele-
ments in the shape of the cylinders. Strictly speaking, the electric fields in the outer and inner
halves of a hollow cylinder are different because of its curvature. Obviously, the results must
be more accurate the smaller is the thickness to mean radius ratio , #/a, of a cylinder. Although
the tangential polarization is usually used for relatively thin cylinders (with #/a ratio on the order
of 0.1 — 0.2), the accuracy of calculating the cylinder parameters performed for only one half
of a cylinder is reduced because of curvature considerations. If the geometry of the outer half
is taken for calculation, then the requirements for poling electric field are harder and nonuni-
formity of the electric field is underestimated for the inner half. If the geometry of the inner
half is taken, then requirements for the poling electric field are less demanding and nonuni-
formity of the electric field is overestimated for the outer half of the cylinder. The accuracy

related to the curvature effects in the cylinder is improved, if the mean diameter of a cylinder
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is used when calculating the stripe-electrode periodicity, p. Thus, all calculations in this section
take into account the mean diameter of the cylinder when calculating p.

The model used may lead to somewhat underestimated values of calculated parameters
under the assumption that the piezoelement is fully polarized, because the assumed lines of
electric field seem to be longer than the real ones. But, if the piezoelement is not fully polarized,
which may be very probable by aforementioned reasons, then the results of calculation can be
overestimated. In any case, the results of this section show the tendencies of parameters de-
pendence from geometry of the tangentially poled piezoelement that cannot be ignored in the
design and application of the transducers. More accurate estimations of parameters of the tan-

gentially poled piezoelements are presented in Ref. 4.

7.2.2.1.3 Effects of Coupled Vibration on Parameters of the Thin-Walled Cylindrical

Transducers

Coupled vibration of the thin-walled cylinders (tubes) made of a passive isotropic material were
analyzed in Section 4.6.2.4. Consider now the vibration problem in the case that the tubes are
made from piezoelectric ceramics and constitute an electromechanical system. In this section a
piezoceramic tube will be considered as an electromechanical transducer without any external
load applied (vibrating in air). As the first step the energies involved in the electromechanical
conversion should be calculated using information available regarding modes of coupled vibra-
tion of analogous passive mechanical systems in accordance with general procedure of appli-
cation of the energy method. Results of this section were presented in Ref. 7.

The piezoelectric equations of state that must be used for calculating the energies have
different form depending on how the piezoceramic tubes are oriented relative to the crystallo-
graphic coordinate system, in other words depending on a particular mode of their polarization.
Variants of tubes with different electrodes configuration that correspond to different modes of
polarization to be considered, and orientations of the crystallographic coordinates are shown in
Figure 7.14.

The most often used are the thickness poled tubes especially among those that have rela-

tively large A/2a aspect ratio. Therefore, a detailed analysis will be made for this case. The
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changes that must be made, when the poling axis is directed circumferentially or axially, will

be considered afterwards.
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Figure 7.14. Piezoceramic tubes with different electrodes configurations that correspond to their
(a) radial, (b) circumferential and (c) axial polarizations, and related orientation of the crystallo-

graphic axes.

In the case of the radial (thickness) polarization we have S, =S, S, =S,, T, =T, (the
crystallographic coordinate system is shown in Figure 7.14 (a)). Remembering that for the thin-
walled tube 7. =T, =0, the piezoelectric equations simplify to the form of Eqs. (7.27)-(7.29)
Therefore the expressions (7.30), (7.31) for stress, expression (7.33) for the charge density at
E; =0, and dielectric constant of clamped piezoelement 53S3” =g, (l—klz)) are valid for this
case. The summary of these expressions is presented here for convenience of further analysis

(numbering the formulas is retained), as follows:

E
g 1_(10E - (s1 +01ES2), (7.30)
1
YE
25 :W(af& +5, ), (7.31)
1
D,=D;(S,,S,)+D;*, (7.32)

where
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d,Yf
D(S8) =725 (Si+5), (7.33)
1
D =& Ey,and &) =&}, (1-k7 ). (7.34)

Egs. (7.30) and (7.31) are identical with Eqs. (4.637) and (4.638), if to replace ¥," and o] for
the previous Y and o . Therefore, all the expressions for the equivalent parameters, imped-
ances and resonance frequencies introduced in Section 4.6.2.4 are valid for piezoceramic tubes
upon substituting ¥;* and o,° for ¥ aid o . In order to distinguish the mechanical quantities
in the case that a piezoelectric material is involved, the notations W instead of W, and K i
instead of K, will be used. The expressions for the rigidities related to the first approximation
(ati =0, 1, 2) are presented in Table 7.1 (expressions for the equivalent masses remain the

same independently of the piezoelectric nature of the material). New for the piezoceramic tubes

are the electrical, W , and electromechanical, .

em

energies. After multiplying both parts of
Eq. (7.33) and (7.34) by E, =V /¢, and integrating over the tube volume the following expres-
sions for the energies will be obtained.

For the electrical energy of a clamped tube,

WS ——IDS”E av ——f S B2V = —Cff‘z V. (7.89)

Here the electrical capacitance of a clamped tube is denoted as

C =2rmahe)y /'t . (7.90)

For the electromechanical energy,

2n 1
We,,,=%ij(SI,SZ)E3dV_ld—j(S +5,) EdV——Zn§ (7.91)
v

2 lel + Sé >
For calculating the integral and thus determining the electromechanical transformation coeffi-
cients, expressions for the deformations S, =S, and S, =S, that follow from Egs. (4.635),
(4.6306) to the first approximation (i.e., at i =0, 1, 2 ) must be used. (It must be remembered that
notations &, (former &,)and &, (former &) for generalized coordinates were introduced in

Section 4.6.2.4). After performing integration, the electromechanical transformation coeffi-

cients n, are obtained as
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_ 2rhd,, _ 4hd; 4rad,,

n, = = n, = )
0 E 27 E E\> 2 E E
S 511(1_0-1 ) Sll(l_o-l )

(7.92)

A set of equations of motion of a piezoceramic tube may be represented in the general form
of Egs. (1.101) that incudes mutual impedances due to interaction between the modes of vibra-

tion, and Eq. (1.103), namely,

(joM,,, +K. | jo+1,,+Z,,)U, =V, (i=012). (7.93)
5., 1 2

I=| joC)* + — dUn,. (7.94)
el i=1

The equivalent masses and rigidities in Eq. (7.93) in this case are represented by expressions
(4.649) and (4.650). Resistances of the electrical and mechanical losses R, , r,,, in these equa-
tions are commonly expressed as

R, =1/wC)* tan§,,and r,, =K% /O, . (7.95)

The radiation impedances, Z_., must be set to zero, as in this section transducer is considered

as electromechanical without any load. All the other constants are already obtained for the par-

ticular case of the thickness poled tube.
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Figure 7.15: The equivalent electromechanical circuit of a transducer made from a piezoceramic
tube undergoing the two-dimensional vibration for different transducer modifications: (a) with
free ends and without an acoustic load applied to the side surface, (b) with the ends shielded and
acoustic load applied to the side surface, and (c) with the caps attached to the ends and sound
pressure acting all over the surface (the case typical for hydrophones). In cases (b) and (c) the one-

port circuits must be connected to the corresponding terminals of the circuit (a)
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The set of Egs. (7.93) and (7.94) solves the problem of calculating a piezoceramic tube as
an electromechanical transducer. Egs. (7.93) are the equations of forced vibrations of a tube.
They become Eqgs. (4.648) of free vibrations under the conditions that applied voltage is zero
and the resistances of the mechanical losses are neglected. Therefore, the resonance frequencies
of a piezoceramic tube may be found from the Eqs. (4.651), if to substitute all the impedances
Z, by Z. . The results of calculating the resonance frequencies presented in Figure 4.51 and
Figure 4.52 of Section 4.6.2.4 were obtained under exactly this condition. Thus, they are valid
for the thickness poled tubes that have parameters of PZT-4 ceramics.

Returning to the set of Egs. (7.93) and (7.94), we note that these equations may be consid-
ered as the Kirchhoff’s equations for the circuit that is shown in Figure 7.15 (a) for an unloaded
transducer.

The circuit is equivalent to these set of equations in terms of calculating the electromechanical
parameters of a transducer and distribution of velocity over its surface. The mechanical
branches of the equivalent circuit correspond to the zero, first and second modes of vibration.
They are coupled. The coupling is introduced through the mutual impedances z,,, z,,, z,, (see

Eq. (4.652)) as follows:

Z, =z, (U1 1Uy), Zyy = 200Uy 1U)) , Zyy =2, (U, 1 U,y) (7.96)

Zyy=2,(Uy 1U,), Z, =2, (U, 1U,), Z,, =2,(U, /1 U,). (7.97)
After the generalized velocities U, are calculated, and the admittance of a transducer between
input terminals of the equivalent circuit in Figure 7.15 (a) is determined, the calculation of a
cylindrical thickness poled transducer as an unloaded electromechanical device may be consid-
ered completed. The calculated and measured values of modulus of admittance |Y | are shown
in Figure 7.16 for the tube at aspect ratio #/2a =1.1.
The distribution of radial velocity over surface, U, (x) , and the magnitude of vibration of the
ends of a tube, U (ih / 2) , are of a great interest for a better understanding of the mechanism
of coupled vibration in the tubes and for calculating or predicting the acoustic field related
parameters of a transducer. It follows from Egs. (4.633) and (4.634) rewritten in the complex
form that

U, (x)=U,+U,cos(zx/h), (7.98)

U, (h/2)=~(ch/2a)U, +U,. (7.99)



42 7 Cylindrical Transducers

(=]
]
e ——

._. _.
(=) (=}
L]

—
\-.‘._-._._
————
=

Modulus of Admittance (S)

\ —
0’
10! !
10_5 | | |
20 30 40 50 60 70 80 90

Frequency (kHz)
Figure 7.16: Admittances for #/2a = 1.1 measured (solid line) and calculated (Refs. 7, 8).

1.1
1
019-\
\
0.7 X

0.6 \/
\

0.5+
0.4

0.3}
0.2+
0.1

Normalized Absolute Displacement

0
-1 =075 —-05 -0.25 0 0.25 0.5 075 1
Axial Position (xA/2)
Figure 7.17: Calculated resonance mode shapes of a tube (at #/2a = 1.1. For the tube with dimen-
sions 2a =35 mm, =32 mmat f; =28.8 kHz ( branch 0, solid line) and at f, =30.8 kHz

(branch 1, dashed line). Experimental data from Ref. 8 are shown by circles and squares.

The mode shape of the surface vibration defined as the distribution of radial velocity normalized

to its value at x=0 is

0, (x)= T [U, +U, cos(zx/ h)]. (7.100)



7.2 Transducers Operating in the Extensional Modes 43

The calculated mode shapes corresponding to the resonance frequencies of a tube at 4#/2a = 1.1
and results of their experimental verification are shown in Figure 7.17. Evidently the mode
shape related to branch 1 is typical of the flexural vibration of a bar with free ends at its lowest

resonance frequency.
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Figure 7.18: The ratio of the magnitudes of vibration in the radial and axial directions
[UV (x=0)/U, (ih/Z)] vs. h/2a along branches 0 and 2. The modulus of [U, /U, ], is

shown by dashed line. Results of measurements’ are shown by the circles and triangles.

The calculated and experimentally measured dependences of ratio of magnitudes of velocity in
the radial direction at x = 0 to velocity of the ends in the axial direction,
U,(x=0)/U,(x=h/2), along branches 0 and 2 as a function of aspect ratio are shown in
Figure 7.18. The dependences clearly show, how the radial component of vibration, being pre-
dominant at lower frequency branch 0 below the point of the strongest coupling, becomes pre-
dominant at the upper branch 2 above this point. A very important feature resulting from cal-
culations and confirmed experimentally is that U, and U, are in anti-phase, when related to
branch 0, and in phase, when related to branch 2 (the displacements leading to expansion are
conventionally considered as positive). This fact explains peculiarities in behavior of the effec-

tive coupling coefficients, pertaining to the frequency branches.
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The effective coupling coefficients that correspond to different frequency branches of the
coupled vibrations can be calculated by formula (7.85), in which for this particular case the

term W)

7,7 must be used, namely,

kK’ w2
eff _ em
9 el m

All the energies involved in the formula are determined above. Results of calculating the effec-

tive coupling coefficients for the thickness poled tubes of different aspect ratio are shown in

Figure 7.19
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Figure 7.19: Effective coupling coefficients as a function of aspect ratio along the frequency
branches 0, 1 and 2 (the plots are labeled respectively). The numerical values for ke/n (dashed
line) depend on the wall thickness and are valid for # = 3.2mm. Experimental data from Ref. 8 are

shown as markers.

together with the experimental data from Refs. 7, 8. For the extensional branches 0 and 2 the
results do not depend on the wall thickness (so far as the thin-wall assumption remains appli-
cable). For the flexure related branch 1 the results are numerically valid for the tube thickness,
for which the calculations are made, at aspect ratios below the strongest coupling point. Above
this point they become thickness independent, because the nature of vibration gradually changes

to the extensional, as it was pointed out. Given the facts that the thin—walled piezoceramic tube
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is electromechanically isotropic and that deformations in the circumferential and axial direc-
tions are in anti-phase along branch 0 and in phase along branch 2, it could be expected that
electromechanical effects being subtracting at branch 0 and adding up at branch 2 will result in
k., dropping to zero and k,;, raising to maximum at the point of strongest coupling, where
the magnitudes of deformation in the circumferential and axial directions become equal. It is

noteworthy that although at this point (at #/2a = 1.57) k

.72 has maximum, the electromechan-

ical energy at this point is equally distributed between vibration in the radial and axial direc-
tions, whereas the operational direction is radial. At larger aspect ratios &,

decreases slightly, but most of the electromechanical energy goes for radial vibration, which
makes this range of aspect ratios advantageous for use of piezoceramic tubes, as single cylin-
drical projectors.

Consider now the changes that must be made in calculating transducer parameters in the
case that the piezoceramic tubes are poled in circumferential or in axial directions. Orientations
of the axes of the crystallographic coordinate system in these cases shown in Figure 7.14 cor-
relate with the geometrical axes as follows: for the -circumferential polarization
x —>1,r—> 2, p—>3; for the axial polarization x — 3,7 — 2, ¢ — 1. In the variants of the cir-
cumferential (tangential) polarization we will assume that electrodes are embedded into the
body of a tube, as it is shown in Figure 7.14(b), and the electric field is uniform and may be
calculated as E; =V /6, , where 0, is the separation between electrodes (the segments are sup-
posed to be electrically connected in parallel). However, in reality the stripped electrodes are
usually used for tangential polarizing the thin-walled tubes, as shown in Figure 7.10.

In this case the electric field, strictly speaking, cannot be considered as uniform and it is hard
to make quantitatively accurate calculations, but qualitatively the results should be similar to
those for the segmented design. In the variant of the axial polarization, which can be of interest
in application to transducers operating in the axial direction, design of a piezoelement can be
imagined, as illustrated in Figure 7.14(c), namely, segmented tubular stack cemented from a
number of end-electroded rings, or a tube tangentially poled in axial direction. We will consider
the segmented tube design, in which case the electric field may be assumed to be uniform with

magnitude E, =V /¢,

a’

where o, is the separation between electrodes. The mechanical bound-

ary condition 7, =0 for circumferential and axial polarization is the same as for the radial and
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circumferential polarization of the thick rings (Section 7.2.2.1.1). Therefore, the piezoelectric
equations (7.18)-(7.20), expressions for strain (7.21) and (7.22), expressions for the charge den-
sity (7.25) and dielectric constant (7.26) are valid for these variants. The difference is in corre-
lating expressions for strain S,, S; with expressions for S and S, by formulas (4.626) and
(4.627) according to orientation of the crystallographic axes. Namely, in the variant of the cir-
cumferential polarization S, =S, S; =S, , and in the variant of the axial polarization S, =S,

and S, =S,.

Table 7.1. Expressions for the equivalent rigidities at different modes of polarization

Ky Ky K. Kp. Ky,  Kp,
27xth wth at 4th X't
X X —— x X—
Polarization a a h a
4 2 2
(¢t 2a
Thickness £ NE+ j [ Y* B o Y’
Y, 48\ n) \h —— X T B
(Radial) - (GE )2 1-(o3) 1-(o))
1
4 2 2 vE |
' (t 2a\ Y EE
- o v 1+48(hj (h) [ [ . &
Circumferential 3 L 3] 1_gE 3 1—ofot
1—ofo® —03033 3913
3013
B 4 2 2 LE |
Tt 2a ) Y,
. E YlE I+——| — e % Y3E E 63EY1E
Axial Y 48\ h h) Y, £ Y E_E
- 4 1-0; 0, 1-oy0,
1-ofo},

Calculating the equivalent parameters using the same general expressions for the energies
as in the variant of the radial polarization is straightforward and will be omitted. The resulting
expressions for the equivalent rigidities and for the electromechanical transformation coeffi-
cients are presented for all the modes of polarization in Tables 7.1 and 7.2.

Note: In the variant of axial polarization a peculiarity exists in calculating the equivalent
rigidities. As is shown in Section 5.5.2, when strains change in the direction of electric field
(and in the case of the axial polarization both S, and S, change along the electric field), an
additional mechanical energy related term AW must be considered, resulting in an increase of
the rigidity of mechanical system. If o, =/, this effect can be accounted for by introducing the
rigidity AK =02KLk; /(1-kj ) in addition to Kj;. For PZT-4 k; ~04, and

AK ~0.13K}, . However, when h/&, >4 (and this is usually the case for a range of aspect
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ratios, for which the effects of the coupled vibrations are significant) the additional rigidities
drop and become negligible. Therefore, the corresponding corrections are not included for sim-

plicity.

Table 7.2. Electromechanical transformation coefficients for tubes with different polarizations.

n g n, n,,
Polarization x271h x4h x4a
Thickness ﬂ d;, ds,
E E, E £, E
(Radial) Si S S, Syt S
E E
Circumferential, ﬁ ﬁ 1— dy s ﬁ|:l _ dy;8)5 }
E E E E E
xt/ 9, 33 S33 dy;s, Si dyS53
E E
Axial, & ﬁ 1+ ds;8) @|:1 _dyS :|
E E E E E
xt/ 8, S S dsy,s33 S33 sy,

Here &, is given by formula. Capacitances of the tubes (at S, =S, =0, 7, =0 and under
the condition that all the segments are connected in parallel) are: in the variant of circumferen-
tial polarization

C =2xahtel’ 157, (7.102)

in the variant of the axial polarization
C =2mahts})” 152 (7.103)

e

Here 553“3 is given by formula (7.26)
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Figure 7.20: The resonance frequencies of the axially (dashed lines) and circumferentially (solid
lines) poled tubes normalized by f, =30 kHz. Labeling 0, 1 and 2 of the curves corresponds

with numbering of the frequency branches.
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Once the equivalent electromechanical parameters of the circumferentially and axially poled
tubes are determined, all the necessary characteristics can be calculated in the same way as it
was done in the case of the radial polarization. In particular, the results of calculating the reso-
nance frequencies are shown in Figure 7.20. The plots for the resonance frequencies are nor-
malized to the same value as in the case of the radial polarization, i.e., to the resonance fre-
quency of a short radial poled tube, f; =30kHz. The numerical values of the normalized res-

onance frequencies vs. aspect ratio are presented in Table 7.3.

Table 7.3. Values of calculated resonance frequencies normalized to /=30 kHz.

Polarization Radial Circumferential Axial
hi2a branch0 branch2 branch0 branch2 branch0 branch2
0.50 1.00 3.35 0.89 3.43 0.99 3.06
0.75 0.99 2.25 0.88 2.30 0.98 2.08
1.00 0.97 1.72 0.87 1.76 0.95 1.61
1.25 0.94 1.42 0.84 1.44 0.89 1.36
1.50 0.89 1.25 0.81 1.25 0.82 1.24
1.75 0.82 1.17 0.76 1.14 0.74 1.18
2.00 0.74 1.13 0.70 1.08 0.66 1.14
2.25 0.67 1.11 0.65 1.04 0.60 1.13
2.50 0.61 1.09 0.59 1.02 0.54 1.12
2.75 0.56 1.08 0.55 1.01 0.50 L11
3.00 0.51 1.08 0.51 1.00 0.46 1.10

Dependencies of the radial to axial velocities ratios and effective coupling coefficients for
the tubes, having the same dimensions, as in the case of the radial polarization, are depicted in
Figure 7.21 and Figure 7.22, as function of the aspect ratio 4/2a.

The results for the effective coupling coefficients show clear distinctions due to difference
in the modes of polarization and consequent elastic and piezoelectric anisotropy of the tubes.
For example, it can be seen that in terms of a qualitative behavior the plots for &, related to
branches 0 and 2 changed places compared with the case of the radial polarization. This effect
could be expected by the following reason. In the cases of the axial and circumferential polari-
zation the piezoelectric moduli effective in the axial and circumferential directions (d;, and

d,, ) have different signs, whereas in the case of the radial polarization they (both being d;, )
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Table 7.4. Values of the effective coupling coefficients for the extreme mechanical systems.

branch 0 branch 2
(h/2a)—>0 (h/2a)—>oo (h/2a)—>0 (h/2a)—>oo
h=T,=0, T,=T,=0, T,=0S,=0, T,=0,5,=0,

Polarization S3 %0 S1 #0 Sl #0 S1 %0
Circumferential |
o ’ ks ky, |k3”1|2) |k33|
keff , PZT-4 0.70 0.30 0.08 0.65
Axial ”
k, D k,, ki, |k3'3| 2) |k3||2)
keff , PZT-4 0.33 0.64 0.60 0.09
Radial
e ks, ks, k, ky,
k"ff , PZT-4 0.33 0.30 0.45 0.50

1) k,, is the coupling coefficient for piezoelectric ceramic material under different boundary condi-

tions.
E E __E
2) Following Ref. 9, &, _ Il el e lhlthsoron
g -7y Ay T A\ l—of 31 = = - =’
NI 1 \/1_0_3 013\)1_k33
, ko, =k, |\JoEoE
ky, = 3 |31| 3 53 Note: in Ch.10 it is shown that factors 1/ 1—k321 must be waved.

Ju-ofelhi-k)
are of the same sign. Therefore, the electromechanical effects are subtracting along the branch
2 and adding up along the branch 0 on the contrary to the case of the radial polarization. The
results of calculating the effective coupling coefficients comply with their expected values for
the extreme aspect ratios at #/2a — 0 and %/2a — o, in which cases the one-dimensional
approximations for the corresponding piezoelements are valid.

Expressions for the coupling coefficients of piezoceramic material for the mechanical
boundary conditions that correspond to the extreme cases of 4/2a — 0 (a low pulsating tube
and an infinitely long strip vibrating in the direction of its width with cos(zx/ /) distribution)
and h/2a — o (along pulsating tube and a long tube of small diameter axially vibrating with
cos(zx/h) distribution) may be found in Ref. 2. They are summarized in Table 7.4. These
values for PZT-4 ceramics are shown in Figure 7.22 by the extreme lines, to which the calcu-

lated plots must be approaching asymptotically. Note hat in the case that cosine distribution of
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deformation exists the coupling coefficients of material are multiplied by the corresponding

factors in order to get values for the effective coupling coefficients.
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Figure 7.21: Magnitude of radial-to-axial velocity ratios, [U, /U ], , for the axially (dashed

curves) and circumferentially (solid curves) poled tubes.
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Figure 7.22: Effective coupling coefficients for the axially (dashed curves) and circumferentially
(solid curves) poled tubes. Horizontal markers denote the asymptotic limits of the curves as

h/2a—0 and h/2a —> ©.
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7.2.2.1.4 Effects of the Coupled Vibration on the Electroacoustic Characteristics of the

Transducers

All the calculations made so far were concerned with electromechanical parameters of unloaded
(vibrating in air) transducers, whereas it is impossible to complete treatment of a transducer for
practical applications without considering their acoustic and/or mechanical loading and other
external actions typical for the particular applications. The energy method allows acoustic loads
and the external actions to be formally included into equations of motion (7.93) A way to com-
bine the results of solving the radiation problems, which we will assume to be known from
Chapter 6, with electromechanical part of an unloaded transducer treatment that is presented by
the equivalent circuit in Figure 7.15 (a) is illustrated with examples of cylindrical air-backed
underwater transducer designs, shown schematically as icons in Figure 7.15 (b)-(c). The variant
of transducer design in Figure 7.15 (b) with caps mechanically isolated from the ends of a pie-
zoceramic tube is typical for the projectors and broadband receivers. The ends of the tube are
free to vibrate and are isolated from the acoustic field by the caps that are assumed to be abso-
lutely rigid. The design variant in Figure 7.15 (c) with the caps attached to the ends of a pie-
zoceramic tube and exposed to acoustic field are used predominately for the low frequency
cylindrical hydrophones. Similar design can be used for radiation along the axis, but in this
case, it falls into category of Tonpilz transducers, and usually the thick-walled axially polarized
cylinders are used for this purpose.

The radiation problem to be solved in the variant of Figure 7.15 (b) is that for a cylinder of
finite height. Analysis of this problem is presented in Section 6.3.1.3. Note that in the case that
hilA> (0.6—0.7) a simpler model of the cylinder vibrating between two infinite rigid cylin-
drical baffles can be used that is considered in Section 6.3.1.2. As the radial velocity distribution
over the height exists according to formula (7.98), we will assume that the radiation problem is
solved for uniformly vibrating cylinder and for the cylinder vibrating with velocity distribution
U, cos(x/ h) , and therefore the following functions can be considered known: the far field
sound pressures F, (r,)=A(r)Uk,,, and P,(r,®)= A(r)U k,,, , where A(r) is a distance
depending coefficient and k,,, are the diffraction coefficients; the sound pressures on the cyl-
inder surface PR, (ka,x)=B,(ka,x)U, and PR, (ka,x)=B, (ka,x)U,, where functions

B, (ka,x) are introduced to make it obvious for the further analysis that the sound pressure on
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the surface is proportional to the velocity.The acoustic power radiated by a transducer can be
represented now as

VIT/M = J(R?o + 8 )U:dZ =
T

7.104
= [1B, (ka,x)U, + B, (ka,x)U, [[U; +U; cos(x/h) |d<. (7109

As the functions B, (ka,x) are assumed to be known, after integrating over the transducer sur-
face in Eq. (7.104) and some manipulations the acoustic power can be expressed as

W, =Z,o|[U[ +Z, U where

ac0

Z Z o0 PZaeU, /Uo s Lot = Lyt + ZoeiUy /Ul . (7.105)

ac0 — “acoo

The radiation impedances Z,, and Z,, represent the total acoustic loads related to the gener-

acl
alized velocities U, and U,; Z ,, and Z ,, are the modal impedances for the uniform and
cosine by height modes of vibration; z, is the mutual impedance between the modes. The

impedances Z_, and Z_, must be included in Eq. (7.93) and introduced into the equivalent

acl
circuit.

For calculating transducer in the receive mode the same equivalent circuit of Figure 7.15
is valid, if the equivalent forces,

Feqvo = })oSEkdifO 5 F;q\fl = })oSEkdif’l 5 (7.106)

that are due to action of acoustic field, are introduced into the contours related to the velocities
U, and U, . In the expressions (7.106) P, is the sound pressure in the free acoustic field, S,
is the radiating surface area of the transducer, k,,, and k,, are the same diffraction coeffi-
cients that are introduced for the radiating mode of operation. The acoustic loads and equivalent
forces determined by expressions (7.105) and (7.106) must be introduced into the equivalent
circuit between the terminals 0,0 and 1,1 in Figure 7.15 (a) as the one-port networks shown in
Figure 7.15 (b) (we will refer to thus obtained circuit as to Figure 7.15 (a)-(b)). After this is
done, the equivalent circuit for electroacoustic transducer operating in the transmit and receive
modes can be considered completed, and the generalized velocities U, can be determined. The

far field sound pressure, P (r, a)), generated by a transducer will be found as

P(r.0)=F,(r.0)+ R (r.0) = A(r)(Uyky, + Uk, ). (7.107)
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so far as the velocities U, and U, are calculated from Eqs.(7.93) or, alternatively, from equiv-
alent circuit in Figure 7.15 (a)-(b).

The problem of calculating parameters of a transducer with symmetrical caps attached to
the ends of a piezoceramic tube and exposed to acoustic field, as shown in Figure 7.15 (c), has
both the mechanical and acoustic aspects. The mechanical part of the problem is in formulating
the boundary conditions for the joints between the caps and the ends of the tube and in calcu-
lating the coupled vibration of the caps and of the tube under these conditions. The acoustic
part is in determining the radiation impedances and equivalent forces applied to the surface of
the caps and to the side surface of a transducer. Results of solving the mechanical part of the
problem can be represented by the input impedances on the contour of the caps in the radial and
axial directions, Z_, and Z_ . The impedances are determined in Section 4.7.2.1 and 4.7.2.2.
If to consider operation of a transducer in the receive mode at frequencies well below its reso-
nance, which is typical for the low frequency hydrophones, then the acoustic part of the problem
simplifies to determining the diffraction coefficients only. In addition to the equivalent forces

that are defined by expressions (7.106), the equivalent forces F

eqv.c

applied to the caps must be

taken into account, and F

eqve

=P8 k., were S, is the surface area of a cap and k. is the
diffraction coefficient related to the cap radiation. Information regarding the diffraction coeffi-
cients for tubes of the finite height with capped ends can be found in Ref. 10. After the input
impedances of the caps and diffraction coefficients are determined, the equivalent circuit of a
transducer can be completed by connecting the one-port networks, shown in Figure 7.5(c), to
the corresponding terminals of the mechanical branches in Figure 7.15 (a). Note that imped-
ances Z, and Z _ are doubled because of symmetry (associated mechanical energies are dou-
bled), and Z, is ascribed to the generalized coordinate U, only, because according to Eq.
(7.98) U, (£h/2)=U,. Also of note is, that velocity U, found from the equivalent circuit is
the velocity on the contour of a cap. In the case that the cap cannot be considered as absolutely
rigid, distribution of velocity on its surface must be determined. These calculations, as well as
those for determining the input impedances of the caps, are pure mechanical problems, which
can be treated separately. However, methodically the equivalent circuit of Figure 7.15 (a) with
the one-port networks of Figure 7.15 (¢) included provides the means for calculating parameters

of capped cylindrical transducers.
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Figure 7.23: Transmit frequency responses (TVR) calculated (dashed curve) and measured (solid
curve) for a transducer comprised of a thickness poled tube with (a) h/2a = 1.32 and (b) h/2a =
2.2. Mechanical losses for the fabricated transducers were included in the calculations. For com-
parison the frequency response without influence of coupled vibration is presented that are calcu-

lated for aspect ratio h/2a = 0.5 (dash-dotted line).
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Figure 7.24: Receive frequency responses (FFVS) calculated (dashed curve) and measured (solid
curve) for a transducer comprised of a thickness poled tube with (a) #/2a = 1.32 and (b) #/2a =
2.2. For comparison the frequency response without influence of coupled vibration is presented

that are calculated for aspect ratio 4/2a = 0.5 (dash-dotted line).
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Effects of the coupled vibration on acoustic performance of the cylindrical transducers
were estimated by calculation and investigated experimentally in Refs. 11 and 12. Examples of
calculated and measured frequency responses of the transducers with different aspect ratios
from Ref. 11 are shown in

Figure 7.23 and Figure 7.24.

As can be seen, the results of calculating are in a good agreement with the experiment. The
conclusions that can be made based on the results of the calculating and experimenting allow
several general suggestions regarding the preferable aspect ratios of cylindrical piezoelements
used for underwater transducers. It is desirable to have the height to diameter aspect ratio of the
radially poled piezoelements //2a <0.5. A higher effective coupling coefficient can be ob-
tained by using piezoelements of smaller aspect ratio. Piezoelements with larger aspect ratios,
h/2a > 1.5, can be used effectively in a frequency band around resonance. In this range they
even have an advantage in terms of electroacoustic parameters over transducers of the same
height comprised of rings having small aspect ratios. Although, the piezoelements with large
aspect ratios cannot be recommended for use as the broadband receivers that operate predomi-
nantly below the resonance frequency because of the deep notches that occur in the frequency
response due to effects of coupled vibrations. The best results can be achieved for this purpose
by employing mechanically separated piezoelements with small aspect ratios. In general, the
frequency responses of transducers comprised of individual cylinders having aspect ratios
larger than about 0.5 may differ dramatically due to effect of the coupled vibration, especially
for the range of aspect ratios 0.5 < (h/2a)<1.5.

Circumferentially (tangentially) polarized cylinders operating in the lowest frequency
branch can be used effectively up to much larger height to diameter aspect ratios than the radi-
ally polarized. There is no apparent need or electromechanical advantage in axially segmenting
the tangentially polarized cylinders for improving their performance, as compared with taking
such measure for avoiding the effect of coupled vibrations in the case of the radial polarization.
It is noteworthy that cylinders of equal dimensions but different polarizations may have signif-

icantly different frequency responses, as is shown with plots in Figure 7.25.
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Figure 7.25: Comparison of TER of tangentially (solid line) and radially (dashed line) polarized
cylindrical transducers, normalized to the TER of an axially segmented radially polarized cylin-
drical transducer of the same overall height: (a) aspect ratio #/2a = 1.1 and (b) aspect ratio h/2a =
1.62. The frequency is normalized to resonance frequency of an axially segmented radially polar-
ized cylindrical transducer in water. For comparison the frequency response without influence of

coupled vibration is presented that is calculated for aspect ratio #/2a = 0.5 (dash-dotted line).

More detailed analysis of effects of coupled vibration on performance of the cylindrical trans-
ducers including dependence of their vertical directionality on the aspect ratio can be found in
Refs. 11 and 12. Further we will assume that the rings comprising cylindrical transducers that
vibrate in zero mode have aspect ratios #/2a < 0.5, if it is not noted otherwise.

As to effects of the coupled vibration on parameters of the rings vibrating in higher modes, the
exact analysis could be performed in the same way. Though a qualitative conclusion regarding
the aspect ratios of the rings, at which they can be considered short enough for neglecting these
effects can be made based on the following considerations. As it was shown, the aspect ratio,

at which the strongest coupling between the radial and axial modes of a cylinder vibration takes
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place, corresponds to condition of equality the resonance frequencies of a thin ring and the thin
bar that have dimensions of the cylinder, i.e., f,,.,/ f,, =1. For radially poled cylinder that
vibrates in zero mode the respective aspect ratio is (#/2a)=1.5 . For the cylinders vibrating in

higher modes f,, . = f,.[,,go\/lJriz , therefore the aspect ratio of the strongest coupling reduces

ingi

in factor of \/1+3i° , and so should be reduced the value of aspect ratio, at which the effects of

the coupling can be neglected.

7.2.2.1.5 Nonuniform (Active-Passive) Ring Transducers
Uniform segmented ring transducers are usually used in order to realize longitudinal piezoelec-
tric effect and to build rings of bigger diameter than it is achievable for manufacturing the solid
rings. For some applications it may be required to change the resonance wave size of a trans-
ducer. Thus, for example, when employing a transducer in array it is desirable to reduce its
wave size from considerations of directivity pattern steering. In situation that rings vibrating in
the zero and first modes are used in a single transducer design it is desirable to have the same
diameter for both of them, which can be achieved by reducing the zero mode ring wave diameter
down to those of the first mode. In the first example the effective sound speed in the ring should
be reduced, and in the second example — increased. And in all the cases the mode shape of
transducer vibration and its main operating parameters should not change significantly.
Changing to some extent the effective sound speed in a ring under this requirement can be
produced by combining in its design the active piezoelements and inserts made of a passive
material having different properties. If the active and passive parts are situated alternatively and
have sufficiently small size in direction of circumference (in other words, number of parts is
sufficiently large) the ring can be considered as quasi uniform with averaged elastic properties
and density. But what number of parts is sufficient remains to be determined.
Consider an active-passive design, in which case the ring is a combination of piezoelements
and of passive inserts in the shape of tapered prisms, as it is shown in Figure 7.26.
We will assume that the thickness of the ring is uniform. The mean widths of the active and
passive elements are related as

6,+6,=2ral N, (7.108)
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where N is the number of piezoelements (pairs of active and passive elements) in the ring, the
subscripts a and p will stay for all the quantities related to the active and passive parts, respec-
tively. The relative amount of a passive material in the ring,

B=6,16,, (7.109)

Figure 7.26: Geometry of an active-passive ring.

will be referred to as the space factor, i.e., as the ratio of volumes of passive to active material.
Calculation of the active-passive ring transducer parameters will be made under the assumption
that the ring vibrates uniformly in the zero mode, and thus can be considered approximately as
one degree of freedom system. This assumption is not obvious, and how many of the active-
passive segments in the ring may be accepted as sufficient enough for meeting this assumption
must be determined. This will be discussed later after the relations for the electromechanical
parameters of the rings vs. materials properties and relative amount of passive material will be
obtained. Consider deformations in the ring that experiences radial displacement &£ under ac-

tion of applied voltage. The total circumferential elongation of the ring A/ is

AN =27(a+¢&))—2ma=27E, . (7.110)

The circumferential stress 7° produced by electrical field in the piezoelements does not change
in the volume of the inhomogeneous ring due to the condition of force equilibrium. Therefore,
the strains in the active and passive prisms are

S, =s3TF=T"/YF,8,=T"/Y,. (7.111)

Thus, the total circumferential elongations of prisms is

AS, =817 /YE, A5, =5, T" Y, . (7.112)
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Elongation of the ring’s mean circumference is
N
Al =27 =T (8, 1% +8,/Y,)=(1, /¥ +1,/Y,)T", (7.113)
where [, = N&, is the total length of the active material and /, = N6, is the total length of the
passive material. From Eq. (7.113)

T R (7.114)
1,/YF+1/7,

The relative elongation of the circumference of the ring is

A AN T (7.115)
2ra 1, +1, qu’ '

where Y, will be considered as the equivalent Young’s modulus of the composite ring. Using

Eq. (7.114), (7.115), and definition (7.109) we obtain

=Y. (7.116)
To(1+pyiiy,)”
Now the potential energy of the active-passive ring at E; =0 will be found as
e _Ligre g Lite pegp b b
w! :-jST dV:—[jSaT dV+jSpT dV]=—22—. (7.117)
217 2 v Vv 2 map

Upon substituting S

a?

E . . .
S, and T" from Eq. (7.111) and (7.114) into Eq. (7.117) and integrating

over the volumes of the active and passive parts of the composite ring, we obtain

e b Qo’ht (7.118)
m E ° °
2 LY +11Y,
Thus, we arrive at the expression for the equivalent compliance of the active-passive ring

- a a V+pYEIY, 1+ pYEIY,
" 2ghtY,  2xhtYy 1+ " 1+

, (7.119)

where C”, is the equivalent compliance of the segmented ring of the same size made of active
prisms only.

When calculating the kinetic energy of the vibrating ring



60 7 Cylindrical Transducers

(7.120)

eqv ?

W, =1jp§2dﬁ Sy
kin 217 0 2

it must be taken into account that the active and passive prisms may have different densities,

namely, p, and p, . The integration over the ring volume leads to

1+(p,/p.) P

Meqvap :2ﬂahtpap :Mequ, (7121)

where the equivalent density of the active-passive ring is

1+(p,/p.)B
=p,—. 7.122
pap pu 1 + ,8 ( )

Thus, the equivalent sound speed in the active-passive ring is
1

¢, =ct / (7.123)

J1+ 8777, )1+ (p, 1 £,) 81

(note that ¢! is the sound speed in the segmented active ring), and the resonance frequency of
an active-passive ring can be found as

C
! @ (7.124)

S = = ,
' E
2z Meqv ap Cm ap 2ra

or

Jrap =T 14/ : (7.125)
J+BYE 17, )+ (p, | p,) 1

The electromechanical energy and the electromechanical transformation coefficient n,, will be

determined from the expression

emap

(7.126)

ap °

1¢d -1
~ [ 28, EdV =—Vén
2 7 833 2
where integrating must be performed over the volume of the active prisms. After substituting
expressions for the electric field, £, =V /9, , for the strain §, from Eq. (7.111) and for the

stress T* from Eq. (7.114) we arrive at
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napzz”]ff RN S (7.127)
0,85 1+ﬂ/s33Yp 1+,[7’/s33Yp

where n, is the transformation coefficient of the fully active ring. The electrical capacitance of

the active prisms connected in parallel is

L (1=K )enN,
cs =% =C/(1+ ). (7.128)

a

The resistances of the mechanical and electrical losses in the segmented active-passive

rings may be determined as follows. The energies of mechanical losses (W,

.. ) in the active and

passive parts are proportional to their total potential energies ( W, ) and anti-proportional to their
quality factors, W , =W Q. Using results of calculating the potential energies of active and
passive parts from Eq. (12), the resistance of mechanical losses will be represented as

1
r =r —_—
mLap mLa 1
+p

[1+80,10,]. (7.129)

The resistance of the electrical losses R

.1,y May be found as

R - 1 I+
AP oCH tand  @C> tand

eap

R, (1+ﬂ) , (7.130)

where Eq. (7.128) for Cf;p is taken into account. Thus, the expressions for all the equivalent
parameters of the active-passive ring are determined.

An expected positive effect of combining active and passive materials in the mechanical
system of a transducer is that the equivalent sound speed and, respectively, the wave size
2ra/ A of the transducer at resonance frequency can be changed to a degree. This will depend
on the parameters of passive and active materials and on the space factor £ . However, the
tradeoff is that the electromechanical properties of the active-passive transducer decline to some
extent. In particular, the effective coupling coefficient as one of the important figure of merits
of the transducer may be affected. Another important characteristic of an active-passive trans-
ducer is the electromechanical force F,, =n, V', or the electromechanical transformation coef-

ficient n_ , as function of the same factors.

ap >

The effective coupling coefficient can be determined by formula

K =1/(1+C I1n’Cy). (7.131)
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The combination of the equivalent circuit parameters in formula (7.131) is denoted as

c (&

CE
a =n2C—’g=k,2 /(1-k2). (7.132)

For the completely active ring k., = k;, and the coefficient &, becomes

ef

a, =k (1-k3). (7.133)

E
ap > Cm ap

For the composite active-passive ring «, = c, ( yi) ) , and after substituting parameters n

and Cf;p into expression (7.132), we arrive at

o, (B) a, =1/(1+B/s5Y,) (7.134)

and ki (B) b3y =x(1+a, )/ (1+xa,,), (7.135)

where x=a, (8)/a,, .

Correlation between the equivalent sound speed ¢,, in Eq.(7.125) and the effective cou-
pling coefficient vs. the relative amount of the passive and active materials, £, depends on the
particular combination of these materials properties. Consider as the examples of the active
materials PZT-4 (Y =64-10°Pa, p,=7.5-10'kg/m’) and single crystal (SCr) material
PMN-PT (Y{" ~10-10° Pa, £, =8.0-10 kg/m*).

PMN-PT is chosen together with PZT ceramics for illustrating effects of combining active
and passive materials due to its exceptionally high coupling coefficient and small Young’s
modulus (relatively small sound speed). It is often desirable to increase the effective sound
speed in a ring made of SCr in order to increase the wave diameter of the ring and thus to
achieve its better acoustic loading. The opposite tendency is usually typical for the rings made
of PZT ceramics. Besides, it is instructive to estimate how a positive effect of changing the
effective sound speed may correlate with decline of the effective coupling coefficient with ex-
ample of combining piezoelectric SCr material with passive material, because an exceptionally
large coupling coefficient is exactly what makes SCr materials attractive in comparison with
PZT ceramic materials.

In order to increase the diameter 2a of a ring made of the single crystal material such as
PMN-PT, the passive material should be lighter and “stiffer.” Aluminum with

P, = 2.7x10°kg/m® and Y = 72x10° Pa makes an almost ideal match in this sense, and it
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will be considered as the passive counterpart for PMN-PT material. Results of calculation of
relative change of the sound speed and effective coupling coefficient of an active-passive ring
transducer vs. £ by formulas (7.123) and (7.135) are shown in Figure 7.27. Analyzing these
results, one can conclude that replacement of half of the volume of single crystal active material
by aluminum results in approximately 70% increase of the equivalent sound speed almost with-
out loss of the effective coupling coefficient. Effect of combination of PZT-4 ceramics with

aluminum on the same parameters of the ring is shown in the Figure 7.27 for comparison.

Relative Change

0 02 04 06 08 1 1.2 14 16 18 2
Space Factor (8

0.2

Figure 7.27: The relative changes of parameters of the active-passive rings vs. the space factor
- (1) effective sound speed, c,,(B)/c;; (2) effective coupling coefficient squared, (kjﬂ)ap / k2,
; (3) the effective electromechanical force related parameter (d,, / 51, )ap / (d; / s%,) of an active-
passive segmented ring transducers. Solid lines — combination of PMN-PT and aluminum, dashed

lines — PZT-4 and aluminum.

In addition to achieving the goal of regulating the wave size of a transducer to a desirable
extent, the material cost of the transducer can be reduced significantly. For the rings made of
PZT ceramics more often is desirable to reduce their wave size to some extent, i.e., to reduce
the effective sound speed in the active-passive structure. This requires using passive materials
with large density or/and smaller Young’s modulus than those of piezoceramics. Given that the
densities and Young’s moduli of PZT ceramics are on the order of p~7.5-10° kg/m’ and

Y ~70-10° Pa, it is practically impossible to find passive materials suitable for application in
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transducers among metals. An alternative is in designing rings nonuniform by thickness (with
passive pats thicker than active), or in using modified metal parts with reduced effective
Young’s modulus (for example, perforated). A number of patents on the related issues exist,

but their analysis is out of scope of this treatment.
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Figure 7.28. Distribution of displacements over a segment of active-passive ring: (a) combination
of PMN-PT and aluminum, (b) combination of PZT-8 and aluminum. The curves are numbered
according to number of active-passive segments in the rings. The displacement values for each
curve are normalized to the displacement at the joint between active and passive segments, which

occurs around a normalized arc length of 0.5.

As the basic assumption behind the above analysis was that the distribution of displace-
ments of the ring surface is uniform, it must be determined, how many active-passive segments
in a ring is sufficient for meeting this assumption. In other words, what is the minimal number
of the active passive segments that ensures close to pulsating resonance mode of vibration and

achieving projected value of the resonance frequency. With this goal the Finite Element
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Analysis of vibration of the active-passive ring was produced for different number of the seg-
ments and different combinations of active and passive materials. Results of the analysis are

presented in Figure 7.28 and Figure 7.29.
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Figure 7.29. The input impedance of the active-passive ring (PMN-PT and aluminum) for four,
eight, and twelve active-passive segments in the ring. The projected resonance frequency for the

considered ring geometry is 14 kHz.

It can be concluded that in order to obtain practically uniform distribution of the ring, num-
ber of active-passive segments must be more than eight (with length of the segment less than
A, 18, where 4, is the wavelength of sound in the active-passive structure).

Similar results regarding calculating parameters of the active-passive rings were reported
in Ref. 13 though without mentioning about the underlying assumption that the radial displace-
ment should be uniform, which presupposes that number of active-passive segments in a ring

must be sufficiently large for ensuring that the results of calculating are valid.

7.2.2.2 Unidirectional (Baffled) Transducer

Unidirectionality in the horizontal plane of the transducer, in which the zero order mode of
vibration is electromechanically active, is achieved by the way of its baffling, as shown in Fig-
ure 7.30. The acoustic field related characteristics of the baffled transducers are considered in

detail in Chapter 6.
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The acoustic load becomes not symmetric due to the baffling, the modes of ring vibration
on the radiating part of its surface are not orthogonal anymore, and the general equations of

vibration (Egs. (1.101)) become acoustically coupled. The radiation impedances Z,, must be

i

regarded as

Zoi = Lo +zzacil '(Ul U, ) =Z i +ZZinil > (7.136)
1#i 1#i

where the self-radiation impedances Z for the baffled trans-

acii

and mutual impedances z

acil

ducers are determined in general form in Section 6.3.1.1.2 . And the introduced impedances

Zow = 2, (U, 1U,) (7.137)

ini

depend on solution of the vibration problem for the baffled transducer. In particular, for the

» =0

U= ZU,. cos(ip)

Figure 7.30: Geometry of the baffled transducer with 180° coverage.

zero and first modes of vibration the nondimensional coefficients for the self-impedances are
presented in Figure 6.10, and for the mutual impedances between the zero and other modes in
Figure 6.11. The last Figure is reproduced here as Figure 7.31. As follows from the plots in
Figure 7.31, a significant coupling exists between the zero and first modes of vibration. The
mutual impedances with higher modes can be neglected, especially at frequencies around and
below the resonance frequency corresponding to the zero mode of vibration, where
(U, /U,) <<1. Thus, the baffled transducer with electromechanically active zero mode, strictly
speaking, must be considered as having two mechanical degrees of freedom that correspond to
the generalized velocities U, and U, . Its operation in the transmit node can be described in the
electromechanical sense by equivalent circuit shown in Figure 7.32. In the equivalent circuit

the impedance Z,

.m0 introduced from the zero mode contour into contours that correspond to

the first mode of the surface vibration is represented in the form of force F, =z, ,U,, which is

acil
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equivalent in terms of the energy balance. Indeed, the energy flow from the contour with ve-

locity U, into contour with velocity U, is

- 2 *
W =Zy Ui| =FU; . (7.138)
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Figure 7.31; Nondimensional coefficients ¢, and f,; for the mutual radiation impedances be-
tween zero and other modes of the surface vibration of a cylindrical transducer with 180° rigid

baffle.

Figure 7.32: The equivalent electromechanical circuit of the baffled cylindrical transducer with

the zero mode of vibration active.
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Another peculiarity of the equivalent circuit is that the contour that correspond to the first
mode of vibration is split into two parts with velocities U, and U/, . The reason behind this is
that under action of an external force a cylinder can move as a whole (this “transitional” mode
of vibration formally corresponds to the resonance frequency @ =0 ), in which case the radial
component of the surface displacement changes as cos¢, i.e., in the same way as in the first
mode of the cylinder vibration that corresponds to the resonance frequency @, .

If to denote the magnitude of vibration as a whole (as the mass M of the cylinder) U,
and in the first mode as U, , then the magnitude of vibration with cosine distribution of velocity
over radiating part of the transducer surface, U, , will be found as

u=U,+U,, (7.139)

and expression for the impedance introduced into the zero-mode contour will be

Zoor = Zaeor (U U, ) 1 U, (7.140)
After the velocities U,, and U, are determined from the equivalent circuit in the straightforward
way, the sound pressure on the axis and directional factor of a transducer can be found as

P(r,0)=PF,(r,0)+£(r,0), (7.141)
where F, and F are the modal sound pressures determined by formula (6.147) with values of
the diffraction coefficients &, (7r / 2) by formula (6.146) (their moduli are presented in Figure
6.8) and

H 2)+U,H, 2
H(p.r12)=22 0((/7’”/(])151 (o7/2), (7.142)
0 1

where H and H, are the modal directional factors determined by formula (6.148) (their mod-
uli are presented in Figure 6.9).

It is noteworthy that calculation the effects of the modes interaction in practical baffled
transducers should not be significant in the frequency range around and below the resonance
frequency of the zero mode, @,, because the introduced impedances are small. Effect of the
first mode can be noticeable in the range around the resonance frequency of the first mode,

w, , due to the fact that the ratio U, /U, becomes large. Thus, to the first approximation the
directional factors in the horizontal plane of the baffled transducer are as shown in Figure 6.9

and reproduced in Figure 7.33.
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Figure 7.33: The modal directional factors of transducers at @ = 77 /2 baffle coverage for ka = 1
(solid line), ka = 2 (dashed line), ka = 3 (dash-dotted line), ka = 4 (thin solid line): (a) zero mode,
(b) the first mode (see Section 7.2.3.3).

Remarkable property of the directional factors is that they almost do not change in a wide range
of transducer wave sizes. It is also of note that the directional factors in this range are practically

the same for the transducers with compliant baffles.

7.2.3  The First Order Transducer

The first order cylindrical transducer will be called a transducer comprised of the rings that
have design shown in Figure 7.2(b), i.e., with electrodes split in two equal parts and connected
in phase opposition. As follows from Eq. (7.8), the ring has the first order mode of vibration
6 (q)) =cos@ being the lowest electromechanically active mode. Though, unlike the case of
the zero mode transducer, the first electromechanical active mode is not isolated. With full size
electrodes all the odd order modes are also active. Thus, strictly speaking, the first order trans-

ducer has multiple degrees of freedom, and multi contour equivalent circuit shown in Figure
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7.34 must be used for its calculation. The equivalent electromechanical parameters of the circuit
are determined by the expressions (7.4), (7.5), (7.8), (7.11) and (7.12). The acoustic field related

parameters are presented in Section 6.3.1.1. However, for practical calculations of the
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Figure 7.34: Multi contour equivalent circuit of the first order cylindrical transducer.

first order transducers operating in the frequency range around and below the first resonance
frequency, which is usually the case, the equivalent circuit can be greatly simplified. The reso-
nance frequencies that correspond to the successive modes of vibration according to formula
(7.13) are: o, =a)0«/§, w, = wOJE, ; =a)0\/% . Thus, the closest to the first mode fre-
quency is 2.2 times higher. Besides the diffraction coefficients for higher modes drop signifi-
cantly at small ka, as it follows from expression (6.119) and is illustrated in Figure 6.6 by the
plot at i = 3. Therefore, contributions of the higher modes to results obtained using the first
mode approximation (using the single contour of equivalent circuit that correspond to the mode
shape 6, (go) =cos ¢ ) can be neglected. The frequency range, in which the first mode of vibra-
tion dominates, can be broaden even up to @ =~ @;, as it may be needed for some applications
discussed below, by reducing the size of electrodes down to A@ =27 /3. At this electrode size
the third mode of vibration becomes inactive (according to expression (7.5) €, =0 and hence
n, =0), and the effective coupling coefficient for the first mode even increases (see plots in

Figure 7.4). Effect of such changing the electrodes size on the directionality of the transducer
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is illustrated with plots in Figure 7.35, where directional factors of a transducer are presented
at ka =7 (in vicinity of the third mode resonance for PZT-4). calculated with full size and 120°
degree electrodes.

90

02 04 06 08

Figure 7.35: Directivity patterns of the first order transducer at ka = 7: full size electrode (solid

line), 120° electrode (dashed line).

Taking into account all the above considerations we will further represent the equivalent
circuit of the first order transducer without the acoustic baffles as is shown in Figure 7.36.

Parameters of the circuit are:

M, =M =2xahtp, K =4rth/as;, 1=1,3 (7.143)

for the radial and circumferential polarization;

n, =8d,h/ st (7.144)

for radial and

n, =8dth/sLS (7.145)

for circumferential polarizations. Acoustic field related parameters , Z,,, and k,,, , are pre-

sented in Section 6.3.1.1.1. (Figures 6.6 and 6.7). The directional factor is H (go) =Ccosg .

1:n, G M, FnL Z,
(o,
_—
V —1 CS R Ul F
" “e el eqvl
(o, O

Figure 7.36: The equivalent electromechanical circuit of the first order transducer for an opera-

tional frequency range.
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7.2.3.1 Dipole Directionality of the First Order Transducers

Many applications of the first order transducers are due to their dipole type directionality. In
this capacity the first order transducers were mentioned in Ref. 14. Theoretically, under the
assumption of ideal uniformity of electromechanical properties of the rings directionality of this
type can be achieved in a broad range of frequencies. But the real piezoceramic rings, especially
made as solid piezoelements, may be not sufficiently uniform, and this may result in significant
corruption of the dipole directionality at frequencies below transducer resonance. In order to
qualitatively estimate, what does it mean “not sufficiently uniform”, consider a transducer op-
erating in the receive mode assuming that electromechanical transformation coefficients of the
halves of electrodes differ only by 2%, which can be considered as quite a precise match. De-
note transformation coefficients of the halves that have opposite signs as n, and n, (according
the note above Figure 7.2) and let it be n, =1.02n, . Given that for the first mode n, andn,
have opposite signs, at parallel in antiphase connection of the electrodes will be obtained that
transformation coefficient for the first mode of vibration n, =n, +n, =2.02n, = 2n_, and for
the zero mode 7, =n, —n, =0.02n,. Thus, the zero mode of vibration becomes unwanted ac-
tive, and the equivalent circuit of Figure 7.36 must be modified by including corresponding

contour, as shown in Figure 7.37 for the receive mode of operation.
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Figure 7.37: Equivalent circuit of the first order transducer with additional contour that takes into

consideration unwanted contribution of the zero mode of vibration.

The output voltage of the transducer, V,

out >

will be found as superposition of effects of the

first, ¥, , and zero, ¥, modes. The output voltage dependence from the angle is

Vo =Vicosp+V, =V, (cosp+V, / V). (7.146)

out
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The second term in the parenthesis corrupts the dipole directivity. Especially strong contribu-
tion of this term can be expected in the frequency range around the zero-mode resonance due
to difference in the mechanical impedances of the zero and first modes, and at low frequencies
(at small ka) due to dominance of diffraction coefficient of zero mode over those of the first
mode. The approximate quantitative estimations can be made as follows.
At the resonance frequency of the zero mode
n, 1 now, . 1

, Vo~ pS.k .
( +rL)0 rOCj ] p = 'KE ]a) CS

ro el

Vy = pSdei/O

(7.147)

Taken into account that at @,, (ka =2.2 for PZT-4) (r,,, +7,.), = (pc),Ss (see Figure 6.7)

and k., =k, (see Figure 6.6), after some manipulations will be obtained that

”
0 x j4l.Pe G Mo (7.148)

Thus, for the particular case of a cylinder with more or less typical for receivers ratio

(¢/a)~0.2 made of PZT-4 under condition that n, =1.02n,

o
— ~j0.13. 7.149
y, = (7.149)
At low frequencies (at ka <1.0)
1 1
Vo = DSskuro —5 KE Cs » Vi = DPSskup —5 K;f] C:z . (7.150)

As it follows from plots in Figure 6.6, at ka <1.0 |kdl. | >1.5/ka . Thus,

dlf 1

V kdifO KEl ny 0.06 (mgkdro*argkd/l)

— 2y K (7.151)
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Figure 7.38: The main contribution to output voltage of a receiver of the first mode, ¥, and

unwanted zero mode, V.
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and distortions of the dipole directionality gradually increase with lowering the frequency. Dis-
tortions of the discussed type can be visualized with help of plots in Figure 7.38, where contri-
butions of the first mode and unwanted contribution of the zero mode are presented qualita-
tively. It has to be remembered also that in general there exists shift of phase between these
contributions, as is seen, for example, from formula (7.148).

To some extent the effect of mismatch of the transformation coefficients can be reduced
by electrical equalizing the output voltages of transducer halves. This procedure will be con-
sidered in Ch. 14.

Another reason for distortions of the dipole directionality may be due to a possible nonu-
niformity of the mechanical properties of a ring (the most probable being in the density). In this
case the mechanical interaction between zero and first modes introduces the unwanted contri-
bution. Much better results in terms of uniformity of properties and thus broadening operational
range of the first order transducer can be achieved with segmented ring design, in which case
properties of the comprised prisms can be matched before cementing. Though, this improve-
ment comes for expense of the cost and much more complicated manufacturing of the trans-

ducers.

7232 About Some Applications of the First Order Transducers.
One of the possible applications of the first order transducers is their employing in capacity of
the pressure gradient receivers. Given that corresponding requirements for the frequency re-
sponse of a receiver can be corrected electronically, the most challenging is requirement for
exactness of cos¢ directionality including deepness of the nulls. This presupposes uniformity
of the mechanical and electromechanical properties of the rings, or in other words, immunity to
action of the sound pressure, as was illustrated above. Such application will be considered in
more detail in Ch. 14.

Some applications of the first order transducers require involvement of the zero order om-
nidirectional reference transducer for resolving an ambiguity in detecting direction to a source

of sound with help of the first order transducer.

7.2.3.2.1 Cardioid Type Characteristic

One of examples of this kind is obtaining unidirectional characteristic of the cardioid type
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H(¢)=0.5(cosp+1) (7.152)

in a way that is shown in Figure 7.39.
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Figure 7.39: Forming the cardioid directional pattern by combining the first and zero modes of
vibration of a cylindrical transducer.
For obtaining ideal cardioid pattern ratio of output voltages of the zero and first mode

should be

L
Y

n

earng—argVo :1, 7.153
7 ( )

i.e., the voltages should be equal by magnitude and phase. The phase difference between the

output voltages can be represented as

argV, —argV, =(argZ,,, —argZ, o )+ (a:rg Ky —arg kg ) , (7.154)

where argZ, . is the argument of the mechanical impedance of a transducer in water. At fre-

quencies significantly below f,, the first term in parenthesis can be neglected (see formula
(7.151)). At frequencies above f, the velocities are in phase (remember that for getting cosine
directional pattern the size of electrodes must be reduced). In the range that includes the reso-

nance frequencies the phase difference depends on the frequency, as

argZ (7.155)

i —ArgZ o = arctan —arctan Q)

mwl mw0 >

where according to expression (3.15) ©, =(f/ f.,)—(f.,/ /) and O

mwi

is the mechanical qual-
ity factor of a transducer in water. Example of the phase difference frequency response is pre-
sented in Ref. 15).

By splitting the electrodes in four equal parts and then combining the opposite parts in

antiphase, as shown in Figure 7.40, two independent (except for a possible capacitive coupling
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between the quarters of the electrodes) electrical inputs will be obtained, which can be used for
generating two orthogonal (cos¢@ and sin ¢ ) distributions of displacement.

Ap=0 A
? + 1-11

L )
\ VA
N 7 N 7

Figure 7.40: The electrodes configuration for forming two orthogonal first order (cos¢ and

sin ¢ ) displacement distributions.

For calculating thus formed identical transducers the equivalent circuit of Figure 7.36 is
valid with electromechanical transformation coefficients that are determined using formula
(7.10) at m = 4. Thus, at parallel antiphase connection of the electrode segments in pairs it will
be n, = 4\/§d31h / sf; . Combination of such orthogonal displacement distributions can be used
for designing a portable acoustic system for a direction finder. This can be done in different
ways that involve different procedures of processing the output signals of the first order and

zero order channels.

72322 Double Dipole Transducer for Detecting Direction on a Sound Source
The principle of operation of one of the direction finder that employs vector addition of output
signals of the channels having |cos (p| and |sin (o| directional characteristics on the display

screen of a cathode-ray tube (CRT) is illustrated in Figure 7.41.
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Figure 7.41: Illustration of principle of operating the direction finder with acoustic system that

consist of four separate channels having |cos (ol and |sin (ol directional characteristics.
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Accuracy of the bearing detection depends on how close the actual directional factors are
to the ideal |cos¢g| and [sing| configurations in a sufficiently broad operational frequency
range. As it was shown, the first order transducer under consideration is capable of producing
exact cos@ and sing characteristics. The problem is that output signals from their lobs that
have opposite phases belong to the same channel. Being applied to the opposite deflecting plates
of a CRT these signals will produce an ambiguous bearing. For resolving the ambiguity the
signals from the lobs having different phase must be separated and directed to their correspond-
ing deflecting plates. In principle this can be done by comparing the signals with reference
output of omnidirectional transducer by phase with help of a phase detector and switch that
directs signal, which is “in phase” with omnidirectional, to one of the deflecting plates, and

those in “antiphase”- to the opposite plate. This is shown schematically in Figure 7.42.

in phase
Ap= I1-11
9=0 NI
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Figure 7.42: Schematic illustration of using outputs of orthogonal dipole cylindrical transducer
(1) in combination with its omnidirectional output for detecting direction to a source of sound.
Blocks 2 contain a phase detector and switch that separates close to in phase signals from those

close to antiphase.

The quotation signs are used because the signals are not exactly in phase or in antiphase
due to above estimated inherent phase difference between the first order and zero order outputs.
All the needed signals theoretically can be obtained by combining the quarters of electrodes of
the same transducer. Namely, the combinations / —1II and I —IV give the orthogonal dipole
outputs, and [+ 11 +1II +1V gives omnidirectional output. In doing the comparison by phase
the inherent phase difference between the first and zero order outputs must be remembered.
Note that CRT in this example was used for illustrating the underlying principle and describing

peculiarities of the acoustic system in Ref. 15. The real procedures of processing the signals
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can be different, including those realized in design of the Sonobuoy DIFAR (Ref. 13) for the

same purpose.

7.2.3.23 “Spiral Wave” Transducer

One more application of the two orthogonal first order distributions of radial displacement on
the surface of a ring for developing a direction finder may be based on a different signals pro-
cessing. Consider combination of two identical orthogonal displacement distributions that are

phase biased by 90 degrees. The resulting radial vibration of the surface will be denoted
E (p.1) =& (cosp+ jsing)e’™ =&Ee’Pe™™, (7.156)

that is uniform in magnitude, but has a phase that depends on azimuthal angle. The sound pres-

sure generated in far field by this combination of displacements, F,,, may be expressed as

P, = A(o,r) Uk, e ™, (7.157)

sp

S

With addition of a reference omnidirectional transducer the combination of two first order

where U, =|& | = ; and A(a),r) is a common function of propagating the spherical wave.

transducers with orthogonal directional characteristics can be used as acoustic system of a bea-
con for underwater navigation that is described in Ref. 17. Results of investigating such acoustic
system that can be called “spiral-wave” transducer are presented in Ref. 18. Direction to a
source of sound, bearing ?: | in this application is determined as phase difference between the
received signals that are generated by the above combination of the first order transducers and

by the omnidirectional transducer that produces sound pressure

Py = A(0,r)-Upk o™ (7.158)

at the same point of the acoustic field. A systematic error due to the phase difference between
the factors U k,,, and Uk, , which is the same as determined by Eq. (7.154), can be elimi-
nated in course of calibrating the acoustic system. Obviously, the same acoustic system can be
used in the receive mode.

In practical realization of the described acoustic system all the required directional charac-
teristics can be obtained by using separate rings of small height that produce orthogonal dipole

radiation and omnidirectional radiation. This configuration is shown in Figure 7.43.
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Figure 7.43: Acoustic system formed by the separate rings that produce cos¢, sin¢@ and omni-
directional patterns in the horizontal plane. The segments 1 and 2 characterize unwanted phase
shifts between the transducer outputs. Diameters of the zero and first order transducers at reso-
nance frequencies are supposed to be equalized for eliminating an additional phase shift between

the transducers in the horizontal plane.

It must be noted that in this acoustic system the comprising transducers have different
acoustic centers, and an additional error in determining bearing may occur that depends on
direction of sound wave propagation in the vertical plane. Minimizing of this error requires
reducing the heights of the rings. The concerns regarding phase difference between the signals
due to difference in frequency dependences of the impedances and diffraction coefficients of
the zero and first mode transducers remain the same. But in this case an opportunity exists to
significantly reduce this difference by way of equalizing the resonance frequencies of the rings.
This can be achieved by employing the active-passive ring design, as was shown in Section
7.2.2.1.5, and by using different ceramic compositions for the first and zero order transducers.
In order to get equal resonance frequencies at the same diameters, the sound speed in the zero
order transducer must be greater in factor of 1.4 (the ratio of the resonance frequencies f,,/ f,,
) in regard to the sound speed in the first order rings. Thus, for example, if the radially polarized
rings for the first order transducers are made of PZT-5 (¢ =2.8-10° m/s), and for the zero
order transducer an active—passive ring is used made of radially poled PZT-4 segments com-
bined with aluminum segments of the same size (at f=1), the sound speed ¢, will be
¢,, ®1.4¢ according to formula (7.123). In this case the frequency dependent factors €, in
formula (7.155) are equal, and independent of frequency remaining phase shift can be elimi-

nated in course of calibration of the acoustic system.

7.2.3.2 Unidirectional (Baffled) First Order Transducer
Unidirectionality of a transducer that has the first mode of vibration as the lowest active mode

may be achieved in the frequency range around its resonance frequency by baffling a part of
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radiating surface that vibrates in antiphase. Assuming that the electrodes configuration meets
condition (7.8) at N = 1, the most common is the 180° coverage of the surface, as shown in
Figure 7.30. The next closest active mode of vibration has the resonance frequency f, =2.2f,
and its contribution to vibration in the operating frequency range can be neglected. But due to
non-symmetrical acoustic loading the acoustic coupling with electromechanically passive zero
mode must be taken into consideration exactly in the same way, as it was done in Section 7.2.2.2
for the case that the zero mode was active, and acoustically coupled with the passive first mode.
Thus, the equivalent electromechanical circuit of the baffled transducer with the first mode of
vibration active looks like it is shown in Figure 7.44 with all the electromechanical parameters

the same.

CE
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Figure 7.44: The equivalent electromechanical circuit of the baffled cylindrical transducer with

the first mode of vibration active.

The acoustic field related characteristics of the transducer are considered in Section
6.3.1.1.2, where the general analytical expressions for the characteristics are given and plots
are presented of their dependences on the wave size. For the modal diffraction coefficient and
nondimensional coefficients of the radiation impedance they are presented in Figures 6.8 and
6.10, respectively. Coefficients of the mutual impedances between the first and zero modes
are given in Figure 7.31. Plots of the directional factors are presented in Figure 7.33. They are
similar with those for the baffled zero mode transducer, as is illustrated by the plots. The direc-
tionality of the baffled transducers do not change significantly at values of ka from about 2.0 to
3.5 that correspond to the range around resonance frequencies of the zero and first modes of the

rings made of PZT ceramics.
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The frequency response of the transducer calculated with help of the equivalent circuit in
Figure 7.44 has peculiarities due to contribution of the zero mode at frequencies around its
resonance, because the ratio U, /U, has significant value at these frequencies. This effect is
analogous to those produced on the frequency response of the baffled zero mode transducer by
interference of the first mode in vicinity of its resonance frequency. These peculiarities can be

seen on the plots of corresponding frequency responses.

7.2.3.3 Dual (0% 1) Active Modes Transducer

The operational bandwidth of a cylindrical transducer may be extended by simultaneous using
both zero and first modes of vibration. This can be achieved at various conditions of energizing
separate halves of electrodes of a baffled transducer.

When only one half of the electrodes is activated, these modes as well as the higher order
odd modes are generated, as it follows from relations (7.10). Contribution of the higher modes
to overall vibration in the operational range around and below the resonance frequency of the
first mode can de neglected. Hence, the equivalent circuit of the baffled cylindrical transducer

includes two active contours, as shown in Figure 7.45.
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Figure 7.45: Two-contour equivalent electromechanical circuit of a transducer operating in the

zero and first modes.

The operational characteristics (frequency responses, directional factors) of the transducer
depend on whether the working electrode is outside or inside of the baffle (number /, or number

Il in Figure 7.46, respectively). These two cases differ by sign of the electromechanical
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transformation coefficients n, /2, as this follows from expression (7.10): sign (+) for half 7 at
—m/2<@<nx/2,andsign (-) for half I/ at 7/2 < ¢ <3z /2. This change of the sign produces
different results of superposition of the modal characteristics of the zero and first modes. The
modal frequency responses typical for velocities of vibration U, and U, are qualitatively il-

lustrated in Figure 7.47.

17 1

Figure 7.46: Baffled transducer with two pairs of electrodes.

0 mode 1 mode
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Figure 7.47: Qualitative view of the modulus (a) and phase (b) of the frequency responses of the
modal velocities of vibration in the zero and first modes (U, and U, ), and of modulus of their
superposition under condition that only a half of electrode is active (c). Mode 0+1 corresponds to

the inner (#1/) half of the electrodes, mode 0-1 to the outer (# /) half.
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Figure 7.48: Calculated directional factors of the baffled cylindrical transducers for different
modes of vibration'’: (a) zero mode, (b) first mode, and (c) “0+1” mode for ka = 2.1 (solid line),
ka = 2.6 (dashed line), and ka = 3.1 (dash-dotted line). The directional factors for a compliant

baffled cylindrical transducer at ka = 2.1 (thin solid line) are also plotted in (a) and (b).

It follows from the Figure that with half /7 of the electrode active, the constructive superposition
of the modal responses takes place in the frequency range between the resonance frequencies,
and deconstructive at frequencies below and above the resonance frequencies. In opposite, with
half I active superposition is deconstructive between, and constructive outside the resonance
frequencies. We will designate these cases for brevity as “0+1” and “0—1" modes of operation,
where the plus and minus signs indicate the constructive and deconstructive superposition in
the range between the resonance frequencies f, and f,. Directional factor of the transducer in
the horizontal plane and sound pressure on the axis may be calculated using the equivalent
circuit of Figure 7.45 by formulas (7.141) and (7.142). The directional factors are shown in
Figure 7.48.

The (0£1) modes may be used in different applications. The 0-1 mode may be beneficial

for operation in the receive mode at frequencies below f,, or/and in the systems that
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simultaneously employ two individual resonances that need to be effectively separated. The
0+1 mode provides approximately half an octave operational bandwidth and appropriate direc-
tional factors in this range, as is illustrated in Figure 7.48. The directional factors correspond to
excitation of “0+1” mode, and of the zero and first modes for comparison. It follows from the
figure that in the frequency range around and between frequencies f, and f, the directional

factors change not significantly.

¥
Function V
Generator —
Phase
Shifter
F R +
unction -
Jé
Generator Vf

Figure 7.49: Circuit for generating the combined 0+1 and 0-1 mode of a baffled cylindrical trans-
ducer.

The unidirectional radiation of the “0+1” mode suggest its application for the broadband
directional projectors. The disadvantage of the 0+1 mode, however, is the use of only a half of
the piezoelectric material available, which results in a reduction of the sound pressure generated
by the projector in comparison with the single mode projectors utilizing all the material. This
problem may be reduced to some extent by using both 0+1 and 0-1 modes simultaneously, as
it was described in Ref. 19. The idea behind this solution is in applying to both halves of the
electrodes simultaneously voltages from electrical sources, whose relative phase can be
changed. This can be implemented by employing two-channel transmit system that is schemat-
ically shown in Figure 7.49.

Applying the voltages ¥ and Ve’ to separated electrode halves of the transducer results in
the phase biased superposition of electromechanical forces acting in the mechanical system of
the transducer.

For calculating the frequency responses of the system, the equivalent circuit of Figure 7.45
must be used once under action of voltage ¥ and then under action of voltage Ve’” and with
sign of the electromechanical transformation coefficient #, changed, and the results must be
added. Obviously, the phase shift ¢ =0 results in excitation of the zero mode, and the phase

shift @ =180° results in excitation of the first mode. In general, by changing the phase shift
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between the two channels the frequency response of a projector can be controlled in favor of a
certain frequency band in the range between the zero and first modes resonance frequencies.
Analysis of the effects of various phase shifts produced in Ref. 19 showed that the flattest fre-

quency response is achieved at ¢ =90°.

7.2.4 The Second Mode Transducers

The higher the mode number, the more circumferential becomes vibration of a ring, as follows
from formula (4.266). Besides, the radial displacements in high modes have multiple nodes,
and the smaller portions of radiating surface vibrate interchangeably in phase opposition. Alto-
gether this makes high mode transducers poor acoustic sources. Probably, the last vibrational
mode that may have practical applications is the second mode, &, (go) =cos2¢, with corre-
sponding resonance frequency f, = fox/g . For excitation of this mode of vibration the elec-
trodes must be arranged, as it is shown in Figure 7.2(c). Namely, they must be divided in four
parts, and the neighboring parts must be connected in antiphase. According to formulas (7.4)
and (7.8) at N =2, the lowest active mode has electromechanical transformation coefficient,

dyh

E °
Sll

n, =20 (7.159)

if the parts of electrodes are connected in parallel. The next active mode is 6, ((p) =cos6¢@ with
resonance frequency f, = f;)\/ﬁ . Thus, the second mode can be considered as isolated in the
frequency range around and below its resonance frequency, and in terms of calculating param-
eters of a transducer that employs this mode of vibration the electromechanical equivalent cir-
cuit can be used having one active mechanical contour.

The distribution of displacements in the ring at the second mode is & =& cos2e,
&, =2¢&,sin2¢, and the equivalent mass and rigidity are according to formulas (4.262) and
(4.263),

M, =25M and K} =25xth/as/,. (7.160)

The electrical capacitance of the clamped ring is

C; =2nah(1-k;, )&}, /t . (7.161)
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The effective coupling coefficient for the second mode transducer may be found with help of

formulas (5.178) and (5.177),

K 2
— I — g, where a, = —2—. (7.162)
-k, KiCS

After substituting expressions (7.159)- (7.161) for the parameters involved it will be

2 8 k321

kﬁff:?'l—k;[l—(smz)] (7.163)

Note that this expression is the same as for a longitudinally vibrating bar for all the rings vi-
brating in high modes (at i > 1), because the distribution of stress in circumferential direction

is the same. For a ring made of PZT-4 (with &, =0.33) k, =0.3.
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Figure 7.50: Directional factors of the second mode transducer: without baffles (solid line), and
with rigid baffle on 3/4 of its surface at ka = 3.5 that corresponds to the resonance frequency of
the ring made of PZT-4 ceramics (dashed line).

Acoustic field related parameters of a second mode transducer differ significantly depend-
ing on whether a part of its surface is covered by a baffle or not. We will assume that the overall
height of the transducer is comparable with wavelength in the frequency range around its reso-
nance frequency. Therefore, the modal acoustic characteristics of the transducer without baffles
may be calculated by formulas presented in Section 6.3.1.1.1. The directional factor in the hor-
izontal plane is H, ((o) =cos2¢, i.e., those of the quadrupole. It is shown in Figure 7.50 by the
solid line.

The modal radiation impedance is determined by formula (6.121) and (6.123) at i =2, and

can be represented as
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Z,, = pc-mah| a, (ka)+ j, (ka)]. (7.164)

Plots of the nondimensional coefficients o, (ka) and 3, (ka) are depicted in Figure 7.51 for

transducer without a baffle (solid lines) and with rigid baffle on 3/4 of surface (dashed lines).
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Figure 7.51: The nondimensional coefficients of radiation impedances of the second order trans-

ducer without baffles (solid lines) and with rigid baffle on 3/4 of its surface (dashed lines).

It is noteworthy that the lowest mode of the flexural vibration of a ring has the same distri-
bution of the radial displacement &, (ga) =¢,; c0s2¢ , as the second extensional mode (see
Section 4.5.4). Therefore, the acoustic coupling exists between these modes. It can be concluded

from expression (6.41) that the corresponding mutual impedance is z,,, ;, = Z,

ac2

(as the modes
of vibration are the same). Thus, the additional electromechanically passive mechanical contour
must be included into equivalent circuit of the second mode transducer, which is responsible
for the acoustically coupled flexural mode of vibration. Equivalent parameters of this contour

according to formulas (4.287) and (4.289) are

5 3xt’h ¢ ’ 1
M,=—M,K,=——, /, =0,12— |—. 7.165
N 4 N 4a3S1F1 fﬂ a2 plel ( )

The sound pressure generated by the transducer may be determined following formula

(6.120) as
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Pn0)=22¢ [ 2 5rau, Fyya (ka)e 107 (7.166)
4 \ rwhkr
where &, (ka) is the diffraction coefficient for a transducer vibrating in the second mode
without baffles that is determined by formula (6.119)). Velocity of vibration, U, , must be de-

termined from the equivalent circuit of the transducer that is presented in Figure 7.52.

v ——=C% ||R,

e

Figure 7.52: Equivalent electromechanical circuit of the second mode transducer. The inactive
contour is due to acoustic coupling between the extensional and flexural modes that have the same

velocity distribution on the transducer surface.

The equivalent force for determining sensitivity in the receive mode of operation is
F, = R, -2rahk,,, . Plots of the diffraction coefficients for the transducer are shown in Figure
7.53.

In principle, the second mode transducer can be used, when the quadrupole directional
pattern is needed. For example, such application is described in Ref. 21. Behavior of the dif-
fraction coefficient shows that the second mode transducer is highly inefficient at frequencies
below its resonance. Besides, distortions of the quadrupole patterns take place in vicinity of the
frequency f,, due to coupling with flexural mode, and they can be corrupted due to unwanted
contributions from the side of the zero and first modes.

This may occur by the same reasons that were noted regarding the dipole patterns in Section
7.2.3.1, as the quarters of a ring never can be ideally identical in electromechanical sense. The
corruptions can be more pronounced, because of inherently smaller sensitivity of the second

mode transducer.
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Figure 7.53: The diffraction coefficients for the second mode transducer: magnitude |k d!./2| (thick
lines) and phase ékdifz (thin lines) without baffles (solid lines) and with rigid baffle that covers

3/4 of the radiating surface (dashed lines).

Much more acoustically efficient and suitable for application in arrays is the transducer

supplied with baffles that cover 3/4 of its surface, as shown in Figure 7.54.

/!4

- /4

Figure 7.54: View of transducer with baffle that covers 3/4 of its surface.

The acoustic field related parameters of the second mode transducer with the baffle are
determined as follows. The diffraction coefficient &, (ka,7z/4) that is calculated with help
of expression (6.146) with @ =7 /2 replaced by a =7/4 is plotted in Figure 7.53 by the
dashed lines. The directional factors H, (ka,7/4) at values ka in vicinity of the resonance
frequency calculated from expression (6.148) are presented in Figure 7.50. The radiation im-

pedance

Z,, (ka,m/4)= pc-0.257z[a2 (7/4)+jp, (7[/4)] , (7.167)
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may be determined from expression (6.113) with coefficients a,, calculated by formula (6.103)

at a = /4. Thus obtained nondimensional coefficients ¢, and g, are plotted in Figure 7.51

by the dashed lines.
cr
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Figure 7.55: Equivalent electromechanical circuit of the baffled second mode transducer. The

electromechanically passive contours are responsible for corrections due to acoustic coupling with

the active contour.

When calculating the frequency response of the transducer in a broad range below the res-

onance frequency it must be taken in consideration that acoustic coupling of the active second

mode exists not only with the flexural mode, as is mentioned above, but also with electrome-

chanically passive zero and first modes. Therefore, the corresponding mechanical contours,

strictly speaking, must be considered in the calculations. This is reflected in the equivalent cir-

cuit of the baffled second mode transducer that is shown in Figure 7.55.

The mutual acoustic impedances z,, and z,, that are responsible for the coupling can be

calculated with help of expression (6.114) at a = 7 /4. Judging by resemblance of the modes

of vibration within interval —7 /4 < ¢ < 7 /4, their values should be close to values of the self-

impedances for the zero, first and second modes. The peculiarities in the frequency response of



7.2 Transducers Operating in the Extensional Modes 91

a transducer that are due to the acoustic coupling take place in vicinities of frequencies f,, f,
and f,. This is shown with a qualitative example of the frequency response in Figure 7.56.
Quantitative analysis of these peculiarities hardly makes sense, though this can be done after
the mutual impedances are determined. It is rather a matter of awareness of their existence and
of avoiding the corresponding frequency ranges in operation, so far as a flat response of the

transducer is required.

A

\4

In fo A S f

Figure 7.56: Qualitative example of frequency receive response of the second order transducer

that illustrates existing of peculiarities in vicinity of the frequencies f,;, f, and f;.

It is noteworthy that the 3/4 baffled cylindrical transducer can be used as a unidirectional
projector/receiver that is operating in the frequency bands around the zero, first and second
mode resonance frequencies separately or simultaneously. Such in concert operation may be
achieved by a proper for generating these modes of vibration combining the quarters of elec-

trodes/

7.2.5 Incomplete Ring Transducer
Extensional vibrations of the incomplete rings (segments of a ring) made of passive materials
were examined in Section 4.5.3. Consider now the extensional vibrating incomplete rings that
are made from piezoelectric ceramics for designing transducers that may employ vibrations of
such mechanical systems. Geometry of the ring is shown in Figure 7.57. The ring is assumed
to be thin and short, therefore 7. =0 and 7, = 0. In the crystallographic coordinates 7, — T;,
T,—>7T, S,—>S, forthesolid,and 7, > T}, T, - T,, S, —> S, for the segmented rings. We
will consider in detail variant of the solid ring. The results obtained can be specified for the

variant of the segmented ring in a straightforward way.
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Figure 7.57: Geometry of the incomplete piezoceramic ring.
Status of a radial poled ring is governed by the piezoelectric equations
S, =s/T +dE,, D,=d,T,+eLE,, (7.168)
where from follows that

TF =(1/5))S, =X"S,, Df =(dy, /s}})S,. &3 =& (1-k3,). (7.169)

Thus, in all the expressions for the equivalent mechanical parameters of the passive rings by
formulas that include Young’s modulus Y it should be replaced by ¥;* = (1 /sf ) . The summary

of the parameters is:

a

j;(ﬂ)_L Y'—F\/l+[%(2i+l)} :ﬁo\/l+{%(2i+l)} ) (7.171)

" 2ra Yo

K, (p)="0 ,B{H{%(%H)} } ,Meqw,(ﬂ):thapﬁ{l+[%(2i+l)} } (7.170)

Note that all the parameters related to the incomplete ring transducers having opening angle [
will be distinguished further by this value, as for example Z ( ﬂ) . In the expressions (7.170),

(7.171) i=0,1,2,... resonance frequency of the lowest mode is

Jo(B)= fo\1+(x/2B) . (7.172)

Thus, the lowest resonance frequencies at £ =7, (7/2), (7/4) are f,,\1.25, £,,N2, fi5
respectively. It is noteworthy that the resonance frequencies for the half ring and for the quarter
of ring are the same, as for the first and second modes of vibration of the complete ring. At
f = 7 the resalt corresponds to resonance frequency of a ring with a thin slot or with a crack.
The electromechanical conversion status of the ring is characterized by the electromechan-

ical energy
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em

B
W= %zhaijEﬂ(p, (7.173)
=B

where D; = (d31 /s]E])S] and E, =(V/1)0,(p,9,) . The function 6, (¢,¢,)=1 for the parts

q)el
Expression for the strain S, =S, obtained by formula (4.2687) after substituting expressions

of a ring covered by electrodes (at |¢] <

in Figure 7.57), and 6, (¢,¢,)=0 otherwise.

for displacements (4.272) and (4.273) is
1 & V4 ’ s

After substituting E, and D} under the integral (7.173) and performing integration we will

obtain

1110

p i Ly {p{ (2i+1) T} TQE (w,f/?d)COS{(zi“)%("}dw

e (7.175)
= ZVgini >
i=0
where from follows that the coefficient of electromechanical transformation, #, , is
2

4 2i+1 2i+1
n(p.)= hf“ By (2i+) sinu(pﬂ. (7.176)

Sy 7[(21"'1),' 2p 25

With the full size electrode, at @, = S,

Y (2i+1)z |
()= WHTH S

and for the case of the ring with a slot (at S =

L Ahdy 1 2i+)T
n =(-1) 7 (2i+1)i{1+{ 5 ” (7.178)

The effective coupling coefficients of the rings may be calculated through the coefficient

o, =n] | C3 K, where parameters K, and n, must be determined in the general case from
formulas (7.170) and (7.176), and C. =2hag, el (1—k321)/ t . Calculating coefficient «, for

the general case results in
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8 kz . 2i+1)
ac[ (@1) = _2 - 2 . ﬂ 2 Sln2 ( ) ¢d ’ (7 179)
71—k 2i+1) e, 2B
For the case that ¢, = 8
2
a, (ﬂ)) _ 8 Ky 1 (7.180)

1=k Qi+l

Thus, the effective coupling coefficients in this case do not depend on the opening angle of the
ring. It is noteworthy that this value of ¢, is the same as for the modes of extensional vibrations

of a side electroded straight bar, and so are the effective coupling coefficients. The most usable
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Figure 7.58; Plot that shows dependence of function ¢, (qoe, ) /a, ( g ) on the angle of the elec-

trode coverage.

for transducer applications is the lowest mode of vibration at i =0 . For this mode

k2 8 2 1

R R 7.181
T =019k (7.181

31 —

and for all the piezoceramic compositions (with k;) <0.35) k; =k, \8/ 7% within 2% accu-
racy. Expression (7.179) for the function «, ((pe,) shows that it has maximum at some value of

@, (and so does the effective coupling coefficient). This function normalized to its value at

¢el:ﬁ7

@ (¢.)_ B - (2i+1)7

Nl A, 7.182
ac (ﬂ) (pe/ 218 q)e ( )
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is shown in Figure 7.58, where from it follows that function ¢, (¢, ) achieves its maximum at
@, =3p/4,and at @, = B/2 it has the same value, as for the full size electrode.

It must be remembered that all the calculations and conclusions regarding the electrome-
chanical parameters of the incomplete rings are valid under the assumption that they are short
enough for neglecting effects of coupled vibration between vibration in the circumferential and
axial directions. Qualitative estimations in this regard can be made by comparison with situation
that takes place for the complete rings, so far as angle [ is relatively large, or with thickness
poled plates at smaller S, in which case the segment of a ring becomes closer to the curved
plate. As to the first case, a note is made in the end of Section 7.2.2.1.3. Analogous estimations
for the second case can be made based on results presented in Section 4.6.2.2, where it is shown

that the strongest coupling takes place at (h /2a ,B) =1 in our notations.

Table 7.5. Comparison of the calculated and measured at different aspect ratios effective coupling

coefficients of the incomplete rings.

Solid ring | Ring with a slot
B=x B=n B=2x/3 | p=x/2 pB=n/3

Calculated 0.33 0.30 0.30 0.30 0.30
Measured

0.32 0.29 0.24 0.21 0.2
h/i2a =0.50
Measured

0.33 0.30 0.30 0.30 0.3
hi2a =0.25

With reduction of angle £ the aspect ratio of the original solid ring, at which a harmful
effect of coupled vibration on the effective coupling coefficient can be neglected, should be
reduced. This is illustrated by comparison that is made in Table 7.5 between the calculated by
above presented formulas and values of the effective coupling coefficients of incomplete rings
measured with samples cut from the rings having different aspect ratios.

The acoustic field related parameters of incomplete rings depend on distribution of dis-
placements on their surface in the radial direction. According to (4.272),

& ()= i;, COS|:(21'+1)%¢)} ) (7.183)

i=0

Thus, the modal distributions (mode shapes) of the radial vibration are
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6,(¢, ) = cos(2i + 1)%(/) (7.184)

The most usable may be the lowest modes (at i = 0). For the opening angles S =, (7r / 2) and
(7/4) they are: 6,(p,7)=cos(p/2), 6,(p,7/2)=cosp and 6, (p,7/4)=cos2p, respec-
tively. Note that &, (¢, 7)=cos(¢p/2)=/(1+cos¢)/2 is the square root of the cardioid dis-

tribution. The mode shape at  ~ 7z (for a ring with a slot) is shown in Figure 7.59 (a).

Ap=0

p=r
Figure 7.59: (a) The mode shape of radial vibration of a ring with a slot (at =~ 7 ), and (b) the
corresponding directional factors in the horizontal plane at ka =2.4 (solid line) and ka =1 (dashed

line). Plot of cardioid is presented by the dotted line for comparison.

It is noteworthy that a half ring (at = /2) and a quarter of ring (at = /4) have the
same distributions of displacement and the same resonance frequencies (see (7.172)), as a com-
plete ring vibrating in the first and second extensional modes. This is because the boundary
conditions on the free ends of the segments that are cut out of a complete ring along the nodal
lines remain the same, as in the complete ring.

Consider calculating the acoustic characteristics of variants of the transducers at different

values of the opening angle.

7.2.5.1 Ring with a Slot

The closest resonance frequencies of the active modes of vibration are f,(7) = f,,om
and f,(7)=f, 25=16 /o (r) . Thus, in vicinity of the lowest resonance frequency the trans-
ducer made of rings with a slot may be considered as one mechanical degree of freedom system,
and may be represented by the single contour equivalent circuit of Figure 7.60. The summary

of equivalent parameters of the circuit is as follows:
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thY Shd
MslzéM’ ngs_ﬂ. ! Ny = E31 5 (7185)
8 ) 4 a S
Cy =2mahe}, (1=K} )/ 1,8,y =2/ 7S, . S,y =0.55, . (7.186)
E
1 n ; CYI Ms[ rmL Zac(ﬂ.)
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—
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o

Figure 7.60.:Equivalent electromechanical circuit of a transducer that employs piezoceramic ring

with a slot.

The acoustic field related quantities must be determined in the following way. The distri-
bution of radial displacements can be represented in the form of series
E (o) =E& cos(p/2)=¢, (a, +a, cosp+a, cos2¢+...), where the Fourier coefficients are:

2 4 4 4
=, 4=—,a =——m, @, =—, ... 7.187
% V4 % 1-37 % 3.5 % 5-Tr ( )

The terms with g, at i >3 may be neglected, and

cos@—

cos2¢p |. 7.188
1-37 357 (Dj ( )

£ =& cos(pl2) =&, [§+

The sound field radiated by the transducer can be calculated as superposition of the sound fields
radiated by the partial distributions of displacements that correspond to the terms of the series
(7.188) with help of expression (6.117) and (6.119). Thus, the sound pressure generated may

be presented as
Plo,x)=A4 2rahé —2k —4 k 1) —4 k 2¢ 7.189
((p, ) = (r, a)) ahé, - o 3, Kan cosQp— 35, Far cos . (7.189)

The velocity & =U, must be determined from the equivalent circuit in Figure 7.60. It can be
concluded from expression (7.189) that diffraction coefficient in this case is

2 4 4
kdg‘f(o’ﬁ)=;kdif0 +gkdifl_mkd[f2' (7190)

The directional factor of the transducer is
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k, k,
Py T30 s
H(p.r)=—2") 4o p ;’” . (7.191)
P(O,ﬂ') 1+2 a2 Kap
3kye 15 kypo

As it follows from plots in Figure 6.6, at the wave sizes ka > 2.4 the diffraction coefficients up

to k. are equal approximately to %,

iro - (ka~2.4 corresponds to the resonance frequency of

a solid ring made of PZT-4.). Therefore, in this range the expressions for the sound pressure,

diffraction coefficient and directional factor become
P(p,7)~ A(r,w)-2wahé k., cos(¢/2), (7.192)

ki (0.77) = g (7.193)

H(p,7)=cos(p/2)=,/(1+cosp)/2 . (7.194)

Plot of the directional factor is shown in Figure 7.57(b) by the solid line. With decrease of ka
the terms in the general expressions (7.189) and (7.191) that contain the diffraction coefficients
at i>1 gradually die out. At ka =1 the expressions for the diffraction coefficient and direc-

tional factor reduce to

i

ey (0.7) = 1.06ky (7.195)
3 2
H((p,ﬁ)zg 1+§c0scp ) (7.196)

Plot of this function is shown in Figure 7.59 (b) by the dashed line. The conclusion can be made
that the directional factor of the transducer almost does not change in the range of frequencies
at least from ka ~1.0 up to ka = 3.0, and the diffraction coefficient is equal to those of the
zero mode transducer. The transducer can be used for the same purposes as transducer having
cardioid characteristic that is described in Section 7.2.3.2.1 in the much broader range of fre-
quencies and without involvement of complications related to excitation of different modes of
vibration of a solid ring.

Radiation impedance of the transducer may be determined from expression for power ra-
diated by superposition of modes, through which the velocity of vibration is represented. Ac-

cording to (7.188)
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2 4 4
U l(p,r)=U | —+ cosQ— cos2p |, 7.197
(o.7) ,,(ﬁ L L. wj (7.197)

and following Eq. (6.123)

W, ()=

ac

U

o

2 2 2
2(( 2 4 4
—N Zowt — | 2y H— | Zprr |» 7.198
{(ﬂ'j ac00 (37[) acll (35”] aLZZ} ( )

where Z . are the modal impedances of the cylindrical transducer without baffles,

acii

Z,,, = pc-2mah] ay, (ka)+ jBy, (ka)|, Z,., = pc-rwah| a, (ka)+ jpB, (ka)]. (7.199)

Plots of the nondimensional coefficients for the modal impedances are presented in Figure 6.7.

The last term in (7.198) can be neglected. Thus, VIT/aC (7[) ~Z, (7[)|U0|2 , where

Z, ()~ K%} Z +(£j ZM“} . (7.200)

After substituting expressions (7.199) for the impedances we obtain
Zac(7z)=pc~7zah[a(7r)+jﬂ(;z)], (7.201)

where

()= [2[%} o +(£j all} and () = H%) 5, +(£J ,B“} (720

The wave sizes of rings with a slot made of PZT-4, PZT-5 and PZT-8 ceramics at frequen-
cies around their resonances are within the range 2.0 < ka <3.0 (both for variants of radial and

circumferential polarizations). At these values of ka «,, = o, and S, = ,,. Hence,
a(r)~ay,, B(x)= B, .and Z, (7))~ pc-mah(ay, + jB,)=Z,., - (7.203)
Note that zah =S, (7), where S, () is the effective surface area of transducer with a

slot determined by formula (6.140).

The equivalent force acting on the transducer in the receive mode is according to (6.34)

F, (7)=P 2rah -k, (7). (7.204)

eqv

At ka>1.0 ky (7)=kyy,-

At low frequencies (at ka —0) k,, (7)—2/ 7z, and
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F, (7)=P, -4ah=PS, (7). (7.205)

eqv

Here S, (7)=(2/7)S, is the average surface area of transducer determined by formula (6.8).
It is noteworthy that a zero mode ring that has a crack can be considered as unintended ring
with a slot and its electromechanical parameters change accordingly. Thus, one of immediate

indications of appearance a crack in the ring is raise of its resonance frequency in factor of

N1.25 =1.12.

7.2.52 Half Ring Transducer
We will consider variants of the transducer made of a single half ring furnished with a rigid
cylindrical baffle, as shown in Figure 7.61, and transducer made of two half rings mechanically

isolated, as shown in Figure 7.62.

Figure 7.61: Transducer configuration that includes a half of active ring and cylindrical rigid baf-

fle.

The lowest and the next closest resonance frequencies of the half ring transducer according
to formula (7.171) are f,(7/2)= f,oﬁ fo(z12)= fyox/f and f,(7/2)= frox/m , therefore
in the vicinity and below of the resonance frequency f; (7r / 2) the transducer can be considered
as having single mechanical degree of freedom, and the equivalent circuit of Figure 7.60 can
be used for its calculations. The equivalent parameters of the circuit are (see (7.170), (7.177))
M, (7 /2)=nthap , Ky (x/2)=2xthY" | a, n, =4hd,, /s,

Cy =rahey (1-45,) /1, (7.206)

The effective coupling coefficient of the transducer by formula (7.181) is the same as for the
first order transducer ( k,, = 0.3 for PZT-4 ceramics).
The acoustic field related characteristics of the transducer depend on the entire transducer

design configuration. Single half ring transducer with rigid half cylindrical baffle has all the
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same acoustic characteristics as the baffled first order transducer described in Section 7.2.3.2,
as the mode of vibration on the radiating surface is the same, U ((p) =U, cos¢ . The advantage
of the half ring transducer is that it has twice broader band of the transmit frequency response
at -3 dB level around the resonance frequency than the first order transducer, because at the
same value of radiation resistance it has twice smaller equivalent mass, and thus twice smaller
0,.=w,M, (77/2)/1;{_, .

In the transducer that is composed of two half rings the rings can be used in the transmit
and/or receive modes separately or simultaneously. The boundary conditions on the transducer
surface can be presented as superposition of the two modes of operation, as shown in Figure
7.62. In the first mode ring / vibrates, surface of ring // is clamped; in the second mode ring //

vibrates, surface of ring 7 is clamped.

Figure 7.62. Operation of the two half ring transducer, as superposition of modes of operation of

single half ring transducers with baffles.

k,

Consider the first mode of operation. Acoustic characteristics of the transducer (Z,, , k;;

acl »
,H, ((p)) are the same as for the baffled first order transducer. Vibration of transducer / gener-
ates sound pressure on the clamped surface of transducer /7 that can be calculated by formula
(6.106) for i = 1. The coefficients a,, (&), which for our case should be specified as a,, (7/2)
, are the Fourier coefficients that are determined in (6.144) as a,, =2, a,,=7/2, a, =2/3,

a,; =0. As the result, the distribution of the sound pressure on the clamped surface of trans-

ducer 11 is

H((f) (ka) i Hl(z) (ka) cosgo+ﬂ ng) (ka)
HY (ka) HY (ka) 3HY (ka)

P/ (a,9)~—jpcU,, |2 cos2¢|.  (7.207)

(Values of the higher order terms in series (7.207) are negligible.) In other words, the vibrating

transducer / generates on the surface of transducer // the equivalent “acoustomotive” force,
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Is

2
Ezc11,1 =ah J.P/y (aa (D)COS pdo =
2 ) (7.208)
i pean¥e| 4 HY (ka) s H (ka) 8 HY (ka)
x| (k) 2 T (ka) O B (ka)
The equivalent force can be presented alternatively as
Fonrs = Zars " Uor » (7.209)

where z is the mutual impedance between transducers / and //. Taking into consideration

acll 1
expressions (6.113) for the modal radiation impedances, and (7.208) for the force, we arrive at
relation for the mutual impedance

! Z +lZ 4
4

acll 1 == 2 ac00 acll 2 ac22
Vd 171

(7.210)

where Z__ are the modal radiation impedances of cylindrical shell. Their plots are shown in

Figure 6.7. In vicinity of the resonance frequency of the half ring ka = 3, and nondimensional
coefficients of the radiation impedances in expression (7.210) are: «,; =1.0, B, ~0.2. Accord-
ingly, Z,.q, = 2ahpc(1+0.2), Z

acll

~ Z,p = wahpc(1+ j0.2) , and
Zyrs ® 27ahpe(1+j0.2)-107. (7.211)

Thus, the mutual impedance between the halves of the transducer in vicinity of the resonance
frequency is negligible in comparison with the self-impedance of the baffled first order trans-
ducer, for which the nondimensional coefficients are plotted in Figure 6.10. The halves of the
cylinder are practically uncoupled in the vicinity and above the resonance frequency, because
the wave size ka = 3 is large enough for the back side of the cylinder being in the shadow zone.
The situation changes with reduction of the wave size (at lower frequencies). Dependence of
the nondimensional coefficients of the mutual radiation impedance from the wave size is pre-
sented in Figure 7.63. This information will be useful for calculating the transducers in the
receive mode of operation.

The sound pressure generated by the transducer / in the far field is according to formula (6.

152),
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1 (7.212)
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Figure 7.63: Nondimensional coefficients of the mutual radiation impedance between halves of
the rings that comprise a transducer. Active component & (solid line), reactive component [3

(dashed line).

(Values of the higher mode terms are negligible.) The directional factor is

: +j= . COSQP ————=——COS2¢
b, (p)= B -00) M (ka) "2 HY (ka) 7 3 H (ka) (7213)
i\ PI(F,C!),O) 1 +]§ 1 —g ! |
HE (ka) " 2 T (k) 3 HE (k)

The sound pressure on the acoustic axis can be represented according formula (6.120), as

B, (r,,0)=A(r,®)-mahU, -k, , (7.214)
where it is denoted for brevity
kpc | 2 i
A(r,0) =—~Lt=, | —— e/t 7.214a
(r, @) 1\ ( )

After comparing expressions (7.212) and (7.214) we obtain
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4 1 Vs 1 2 1
kyy=—J——|—F5——+Jj— , —-= , , (7.215)
" rka { HY (ka) "2 HY (ka) 3 HY (ka)}
or, after using relations (6.119),
2 V4 2
kd{ﬂ =;I:kd[f0 +Ekdif1_§kdif2:" (7216)

Thus, the sound pressure generated by the transducer may be presented, as

B, (r,w,0)= A(r,®)-mahU, -k, H, (9). (7.217)

Consider now the mode of operation, in which case transducer /7 vibrates, and the surface
of transducer / is clamped. So far as the mode shape of vibration is the same as in the previous
case, expressions for all the acoustic field related characteristics that do not depend on the mag-
nitude of velocity remain the same. Just when superposing the sound fields of both modes of
operation it must be taken into consideration that radiation of transducer /7 occurs in the oppo-

site direction. Therefore, H,, (¢)=H, (¢+7), and

B, (r,0,0)= A(r,®)-mahU, -k,,H, (p+7). (7.218)
The resulting sound pressure that is generated by the transducer is

B.(r,@.p) =P +P, = A(r,0)rahk,, [U,H,(9)+U,H, (p+7)]. (7.219)

And the directional factor is

_ U,H, (p)+U,H, (p+7)
U, +U,H, (7[)

H, (9) : (7.220)

The final result for the operational characteristics of the two half ring transducer depends on
correlation between velocities U, and U, that can differ for various transducer applications.
The following applications of the transducer may have practical sense.

One ring (for certainty #/) radiates, another is in the passive mode. Voltage V, is applied
to input of transducer /, and output of transducer // is or open, or short circuited.

Both the rings are in the receive mode. Outputs of the rings are open circuited.

Both the rings radiate. Voltage is applied to both transducer inputs. The most interesting

are the variants, in which V, =V, and V, =-V, .
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Results of calculating the velocities and thus the related characteristics of the half ring
transducers for all of these variants of operation can be obtained from combination of two
acoustically coupled equivalent circuits that are presented in Figure 7.64 at different positions

of the switches.

ocC,
P4
T
v, Cch —— R, eapt
‘AVOCII
T,
Vi cr —/— R, a E’qv]]
Zucl,IIUI
| I

Figure 7.64: Acoustically coupled equivalent circuits of the half ring transducers that describe
their combined electromechanical operation. Positions of switches 7, R, OC correspond to opera-

tion in transmit or receive modes, and to the open circuited output.

Two comments to otherwise self-explanatory circuits must be made. Firstly, we will as-
sume that in the receive mode the sound wave is coming from the side of transducer / in direc-

tion of the acoustic axis (¢ =0). In this case F,,

=LS, ky; and F,

eqvil

=PS, kyH, (7). Sec-
ondly, if the rings are electromechanically identical, then n, =n,, Z:, =Z%, , C3 =C3 . In
general, they can be different. The acoustic field related parameters remain intact, so far as the
mode shapes of the rings vibration do not change.

In the case that one half ring transducer radiates the unidirectionality is achieved in the
frequency range around the resonance frequency without using a baffle. The directional factors
in this range are close to those of the first order transducers with baffles, because a contribution
to acoustic field of vibration of the rear half ring turned to be negligible (the mutual impedance
between the half rings is close to zero). One more advantage of the half ring transducer, which
is mentioned above, is that it has twice broader band of the transmit frequency response at -3
dB level around the resonance frequency than the first order transducer. The directional factors

of the transducer in some frequency range around the resonance frequency are close to cosine

in the half space. This feature makes possible using transducers of this kind in the receive mode
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in acoustic system of the direction finder, operational principle of which is illustrated in Figure
7.41. Employing the half ring transducer does not require a process of eliminating ambiguity in
detecting the bearing that is necessary in case that the first order transducer is used for the same
purpose. Though the simplicity is achieved for expense of the narrower operational range and
lesser accuracy. Such simple system may find applications in the case that these features are
not critical (e.g., for communication between divers).

The mode of simultaneous radiating of both half rings under equal voltages applied in
phase is equivalent to operation of a single half ring installed on the surface of rigid flat baftle,
due to symmetry. And radiating under the voltages applied in antiphase is equivalent to opera-

tion of the half ring transducer installed on the compliant surface. These situations are illustrated

in Figure 7.65.
U=0 P=0
) 14 7 [ T
\ / \ /
\ / N T /
N 7 ~N 7
(a) | (b)

Figure 7.65: Half rings radiating in the (a) rigid and (b) compliant flat baffles. By solid lines are

shown the rings, by the dashed lines are shown their images.

The directional factors of the transducers that operate under these conditions are presented for
a range of the rings wave sizes in Figure 7.66. These characteristics and all the parameters of
the transducers remain practically the same in case the flat baffles of about a wavelength size
are used.

It has to be noted that transducers made of the incomplete rings have peculiarities that must
be considered in their practical designing for underwater applications. First of all, the air-backed
variant of the transducer design cannot withstand a significant hydrostatic pressure, and the
variants of the liquid (PU) filled designs must be considered in this respect. On the positive side
is that in terms of influencing the liquid filled internal volume on parameters of a transducer

the extensionally vibrating incomplete rings behave in the same way as the complete rings.
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Figure 7.66: The directional factors of the half rings radiating in a cylindrical rigid baffle (solid
lines), in a rigid flat baffle (dashed lines), and in a compliant flat baffle (dash-dotted lines) at (a)

ka=2.2,(b) ka=3.0, (c) ka=4.0.

Other peculiarities are related to the frequency responses of the transducers. Except for

the

modes of vibration, which were considered so far for operating in the frequency ranges around

the extensional resonance frequencies, the incomplete rings may vibrate as a whole (that for-

mally corresponds to the resonance frequency @ =0 ) and in the flexural modes (that have res-

onance frequencies much below the extensional ones). These “parasitic”” modes of vibration do

not have electromechanical coupling with the working extensional modes, but may influence

the frequency response of transducer through the acoustic interactions with the working modes.

These interactions may be especially pronounced in vicinity of the “parasitic” resonances, and
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they result in a drop of sensitivity of transducer at low frequencies and in the notches in the
transducer frequency response in vicinity of the flexural resonances. Example of analytical ap-
proach to estimating such effects is illustrated with the equivalent circuit in Figure 7.55, and
resulting qualitative frequency response in Figure 7.56. Here we assume that operational range
of the incomplete ring transducers can be recommended in the more or less broad band around
their resonance frequencies. Therefore, the contours that are accounting tor these “parasitic”

effects where not included in the equivalent circuits of the transducers for simplicity.

7.3 Transducers Operating in the Flexural Modes

When considering cylindrical transducers of this type the results will be used that are presented
in Section 4.5.4 and 4.5.10, where flexural vibrations of the complete and slotted passive rings
are discussed. The same assumption will be in place that the rings are thin and short, unless it
will be noted otherwise. Therefore, the correspondence between strain and stress in the crystal-
lographic and geometry coordinates, and governing piezoelectric equations are the same, as for
the incomplete rings in Section 7.2.5. Thus, 7, > T;, T, > T,, S, — S, for the solid, and
I.->T1,T, -1, S,—>S, for the segmented rings. The relations (7.169) modified for both
radial (at i = 1) and circumferential (at i =3) polarizations that follow from the piezoelectric

equations,

T =(1/s5)S, =¥"S,, Dy =(dy, /s3,)S, & =} (1-k;,). (7.221)

can be used in this case as well. The main analysis will be made for the radially polarized rings
(transverse piezoeffect). Results for the segmented ring design will be presented based on this

analysis.

7.3.1 Complete Rings Transducers

The main content of this section is after Ref. 21.

7.3.1.1 Equivalent Electromechanical Parameters of the Rings
Consider the design features of a ring made of piezoceramic intended to generate the lowest

mode of the flexural vibrations. Geometry of the ring and configuration of electrodes and
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electric fields in its body are presented in Figure 7.67 with example of a solid ring for simplicity.

In reality transducers of this type are usually cemented out of prisms shown in Figure 7.1(c)

Figure 7.67: Geometry of the piezoceramic ring intended for excitation of the flexural vibration,
and configuration of electrodes in the body of the ring. The electrodes are shown by solid lines);
mutual directions of the electric field of polarization (I_’ ) and operational electric field ( E ) in
the layers above and below the neutral surface are shown by solid and dashed arrows. For gener-
ating the flexural deformation of a ring the bending moments in neighboring quarters must change

signs (operational fields, or fields of polarization must change signs).

As it was shown by analyzing the general expression (7.1) for the electromechanical energy
associated with vibration of piezoceramic rings, excitation of the flexural deformations only is
possible under the condition that function ©, (z) in the distribution of electric field in the vol-

ume of a ring represented by formula,

E,(2,0)=|E]-Q (2)2(0). (7.222)

is odd, i.e., © (z)=— (—z). Under this condition, which is realized at configuration of elec-
trodes and relative directions of the operational electric field and field of polarization that are
shown in Figure 7.1(c) and 7.67, the bending moment is generated in the piezoelement. In this
case the electromechanical conversion under the flexural deformation is characterized by the

energy

_l 1 ( zaz 625
Wor =3 “q !Uz d] 2 (o )[ é] (7.223)

Following the results presented in Section 4.5.4, the radial modes of flexural vibration,

& (p.1)=¢ (t)cosiop, (7.224)
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and expressions for the equivalent mechanical parameters and resonance frequencies (with elas-

tic modulus Y replaced by Y,* ) are

M(1+i2)
Meqvi :T > Keqvi = C

eqvi

1 aYfeni® -1y
124°

,i=2,3, (7.225)

CorM_C

eqvi ~eqvi

1 y {i”-1)
. = JYE p—=. 7.226
Y 27z\/ﬁ V! P Nit +1 ( :

After substituting expression (7.224) for displacements & under the integral in (7.223) and
taking into consideration definition for the electromechanical transformation coefficient, n, we

arrive at the expression

129731h|E|E 2”|: o (2 . }J
T =—————|Q,(2)zdz | | Q, (¢ i"—1)& cosip do =
=%Vin[éj,

It follows from this expression that the flexural vibration modes can be electromechanically

active only, if function (2, ((p) has a form that insures non zero value of integral
2z
Q, = (i2 —1) jQz (p)cosipdp. (7.228)
0

Obviously, this takes place at i 22, and in the case that function Q, ((p) changes sign simul-
taneously with cosig. Thus, when the electrodes are divided into 2N equal parts along the
circumference and the adjacent parts are connected electrically in anti-phase (the bending mo-

ments of the opposite sign are generated in these parts), then

Q,, =(-1)"-4( -1)/i at i=(2I-1)N, [ =1,2,... (7.229)

and Q, =0 otherwise. The lowest active mode of vibration 6, ((p) =cos 2@ is generated at N
=2, when the electrodes are divided in 4 parts, as shown in Figure 7.67. This mode of vibration
is of the greatest practical interest. The corresponding coefficient of electromechanical trans-

formation will be obtained at (2,, = 6, and the resonance frequency of the ring is

fr=(0.12t/ a2 )%/ . (7.230)
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The next closest active vibration mode is 6, ((p) =cos6@ (at N=2,1=2). The resonance fre-
quency that corresponds to this mode is f;, =12.8 f, according to formula (7.226). Thus, the
vibration mode 6, ((p) can be considered as dominant within a broad frequency range. There-
fore, the transducers employing rings vibrating in this mode can be treated as having a single
mechanical degree of freedom. For calculating transducer properties, the regular single degree
of freedom equivalent electromechanical circuit can be used with equivalent mechanical pa-
rameters,
5 e 1 3axfeh

M, =§M » Ko, =CE T (7.231)

eqv

according to expressions (7.225).
For specifying values of the transformation coefficients and capacitances, the variants of
electrical connection of parts of electrodes in piezoelements must be considered. They are il-

lustrated in Figure 7.68.

EV
(a) } (b)

o t
A

- + 3P A 2 2
=== >
E}_)—- — > t ) 1= L z

— + — 5 2 2

()
Figure 7.68: Configuration of piezoelements that produce the bending deformations, and variants
of electrodes connections: (a) transverse piezoeffect, parallel connection of electrodes; (b) trans-
verse piezoeffect, series connection of electrodes; (c) longitudinal piezoeffect and distribution of

the electric fields through the thickness of the prisms.

We assume that the thickness of a ring is small, and dependence of electric field from z can
be neglected. In the variant of parallel connection of the concentric parts of a ring (Figure 7.68

(a)) |E|=2V/t and



112 7 Cylindrical Transducers

n=3d,th/s\a, C} =8rahey,(1-k3,)/t. (7.232)

In the variant of series connection of the electrodes (Figure 7.68 (b)) |E | =V /t and

n=15dythis\a, C5 =2rahe); (1-43, )/t . (7.233)

The piezoelements that realize the longitudinal piezoelectric effect can be made up of the
prisms (wedges) with electrodes on their sides separated into two parts, and the electric fields
of polarization and operation directed as shown in Figure 7.68 (c). Under the assumption that
ratio 0/t is small enough for the electric field within the stripe A to be neglected, the opera-
tional electric field is |E| =V'/¢ . It may be obtained in the same way, as it was done for the
case of the transverse piezoeffect, that for the case of the parallel connection of the prisms

(which is the most practical),

n, =3dy (1 —N’)/s5ad . C3 =2ma(t—A)hef (1-k3)/ 5. (7.234)

Besides, in formulas for the rigidities the elastic modulus, ¥,” must be replaced by ¥;" =1/ 5,
. It is noteworthy that the segmented transducer design is the most practical, because the trans-
ducer piezoelement made of the concentric solid rings is hard to manufacture, not to speak about
lesser effective coupling coefficient that is critical for this transducer type.

Knowing the equivalent parameters allows determining the effective coupling coefficient
of'the transducer. This will be done for the segmented design as the most usable for the projector
application. At first determine the coefficient &, =n’ / K :;;vC "> . After substituting expressions

7.234) and (7.231) for the parameters involved (the latter with replacement Y= by Y. ), we
p p 1 0y L

will arrive at expression for a,

2 2
a, :%(l—ké) 1—(é) k332 . (7.235)
T t t) |1-ky

The coefficient ¢, as a function of the ratio A/¢ has maximum. Plot of the function

a,(A/t)/a,(0) vs. A/t is presented in Figure 7.69. It is seen that the maximum value «,,,,

is achieved at A/¢ =1/3 . The effective coupling coefficient at o, =, is

a. 2
ko= = 3 ) 7.236
7 +a 2.8-1.8k2 (7.236)

cmax

In case that PZT-4 ceramics is used &, ~ 0.72k; .
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Figure 7.69: Normalized functions that characterize dependence of the effective coupling coeffi-
cient from separation between electrodes through the thickness, ¢, (A/t)/ e, (0) (solid line),

and from the angular size of the electrodes, a,(¢,)/ a (7 /2) (dashed line).

It must be kept in mind that increase of the ratio A/¢ is followed by reduction of the
electromechanical transformation coefficient according to formula (7.234). Thus, the equiva-
lent electromechanical force F, =nl that drives the flexural vibration reduces. On the other
hand, the gap A between the electrodes cannot be small because this gap must withstand po-
larizing voltage that is applied in the course of poling process.

The effective coupling coefficient can be further optimized by changing the size of the
electrodes (the active segment of a ring) in circumferential direction. Consider the general ex-
pressions for the capacitance and transformation coefficient under condition that only a part of
each quarter of the volume of the ring within sector 45 around its axis is active. The electro-
mechanical transformation coefficient is proportional to the coefficient calculated by formula

(7.228). Ratio of values of this coefficient determined by integrating over shortened and full-

size electrodes, and of respective transformation coefficients is,

n(p,)=n(z/2)sing,. (7.237)

The capacitance of the active part of the ring may be represented as

Ci(o.)=Ci(n/2)20, /7. (7.238)

After substituting these expressions for n(g, ) and C; (¢, ) into formula for ¢, we obtain,
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2
o (p,)=a. (mz)%. (7.239)
goel

Dependence «a, (¢, )/, (7/2) from angle ¢, is depicted in Figure 7.69 by the dashed line.
This function has maximum at ¢, =37/8, and o, (37/8)=1.23¢, (7 /2). The maximum
value of the effective coupling coefficient under the combined effect of optimizing the elec-

trodes configuration through the thickness and over circumference is

k2
>k 7.240
e 414k (7.240)

With PZT-4 ceramics used this results in &

effinax

=0.94k,;.

The parts of the ring that are cleared out of electrodes (piezoelectrically inactive parts) are
located around the nodal lines. They can be replaced by a passive material, or alternatively by
piezoelements that excite shear deformations. The reason for this is that while the bending de-
formations are minimal near the nodal lines, the shear deformations are maximal. The situation
is similar to those described in Ref. 22 in regard to a piezoceramic beam vibrating in flexure,
and calculation of contribution of electromechanical transformation due to shear deformations
can be made in the same way, as it is done therein. Some detail on this issue will be discussed

in Section 9.2.2.2.

7.3.1.2 Acoustic Field Related Characteristics of the Transducers

In order to complete calculation of an electromechanical transducer as electroacoustic device,
the acoustic field related parameters that are presented in the equivalent circuit by the radiation

impedance , Z

ac?

and the equivalent force , F,  , must be determined. Peculiarities of the acous-
tic field related characteristics of a cylindrical transducer of the flexural type arise from the fact
that the neighboring quarters of its surface vibrate in antiphase and its diameter is small com-

pared to wavelength at resonance frequency. Namely, using formula (7.230) for the resonance

frequency we obtain

res

(ka), =0.75% L (7.241)
a

In the case that PZT-4 is used (c, /¢, )~ 2, and for the thin rings (#/a)<(0.2 0 0.25). Thus

the wave size of the rings can be estimated as (ka),,, = 0.3 or less.
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In order to address the problems related to using transducers as low frequency projectors,
at first they must be built from a number of mechanically isolated rings stacked axially so that
the overall height ( /) of the transducer is comparable with wavelength at the resonance fre-
quency. Acoustic field generated by such transducer in the horizontal plane can be approxi-
mately considered, as radiated by the infinitely long cylinder having the same distribution of
velocity. Radiation of tall cylindrical shells having modal distributions of velocity is considered
in Section 6.3.1.1.1, where expressions for the directional factor, diffraction coefficient and
radiation impedances are presented for different modes of vibration including cos2¢ . Plots of
these quantities as functions of ka are shown in Figs. 6.6 through 6.8. Thus, the expression for

the radiation impedance is

H (ka
Z =—j(pc), hra (2)2—() . (7.242)
H2 (x) x=ka
For small ka (ka < 0.3 ), which is our case,
5
Z =r +jx. =(pc) hra {”(3%+ ]%"} (7.242a)
5
1 = (pe). ra ™D (7.243)
2
M
X, = (pc)whz;m%" - wphZ% =07t (7.244)

where M is the mass of water in the volume of the cylinder per unit height.

The directional factor of the transducer ( H(¢) = cos 2¢ ) is not appropriate for underwater
applications in the first place. Besides, the radiation impedance of the transducer at frequencies
around its resonance is almost purely reactive. The ratio of its active component to reactive is
(.. / x,.)=n(ka)* /16, where ka < 0.3. This could be expected, as the volume velocity of the
surface vibration for mode 6, (¢)=cos2¢ is zero. Obviously, transducer having such infini-
tesimal radiation resistance is not practical. In order to change the spatial distribution of energy
radiated and to increase the radiation resistance, the parts of transducer surface that vibrate in

antiphase should be covered by acoustic baffles, as shown in Figure 7.70.
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Figure 7.70: Variants of baffling the transducer surface: (a) baffles cover the opposite quarters of

aring, (b) baffles cover three quarters of a ring, when it is used in an array of a large size.

The variant with two opposite quarters of a ring covered with baffles, as shown in Figure
7.70(a), is the most suitable for designing the column like transducers, and the variant with
three quarters covered is more appropriate for using in array, as shown in Figure 7.70(b). If to
assume that the baffles are absolutely rigid, then the distribution of velocity over surface of
transducer with two quarters of surface baffled will be 0(@) = |cos 2g0| at —w/4<@p<rn/4
and 37/4<¢p<57/4,and (9((/)) =0 otherwise. The directional factor and radiation imped-

ance of the transducer can be calculated following the procedure described in Section 6.3.1.1.2.
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Figure 7.71: Directional factors of a cylindrical transducer vibrating in the mode 9((0) =Cos2¢p
without baffles (solid line); with the baffles on the opposite quarters of surface at ka =0.4

(dashed line) and ka = 0.6 (dash-dotted line).

Results of calculation performed at ka = 0.4 and ka =0.6 are presented in Figure 7.71 by the
dashed and dash-dotted lines, respectively. For obtaining even closer to omnidirectional re-
sponse at these values of ka, the baffled rings that are adjacent by height must be turned ninety

degrees in respect to each other. Components of the radiation impedance per unit length of a
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long column like baffled transducer can be presented according to expression (6.358) for a

simple cylindrical source as

2
r = (pe).ka’ = (pe), S (7.245)
2 A
(S,, =2a per unit length) and
x, ~097a’ pw . (7.246)

For a tall transducer of finite height, the radiation impedance must be multiplied by 7.

It is convenient for practical applications to use completed flexural ring transducer units
that can operate as single projectors of small wave size, or can populate projector systems of a
large size. The height of such units usually is comparable with their diameter by technological
reasons. Transducers of this small wave size ( ka < 0.3) may be considered as the equivalent
spherical simple sources. The radiation impedance of an equivalent spherical simple source can
be determined by modifying expressions (2.24) and (2.25) for components of radiation imped-

ance of the pulsating sphere of a small wave size. The radiation resistance is

r.=nx(pc),S. 1A%, (7.247)

w " av

(S isreplaced by S

av ?

which in this case is S, =2a per unit length). The radiation reactance

will be estimated as for a pulsating sphere having the same volume velocity, and the result is

x,, =47a, po, (7.248)

where a,, must be determined from the condition 47ra§qv =S

av ?

which is equivalent to the
condition of equality of the volume velocities (remember that volume velocity is U, =S ,U,).

In the case that transducers with baffles on the three quarters of surface populate an array
of a large size, the radiation impedance can be estimated as follows. A strip of an array having
the width of transducer (shown between imaginary planes 4-4 in Figure 7.70(b)) being small
compared to wave-length can be considered as vibrating uniformly with the same volume ve-
locity per unit length, U, =aU,, , that a single ring has. The average velocity of uniform vibra-
tion of the strip will be found from equality of the volume velocities, U, = aU, =2aU,,, , where

from U, =U, /2. The acoustic power radiated from a strip of width 2a per unit length of a

large array, or per unit height of the single ring located within the strip, is
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W, =(pc),2aU?% =(pc),aU? /2 . The radiation resistance per unit height of a single ring in

this case is
r.=(pc),al2. (7.249)

The radiation reactance in array of a large size that vibrates with uniform average velocity can
be neglected.

So far as the radiation impedances for the usable variants of the flexural type cylindrical
transducers made of complete rings with baffles are determined, velocity of vibration U, can
be obtained from the equivalent circuit of the transducers operating in the transmit mode. After
this the sound pressure that column like transducer generates may be calculated by formula
(2.64), as for cylindrical simple source having volume velocity U, =S§,,U, =2ah, U, .

It follows from above considerations that quality of the baffles is essential for determining
the acoustic characteristics and effectiveness of the flexural ring transducers. The model of a
rigid baffle used for estimating acoustic characteristics is idealized, but experience obtained
with baffling cylindrical extensional transducers showed that a good agreement was obtained
between characteristics calculated under the assumption that the baffles are ideally rigid and
results obtained experimentally at moderate operating depth with baffles made of corprene.
More appropriate for transducers of this kind may be metal baffles that are described in Ref.

23.

7.3.2  Slotted Ring Transducers

A short history of development of this transducer type in USA with related references and ap-
proximate equivalent circuit model of the transducer can be found in Ref. 24. More detailed
analysis was later produced in Ref. 25. Some work on the slotted ring transducers was done in
parallel in Russia with results reported in Ref. 26 and later significantly expended in Ref. 27.
The main content of this Section is after Ref. 27.

7.3.2.1 Equivalent Electromechanical Parameters of the Transducer

Free flexural vibrations of a thin and short slotted ring are considered in Section 4.5.10, where
the mode shape of vibration and equivalent mechanical parameters of the ring are determined.
A qualitative comparison between the mode shapes of the radial displacements for the complete

ring and slotted ring is made in Figure 7.72.
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Figure 7.72: Qualitative comparing the mode shapes: (a) radial displacements for a complete ring

and (b) for a slotted ring.

Comparison of the mode shapes illustrates difference between these vibrating systems as
sources of low frequency radiation. Whereas the complete ring constitutes a quadrupole source
with S, =0, and baffling is required of the areas vibrating in anti-phase for its effective radi-
ation, the slotted ring is a monopole source with S, # 0, and may have a fairly decent value
of the radiation resistance without additional measures taken. Disadvantage of the slotted ring
vibrating in flexure is its relatively small hydrostatic pressure strength.

In case that the ring is made of piezoceramics the relations (7.221) that follow from the
piezoelectric equations of state must be used, and in the mechanical quantities the elastic mod-
ulus ¥ must be replaced by Y,* . The summary of mechanical equivalent parameters that follows

from expressions (4.517)-(4.518) is,

z s 1 xt’h t Y~
M, =—M,K, =—=———, f =002—,|—. 7.250
a2 " CE o 20a’sk J: a\ p (7:230)
Configuration of piezoelements and variants of the electrodes connection for producing the
bending moments in the ring are the same as shown in Figure 7.68. And general expressions
(7.222), (7.223) for the distribution of the operating electric field and electromechanical energy
are the same as well. Different is expression for distribution of the radial displacement, which

in the case of slotted ring is according to formula (4.513)

& (p)=¢&,(0.55c080+0.70sin g —0.22¢sin p+0.44) . (7.251)

After substituting expressions (7.222) for the electric field and (7.251) for the displacement

distribution into the general expression for the electromechanical energy (7.223) we obtain
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12
Vr{,m=%0.44§m & 3| j Q( zdsz )(1- cow)dgp—lnr/g. (7.252)

—t/2

As the basic variant of transducer design we will consider the parallel connection of electrodes
shown in Figure 7.68 (a) that cover all the ring surface. The electromechanical transformation

coefficient and capacitance in this case are

n=044rd,ht/sha, C5 =}, (1-k;, )8zah/t . (7.253)

The effective coupling coefficient for the basic transducer design being calculated by formula

k://—a /(1+ea,), where a, =n */KECS s

(7.254)

If PZT-4 ceramics is used, k,; ~0.71k,, .
For the variant of design that employs the longitudinal piezoeffect, in which case the ring

is made up of the prisms shown in Figure 7.68 (c), it can be obtained analogous to expressions

(7.234) that

n=044zdyh(£ - N)/ shad, Cy =l (1=, ) 2zah(t-A)/ 57 (7.255)

Given that distribution of strain exists in the volume of the ring both through the thickness and
over circumference, optimizing of the effective coupling coefficient is possible in the same way
as it was done for the complete flexural ring. For the basic design optimizing can be achieved
by changing size of the electrodes over circumference. Assuming that the electrodes cover seg-
ment of the surface at —y <@ <y, from expression (7.252) will be obtained that
n(y)=n(0)(z—y+siny)/x. (7.256)
Besides,
Cl(w)=Ci (0)(z—v)/x. (7.257)
Here the factors n(0) and CJ' (0) are the values of these quantities determined for the full size
electrodes (at y =0) in variants with transverse or longitudinal piezoeffect. After substituting

(7.256) and (7.257) into expression for function ¢, we arrive at relation

0 (0)" rlr=p) (7:239)
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Note that in the course of manipulations it was neglected insignificant changing of equivalent
rigidity, which strictly speaking may occur due to difference between values of elastic moduli
on the parts of volume before and after they are deprived of electrodes. In the case that the
electrodes on these parts are electrically separated and short circuited, no changes of elastic

modulus take place at all. The function (7.258) is plotted in Figure 7.73.
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Figure 7.73: Plots of functions n(!//) / n(O) (solid line) and «, (l//) /a, (0) (dashed line) vs.

angle, up to which the parts of ceramic volume become inactive.

The same result is valid for the longitudinal piezoeffect, when ring is composed of the prisms
shown in Figure 7.68 (c). It follows from the plot that function ¢, (1//)/ a, (0) has maximum
at  =75°. The effective coupling coefficient also have maximum at this value of «,(75%),

and after some manipulations it can be shown that

1.35k,
2 o = ———— 7.259
a2 1-0.75k (7:239)

With PZT-4 ceramics used £, =0.82k;, at the transverse piezoelectric effect, and

k

e = 0.-88k5; at longitudinal piezoeffect. In the variant of the segmented ring an additional

optimization of the effective coupling coefficients may be achieved by changing ratio A/, as
it was shown regarding the complete ring vibrating in flexure and illustrated with plot in Figure
7.69. At A/t=1/3 o (A/t)=1.18¢,(0). Under the combined effect of optimizing the elec-
trodes configuration through the thickness and over circumference the maximum value of the

effective coupling coefficient will be
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kZ
2 _ 3 _ 7.260
ar ] 24024k, (7.260)

With PZT-4 ceramics k

effinax

=0.94k,,.

Optimizing the effective coupling coefficient is accompanied by reducing the electrome-
chanical transformation coefficient, n, according to formula (7.256), and thus by reducing the
effective electromechanical force F,, =Vn. Reducing the electrodes up to their optimal size
results in 10% loss of the transformation coefficient, as follows from the plot in Figure 7.73.
Note that the physical effect of bending is produced by bending moments distributed over the
circumference of a ring. The “effective electromechanical force” is the imaginary force that
being applied to the reference point in the radial direction produces the same effect as a real
bending moment distribution.

One of the problems related to underwater applications of the slotted ring transducers is
their limited strength under hydrostatic pressure. A partial solution for transducers intended for
operating at moderate depth is in using half passive (bilaminar) design of their mechanical sys-
tem that is considered below. (Analogous analysis is performed regarding vibration of a bilami-
nar beam in Section 4.5.6.4. and of the flexural type plate transducers in Chapter 9. This analysis

is partially reproduced in the next section for convenience of reading.)

7.3.2.2  Bilaminar (Active-Passive) Slotted Ring Design

The tensile strength of ceramics is much less than compressive strength. Therefore, the replace-
ment of the layer of ceramics located exterior to the neutral (free of stress) surface of a ring by
metal would result in significant increase of the ring strength under action of hydrostatic pres-
sure and in the corresponding increase of operating depth of transducer. Replacing the outer
layer of a ring by metal leads to the bilaminar ring design, a fragment of which is shown in
Figure 7.74. Previously (see Figure 7.1 (c)) such design was mentioned as typical for excitation
both the extensional and flexural modes of vibration. Indeed, the extensional vibration of the
ring with a slot that is considered in Section 7.2.6.1 will be generated as well. But the resonance
frequency of the extensional vibration is a way higher, and these types of vibration can be con-

sidered as independent. Although, if by some reason a simultaneous radiation of high and low
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frequencies by the same acoustic system is desirable, transducer of such design can be used for

this purpose.

Figure 7.74: Fragment of the bilaminar ring, and distributions of strain and stress over thickness
of the ring. The active layer is shown as solid (under the transverse piezoeffect), but it can be

segmented (under the longitudinal piezoeffect) as well.

When analyzing properties of the bilaminar ring, the assumption will be kept that the thick-
ness to diameter ratio, ¢/2a , is sufficiently small for elementary theory of bending being ap-
plicable to the first approximation. Elastic moduli and densities of the active and passive layers

will be denoted ¥, =1/s;, Y, and p,, p,. And notations will be introduced for brevity

i

Py

=7, (7.261)
.

=Vy>

a~< |‘u~<

Values of the equivalent parameters for the active-passive rings will be distinguished by sub-
script ap, and for the fully active - just a.

Peculiarity of this case is that the neutral surface under bending does not coincide with the
middle surface as it was in the case of the fully active ring. Thus, as the first step the location
of the neutral surface (coordinate z,) must be determined. By definition the neutral surface

should be free of stress, and therefore its coordinate z, may be found from the condition that

[1dz+ [T,dz=0, (7.262)
0 EN
where
z—z,( d*0.
T,=-¢£,Y(2) " - [ i +9,j : (7.263)

If the thickness of the active layer is ¢, , then condition (7.262) is equivalent to
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[¥F(z=2,)dz + [Y, (2= 2,)dz =0, (7.264)
0 1,

where from

v o2y

z, _1 7 +[1=-r ], /) (7.265)

Y

yL(1=7)](w /1)
In a rational transducer design z, should be greater than ¢, (otherwise the electromechanical
effects in the piezoelectric element above and below the neutral plane would be in opposite
phase). Denote the value of z, thatis equal to ¢, as z,, , i.e., z,, =, (the subscript m stands

for the minimum reasonable value of z,). It follows from Eq. (7.265) that

Zom _ ﬂ (7.266)
t 1+4/7y

Thus, for example, for combinations of solid piezoelement made of PZT-4 with aluminum and

steel the values of ratio z,, /¢ are 0.48 and 0.62, respectively.

0Om

Now we can determine the equivalent parameters of the active-passive slotted ring with the
piezoelectric elements of different thickness. Values of the equivalent parameters for the active-
passive rings will be distinguished by subscript ap, and for the fully active - just a. The expres-

sion for the mechanical energy of a bilaminar ring is

g1, 2K ) 0 > T o’
Wy ==& 2| (22 Ydz+ [(z—2))Y,dz |[| 5+, |do. (7.267)
27 a |y ; o\ Op
The term in the brackets is equal to
%[(;ﬂ —z) 2 L (-z) (=) Y, (7.268)

For the fully active ring this term would be equal to Y"#' /12 . Thus, if to denote

Yy (20) = 4{(%—%‘)}3 +(27°ﬂy {(1 _ZTOI +(27° —%)3}@,}, (7.269)

then expression (7.267) for the mechanical energy will look in the same way as for fully active

ring with the only difference that Y will be replaced by Y, . Accordingly, formula (7.250)

eqvap
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for the equivalent rigidity is valid, if to use value of Y, from expression (7.269) instead of

1/s%,1ie.,

i

Kl =KLAY

eqvap

/yE) (7.270)

eqvap

In the particular case that z, = z,,, =¢, using relation (7.266) we obtain

quvap (Z0m ) = YaE ' 4-Lz . (7271)
(1 +7y )

The kinetic energy of the ring is

W, _bm 2ha]£[ t,+p,(t-1,)|02d _ 1S —é’iM (7.272)
kin — 2 ! pau pp a r Q= 2 peqvup eff — 2 eqvap ° :

t, (.
Pegvap = P {(ﬂ +7, {1 ( , H} (7.273)

is the equivalent density of the ring, and

where

2ha[0}dp =S, (7.274)
0

is the effective mean surface of the ring. Thus

Meqvap peqvap Se/f (peqvap /p )Meqva ° (7275)

In the case that z, =z,, =¢

m a

1
Pegvap = Pa m(ﬂ + n) . (7.276)

Using expressions (7.270) and (7.275) for the equivalent rigidity and mass we arrive at the

formula for the resonance frequency of the bilaminar ring

mp

S Yo (50) (7.277)
Y peqvap

where £, is the resonance frequency of the fully active ring, and Y

vy and p,,.,, are given by

expressions (7.269) and (7.273). In the case that z, =z,
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2y
S (Zon) = 1 . : (7.278)
e ) [V +7, )

The electromechanical energy is

2

i 0

WE,,,_Cme hd,, J‘( O_Z)dz_f(gj +0J :—§ Vn, (7.279)

Comparing expressions for the transformation coefficients of bilaminar and fully active rings

results in relations:

2
n, (z)=n, (% —%J (7.280)
for the general case, and
t
nap (Z()m):na ._a:na ' \/Z (7281)
t 1+ \/Z

for the case that z, = z,,, .

Capacitances of the ring in these cases are

Cr,(2) = &3 27;—‘”1 =C3, 'ﬁ, (7.282)
and
Cl (o) = € (7.289)
Wry
respectively.

Thus, the nondimensional coefficient ¢, , through which we express the effective coupling co-
efficient, is for the bilaminar ring

leap( ) 4t (2Z -t )2
o ) e P )

eqvap

(7.284)

( eqvap

In the case that z; = z,

Om

A . (7.285)
1+\/Z

acup (ZOm ) = aca :
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and the effective coupling coefficient is

k>
da . (7.286)

eﬂup:
1+ Yy — effu

Thus, for combination of aluminum and PZT-4 (Y, =70-10° Pa , Y, =81-10° Pa for transverse

piezoeffect) y, =0.86, and £, =0.5k;, instead of &, =0.71k;, .

eff ap

7.3.2.3 Acoustic Field Related Properties of the Transducers

Peculiarities of the acoustic properties of the slotted rings and their combinations are due to
small wave sizes of their elementary units (technologically completed units that can be used as
the single transducers). The situation is similar to those considered in Section 7.3.1.2 regarding
the complete rings vibrating in flexure. The difference is that the slotted ring transducers have
significantly (six times) lower resonance frequency at the same geometry as the complete ring
vibrating in flexure has. Therefore, it is hard to imagine a column like mechanically solid slotted
ring transducer that has the height comparable with operational wavelength, and more realistic
it is to consider all the radiating systems configurations as combination of acoustically interact-
ing simple sources. Assuming that the elementary units have comparable height and diameter
they can be considered as simple three-dimensional sources, for which the radiation resistance

and reactance can be represented by the relations (7.247) and (7.248), namely,

r.=nx(pc),S. 1A%, (7.287)
X, = 47quvpa), (7.288)

where a,,, may be determined from the condition 47za;, =S, .The average surface area is by

qv

definition

S, =2ah[0,(¢)dgp . (7.289)
0

After substituting 6. (go) from expression (7.251), it will be obtained that S, =0.62S; , where
S is the total outer surface of a transducer. It is noteworthy that the average surface determined
for the part of ring within segments |(p| <150°, i.e., up to the nodal lines, where displacement

changes sign, is S,, (£150°) = 0.65S, . The 5% difference characterizes distractive contribution
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of the parts of the surface vibrating in anti-phase. The equivalent force for a transducer having
small wave size is determined by the formula
F:zqv ~ Savl)o N (7290)

In practice the low frequency transducers are composed of a number of elementary slotted rings.

The most natural is the column like transducer design shown in Figure 7.75(a).

(a) ~ -

Figure 7.75: Variants of transducers composed of elementary slotted rings: (a) column like trans-

ducer, (b) three-ring assembly and (c) assembly of three column like transducers.

The radiation impedance of a combination of elementary slotted ring transducers can be deter-
mined considering acoustic interaction between them as between the simple sources by formula

(6.356)
Z,(d)=n,(sinkd + jcoskd)/kd , (7.291)

where Z,(d) is the mutual impedance between two sources separated by distance d, and 7,
is the radiation resistance by formula (7.287). Thus, for the three-ring transducer shown in Fig-

ure 7.75 (a), the radiation impedances of the rings can be calculated as

Z,=7,+22,(d), Z, =Z, =7, + Z,,(d,)+ Z,,(2d,) . (7.292)

Here Z,, =r, + jx, is the self-impedance of an elementary transducer with », and x, ac-
cording expressions (7.287) and (7.288). The radiation resistance per unit ring can be increased
in the composition of slotted rings shown in Figure 7.75 (b). The three rings are tangential to
each other at the nodal lines of the modes of vibration. The internal 60° segments of the ring
that vibrate in anti-phase with the other parts are self-baffled and do not participate in outside
radiation. Therefore, when determining average surface area by formula (7.196) integration

should be performed over the sectors 0+150°. This results in S, (150°) =0.65S as noted
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before. From the geometry consideration follows that radius 7, of the circle inclosing the rings
and tangential to their surfaces is #, =7, (1+2/ NG ) ~2.15r,, and this assembly still remains
small enough for considering the transducer as a simple source. The acoustic power radiated by

a simple source can be presented as W, =r, U. = r(pc),U; / A*, where from the radiation

resistance is 7, ~U;. The total volume velocity generated by the three rings is

U,, =3-0.655-U.

02

whereas generated by a single ring is U;, =0.625-U, .Thus, the ratio of

the radiation resistances of the three-ring assembly and the single ring is

3 U;3
— = x99, 7.293
. 2 ( )

acl 71

i.e., the radiation resistance of a ring in assembly of three is 7,, = 3.3r,, compared with radia-

ac

tion resistance of the same ring operating as a single. Calculating the radiation impedances in
the column like transducer shown in Figure 7.75(c) can be performed applying formula (7.291)
to a number of the three-ring simple sources.

Results of this section allow calculating operating characteristics of the transducers that
employ flexural vibration of the slotted rings. Estimation of their operating properties as pro-

jectors will be made in Ch. 13 in comparison with properties of transducers of different types.
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CHAPTER 8

SPHERICAL TRANSDUCERS

&.1 Introduction

Piezoceramic spherical shell transducers are common in underwater acoustics predominantly
as omnidirectional (zero mode) projectors and hydrophones, and less frequently as bidirectional
(first order) hydrophones and multimode hydrophones. Spherical shell transducers have also
been suggested in Refs. 1-3 as directional projectors by combining different modes of vibration,
as discussed theoretically in Ref. 3, however the directionality is achieved in this case at the
expense of significant reduction in bandwidth and efficiency of the transducer. Demand for
moderately directional broadband transducers of small size is increasing with the growth of
underwater acoustic communications, networks, and unmanned underwater vehicles and glid-
ers.

A practical way of achieving the goal of simultaneously directional and broadband radia-
tion with spherical shells is in employing the conformal baffles in the same manner, as it was
illustrated with examples of cylindrical transducers in the previous Chapter. This approach was
demonstrated in Ref. 8. Another possibility for achieving this goal is in the use of incomplete
spherical shells, e.g., hemispheres and open spheres of various shapes for the transducers de-
signing. The practical designing directional multimode spherical shell transducers for a broad
range of applications requires a general treatment of such related problems as vibration of spher-
ical shells, electromechanical excitation of their vibration and acoustic radiation by the vibrat-
ing spherical shells. The modal analysis of vibration of the complete and incomplete passive
spherical shells was performed in Ref. 5 and in Section 4.5.5, and the modal characteristics of
acoustic radiation by spheres including those with baffles were considered in Section 6.3.2.
Objectives of this Chapter are in considering the electromechanical excitation of different
modes of vibration of spherical shells made of piezoelectric ceramics, and in completing ana-

lytical analysis of the spherical transducers that may be intended for various applications.
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8.2 Modes of Spherical Shell Vibrations

Consider an element of the spherical piezoceramic shell in the crystallographic coordinate sys-
tem shown in Figure 8.1 (b). Following the common notations for the crystallographic axes
with poling axis denoted as 3, we have correlations S, =S,, Sy, =S,; T, =T, Tj, =T,,
T =T, . For a thin shell it is assumed that 7, =0, and the piezoelectric equations for element

of the shell volume simplify to the following form

=0 A r,é

(b)
Figure 8.1: (a) Geometry of the spherical shell and (b) differential element of the shell and coor-

dinate systems (geometrical and crystallographic) used.

S, = SﬁTl +s£T2 +d,E;, (8.1)
S, = leZT] +sZF‘2T2 +d,E;, (8.2)
D, =d31(T1 +T2)+53T3E3- (8.3)

Substituting the stresses 7, and 7, from Eqgs. (8.1) and (8.2) into Eq. (8.3) yields

D, =D +Dr. (8:4)

Components of the charge density are introduced here as follows:

D} =& E,, (8.5)

where &° =&5,(1-k.) and k2 =242 /[els)(1+s} /s;)] are the dielectric constant and the
square of the planar coupling coefficient of a piezoceramic material in the clamped sphere (su-

perscript S, , indicates that the deformations S, and S, are set to zero). The term

DE =D, (5.5,) = —21_(5,+5,) (8.6)

E E
s]] SIZ

is the charge density induced by the deformations at E, =0.

The stresses in a sphere at £; =0 are found from Egs. (8.1) and (8.2) as
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N =Y1—E(Sl+o-fsz), (8.7)
1_(0-1E)2
E Y;E E
=———(0/5,+8,). 8.8
2 1_(015)2( 1 ~1 2) ( )

Egs. (8.7) and (8.8) are identical with Eqgs. (4.295), if ¥ and o are replaced with ¥, and o .
Therefore, all the results obtained for the isotropic passive elastic shells in terms of their modal
equivalent parameters that characterize mechanical behavior of the shells are completely appli-
cable to the thin-walled thickness poled piezoelectric shells. It is noteworthy that in the numer-
ical examples the values of resonance frequency related factor, 2, may slightly deviate from
those presented in Table 4.1 due to difference between values of o] for a particular ceramic
composition and o =0.3 that is used in calculations for the Table, and for the bending modes
due to change of thickness to radius ratio compared with ¢/a =0.1.

Consider now parameters related to the electromechanical conversion in the vibrating
spherical shells. The electric energy supplied to the piezoelectric shell under the condition that

it is clamped is

1 ~ 1 ~ 1

Wy == D EdV == &l B}dV =-C 7, (8.9)
' 25 2y 2

where C:” is the electric capacitance of a clamped sphere. Its value depends on configuration

of electrodes.

The electromechanical energy is

d -
L[S+ S, BV (8.10)

S;p TSRy

em

1 ~ 1
Wem=5£D (S1,82) BV =~

Note that elementary volume dV of the spherical shell is dV =7 sinpdrdp0 . Let us place
origin of the axis z of the crystallographic coordinate system on the middle surface of the shell.
Given that radius of the middle surface is a and the thickness of a shell is small compared with
its radius, the following manipulations can be made: r =a+z, dr=dz, r* ~a’ +2az , and as

the result

dV =~ (a* +2az)sin pdzd pd . (8.11)

Integration by ¢ and z has to be performed within intervals 0 < ¢ < ¢, , where ¢, is the open
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ing angle of the sphere, and —¢/2 <z <t¢/2 . When representing expression for S, +S, under
the integral, it must be remembered that according to formulas (4.294)

§=8,+z7,, S, =8,+2%,, (8.12)

where S, and S, are the strains of the middle surface of the sphere (“membrane” strains), and
X,» Xo are the changing of curvature of the middle surface in directions of meridian and azi-
muth. Thus,

S1+S2=(SW+S9)+Z()(9+)(«)). (8.13)

The strains and curvatures can be expressed through displacements & (¢) and & (¢) of the

middle surface according to relations (4.292) and (4.293) as

% =é[§¢,((p)+§’(¢’)1’ So = %[%((ﬂ)cot(/’%r((p)], (8.14)

Z,= a%[;; @-ED ] 1= a—lzcotfz’[éw (@-&(e)] @15
We will denote for brevity

S, +8, = é[2§r (@)+&/(9)+ S, (p)cotp] = éA(cD) ; (8.16)

ot 2o = a—lz {[&,(@)—& (@)]cotp+[E, () =& (p)]} = % B(). (8.17)

The terms A(p) and B(p) will be marked as 4,(¢) and B,(¢) for the i mode of vibration. The

displacements &,.(¢) and &,(¢) are represented by series (4.299), namely,
§(@)=2 5 B(cosp), &,(p)=D &,F (cosp). (8.18)
=0 i=1
The modal displacements &, and &, are related according to (4.300) as
ér[ (@)= eriPi(COS ?), é:goi (@)= _‘fn' 1+ O-)C[Pi '(cosgp), i=123,.., (8.19)

where coefficients C, are presented in Table 4.1. Thus, the radial displacements &, only can
be taken for the generalized coordinates. Subscript » will be further omitted for brevity.

The electric field in a thin shell can be represented as

E = ?Q(go) , (8.20)
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where Q(¢) is a function of the geometry of electrodes (a small change of electric field through
the thickness in a thin-walled shell is neglected). Function Q(¢)=0 on the parts of surface
deprived of electrodes. Otherwise, Q(p) =1, if the pats of electrodes are unipolar, or it has to
be changed accordingly, if the parts are connected in different polarities or/and in series.
Upon substituting expressions (8.13)-(8.17) under the integral (8.10) and integration over
the volume of the shell, we arrive at the following expression for the modal electromechanical

energy of a spherical shell

1 2zad, % £ . 1
=-——5V {A,»(co)Jr@B,-((ﬂ)}Q(co)mnwd(o =5Vns, (8.21)

0

emi

E E
2 8, +8,

where n, is the modal coefficient of electromechanical transformation. The first term in the
brackets is due to the extensional deformations of the shell, and it constitutes the main part of
the electromechanical energy. The second term is due to the flexural deformations of the shell.
Under the membrane theory approach (at ¢/ a — 0) this flexural term vanishes. For the relative
thicknesses that are typical of transducer applications (¢ / a < 0.2 ) this term accounts for a small
contribution to the electromechanical conversion of the bending modes of the shell vibration.
The total electromechanical energy for an arbitrary vibrating spherical shell can be represented

as
,
Wop = 2 Wi =5 2,14, (8.22)

The electromechanical conversion in the complete and incomplete spherical shells will be con-

sidered separately.

8.2.1 Electromechanical Conversion in the Complete Spherical Shells

Upon substituting the displacements (8.19) into expressions (8.16) and (8.17) the terms 4, (¢)

and B,(¢) that correspond to i mode of vibration for the complete spherical shell become
A(9) =& (2B (cos ) —(1+0) C,[cot p P (cos ) + P (cos p)]} , (8.23)

B(p) =& [1+(1+0)C ][cotp F (cos p) + B (cosp)]. (8.24)
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where i = 0, 1; 2m, 2b; 3m, 3b; after differentiating with respect to ¢, denoting cos@ =x and

using Eq. (4.298) the expression in brackets may be transformed as follows

cotp P (cos )+ P (cosp) = (1-x7)

dzIZ(x) s dfz; @) _ ii+1P). (8.25)
X

d°x
Taking into account relation (8.25), the expressions (8.23) and (8.24) become
A() =& R2+i+D)(1+0)CR(), (8.26)

B(x)=¢ii+D)[1+(1+0)C]P(x). (8.27)

Thus, the Eq. (8.21) for the modal electromechanical energy W,

emi

in the case of the complete

spherical shell (at ¢, = 7 ) may be represented as

1 27ad,

= E E
2 5,8,

emi

v {4(x)+6t—223i(x)}§2(x)dx. (8.28)
a

1

Taking into account expressions for A4 (x) and B, (x), after referring to Eq. (8.21) we arrive at

the following expression for the modal coefficients of electromechanical transformation, #, ,

_ 2rnady,

n=—5

{[2 +i(i+1)(1+0)C] +i2i(i +D[1+(1+ o*)C,.]}:fP,.(x) Q(x)dx . (8.29)
Sy + 81 6a ]

For the zero mode of vibration (at i = 0 ) the electromechanical transformation coefficient does
not depend on coefficient C (as well as other equivalent parameters, which is noted in the Table
4.1). As it follows from Table 4.1, for the first mode C, =1/2(1+ o) and for the higher modes
at i 22 the coefficient C, has two values: larger C,, and smaller C,, . The large value corre-
sponds to the membrane mode of vibration having higher resonance frequency, and the smaller
corresponds to the bending mode having significantly lower resonance frequency. Respec-
tively, the electromechanical transformation coefficients for these modes, n,, and n,, have
different values. (Remember that the membrane and bending modes that have the same number
i have the same distribution of radial displacements).

Note that the bending modes do not have useful applications. In opposite, they produce
corruption of the frequency responses that correspond to active membrane modes, because their

resonances appear within operating frequency ranges (predominantly at their lower parts).
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Therefore, it is desirable to take measures, if possible, for suppressing or diminishing effect of
electromechanical conversion of the bending modes by rational designing the electrodes.
Numerical values of the modal transformation coefficients critically depend on the form of
the function Q(x), i.e., on the geometry and electrical connection of the parts of electrodes
applied to the shell. In the variant that the unipolar electrodes cover the entire outer and inner

surfaces of the shell, as shown in Figure 8.2 (a), Q(x)=1. Since F,(x)=1 and for i >1

].R(x)dx=0, (8.30)

we conclude that the only active mode of vibration is zero or “breathing” mode with & (@) =&,

and the corresponding electromechanical transformation coefficient is

8rad,,
n =——3L 8.31
0 SlEl +SIE2 ( )

AR NNaAR
W\

(a) (b) (c)

an
R
N

II

[ \
\ /

Figure 8.2: Illustration of different electrode configurations: (a) unipolar electrodes, (b) bipolar

electrodes, (c) variable angle ¢, electrode division.

If the electrodes are split into two halves and the halves are connected in opposite phase (“bi-
polar” electrodes connection) as is shown in Figure 8.2 (b), then Q(x)=1 at 0<x <1 and
Q(x)=-1 at 0>x2>-1. According to the properties of Legendre polynomials (see Appendix
C.3)

1
j&dmw=a

(8.32)
(2 +1) (221 +3) - (3) (-])

(20+2)-21---4-2

B

J&me ﬁ%xw

(here /=0, 1, 2, ...) all the even modes are inactive. For the odd modes the values of integral

in (8.29), which we will denote as /,, are
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I =1, I,=1/4, I,=1/8,.. (8.33)

Thus, for the electromechanical transformation coefficients of the first and 3m modes from
Eq. (8.29) we arrive at
_ brad,, _4.2rad,,

n .
E E > 3m E E
Sll +S12 Sll +S12

n =

(8.34)

The sign of electromechanical transformation coefficient must be taken into consideration only
if several modes of vibration are employed simultaneously. The convention is that on the part
of the electrode, where ¢ >0 (at 0 <@ <7z /2 in the variant of the “bipolar” connection), the
direction of operating electric field should coincide with the direction of polarization. The next
closest active is the membrane mode 3m with resonance frequency f;, ~1.9f,, which is ac-
companied by the bending mode 35 with resonance frequency f;, = 0.44 f,. Contribution of
the membrane mode 5m with resonance frequency f;, = 3.0/, that is far beyond the range of
interest can be neglected. But the bending mode 56 having resonance frequency f;, = 0.6,

may produce unwanted effect on the operating characteristics of transducer at low frequencies,
and has to be considered as well as the mode 3b. It follows from Eq. (8.29) that electromechan-
ical transformation coefficients for the bending modes are

_ 0.257zad,, _ 0.087ad,,

Ny, sp

(8.35)

E E E E
S1]+Sl2 S11+Sl2

In the variant that only one half of the electrode is used, Q(x) =0 at 0<x<1 orat 0>x2>-1
and both the zero and first modes of vibration are active together with other odd modes, while
the even modes remain inactive. The magnitudes of the corresponding transformation coeffi-
cients will be reduced by a factor of 2. The sign of n, changes depending on which half of the
electrode is used. It is positive, if the electrodes are facing in the direction of ¢ =0, and nega-
tive for the opposite half of the electrodes. The zero and the first modes of the spherical shell
vibration (with resonance frequencies f, and f,) and their possible combinations are the most
practical and effective for transducer applications.

Although using the higher order modes of vibrations is generally less practical, employing
the membrane modes of higher order for the unidirectional multi resonance transducer opera-

tion may have applications, when part of the shell surface is baffled accordingly. Whereas the
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third mode is automatically generated together with the first mode at the bipolar full-size elec-
trode connection, generating the second mode requires a special electrode configuration.

Consider the configurations of electrodes shown in Figure 8.2 ( ¢). If the electrodes I and II are
used in the unipolar connection, then Q(x) =1 at 0 <x<cos¢, and at —cos¢, > x >—1, and

Q(x) =0 elsewhere. Given that P,(x) = 0.5(3x* —1), the integral in Eq. (8.29) becomes
L (@) =—cosg,sin’ ¢, . (8.36)

Thus, for the transformation coefficient of the second membrane mode we obtain from Eq.
(8.29) (at t/a < 0.2),
11.27ad .
1 (9) = —— 23 cos g sin’ @ (8.37)

Spp T8

The function |I2 ((ol)| has maximum at ¢, =54.7°. At this angle |I2max (o, )| =0.38 and
n,,(54.7°) = —4.3 zad,, / (s|; +s};) .This outcome could be predicted using results presented in

Ref. 6 and qualitatively estimated by observing the plots of the mode shapes in Figure 8.3.
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Figure 8.3: The modal radial velocity distributions for the complete spherical shells, P, (cos @),

n=0,1,2,3.

The value of integral 7,(¢,) is proportional to the area under the curve corresponding to the
mode of interest within interval of angles [0, ¢, ] covered by the electrodes. (Note that

P(x)=0 at x=1/ 3, which corresponds to ¢, =54.7°.) If the pairs of electrodes I and 111
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are connected in opposite phase (Q(x)=1 at O<x<cosg, and Q(x)=-1 at
—cos¢, > x =2 —1), the integral /,(¢,) =0 and the second mode remains inactive.
If the electrodes have configuration III shown in Figure 8.2 (c¢), Q(x)=1 at

—sing, <x <sing, and it is zero elsewhere. In this case

L(@,) =sing, cos’ ¢, (8.38)
and
11.27ad,, .
1, (,) = ‘E—sbzl sin g, cos ¢} . (8.39)
11 12

If ¢, =90°— ¢,, then 1,(¢,) =—1,(¢p,) . Thus, if the electrodes on the inner and outer sur-
faces of the spherical shell are split along the meridian lines at angles 54.7° and 126.7° and the
pairs of electrodes of groups I and III are connected in phase and together connected to group
II in opposite phase (all the connections being in parallel), then the maximum transformation
coefficient for the second mode will reach the value

8.6 rad,,

_— (8.40)
(Sﬁ + S]Ez)

n2m ((01 H ¢’2 )max =

The notation n,, (¢, ¢,) is introduced in order to distinguish the electromechanical transfor-
mation coefficient for this combination of electrodes from those related to the cases that only
electrodes I and II or electrodes III are used. The latter are denoted n,,(¢,) and n,,(¢,). For
the bending mode, which accompanies the second membrane mode at the same electrodes con-
figuration, from Eq. (8.29) follows that

1y, (@15 @5 ax = 0-297ad, /(sfl +lez) . (8.41)

As we can see, the three consecutive modes of vibration of the spherical shell may be gen-
erated by combining the parts of electrodes shown in Figure 8.42 (c): zero mode, if all the parts
are connected in parallel in the same polarity (I+II+I1I); first mode, if the parts I and II are
connected in the opposite phase (I-1I); second mode, if the parts I and II are connected in phase
and in the opposite phase to part IIT (I+1I-IIT).

Determining the best position for dividing the electrodes is a matter of evaluating the de-

sirable contribution of the modes of vibration. While being optimal for generating the second
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mode, this position is not favorable for generating the first mode. To find a possible compro-
mise between the electromechanical activities of these modes, dependence of the transformation
coefficient for the first mode from the electrode size must be considered. It is also important to
investigate the effective coupling coefficients of the transducer for all the modes and their de-
pendence on the electrode geometry to be able to make a balanced choice. With this goal we

consider the coefficient

a,=n/K,,C* (8.42)

eqvi e

that is related to the effective coupling coefficient as kjﬂ =ca, /(1+a,), with which they reach
maximum values simultaneously. Expressions for the transformation coefficient », and capac-
itance Cf‘-2 of the transducer in the case that the electrodes cover axially symmetric segments
0 <@ < ¢, around both poles and are connected in parallel in the opposite phase, can be ob-
tained from expressions (8.29) and (8.9), in which integration has to be performed over the

surface of the segments, in the form

6rad,, .
n(p)=—>3rksin’ ¢, (8.43)
11t S
CH (@) =(4ra’s,y /1) (1—cos@). (8.44)

The equivalent rigidities K” . may be obtained from Table 4.1 after replacing Y and oby Y¥*

eqvi
and o/ . These quantities do not change depending on the angle ¢, , if the remaining parts of
the electrodes are retained and are electrically short-circuited. They change insignificantly, if
those electrodes are removed. After substituting K j} ., and expressions (8.43), (8.44) for n, and

Sia :
C)'? , we arrive at

3k, sin'e

a,(p)= (8.45)

41—k, 1-cosg,
In the variant of the full-size electrodes in bipolar connection ¢,,(90°) =0.75k, / (1-k)

The corresponding effective coupling coefficient is &, = 0.90% , if PZT-4 ceramics is used

P’
having k, = 0.58 . Function &, (¢) has maximum at the angle ¢, =70.5°, which can be found
from the condition [e,(¢)] =0. This results in «,(70.5°)=0.89% /(1-k;). The corre-

sponding effective coupling coefficient is kg, ~0.96k, . The function @, (¢,) normalized
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to «,,(90°) is depicted in Figure 8.4 (curve 1). It is of note that the increase of k,,, occurs as
a result of disproportional reduction of the electromechanical transformation coefficient and
capacitance, n,(¢,) and Cf"z (¢,) , which is more beneficial for operating in receive rather than
transmit mode. Dependencies of these functions from the angle ¢, are shown in Figure 8.4 as

well.
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Figure 8.4: Plots of normalized functions related to optimizing the electromechanical conversion
as a function of angle: (1) function ¢, (¢) normalized to ¢r,,(90°) , (2) function 7, (¢) normal-
ized to 1,(90°), (3) the capacitance Cj"2 (¢) normalized to Cf"z (90°), (4) function

a,,, (¢, p,) normalized to its maximum value.

Considering that the electrode configuration I+II-III is used for generating the second
mode, the integral in Eq. (8.29) for n,, (¢, ¢,) may be found as the difference of /,(¢,) and
1, (p,) at @, =90°—¢, . As the result of this manipulation, we arrive at the expression

22.4xad .
1y, (@1, 0,) =— E—E“COS ?, sin’ (2 (8.46)

11 TS

The capacitance for the full size electrodes is

C () =4rma’eyy /'t . (8.47)

Note that for the assumed electrode connection Ces“2 and n,, are determined under the condition
that electrodes cover all the surface of a sphere. In practical transducer designs the separation
between electrodes having different signs must be made of finite width to ensure the electrical
strength of the transducer under applied operating voltage. Therefore, strictly speaking, these

quantities have to be calculated accordingly. With K” _  taken from Table 4.1 we obtain

eqv2m
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2
P

k )
a,, (@,0,)=3.51+c]) s cos” ¢ sin* ¢, (8.48)

P

This function has maximum, o

c

o (@1 Do) i = 0.52(1+0'15)k; /(l—kf)) , at angle ¢, =54.7°.

For the sphere made of PZT-4 &

oo = 0.79 k. The function (8.48) normalized to its maximum

value is presented in Figure 8.4 (curve 4).

The resonance frequencies of the bending modes, which are labeled as modes 25, 3b, 5b
and so on, may be situated within the operating ranges of the transducers employing the mem-
brane modes. Presence of the unwanted bending modes may corrupt the operating frequency
responses and directional factors of the transducers. Therefore, an estimation of the electrome-
chanical conversion related parameters for the bending modes, and their behavior in the course
of optimizing parameters of transducers by altering the electrodes geometry is of interest. Thus,
maximizing the coupling coefficient for a certain mode may be achieved by removing elec-
trodes from those parts of the spherical shell, in which the strains are relatively small. For ex-
ample, for the first mode the electrodes can be removed from some segment around the line
@ = /2, which brings us to the configuration of electrodes I-II (bipolar connection at the re-
duced electrodes) illustrated in Figure 8.2 (c) and to the expression (8.45) for ¢, (¢,) .

The bending modes limit the operating range, in which the first mode of vibration domi-
nates, at frequencies below its resonance. At frequencies above the resonance the operating
range is limited by interference on the side of the high membrane modes, the most influential
of which is the closest 3m mode. To avoid corruption of the operating characteristics in a broad
frequency range, both the bending and 3m membrane modes of vibration must be suppressed.
As it follows from Eq. (8.29), this can be achieved by determining the size of electrodes (angle

@, ) from condition that
[R@dr=o, (8.49)
1
where x, =cos,. Given that (x) = (5x’ —3x)/2, this condition is equivalent to
5cos’ ¢ —6cos’ @ +1=0, (8.50)

where from ¢, = 63.5°. With electrodes of this size n,, =n;, =0, whereas according to Eq.

(8.43) n,=4.87zad,, /(s +sl). This feature is especially useful for the bipolar transducers
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intended for producing dipole directional characteristics in a broad frequency range. The effec-
tive coupling coefficient for the first mode at this electrode size slightly deviates from its max-
imum value at ¢, =70.5%, but this reduction is negligible, as it follows from curve 1 in Figure
8.4.

The general expressions of transformation coefficients for the modes of vibration at elec-
trodes size reduced to an angle ¢, can be obtained following Eq. (8.29). In addition to formula

(8.43) for n,(¢) they are:

n, (p)=n,, (x/2) (5cos* ¢, —6c0s”* g +1), (8.51)
1y, (@) = ny, (w/2)-(Scos* ¢, —6¢cos” ¢, +1), (8.52)
ng, (¢,) =ng, (7 /2)-(21cos’ ¢, —35cos* ¢, +15co0s” ¢, +1). (8.53)

Here n(7/2) are the values that correspond to the full size electrodes.

8.2.2  Electromechanical Conversion in the Incomplete Spherical Shells
The modal displacements of the incomplete spherical shells are given in general by expressions
(4.306). The transformation coefficient can be obtained upon determining the functions A(g)
and B(¢) from expressions (8.17), (8.18) after their substituting under the integral in (8.28).
The most usable out of incomplete spherical shells is the hemisphere with free boundary. It is
shown in Section 4.5.5.3 that spectrum of resonance frequencies of the hemisphere is the same
as of the complete sphere vibrating in the odd modes. Thus, the closest membrane frequencies
are f,, and f;, =1.9f .Frequency f,, is preceded by the frequencies f;, and f;, that be-
long to bending modes of vibration that practically coincide with those for the complete sphere.
And distributions of displacements for the first membrane and first bending (labeled as 3b)

modes are

Em(@) =&, B(cosp), &, (9)=-039(1+0)&, Flcosp); (8.54)
S (@) =& P(cosp), &, (p)=0.1(1+0)¢, Pl(cosg). (8.55)
Following the above procedure of calculating the electromechanical transformation coefficients

for these modes, it will be obtained that they are equal to half of those for the complete sphere

at the bipolar electrode connection, n(7z/2)=0.5n(x). Taking into consideration that the
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equivalent rigidity of hemisphere is half of rigidity of complete sphere,
K f;v (r/2)=0.5K jﬂ(;z') , as shown in Section 4.5.5.3, and the capacitance is half the capaci-
tance of complete sphere, Cj‘*z (r/2)= O.SCj"Z (), we will come to conclusion that the coef-
ficient a, =n” /C* K" and hence the effective coupling coefficient remain the same as for

eqv

the complete sphere,

a,(r/2)=[n(x/2)) /[Cf,"2 (7[/2)]~[Kj{v (m/2)]=e (7), (8.56)
ko (m12) =k (7).
The considerations for optimizing the coupling coefficient for the first mode of the complete
sphere are also applicable to the hemisphere. Thus, it reaches maximum at ¢, =70.5°.

As one more example of incomplete spherical shell that may have application for unidirec-
tional radiation, consider the spherical segment with opening angle ¢, = 7z /3. The resonance
frequency of the first membrane mode is f (7 /3) =1.5f;, where f; is the resonance frequency
of complete sphere of the same radius. Two bending modes exist that have resonance frequen-
cies at 0.37 and 0.55 of f(z/3). Following Section 4.5.5.3 the simplified expressions for dis-

placements in the first membrane and the lowest bending modes are

En(@ =& R (cosp), &, (9)=-045(1+0)&, F(cosp); (8.57)

Sn(9) =&, B(cos@), &, (9)=-0.07(1+0)¢, Pls(cosp). (8.58)

The values of the electromechanical transformation and of the effective coupling coeffi-
cients for the first membrane mode of the hemisphere and of the segment at ¢, =7 /3 are as

follows (the numerical values are for PZT-4 ceramic)s:

3rad,,

n (r/2)=—>—, k 7/2)=0.53; 8.59

lm( ) Slb;(l—O'lE) ef/lm( ) ( )
Srad

n (r/3)=—-— &k 7/3)=0.51. 8.60

lm( ) S]b; (1 _ U]E) g[flm( ) ( )

A detailed analysis of parameters of the bending modes does not make a practical sense except
for predicting a damaging effect on the frequency responses in vicinity of their resonance fre-

quencies.
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8.3  Spherical Transducer Types

8.3.1  Complete Spherical Shell Transducers without Baffles

8.3.1.1 Omnidirectional Transducer

With electrodes covering all the surfaces of the sphere the only mode of vibration generated is
zero (pulsating) mode. In the broad frequency range (up to frequencies close to resonance fre-
quency of vibration through the thickness of the shell) the transducer represents classical ex-
ample of the single degree of freedom system. Calculation of operating characteristics of the
transducer can be performed using common equivalent electromechanical circuit with single
mechanical contour shown in Figure 8.5. All the equivalent parameters of the circuit including

the acoustic field related parameters are determined in Section 2.2.

E
mL

1:n Mec/v r Zac() R
o Ay Sy N
— > A
— CS‘-Z RJL UO T

F,

eqv

|

O

Figure 8.5: Equivalent electromechanical circuit of the zero-mode spherical transducer, Positions

T and R of the switch correspond to the transmit and receive modes of operation.

Expressions for the parameters are summarized as follows:

E 1 8t ) 8rad,,
=—=——— M,_ =M=4rna’tp, n=——->—, 8.61

T CE TSt R (.61
Ch =4ra’el,(1-k))/t, ! 2 (8.62)

Jo= :
’ 2zay| psi; I-of

The acoustic field related quantities, which in this case can be presented in the closed analytical
form, following expressions (2.23), (2.27)-(2.29), and (2.33) are:
the radiation impedance

(ka)’ v ka
1+(kay 1+ (kay’

Z.,,= 47za2(pc)w[ }: Fo + Jx. =(pe), Ss(a, + jB.); (8.63)

the sound pressure generated
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P(r,@) = B (krYkyy » (8.64)
where
P,(kr) = % Uye /), (8.65)

U,=U, 4rra® is the volume velocity (strength of the source), and

kdl-/o — 1 ejka — 1 ej(ka—arctanka); (866)

1+ jka J1+ (ka)?

the equivalent force

F

eqv0 =

P, kypo S (8.67)

where P, is the sound pressure in the plane wave, and S; =47za” . The wave size of the trans-

E
(ka), 1 /Yl— / 2 —. (8.68)
cw p 1_01

For a sphere made of PZT-4 (ka), =3.8.

ducer at resonance frequency is

8.3.1.2  Dipole Transducer

The main usable property of the transducer of this type is in providing the dipole like directional
factor, H(w,p) =cos@, in as broad frequency range, as is required by an intended application.
In this case the electrodes are split into two halves and the halves are connected in opposite
phase, as is shown in Figure 8.2 (b). The odd modes of vibration &,(¢) =& P(cosg) ati=1,
3, 5... that include the membrane (1, 3m, Sm ...) and bending (3b, 5b...) modes are generated.
Equivalent mechanical parameters that correspond to these modes are presented in Table 4.1
(Section 4.5.5.2). The resonance frequencies of the modes that are close to the resonance fre-
quency f, =1.22f; of the first (operating) mode and therefore have to be taken into consider-
ation, when calculating operating characteristics of the transducer, are: f,, =1.9f,
Sy, 0441, f,, =0.6f, . Thus, the transducer cannot be treated as the single degree of free-
dom system, if an intended operating frequency range of the dipole transducer is from low
frequencies and up to frequencies above the first resonance. Strictly speaking, the velocities

E.» &y &, and £, have to be considered as the generalized velocities.
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It must be noted that spherical shell can vibrate as a rigid body with the same radial distri-
bution of velocity as in the first membrane mode. This movement itself does not produce elec-
tromechanical conversion and cannot be generated electromechanically. But the sphere can vi-
brate as the whole under action of the acoustic field and can produce indirect effect on vibration
in the first membrane mode through the acoustic interaction. This mechanism will be consid-
ered later. At least mechanically the resulting magnitude of vibration in the first mode must be

presented as
S = Sin TS s (8.69)

where & is responsible for deformation in the first membrane mode, and ¢, (¢ stands for
“transition”) is due to vibration of sphere as rigid body.
Thus, in general the resulting directional factor of the transducer may be represented as

& cosp+ (&, +&, )P (cosp) + &, P (cos p)

Heg)= E1é, 1, +E,

(8.70)

From this expression follows that the transducer has uncorrupted dipole directionality only in
the frequency ranges, within which the additional terms in the nominator can be neglected. For
numerical estimations, the equivalent circuit shown in Figure 8.6 may be used. The electrome-
chanical equivalent parameters of the circuit that are taken from Table 4.1 (mechanical param-
eters) and electromechanical transformation coefficients are summarized below.

For the equivalent masses

M =M, Meqvi:47z'a2tp'7/Mi’

eqvlt

Varim = 0.5 Vo3 =0.62 7,5, =017, 7,5, =0.10. (8.71)

For the equivalent rigidities,

£ 2ntY* ]
eqvi e yKi s
-0,

Yk :3(1+U1E) s Viam =89, ¥k, =023, y45, =0.16. (8.72)

At i>2 the mutual rigidities, K exist that characterize the elastic coupling between the

imb >

membrane and bending modes of the same order. In our case
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E
K,,, =16-10" —sz;z , (8.73)
— Y
n= —‘Emad“ Tuis (8.74)
s;(1-0)
v =150, 7, =-1.04, y, =—0.06, ., =0.04. (8.75)

Note that this is a typical situation, in which the signs of the modal electromechanical
transformation coefficients matter, because the modes with transformation coefficients having
different signs participate in operation simultaneously (see the remark under formula (8.34)).

The additional rigidities that are introduced due to the coupling to K. and K., are

K3mb (U3b / U

3m

)and K,,,(U,, /U,,), respectively. Since the ratios of velocities of vibration
in water are not large enough to make the values of introduced rigidities comparable with the
self-rigidities, effect of the elastic coupling between the modes can be neglected. Note that in
case of vibration in air the situation may change in vicinity of the resonance frequencies of the
modes due to high mechanical Q of the shells.

Acoustic field related parameters that correspond to the involved modes of vibration were
considered in Section 6.3.2. The general expressions for the diffraction coefficients and radia-
tion impedances are given by formulas (6.236), (6.240) and plotted in Figures 6.27, 6.28. For

the first mode of vibration they are

kyp = 1/ (ka)* b (ka), (8.76)
dra® ., 1+ jka ,
Z,., =(pc) et 2 ,J = (pc)Sejj"l(all +JiB) - (8.77)
3 h' (ka)

Here i is the spherical Hankel function of the second kind, and S, =47a®/(2i+1) .The
Figures 6.27 and 6.28 are also reproduced here for the sake of convenience as Figure 8.6 and
Figure 8.7. In case that i >2 distribution of radial vibration in the membrane and bending
modes are the same and correspond to the radial distribution of vibration & =& cosig . There-

fore kg, = kg =kyyi»and 2., =Z,.4, = Z,,, - In particular,

kd[be = kdif}m = kd,;fs > kd'fsb = kd[me = kd[fS and Z,., =2 =Z

i ac3m

(8.78)

ac3 *
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Figure 8.6: Diffraction coefficients kd,.f ; for spheres without baffles: Magnitude (thick lines) and

phase (thin lines, labeled with /) for i =0, 1, 3.
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Figure 8.7: Nondimensional modal radiation impedance coefficients for spheres without baffles:

o, (solid lines) and f3; (dashed lines, labeled with ) fori =0, 1, 3.

F

eqvi s

The equivalent forces,

that are generating vibration in different modes must be deter-

mined by formula analogous to (8.67) with corresponding diffraction coefficients.

Since the magnitude U, in the radial distribution of velocity U,(¢) =U, cosig at i 22 is

i

superposition of the generalized velocities that belong to the membrane and bending modes of

vibration,

U=0,+U,.

(8.79)
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The acoustic energy produced by this distribution of velocity can be represented as

VVuL‘ i im

~UU; Zpe, U, [+ WU, +UUD U ] 2 (8.80)

This expression in its turn can be represented in the form

W, = U Zos + 20U, /U +|UL [ Zos + 2,0 U,, U,
aci | mz|z|: aci acl(2 ib lm):| | tb| [ aci am( im tb):| (881)
:|Uim| Zacim +|Uib| Zacib’
where
Zac[m = Zaci +Zaci(U[b /U[m) and Zacib = Zau[ +Zac[(Uim /U[b) (882)

are the radiation impedances that correspond to the membrane and bending modes of vibration.
From relations (8.82) follows that acoustic interaction between the membrane and bending
modes exists with mutual impedances z,,,, = Z,,; . Likewise, it can be concluded based on the
expression (8.57) for the total radial displacement in the first mode of vibration that the acoustic
interaction between the membrane component of vibration and vibration of the shell as a rigid

body exists with mutual impedance Z__,, and the diffraction coefficient for the “transitional”

acl >
mode of vibration is k, .

After all the equivalent parameters are specified, the magnitudes of the generalized veloc-
ities can be determined with help of equivalent circuit in Figure 8.8, and hence the directional
factor of the transducer may be obtained by formula (8.70).

A qualitative estimation can be made regarding possible contribution of the acoustically
induced passive mode of vibration to results of calculating transducer characteristics. It is ap-
propriate to make such estimation for this particular case, because the acoustic coupling be-
tween the first active mode and passive (“transitional””) mode of movement transducer body as
a whole is the strongest in this case. It is reasonable to make the estimations separately for the
transmit and receive modes of operation, i.e., in the range around the resonance frequency of
transducer and at low frequencies. As it follows from considering the passive contour in Figure

8.8 in the transmit mode

Z
= « Ulm = 1 Ulm .
joM+Z,, 1+(joM / Z,)

(8.83)

1t
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Figure 8.8: Equivalent electromechanical circuit of the spherical transducer with full size bipolar

electrodes.

Value of the ratio (joM /Z, )=k, can be estimated as follows. At frequencies around the
resonance frequency of transducer the wave number (ka), =3.8, ie, w=3.8c, /a;
Z.. ~(pc), -4ra’ /3. Thus, k, ~ j11.4-(t/a)-(p, / p,) . Assuming that (t/a)~0.2 and ra-
tio of the ceramics and water densities is (o, / p, ) = 7.5, we obtain that k, ~ j17. Thus, we
rrive at the conclusion that an additional impedance introduced in the active contour due to
coupling with the passive one is |U, | ~0.05|U,,|. Such addition is within accuracy of deter-
mining the radiation impedance and can be neglected to the first approximation.

In the receive mode of operation at frequencies much below the resonance frequency the
magnitude of vibration in the passive contour can be estimated to the first approximation (with-

out secondary influence of the first active mode) as

F; vl
] . S (8.84)
joM+Z

1t
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The force induced by vibration of transducer body as a whole in the first mode contour, which

is F,,=Z,,-U, , will be estimated as

in acl

F;nzF;vl 1 =F:2vl 1 .
"1+ joM 1 Z, " 1+k,

(8.85)

Given that at low frequencies Z , ~ jo-(2za’/3)p, according to (6.257),
k,=6-(t/a)-(p,/p,)=9. Thus, F, =0.1F,

L1 - This may result in changing output of the

transducer by about 10%.

Note that there is no acoustic coupling between contours of the equivalent circuit that be-
long to velocity distributions of different order (cosi@ at i=1,3,5). Thus, the velocities
U,,U,, U, that are determined by formula (8.79) can be calculated independently. The sound

pressure radiated may be obtained using formula (8.64), which in this case can be modified as

follows,
P(r,0) = ;TCe‘f“"-”/” A7 Uy, +Uskys +Usys]. (8.86)
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Figure 8.9: The frequency responses of spherical transducer without baffles with unipolar and
bipolar electrode configurations: (a) transmit mode (TVR) and (b) receive mode (FFVS). Calcu-

lated responses are shown by the solid lines and measured by the dashed lines.
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Calculated and measured frequency responses of the spherical transducer without baffles
that operate with unipolar and bipolar full size electrodes configurations are presented in Figure
8.9. Specifics of the bipolar configuration in contribution of the bending modes of vibration is
clearly illustrated.

In practical designing of the bipolar transducer the general formulas may simplify depend-
ing on the transducer application and hence on its operating range. Thus, in the transmit mode
(one of such possible applications will be considered in the next section) the operating range is
around the resonance frequency of the first mode. Contribution of all the other modes can be
neglected, and the equivalent circuit in Figure 8.10 reduces to the two first contours. The wave

size of the first order transducer at resonance is

E
cw p 1_0-1

For transducer made of PZT-4 (ka), = 4.6 . At wave numbers close to this value the nondimen-
sional coefficients of radiation impedance are o, =1, S =0.25. The diffraction coefficient

can be approximated with reference to plots in Figure 8.6 and formula (8.66) as |kd,./-1| ~1/ka .
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Figure 8.10: The frequency response (FFVS) of spherical transducer without baffles for bipolar
(first mode) electrode configuration. With full size electrodes (solid line) and with optimized elec-

trodes (dashed line).
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The most challenging is application of the bipolar transducer as a broadband dipole (pres-
sure gradient) hydrophone. Without special measures taken the frequency response and direc-
tional characteristics of the hydrophone are significantly corrupted in the frequency ranges be-
low and above the first membrane resonance frequency, as it was pointed out above. The char-
acteristics of hydrophone in a broad band can be greatly improved, if to optimize the electrodes
dimensions by reducing their size to ¢, =70.5°. In this case the electromechanical transfor-
mation coefficients are determined by formulas (8.43). Thus, the third membrane mode of vi-
bration is suppressed, and the bending modes are greatly weakened. As the result the directional
characteristics and frequency response in the broad frequency range are significantly improved.
This is shown in Figure 8.10 and Figure 8.11 (only halves of the plots are presented in the
Figure due to symmetry). Equivalent circuit of the transducer in Figure 8.9 can be reduced to

the first two contours that are related to the only active first mode of vibration.

Figure 8.11: Directional factors of spherical transducer without baffles with bipolar electrodes.

(a) Full size electrode configuration: ka = 4.3 (solid line), ka = 1.8 (dotted line), ka = 2.6 (dashed
line). In Figure (b) are shown results of optimizing the electrodes configuration at the same fre-

quencies and with the same line styles..
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8.3.2 Complete Spherical Shell Transducers with Baftles

The complete spherical shells may have application as unidirectional transducers, in which case

unidirectionality is achieved by employing the acoustic baffles, as shown in Figure 8.12.

Figure 8.12: Illustration of a spherical transducer with the conformal baffle. Opening angle of the

baffle is ¢, .

Radiation of the spherical shells with baffles related issues were considered in Section
6.3.2.3. The modal (pertaining to a single mode of vibration) directional characteristics, diffrac-
tion coefficients and radiation impedances as well as mutual intermodal radiation impedances
that characterize acoustic coupling between the modes were determined therein. Due to exist-
ence of the acoustic interaction between modes of vibration, not only radiation related parame-
ters of the active modes change, but some additional passive modes of vibration of mechanical
system can be generated acoustically. Therefore, peculiarities in calculating the baffled single
active mode transducers appear that must be considered. Besides, existence of the baffles makes
possible using multiple active modes of the spherical shell vibration, and thus broadening an
operating frequency range of transducer. Calculating the multimode transducers also will be

considered in this section.

8.3.2.1 Single Active Mode Transducers

All the peculiarities of calculating the baffled transducers with intentionally single active modes
of vibration arise due to their possible acoustic interaction with passive modes. Therefore, first
the mutual impedances between the modes must be determined. In general, they are different
for different active mode transducers. Expression for the mutual intermodal impedances for a

spherical shell with rigid baffle is given in Section 6.3.2.1 in the form of Eq. (6.241),

& h(z)(ka)
. = —ipcdra® -+ 7 8.88
Zacip (»,) Jjpcara ;21 1 a, () a,(p,) — hl(z)' (ka) ( )
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In this section we will consider baffles with opening angle ¢, =7/2. As it follows from
the plots in Figures. 6.30-6.31 the radiation impedances (including mutual) and diffraction co-
efficients with compliant baffles have practically the same values as with the rigid baffles at

least for this opening angle. The coefficients a,,(¢,) according to formula (6.229) are

mn

/2

a,(r/2)=01+1/2) I P (a,p) P(cos@)sinpde . (8.89)

With opening angle ¢, =7 /2 for the case that m =0

ay, =1/2, ay,, =3/4, a, =-7/16, a,s,=11/32,..., and a, =0 for / even. (8.90)

For the case that m=1,

a,=1/2, a,=1/4, a,=5/16, ....and a, =0 for /> 1 odd. (8.91)

Calculations show that magnitudes of the mutual impedances between modes drop abruptly, as
separation between modes increases, and especially so the higher the orders of the modes are.
Plots presented in Figure 8.13 show that only the mutual impedance z,, between the zero
and first modes has significant value, and z_, can be already neglected. Therefore, only inter-

action between the zero and first modes will be further taken into consideration.
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Figure 8.13: Nondimensional coefficients of the mutual radiation impedances of a baffled (
@, = 7/ 2) sphere: with rigid baffle (solid lines) and with compliant baffle (dashed lines). [, is

labeled with’ The mutual radiation impedances are z,., = pc-2za’(a, + jf,) -



8.3 Spherical Transducer Types 159

Expression for z,., =z,,, can be determined from formula (6.241) in the form

acl

(2) (2)
2o =—jpe-2na- 1| o KD B (k) (8.92)
4 B (ka) B (ka)

8.3.2.1.1 Unipolar (0" Active Mode) Transducer

Equivalent circuit of the transducer with baffle is presented in Figure 8.13. In comparison with
the circuit in Figure 8.5 of the transducer without baffle it contains the passive (not having a
direct coupling with the electrical side) mechanical contours related to vibrations in the modes
that are generated due to acoustic coupling with the zero mode of vibration. All the mechanical
equivalent parameters of the corresponding contours remain the same, as for the transducer
without a baffle. Only the acoustic field related parameters change. They must be calculated
using general formulas presented in Section 6.3.2.1. Thus, the radiation impedances

Z,0(7/2) and Z

acll

(7 /2) following formula (6.240) are

(2) (2)
Z.w(712) == jpe-dra’ | LKD) 3B (ka) | (8.93)
2 1 (ka) 8 W (ka)

2) 2
L k) 1Ry )(ka)} , (8.94)

Zac]](ﬂ-/z) =—ij'4ﬂ'(lz |:

16 3" (ka) 12 B (ka)

eqvl

O
CE M, Tui Lo /2) T
v ——=c%||R, o U Foo
74U, +U)
; o

r;nL Za(l 1 (ﬂ- / 2)

eqvl

zgU,

Figure 8.14: Equivalent electromechanical circuit of the baffled transducer with unipolar elec-

trodes
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Nondimensional coefficients of these impedances are plotted in Figure 8.15. The impedances

introduced into the contours due to acoustic coupling are

V4

10

U, U,
= Zgcot UO and Z, =z, 7] (8.95)

1 0

Alternatively, the acoustic coupling can be accounted for by introducing the forces

F . =z,0U, and F, =z,.,U, (8.96)

a

into contours that correspond to the zero and first modes of vibration, respectively.

The modal diffraction coefficients k,,(7/2) and k(7 /2) following formula (6.236)

arc
L[ 3 7 ]
kyo(m/2)y=—j +J + s (8.97)
dif 0 Z(ka)z _héz)/ (ka) 2 . hl(Z)I (ka) 8 . h;Z), (ka)_
L[ 1 5|
ko (m/2)=—j +j - ) (8.98)
o 2ka)* | 2.1 (ka) K (ka) 8-hP(ka) |

1.2

0.8 - /
0.6 1” \
y

N
~
AN

aii ’ ﬁii

Figure 8.15: Nondimensional coefficients of the modal self-radiation impedances of a baffled (
@, = 7/ 2) sphere for the rigid baffle (solid lines) and for the compliant baffle (dashed lines).
B is labeled with’ The radiation impedances are Z, ., = pcS, (@, +jp,;), where

Sero =2ra’ and St =27a*/3.

Plots of these functions are presented in Figure 8.16.
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Figure 8.16: Modal diffraction coefficients of a baffled (¢, = 7z /2 ) sphere: |kdl]i| (thick lines)
and phase (thin lines, labeled with ') for i = 0, 1 with rigid baffle (solid lines) and compliant baffle
(dashed lines).

The equivalent forces that are acting in the contours in the receive mode are by definition
(6.34)
F,,. =2na" Pk (7/2), (8.99)

where P, is the sound pressure in the plane wave. Using the equivalent circuit of Figure 8.14
with all the parameters known, the velocities U, ,U,, and frequency response in the receive
mode can be determined.

The sound pressure generated by the transducer on the acoustic axis in the far field accord-

ing to formula (6.236) is

— il
e]

P(r,0,7r/2):jpa)4

226Uy (701 2) +Usk gy (71 2)]. (8.100)
r ;

The directional factor of the transducer following expression (6.235) is

Uok o (21 2)Fy (cos @) + U, k., (72 / 2)F (cos @)

H,(p,7n/2)=
o(P.7/2) Uyk o (71 2) +U k(1 2)

(8.101)

8.3.2.1.2 Bipolar (1st Active Mode) Transducer
In distinction from the circuit in Figure 8.8 the equivalent electromechanical circuit of the baf-
fled bipolar transducer includes additional passive contour that corresponds to the zero mode

vibration due to its acoustic coupling with the first mode. The circuit is shown in Figure 8.17.
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Figure 8.17: The electromechanical equivalent circuit of the baffled bipolar spherical transducer.

All the electromechanical and mechanical equivalent parameters of the contours remain the

same as they were listed in Section 8.3.1.1 and 8.3.1.2. The radiation impedances and diffrac-

tion coefficients must be used that are determined in the previous section. Formulas (8.100) and

(8.101) for calculating the sound pressure generated and the directional characteristics in gen-

eral must be modified in order to include contributions of the bending modes. Thus, they will

be
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— jkr

e
P(r.0.7/2)= 27d>
(r0.w/2) = jpo- = ama (8.102)
MUy (1 2) + Uy (71 2) 4 Uy ks (7 2) + Ush gy (71 2),
H (p,712) = Uokdg/o(ﬂ' / 2)F,(cos @) +U1kdif1 (7 /2)F(cos p)
0N Uokdg/'o(”/2)+U1kdif1(7r/2)+U3bkdff3(7f/2)+U5bkdif5(77/2) (8.103)

N Uspkys (701 2) P (c08 @) + Usy ko5 (70 1 2) B (cOS )
Uk o (1 2) + Uk gy (01 2) + Uy (21 2) + Uk g5 (701 2)

It must be taken into consideration that the terms related to the bending modes as well as those
induced due acoustic coupling with zero mode may have noticeable contribution in vicinity of
resonance frequencies of these modes only, i.e., in the frequency range below the resonance
frequency of the bipolar transducer ( f;, = 0.37f,, f;, = 0.50f,) . At corresponding wave sizes
(with PZT-4 ceramics (ka),, =1.7 and (ka),, = 2.3, whereas (ka), = 4.5) the directional char-
acteristics of the bipolar baffled transducer significantly widen (see Figure 8.11(a)) and become
apparently not usable. Thus, the peculiarities of the frequency responses and directional char-
acteristics that occur due to existence of the bending modes are beyond an operating frequency
range. Therefore, for practical calculations the contours related to the bending modes and the
corresponding terms in formulas (8.102), (8.103) may be neglected in this case. Thus, for prac-

tical calculations the equivalent circuit of the transducer can be simplified to those shown in

Figure 8.18.
nlm R
CE eqvim Tt
eqvlm _— F
O Ulm eqvl
-1 5,

4 T Ce ReL M3

O
F;qv3

Figure 8.18: Simplified equivalent electromechanical circuit of the baffled bipolar spherical trans-

ducer for operating range around the resonance frequency.

For calculating transmit frequency response and directional characteristics of the transducer the

formulas (8.100) and (8.101) can be used.
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Figure 8.19: Frequency responses of the baffled bipolar spherical transducer: (a) transmit mode,

(b) receive mode.

Figure 8.20: Directional factors of the rigidly baffled spherical bipolar transducer in the frequency
band around its resonance frequency at different ka: (a) 3.5; (b) 4.5; (c) 5.5. Note that the charac-
teristics are the same as in Figure 6.33. In plot (b) is also shown the measured directional factor

of a hemispherical transducer (thin solid line).
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The frequency responses and directional characteristics of the baffled bipolar transducer
calculated for the most practical operating range around its resonance frequency are presented

in Figure 8.19 and Figure 8.20.

8.3.2.2 Multimode (0+1 Active Modes) Transducer

Baffled spherical transducer with electrodes divided into halves can be used in multimode op-
eration at different electrodes connections that are shown in Figure 8.21: Variants of connection
of half electrodes for multimode operation of the baffled spherical transducer: (a) unipolar (0
mode) operation, (b) bipolar (1 mode) operation, (c) operation with two simultaneously active
modes (0+1 mode). The situation is analogous to those considered for the cylindrical transduc-

ers in Section 7.2.3.3.

- 0 + 1 0+1

Figure 8.21: Variants of connection of half electrodes for multimode operation of the baffled
spherical transducer: (a) unipolar (0 mode) operation, (b) bipolar (1 mode) operation, (c) operation

with two simultaneously active modes (0+1 mode).

Transition between the zero and first mode operating resonance frequencies is achieved by
switching the half electrodes. Calculating the operating characteristics can be performed as de-
scribed above for unipolar and bipolar baffled transducers.

If only one half of electrodes is used, both zero and first modes of vibration are active
simultaneously. In this case the magnitudes of the transformation coefficients must be reduced
in factor of 2, and the sign of #, /2 must be taken into account.

The sign of n, /2 changes depending on which half of the electrodes is used. Thus, n, <0
if electrodes are under the baffle, as it follows from analysis made in Section 8.2.1. By the
considerations that are illustrated with Figure 7.47 for the analogous situation regarding the
cylindrical transducers, in this case superposition of modal responses between their resonances

is constructive and leads to a broadband operation of the transducer. The operating frequency
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range extends from below resonance frequency f, and above resonance frequency f, within
the band, in which the directional characteristics are appropriate (at 3.0 < ka <5.5, as follows
from plots in Figure 6.32 and Figure 8.20). For this frequency range calculation of transducer
characteristics may be performed using the simplified equivalent circuit presented in Figure

8.22, in which contribution of the bending modes is neglected.

v o—=C>||R,

eqvl

Figure 8.22: Equivalent circuit of the dual resonance frequency spherical baffled transducer. zero-
mode operation n,, = n,, n;; =0 ; first-mode operation n,, =n,, n, =0 ;0+1 mode operation

Ry =My /2, ny, =—n/2.
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Figure 8.23: The transmit responses of baffled spherical transducer at different combinations of
the halves of electrodes: for unipolar connection (0), for bipolar connection (1), for one half of
electrodes located under the baffle (0+1). Measured characteristics are shown by the solid lines,

calculated by the dashed lines.
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Calculated transmit frequency responses of the transducer with the full size electrodes in uni-
polar and bipolar connections and with one half of electrodes active are presented in Figure
8.23. Calculations are made for transducer that is assumed to be made of PZT-4 ceramics with
dimensions #/a = 0.1 and ¢ = 3 mm.

Remarkable property of the transducer operating in the 0+1 mode is that in a broad fre-
quency range its directional factors almost do not change. This is illustrated in Figure 8.24 with
results of measurements performed with transducer having the frequency responses shown in

Figure 8.23.

Figure 8.24: Measured directional factors of baffled spherical transducer in 0+1 mode of operation
at different frequencies: ka = 3.0 (thin solid line), ka = 3.5 (thin dashed line), ka = 4.0 (thick solid
line), ka = 4.5 (thick dashed line).

8.3.3  Hemispherical Transducer

Application of the transducers employing vibration of incomplete spherical shells is not com-
mon, although they may have some advantages as single unidirectional transducers, in which
unidirectional operation is achieved without using acoustic baffles. This can be helpful given
that effectiveness of the baffles may depend on operating depth. Using the hemispherical trans-
ducers was suggested in Refs. 7 and 8. We consider calculation of transducers in the shape of
the hemisphere (¢, = 7/2) and results of experimental verification of their characteristics as
this follows from Ref. 8.

As shown in Section 4.5.5.3, the spectrum of resonance frequencies of the hemisphere is
the same as of the complete sphere vibrating in the odd modes. Thus, the closest to the first

membrane resonance frequency, f,,,1s f;, 1.9/, . Frequency f, is preceded by the
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frequencies f;, and f;, that belong to bending modes of vibration. An effective use of hemi-
spherical transducers may be realized in the frequency range around their membrane resonance
frequencies. In the case that PZT-4 ceramics is used the first resonance frequency for a hemi-
sphere corresponds to ka ~ 4.6 (D /A =1.5). Resonance frequencies of the bending modes are
much below the operating range ((ka),, 2.0 and (ka),, =2.7), therefore contribution of
these modes can be neglected. Distribution of displacement for the first membrane mode is
given by expressions (8.54). For calculating electromechanical characteristics of the transducer
equivalent circuit can be used without the bending modes related contours. The equivalent pa-
rameters of the equivalent circuit are those presented by formulas (8.71)-(8.75) reduced by fac-
tor of two. Thus, calculating electromechanical characteristics of the hemispherical transducer

can be performed using equivalent circuit shown in Figure 8.18 with following equivalent pa-

rameters:
37tY*E 3rad
M, =7dtp,, K, =—", n= AL, (8.104)
" L B R ( Bre )
8.9V~ 2.087ad
M. . =127zd* ,KE, =——1 =" 8.105
eqv3 p eqv3 1 _ O_lE 3 S]E] (1 _ UIE) ( )

The wave size of the hemispherical transducer over its operating range is large enough to as-
sume that to the first approximation the acoustic radiation related parameters of the transducer:
the radiation impedance, diffraction coefficient and directional factors can be considered the
same, as for the full size sphere correspondingly baffled, and having distribution of radial ve-
locities according to expressions (8.54) on their open parts. This assumption can be supported

by the following considerations.

Figure 8.25: To the acoustic radiation of oscillating sphere as superposition of fields radiated by

the coaxial baffled spherical transducers.
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Acoustic field of the oscillating sphere can be imagined, as superposition of the fields gen-
erated by the two spherical transducers having the same acoustic center with rigid baffles on
their half surfaces that vibrate with the same distribution of velocities on their open parts as the
oscillating sphere has. This situation is shown in Figure 8.25.

Radiation impedance of the oscillating sphere can be represented as

Zacll = Za(-l,l + Zacll,ll - 2Zacl,” > (8.106)
where Z,,,, =Z,, , are the radiation impedances of the baffled first order transducers, and
Z ;. is the mutual impedance between halves of the oscillating sphere. In terms of the nondi-

mensional coefficients of the radiation impedance relation (8.106) is equivalent to equations

Gy =0, =y, (8.107)

ﬂll = ﬂ],[ _ﬂI,II (8.108)

(remember that S, =47a’ /3 , whereas S,,,, =S, , =2ma’/3).

Comparing the dependences of the nondimensional coefficients of the oscillating sphere in
Figure 8.7 and of the baffled first order transducer in Figure 8.15 at ka > 4 leads to the conclu-
sion that at these wave sizes a,, ~«,, and S, = §,,. Thus, @, , =0 and B, , =0, i.e., the
mutual impedance between halves of the oscillating sphere is Z,,, , = 0, and they can be con-
sidered practically as acoustically independent. Thus, the conclusion can be made that radiation
impedance of the hemispherical transducer at the wave sizes around and above its resonance
frequency practically do not depend on whether it is backed by the rigid or compliant baffle.
This is illustrated with Figure 8.26 since in these cases hemisphere does not interact with its

images regardless of the phase of their vibration.

N 7
@ | (b)
Figure 8.26: Hemispheres and their images that vibrate (a) in phase and (b) in antiphase.

By the analogous considerations, the dependence of the modal diffraction coefficient on ka

for the first mode baffled transducer can be considered valid for the hemispherical transducers
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in the range of ka > 4. And all the considerations regarding the acoustic interaction between
movement of sphere as a rigid body and active first mode of vibration are also applicable to
hemispheres with free edges.

The calculated and measured transmit frequency responses of the hemispherical transducer

are presented in Figure 8.27. The unintended active modes of vibration (the third membrane
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Figure 8.27: The transmit frequency response of the hemispherical transducer: calculated (solid
line) and measured (dashed line). The resonance frequencies correspond to the first and third
modes of vibration of the complete sphere. By the dash-dotted line the frequency response is

shown of the transducer with size of electrodes reduced to @, = 63.5°

and bending modes) can be suppressed by reducing size of the electrodes to the coverage angle
@, = 63.5°, as it is illustrated for the case of the complete spherical transducer in Figure 8.9 and
Figure 8.11. This will result in optimizing the effective coupling coefficient for the first mode
and in broadening frequency range of non-corrupted directional characteristics. In this case
n, =0, and the circuit of Figure 8.18 is reduced to the single mechanical contour. The fre-
quency response of the hemispherical transducer with reduced size of electrodes is shown in
Figure 8.27 by the dash-dotted line.

Despite the large wave size of the hemispherical transducer some small level of back radi-
ation exists, and it is approximately the same as in the case of the baffled spherical transducer

of the same diameter. This assertion is supported by results of comparing the measured
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directional characteristics of a hemispherical transducer with modal directional factors calcu-

lated for the first mode baffled transducer in the range 3 < ka < 6 that are shown in Figure 8.20

by the solid thin line.
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CHAPTER 9

FLEXURAL PLATE TRANSDUCERS

9.1 Introduction

Piezoelectric flexural plate transducers have multiple applications as electroacoustic and elec-
tromechanical devices in many fields of engineering including underwater and air acoustics.
Our treatment is intended predominantly for the underwater applications that imply certain re-
strictions on configuration of the transducers mechanical systems. For this reason, only the
lowest modes of vibration of beams and plates are considered, as the most usable for underwater
applications. Though the method of theoretical analysis used can be applied to broader range
of configurations and higher modes of vibration, which may be of interest for designing differ-
ent electromechanical devices in a straightforward way. As to specifics that arise from require-
ments for the underwater projectors and receivers of the flexural type, they will be considered
in Chapters 13 and 14. Besides, a comprehensive treatment of the underwater circular disk and
rectangular beam transducers was made by R. Woollett in Refs. 1 and 2.

The most widely used variants of mechanical system configurations of the transducer that
can meet different requirements for their operational parameters and environmental conditions
are schematically shown in Figure 9.1 with examples of the circular plates for the case that their
boundary is simply supported. The cross sections of the rectangular beams look in the same
way, if to replace notations for coordinate r by x and for radius a by //2, where [ is the length of
a beam. Therefore, references to the Figure 9.1 will be made for both the circular plates and
rectangular beams.

The “bimorph” configuration (Figure 9.1(a)) can be considered as the basic design, and the
“trilaminar” (Figure 9.1(b)) and “bilaminar” (Figure 9.1(c)) configurations as its modifications.
Less typical for underwater applications are flexural type transducers shown in Figure 9.2.
Transducers of these types may be used as accelerometers in designs of the pressure gradient
sensors, but mainly they are employed as electromechanical drivers and sensors for general

applications.
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Figure 9.1: Illustration of the flexural plate transducers. (a) “Bimorph” mechanically uniform
transducer considered as the basic design (1- fully active, 2- partially active). (b) Trilaminar trans-
ducers, (c) bilaminar transducers. Transducers (b.1) and (c.1) are radially uniform. Transducers
(b.2) and (c.2) are radially nonuniform. Electrodes are shown by the solid bold lines, & is the
thickness of piezoceramic lamination, shaded parts indicate inactive material. Arrows indicate:

—> P the vector of polarization, — — E the electric field vector.
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~L s

(a) (b)
Figure 9.2: (a) Cantilever bimorph beam and (b) center supported (dual cantilever) beam, or cir-
cular plate. The dual cantilever design is a way of insuring clamping of the cantilever at one and

(in the middle cross section) that otherwise is hard to achieve practically.

Transducers of the flexural type are used in the frequency range around and below the first
resonance frequency. In this frequency range they mostly (with exclusion of highly nonuniform
and virtually not usable for effective electromechanical transduction mechanical systems) can
be considered as systems with one mechanical degree of freedom, and properties of the trans-

ducers as electromechanical devices can be represented in the transmit mode (for the projectors
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and drivers in general) and receive mode (for hydrophones and sensors in general) using the
common equivalent electromechanical circuit with single mechanical contour that is repeatedly

shown for convenience in Figure 9.3
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Figure 9.3: The equivalent electromechanical circuit of a flexural type transducer having one me-
chanical degree of freedom. Positions of the switch: 7 for the transmit, and R for the receive

modes of operation.

Theory of the uniform bimorph and trilaminar modifications of the beam and circular plate
flexural transducers for underwater applications was well developed by Woollett? though using
a different methodical approach. Analysis of the uniform bimorph circular plate transducers
using the energy method was made in Ref. 3.

As the parts of mechanical systems of the transducers located near their boundaries and
neutral planes are less effective in terms of electromechanical energy conversion, an active
material at those parts can be replaced by a passive material (e.g., by a metal) practically without
loss or even with an increase of the effective coupling coefficient of the transducer. Thus, the
length and radially nonuniform trilaminar and especially bilaminar transducers (shown sche-
matically in Figure 9.1(b.2) and (c.2)) may become advantageous in terms of their reliability,
cost effectiveness, and possibilities of manufacturing thin low frequency transducers. Assump-
tion of applicability of the single degree of freedom approximation may become questionable
regarding such mechanical systems, in general. But, as it is shown in Sections 4.5.6 and 4.5.7
with examples of the beams and circular plates nonuniform over their length and radius, this
assumption can be adopted to the first approximation at reasonable for transducers designing
degree of nonuniformity. Number of publications were devoted to considering nonuniform cir-
cular plate transducers predominantly for in air applications. A detailed list of references to
these publications can be found, for example, in Refs. 4-6. A brief analysis of the approximate

analytical methods that are used in these works is made in Ref. 8, where it is concluded that
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they are hardly applicable for treating transducers of more general types including underwater

transducers. In the further treatment the approach used in Ref. 8 is accepted.

9.2 Electromechanical Conversion in the Flexural Transducers

Mechanical systems of the flexural transducers are in the shape of the circular plates or the
rectangular beams and plates that are completely or partially made of piezoceramics, as shown
in Figure 9.1. When considering rectangular plates, we will assume that they are made up of
several beams mechanically separated. Examples of the flexural plate transducers of the basic
design were used in Section 2.6 for illustrating the electromechanical conversion in nonuni-
formly deformed bodies. Here all the variants of transducer designs is analyzed in detail.

The electromechanical energy conversion in the plate transducers will be mainly consid-
ered under the transverse piezoelectric effect, which is typically used in transducers of this type.
The exceptions may be rectangular beams (plates composed of the beams) that are tangentially
polarized or made segmented in the manner as the rings were shown to be built, in which cases
the longitudinal piezoelectric effect is used. In the analysis of electromechanical conversion we
assume that the plates are thin (so that elementary theory of bending is applicable) and that the
boundary conditions are ideal. Effects due to deviation from these assumptions will be consid-
ered separately and resulting corrections will be introduced.

For calculating energies involved in the electromechanical conversion expressions (5.67)
and (5.70) for the energy densities can be used, since in the case of the transverse piezoeffect
for the beams it holds that 7, =7, =0 and for the circular plates 7; =0. But we will repeat
their derivation here for the sake of convenience, moreover, this is sufficiently straightforward.

At first, we consider rectangular beams.

9.2.1 Electromechanical Conversion in the Piezoceramic Beams

Conventional assumption for the beams in the elementary theory of bending is that w,z < /.
Thus, it can be considered that 7, =7, =0, 7] # 0 and the one-dimensional piezoelectric equa-

tions in the form

L=—5-2LE, ©.1)
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d
D, ==L, +el (1-k;)E; . 9.2)

Sll

are valid. In Eq. (9.2) &5,(1—k;,) = &, is the dielectric constant of piezoelectric material in the
beam clamped in the direction of axis (at S, =0).

Following Eq. (4.28) in the coordinate system shown in Figure 9.1 expression for strain is

L, 4’0
a :_(Z Z,,)é) d 22

S =8 =—(z—2z,) (9.3)

where z, is coordinate of the neutral plane, & =& 0(x), & is displacement of the reference
point on the surface of the beam, and &(x) is the mode shape of vibration. For the beams
uniform over length the mode shapes of vibration for different boundary conditions on the ends
are considered in Section 4.3.4. Vibration of the nonuniform over length beams is considered
in the Section 4.5.6. As a result, the conclusion is made that for extend of nonuniformity that is
reasonably acceptable for the transducer designs the mode shapes of vibration to the first ap-
proximation are the same as for the uniform beams. Thus, the mode shapes &(x) will be con-
sidered known for all the modifications of beams shown in Figure 9.1.

The stress at £, =0 in Eq. (9.1) is

de

TF =T =—(z—z))Y" & — e

(9.4)

In this form the expression for stress is valid for parts of a beam that are made of piezoceramics.
For the nonuniform beams that are composed of active and passive materials formula (9.4) can

be generalized as

d’o

I =~z-2)¥ (05 T 7 9.5)

where Y(z,x) =Y, on the parts of the beam made of passive material with Young’s modulus

and Y(z,x)=Y" on the active parts of the beam (at the transverse piezoeffect

17 ’
YF =Y’ =1/s/, at the longitudinal piezoeffect ¥* =Y," =1/s;).
The general expression for the potential energy of deformation of a beam under flexure is

1 i f (z-2)"Y(x, 2)[ Hj dzdx —5" K, (9.6)

eqv *
v —1/2-1/2
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Here K j{v is the equivalent rigidity of the beam. Superscript £ indicates that elastic constant of
piezoceramic part of a beam that in general may be nonuniform should be taken at £, =0. For

the beam with simply supported ends that is in full made of active ceramic material

4 3
T owt
E _*t YE

eqv 24 1_3 1 - (97)
9.2.1.1 Electromechanical transformation coefficients
The electromechanical energy associated with the flexural deformation is
1 ~ 1rd ~ 1
W, == [ DEE,zx)dV, == I%S1E3 x)dV, ==&V . 9.8)
2; 2 2 S 2

Here V, is the volume of active material, and E,(z,x) is the electric field within the volume
of active material, in other words, the volume confined between the electrodes;
Df =(d,, /s})S, is the charge density determined from Eq. (9.2) at E, =0; V' is the voltage
applied, n is the coefficient of electromechanical transformation. The electric field can be rep-

resented as

Ey(z,x)=(V15)-Q,(2)-Q,(x), (9.9)

where 0 is separation between electrodes, and Q,(z) , €,(x) are the nondimensional functions
that depend on configuration of the electrodes in the volume of a beam and on their polarities.
At passive parts of the beam they vanish. At active parts their moduli are |Q,(z)| =|Q, (x)| =1,
and their signs depend on the mutual direction of vectors of polarization and electric field in
the volume of ceramics between the electrodes. Now expression (9.8) for the electromechanical

energy after substituting strain S, by formula (9.3) can be transformed to

1 wdy, ( | i d’0
Vo =28V O (IQ (z)(z—zo)dz)[ [ o (’“)Wd"} . (9.10)

By comparing expressions (9.8) and (9.10) the electromechanical transformation coefficient of
the beam can be represented as

wd,,
E
osy,

n=-

Q-Q, (9.11)

where it is denoted
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Q, =le(z)(z—z())dz , (9.12)

Q = ITZ Q (x)%dx . 9.13)
i

These factors depend on the status of electrodes over the surface and over the thickness of a
beam. For illustration consider the bimorph beams shown in Figure 9.1(a), that are composed
of two identical laminates of piezoceramics. Coordinate of the neutral plane is z, =¢/2. In
terms of polarities of the electrodes and mutual direction of the vectors of polarization P and
electric field E, the variants possible that are shown in Figure 9.4 and Figure 9.5. The conven-
tion is that Q,(z) >0 and €,(x) >0 in the parts of piezoceramic volume, in which directions
of the vectors of polarization and electric field coincide ( E, ™ P), and Q,(z)<0, Q,(x)<0

in the parts, where they are in opposition ( E, N P).
At first, consider Figure 9.4, where different mutual directions of vectors of polarization

and electric field are shown over the thickness.

z z z
PA +E A A t b A 4 Ab A A t b
(A :+ < A : | 2‘ < :+ (\__ LI 2?5
T ™o >~ T I v
/ | / L] s / N L] b
| v 2 10" v 2
(a) (b) (© (d)

Figure 9.4: Variants of electrical connection of the piezoceramic laminates forming bimorph pie-
zoelement: (a) distractive connection that does not result in generating the bending moment; (b)
parallel connection of the halves of the laminates, & =¢/2 ; (c) their series connection, & =1
(d) parallel connection of active laminates typical for trilaminar design, dashed area is passive

material. The vector of polarization, P , solid line; the electric field vector, E , dashed line.

In the variant (a) €,(z) does not change sign over the thickness, and as result of integrating in
expression (9.12), in which z, =¢/2, will be obtained that factor €2, =0, i.e., electromechan-
ical conversion does not take place. In variants (b) and (¢) Q,(z)=-1 at 0<z<¢/2, and

Q. (z)=1 at t/2 <z <t Result of integrating in (9.12) will be

Q =1/4. (9.14)
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Difference between the variants is that in variant (b), which corresponds to the parallel connec-
tion of halves of the beam, separation between the electrodes is 6 =¢/2; in variant (c),which
corresponds to the series connection of the halves, & =¢. As the result, the capacitances of the
beams will be different. In variant (d) the electrodes are imbedded into volume of the beam,
Q(z)y=—lat 0<z<od,and Q,(z)=1lat r—-d<z<t.At 6 <z<t-0 function Q,(z)=0.

Result of integrating in (9.11) is

Q, =5(t-5). (9.15)

Consider now variants of the electrodes configuration over the length of a beam that are

shown in Figure 9.5.

’:ii/gvv _‘iz 90]
- =< -7 1<
-~ ~ — v + N —
| =
;{ i + - P+
—-0.29/ 0.29/
(a) (b)
AZ
~1/2 1/2
N & > X

(c)
Figure 9.5: Variants of the electrodes configuration over the length of a beam: (a) full size unipolar
electrodes; (b) the electrodes are split into parts, and their periphery parts are connected in anti-
phase to the central part; (c) the external parts of the electrodes are short circuited, thus £; =0
in the volume between them. @_(x) and 6,(x) are the mode shapes of the beams with simply

supported and clamped ends.

Note that the modes of vibration are presented in Figure 9.5 (a) and (b) in the coordinate system
with origin on the left end of the beam unlike in Figure 9.1(a.1). In the variant of the full size
unipolar electrode Q,(x) does not change sign along the length, and integrating in (9.13) per-

formed in the interval [0, I) results in

o =40
dx

_do

- (9.16)

x=[ x=0
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Thus, this factor completely depends on the turning angles of cross sections of a beam on the
edges of the electrodes (tangents to the mode shape on the edges of the electrodes), which in
this case coincide with the ends of the beam. For a beam with simply supported ends

0. (x)=sin(zx/[) and

Q=" (9.17)

It is instructive to consider the electromechanical conversion performed by the vibrating beam
with clamped ends. The boundary conditions on the clamped ends are t9(x)|x:i ,, =0 and
(d@/dx),_,,, =0. According to formula (9.16) €, =0, and the overall effect of electrome-
chanical conversion under the flexural deformation of the beam does not exist. This is due to
the fact that the electrical charge density that is proportional to curvature of the deflection curve
(D, (x) ~ S,(x) ~ (d°8/ dx) ) according to Eqs. (9.2) and (9.3)) changes sign at the coordinates,
at which the curvature changes sign (at point of inflection), and the total charge over the elec-
trodes appears to be zero. The deflection curve for a beam with clamped ends (4.493) is

2 2
9@9:1%?{1—%§+§5J. (9.18)

Coordinates of the inflection points found from equation (d°60/dx’)=0 are
x, =0.21/, x, =0.79] . The electromechanical conversion can be “revived” by splitting the
electrodes on the lines corresponding to these coordinates, and then by connecting the periphery
parts to the central part in opposite phase, as it is shown in Figure 9.5(b). In this case the factor
), may be calculated from expression (9.13) taking into consideration that €,(x)=1 at

021/ <x<0.797, and Q,(x)=-1 at 0.21/<x<0.79/ and 0.79/ < x </. Simple manipula-

x=0211 dx

The ideal clamped boundary conditions are hardly achievable in practical transducer designs,

tions result in

Ql:[d@

do _do
dx

de _do
x=079; X

x=021 dX

]ﬂ. ©.19)
x=0 )

and the theoretical gain that is obtained by antiphase connection of parts of electrodes close to
the ends may be not so impressive. More reliable way of avoiding a possible distractive contri-

bution of end parts of a beam to electromechanical conversion in situation, when boundary
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conditions are not exactly known, is to use the central part of electrodes only, as is shown in
Figure 9.5(c). In this case it is more convenient to use formula (9.13) in its original form that
corresponds to position of x = 0 in the middle of a beam. For the simply supported beam this

will result in

_dé,
dx

_ 46,

Ql
dx

= PsinTe (9.20)
x==1,/2 l Zl

x=1,/2

Combining general expressions (9.11) for electromechanical transformation coefficient
and expressions (9.15) for Q, and (9.20) for €, we obtain for the variant of simply supported
beam shown in Figure 9.1(a.2)

HZM(I—&sin;;l;. (9.21)

E
Is;,

The electromechanical transformation coefficient characterizes force of electromechanical

origin that generates vibration of mechanical system of a transducer,

F =nV. (9.22)

em

As it was noted in Section 2.6.1, sign (-) in the expressions (9.10) and therefore in formula
(9.11) is in accord with the sign convention formulated in Section 1.5.2. It indicates that at the
conditionally positive direction of the electric field) that coincides with direction of polarization
and conditionally positive curvature (with convex down and bending moment positive in anti-
clockwise direction on the right end) the electromechanical force is directed in positive direc-
tion at the transverse piezoeffect (given that d,; < 0), or in negative direction at the longitudi-
nal piezoeffect. This results in compression or tension in the upper layer of ceramics, respec-
tively. The same explanation is valid for the circular plates under flexure. For calculating pa-
rameters of the single mode transducers these details do not matter, and the sign (-) in expres-
sions for the transformation coefficients can be further omitted. Keeping the signs is important,
when considering multimode transducers, in which case the modal transformation coefficients
may have different signs. Such situation takes place, for example, in calculating spherical trans-

ducer (see note under formulas (8.75)).
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9.2.1.2  The Effective Coupling Coefficients
An important figure of merit that characterizes quality of electromechanical conversion of en-
ergy performed by the transducer is the effective coupling coefficient that can be calculated by

formula

2= % where ¢ = —"— . (9.23)
’ +a

It can be readily determined so far as the equivalent parameters of a transducer are known. The
equivalent rigidity may be determined from Eq. (9.6). For determining the capacitance C°' of
the transducer at S, =0 consider the electric energy of a beam clamped in direction x,
S, 1 S, 2 > 1 S 172
W == [ehE (zx)dV, =< C3V?, (9.24)
2; 2
Upon substituting expression (9.9) for the electric field and integrating over the active part of

the beam we arrive at

1L,2 P
w
Ci =en(-k) = [ @ 0ax[ Q] (2)z-2,)dz . (9.25)
-1,/2 0

For the case with embedded electrodes shown in Figure 9.1 (a2)

e

2w
Cf,' :g;(l—kfl)yl . (9.26)

The absolute value of the effective coupling coefficient of the fully active simply supported

beam following formulas (9.23), (9.21) for n, (9.26) for C*

el >

and (9.7) for K fqv will be obtained
as

2 6k;,

2 O 9.27
ef 71,2 _(72_2 —6)k321 ( )

For the beam made of PZT-4 k,; ~0.8k;, .

9.2.13 Employing the Longitudinal Piezoeffect
Consider now peculiarity of the electromechanical conversion that arises from utilizing the lon-
gitudinal piezoelectric effect. This is typical of the rectangular beams intended for underwater

projectors, operation of which is often electric field limited and therefore requires the
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electromechanical transformation coefficients to be as large as possible. Practically, the longi-
tudinal piezoeffect can be realized in the designs shown in Figure 9.6 (a) and (b). In this case
the beams must be cemented from the piezoelements that are polarized in the length direction
and connected electrically as it is shown schematically in the Figure 9.6. Note that the pie-
zoceramic bars that are tangentially polarized can also be used in the designs of Figure 9.6 in a
straightforward way, but this variant would require a special approach to calculating electro-
mechanical parameters, which is described in Section 7.2.2.1.2, and therefore will not be con-

sidered here.

— g e =3 I I I I
>

oum il I I I B A

(a) (b)

Figure 9.6: The beam designs that utilize the longitudinal piezoeffect. (a) The beam is cemented
out of two segmented bars, or of the prisms with electrodes separated analogous to those shown
in Figure 7.1 (c). (b) The beam is cemented out of segmented bar and of the metal lamination with
a dielectric substrate between them (trilaminar design). The electrodes having (+) polarity in pro-
cess of polarization are shown by the solid lines. The solid arrow-line — indicates the direction
of the polarization; the dashed arrow-line — —> indicates the direction of the operating electric

field.

In the variant of the longitudinal piezoeffect 7, =T, =0, T; # 0, and the appropriate pie-
zoelectric equations are,
1 d
T,=—S,-—E,, (9.28)

533 S33

D, = d—f& +el(1-k3)E, . (9.29)

S33

Here &,(1-k;,)=¢); is the dielectric constant of piezoelectric material in the beam clamped
in direction of axis x (at S; =0).

Expressions for the equivalent parameters of a transducer utilizing the longitudinal pie-
zoeffect may be readily obtained from those that were determined for the variant of the trans-
verse effect. Thus, when calculating the equivalent rigidity from expression (9.6) it should be

considered that Y =1/sJ, . After denoting
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E,(z,x)=V/A)-Q,(2)- (%), (9.30)

where A=1,/N (I, is the total length of the segmented bar, N is the number of segments)
and functions €,(z) and €,(x) have the same meaning as in the case of the transverse pie-
zoeffect, the general expression for the electromechanical transformation coefficient will be-

come

Wd33
n=—-233Q .-Q 5 9.31
1531;; t 1 ( )

instead of the formula (9.11) for the transverse piezoeffect. In the variant of the simply sup-
ported beam formula for the transformation coefficient becomes

wds (t_g)ésin”—l"l

n=2r . 9.32
seo 1A 21 ©-32)
The capacitance of the beam at parallel connection of the segments is
2wo
cy :g;(l—k;)TN. (9.33)

As it was discussed in Section 5.5.2, an additional to K j{v rigidity AK must be included
that arises, if a nonuniform distribution of strain in direction of the electric field of polarization
takes place. In the case under consideration the distribution of strain along the field of polari-
zation (over the length of the beam) is (S, (x) ~ cos(2zx/[) ), and the additional rigidity theo-
retically must be taken into account. But, as it follows from results presented in Section 5.5.2.1
in the case that piezoelement is segmented along the electric field lines, and number of segments
is N>6,the AK term is small and can be neglected compared with K fqv . It is noteworthy
that in the case of the transverse effect the distribution of strain through the thickness ( S,(z) ~ z
), 1. e. in direction of polarization, also results in an additional rigidity. According to formula

(5.162) this rigidity has value

2
ki g (9.34)

AK =0.25 :
g2 e

Given that for PZT piezoceramics k;, is on the order of 0.1 this term can be also neglected.
Expression for the effective coupling coefficients under the longitudinal piezoeffect differs
from expression (9.27) for the transverse piezoeffect by the absolute value of the coupling co-

efficient of piezoceramics. Thus, for the fully active simply supported beam
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2 2
a, = -9 @g,kg g 6§3 . (9.35)
7 1-k;, — (7" —6)k;;

9.2.2  Electromechanical Conversion in the Piezoceramic Circular Plates
The plates are assumed to be thin compared with the radius, ¢ < a, and free of stress on the
major surfaces. Thus, the stress 7} in the axial direction throughout the thickness can be ne-

glected. The appropriate piezoelectric equations are

S —S“T +S12T +d,E,, (9.36)
S, =siT +s/T, +d, E,, (9.37)
D, =dy (T, +Tz)+‘93T3E3- (9.38)

The electrodes and the plate vibrations are axially symmetric. Therefore, the strains in the polar

coordinates are according to formulas (4.182) and (4.183)

S, =8, =—(z—z2,)¢, Zf, (9.39)
S,=8 =—(z—z))¢ l% (9.40)

where £(z) =& 8(r/a) . Upon substituting 7, + 7, from Egs. (9.36) and (9.37) into Eq. (9.38)
we obtain

d,,

Sll +S12

D, =— (S +5S, )+g3'ZE (9.41)
Sio T 2 2 2 T, E EN : .

where &£;;° =¢&5,,(1-k,), and k, =2d;, / £5;(s;, +5,,) is the square of the planar coupling co-

efficient of the piezoceramic material. From Eq. (9.41) the charge density at E, =0 is

d,

E _
Dy =
Si S

—(S,+85,). (9.42)

It follows from Eqgs. (9.36) and (9.37) that stress in piezoelectric material at £, =0 are

E _ YIE _ O-IE
-y ? 1-(")

S, (9.43)

£ £
E_ O Y

= S, — S
Pol-(f)yY T 1-(of)y

(9.44)
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For the nonuniform plates that are composed of active and passive materials these formulas can

be generalized in the same way, as it was done for the beams, namely,

"l—o(zr)? ' 1-o(zr)? '
T = o(z,r) g Y(z,r) g (9.46)
P l-o(zr)? ' 1-o(z,r)? '

Here Y(z,r)=Y, and o(z,r)=0, on the parts of the plate made of passive material with
Young’s modulus ¥, and Poison’s ratio o, and Y(z,7) = Y*, o(z,r) =0, onthe active parts
of the beam (Y* =1/s/,, o =-s/, /5], ). For brevity, the modified elastic modulus will be

introduced

(9.47)

as the combination of the Young’s modulus and Poisson’s ratio for the material. On the passive

and active parts of a plate the modified elastic moduli are

Y Y*
YW:1 '~ and ¥, = -

(9.48)
-o, -0,

9.2.2.1 Electromechanical Transformation Coefficient
Expression for the electromechanical energy associated with deformation of a circular plate is

1 1 27dy, % I
Wy = ! D{EdV =5 [[(5,+8,)Ey(r.2)rdraz = &b, (9.49)

E
SutS29%

Here expression (9.42) for the charge density Dy is used, and strain S,, S, are determined by
formulas (9.39) and (9.40). Strength of the electric field E,(r,z) can be represented by expres-

sion analogous to (9.9) for the beams as

E(r,2)=(V/8)Q(2)Q,(r/a) . (9.50)

The function Q_(r/a) characterizes the geometry and polarity of the electrodes and their elec-
trically isolated parts over the radius. It is similar to the function €2,(x) for the beams. Suppose
that the electrodes are divided into two parts, as shown in Figure 9.7. Within these parts

Q, (r/a)==1, where the sign depends on polarity of the electrodes. The variant of full size
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Y

v Z

Figure 9.7: The piezoelectric ceramic plate with electrodes divided into two parts.

electrodes corresponds to # = a . If only the part of the electrode having radius 7 is active, we
assume that the remaining part is short circuited, in which case the rigidity of the transducer
remains unchanged, as the condition of the constant electric field is fulfilled throughout the
volume of the plate. If this part remains open circuited, its elastic constant must be determined
at D, =0 and, strictly speaking, the plate must be considered as nonuniform over the radius.
After substituting expressions for S, and S, into formula (9.49) and integrating over the vol-

ume will be obtained that

1 27d 1
W =—¢(V—"3L QQ =—V&n, 9.51
em 250 Sﬁ"l‘slb;t = "r 2 50 ( )
where
t
Q, =[Q,(2)(z-z,)dz (9.52)
0

is the same quantity as by expression (9.12) for the rectangular beam; and

d*6 1d0 ( ) do
0, = [[£0+190 ) [ 4 1 20)ar - 22
oldr™ rdr dr\  dr dr v

If both parts of electrodes in Figure 9.7 are used and connected in the opposite phase, then

—j ( ) jd(d‘gjdr 40 _| 496 . (9.54)
dr\ dr dr\  dr Vdr ror dr|,_, -

Following Eq. (9.51) the electromechanical transformation coefficient is

(9.53)

do
—n=Z
dr

2rd,,

=—F—0QQ0 . 9.55
(Sﬁ-i-slb;)é‘ t=r ( )

In this section we will assume that the plate has bimorph design with active laminates connected

in parallel. In this case 6 =¢/2 and Q, =¢* /4 according to formula (9.14) and
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n= 0t o (9.56)
S+ 8,

The coefficient €3, and therefore the electromechanical transformation coefficient, is deter-
mined by the slope of the mode of vibration on the contours of electrodes. It may have sign
minus. Regarding nature of signs of the electromechanical transformation coefficient see the
note under formula (9.22). Further the signs will be omitted unless noted otherwise. If the elec-
trodes are divided in parts, it depends also on the polarity of the parts. The mode of vibration
of the plate is defined by the boundary conditions, which may in practice vary significantly

depending on the transducer design. In the case that the boundary is simply supported, the mode

shape being approximated by the static deflection curve is given by expression (see (4.495))

O(r/ay=(1-r*/a*)1-r"/4a"). (9.57)
and coefficient Q, is
do 2 P2
Q. =r,— =—<4125-4 |, 9.58
rss ’11 dr v, aZ [ aZJ ( )

It is informative to consider the electromechanical parameters of circular plates for the
boundary conditions other than simply supported. One of the reasons behind this is that in a
practical transducer design it is hard to achieve the ideal boundary conditions, and it is good to

have an estimate as how the change in boundary conditions can affect the transducer parame-

ters.
or/ay 12 ;
>
=7 0 > > 7

0.71a

Figure 9.8: Illustration of the circular plate having clamped boundary with its mode shape of vi-

bration and electrode configuration.

Thus, for the clamped boundary conditions (Figure 9.8) the static deflection curve is (see

(4.496))

O(r/a) =[1—F—EJ , (9.59)
a
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and
2 2
Q. :—4%( —;—;j (9.60)

At 7, = a the electromechanical transformation coefficient is zero by formula (9.49) because
the slope is zero on the clamped boundary [(d€/dr),_, =0]. The physical reason behind this
is the same as was discussed regarding the rectangular beam with clamped ends. In the case of
the circular plate the charge density on the surface of electrodes is proportional to [#(d@/ dr)]

, and it changes sign at » = a2 . Theoretically, the maximum output from the clamped circular
plate transducer can be obtained, if the electrodes are split into two parts on the circle of radius
r=0.71a and the parts are connected in antiphase. In this case the electromechanical transfor-

mation coefficient must be determined by formula (9.54), namely,

. 4
So
\—7\\ ~
- N
0 a » I
7/
T T
N
Ve N
r=0.68a

Figure 9.9: The mode shape of the circular plate with free boundary. The nodal line is at
r=0.68a.

2
" :_fdﬂ’E 249 E”d31E , 9.61)
A dr S+ S,

r=n

In the variant of free boundary (Figure 9.9) the mode shape of vibration at the first reso-
nance frequency according to (4.200) is

1, (ka)J, (k) = J, (k)] (k)

= (@)~ y(ka)

, (9.62)

where J,(kr) and I,(kr) are the first order Bessel and modified Bessel functions, respec-

tively, and k,a =3.01. The coefficient Q, is

Q :rd% =—%[3.28J1(3rd/a)+0.2711(3r61/a)]. (9.63)

,
r=ry

For the full size electrode (at 7, =a)
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n=218%%! (9.64)

E
Sll +S12

9222 The Effective Coupling Coefficients of the Circular Plates

In accordance with formulas (9.23) the coefficients

2
n

a =———- (9.65)
le.z K;‘f]v
must be considered first. In this formula the equivalent rigidity, K zf]v , 1s determined by expres-
sion (4.391)
E tSYo'eqv
K., :T~L(O.3)bc . (9.66)

Here Y, is the equivalent Young’s modulus that depends on the composition of the plate
through the thickness and is determined by expression (4.390). Factor L(0.3),. depends on the
boundary conditions (on the mode shape of vibration). It is determined by expression (4.382)
at o =0.3. For the simply supported boundary L(0.3), =7.2z/a”. Value of the equivalent
rigidity does not depend on the electrodes size under the condition that remaining part of the

plate surface is covered with electrodes, which are shot circuited. Capacitance of the clamped

plate at parallel connection of the ceramic laminates is

Azr:
C* =& (=) —=. (9.67)
The procedure of calculating the effective coupling coefficients and their optimizing will be
considered for uniform over the radius plates. In principle, it remains the same as for the beams.
After substituting the general expressions for the transformation coefficient (9.55), for the ca-
pacitance (9.67) and rigidity (9.66) into formula for coefficient ¢, and normalizing to its value

for the fully active simply supported plate we obtain

2

a,lt/2),r,] & L(03), d6,

a, (t/2,a) (157 L(0.3), dr

css

(9.68)

r=ry

Here the subscript bc stands for the specific boundary conditions, the factor «, (¢/2, a) is the

css

value of the coefficient for the simply supported fully active plate. The function depends on the
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diameter of the electrodes and the boundary conditions. For the simply supported plates using

the mode shape described by function (9.57) we obtain

a, (t/2,r : 2y
cs.&( El) _ rel [25—};—;\] . (969)

a (t/2,a) (1574 a

css

For the clamped and free boundaries expressions (9.60) and (9.63) for the function €,
must be used, and values of coefficients £(0.3),, that correspond to these boundary conditions
according to expression (4.382) with all the other parameters of the plates equal. They are

L(0.3), =21.4n/a’ and L(0.3),,, = 22.077/ @’ . Thus, the results will be

for the clamped plate,
2
Geall2r) g1 fy ri| 36 (9.70)
o, (t/2,a) a a) a'l,’
and for the free plate,
Q t/2,r
Gt/ 210) _ 0.14-[3.28J,(3r, / a)+0.271,(3r, / a)]* . (9.71)
a, (t/2,a)
1.1 I ]
1 e

0.9 / - .
0.8 —

0.7 /
06 L 1 { 1 -

0.5 7

C 58

a(, bc(tfzs "e[) / o (1/2, Cl)

/4
0.4
//
5 ST

0 1
0 01 02 03 04 05 06 07 08 09 1
re',/a

Figure 9.10: Plots of the functions that characterize relative dependences of the effective coupling
coefficients on the radius of electrodes at different boundary conditions: (1) simply supported, (2)

free, (3) clamped. @ = 0.62/(]2, /1 —ki) .
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These functions are presented in Figure 9.10. Note that the plots of these functions are valid
for all the radially uniform plate designs. The maximum values of the effective coupling coef-

ficients at different boundary conditions are achieved at:

r, =0.90a for the simply supported boundary, (9.72)
r, =0.58a for the clamped boundary, (9.73)
r, =0.72a for the free boundary. (9.74)

The coefficient ¢, for the plate with clamped boundary theoretically can be doubled, if the

‘max

electrodes are split at radius 7, ~ 0.58a and the parts are connected in antiphase. In this case

a’,,[t/2,0.584]
a (t/2,a)

css

(9.75)

Absolute maximum values of the coupling coefficients for different boundary conditions can
be calculated using expressions for the coefficient ¢, (¢/2a) and k,;,, that are given by for-

mulas (9.23), namely,

2

=0.62 by dk’, =
Ay =Y. 1_k2 an eff be

p

ac be

— (9.76)
I+ea,,

As the comparison shows, the plates with simply supported boundaries have advantage in
terms of the effective coupling coefficient. They are the most suitable for underwater applica-
tions. The simply supported conditions can be closely achieved in the symmetrical double sided
design schematically shown in Figure 9.11 in case that dimensions of the supporting ring ensure
small moment of resistance on the contour of the plate. The displacements of foundation &, =0
due to symmetry, and the moments M, ~0 (is shown on one side), if the thickness of the

foundation, A, is small enough compared with its height, 4, .

h, 1
g/T // />M/
~ ----l----f -------- RSN
| —
Al ;

Figure 9.11: Double-plate balanced transducer design. (1) The identical bimorph plates, (2) com-

mon boundary foundation for the plates. Dashed line shows the plane of symmetry.
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It is noteworthy that the clamped boundary conditions can provide greater mechanical
strength ( K, :1 v > K :1 L« ), but not only are the clamped piezoelements less electromechanically
effective, the clamped conditions hardly can be achieved in the real transducer design.

After the general expressions for parameters that characterize electromechanical energy
conversion are obtained, the values of equivalent electromechanical parameters for particular

transducer designs will be determined in the next two Sections for the transducers that are made

of the rectangular beams and circular plates.

9.3 Rectangular Beam Transducers

In terms of peculiarities of calculating the rectangular beam transducers of configurations
shown in Figure 9.1 fall into two groups: with mechanical systems uniform (a.1, b.1, c.1) and
nonuniform (a.2, b.2, ¢.2) over the length. For all the transducers of the first group the mode
shapes of vibration are the same at the same boundary conditions, and differences may arise
only due to differences in composition of the beams through their thickness. Calculating trans-
ducers of the second group requires also considering differences between their modes of vibra-

tion.

9.3.1 Beams Uniform over the Length
The bimorph beam design (a.1) may be considered as the basic design within this group, with
which all the other modifications of beams (trilaminar (a.2) and bilaminar (a.3)) is convenient
to compare in terms of quality of electromechanical conversion. Examples of the bimorph
beams and their parameters were considered in Section 2.5 and throughout Section 9.2.1 for

illustrating the results that follow from the general expressions.

9.3.1.1 Simply Supported Fully Active Bimorph Beam

In this variant all the volume of the beam is active. Therefore, in the general formulas for the
energies involved § =¢/2, [, =1, and throughout the volume Y(x,z)=Y" and p(x,z)=p,
The normal modes of vibration of a simply supported beam are &(x) =sin(zxi/[) . Upon sub-
stituting these values into expressions (9.6) and (9.10) for the potential and electromechanical

energies and for the kinetic energy we arrive at the following summary for the equivalent
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parameters of a beam utilizing the transverse piezoeffect for the first and for the next closest

active third mode of vibration

v 1 ziwt’ P ztwt’ 1 M
==, = —’Meviz_th T T 9~77
o TCE T oapsE et T At e T T ©77

dy t dy t
n =aw—-—, n, =3 xw—s-. 9.78
: S 3 S 1 (9.78)
Capacitance of the bimorph beam is
s, T 2\ 4w

C) =£33(1—k31)—t l. (9.79)

The expressions (9.78) and (9.79) are given for the case that halves of a beam are connected in
parallel. For the case of series connection of the halves the value of transformation coefficient
must be reduced by factor of 2, and value of capacitance by factor of 4.

For the beams that utilize longitudinal piezoeffect and have geometry shown in Figure 9.7
(a) the expressions for equivalent parameters that take into consideration comments made in

Section 9.2.1.3 regarding contribution of the term AK are as follows (for the first mode of

vibration).
(AL 2 Ly VIS S A U (9.80)
w TCE T oapsE e T T '
d 2
n=zrw—3;t—, (9.81)
55 2IA
4
cs :g;(l—k;)A—n:l.CjK =g§3(1—k§1)$ (9.82)

Useful equivalent parameters that depend solely on the geometry of the mechanical system and

mode of vibration are the effective, S o and average, S, surface areas that are introduced for

the beams by formulas (2.120) and (2.126). For the simply supported beams vibrating in the

first mode they are

S, =2lwim, S, =lw/2. (9.83)

The resonance frequencies of the bimorph beam calculated by formula f, =1/27z,/M, CZ

eqv " eqv

arc
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t 1

E st

where c, is the sound speed of longitudinal vibration in the piezoceramic bar utilizing trans-

£ =045 - 0.45112@1  fi= 3-0.451i2c‘,, 9.84)

verse piezoeffect. In the frequency range below and around the first resonance frequency con-
tribution of the third and higher modes with sufficiently remote resonance frequencies to oper-
ational characteristics of the flexural beam transducer is negligible, and calculating properties
of the transducer can be produced with help of the equivalent circuit shown in Figure 9.3. The
acoustic field related parameters of the circuit will be considered later in the Chapter for all the
flexural type transducers together. Following expressions (9.23) with reference to the above
formulas for the equivalent parameters the values of the effective coupling coefficients for the

bimorph benders utilizing the transverse and longitudinal piezoeffect will be determined as

n’ 6 ki 2 6 1
o = = — ,alld ~=_k2‘—'
CTCYKE, A1-K T 1-0.39%;,

eqvi 3i

(9.85)

Thus, for the simply supported bimorph beams made of PZT-4 ceramics having k;, = 0.33 and
k,; = 0.7, the respective values of the effective coupling coefficients are

k., =08k, , k

off 1 315 Ky = 0.87ky;. (9.86)

93.1.2 Cantilever Bimorph Beam

The basic design of the cantilever bimorph beam transducer as shown in Figure 9.20 (a) was
considered in Section 2.5. Here the expressions for the equivalent parameters of the transducer
are summarized for comparing with results for their trilaminar and bilaminar modifications.
They are obtained from the general expressions by specifying the mode of static deflection of

uniformly loaded beam with one end clamped, namely,

0(x)=2(x /1) (1-2x/31+x* /61 (9.87)

The equivalent parameters of the cantilever beam employing transverse piezoeffect at parallel

connection of the piezoelements are

3
KE =32 v _026M , n= 2l
! 3sii1

4 Ej3
@ T2

4
Gl =eha-k) 2,

(9.88)

S, =0.42w, S, =0.26lw. (9.89)
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The resonance frequencies of the cantilever beam is

(1
_2— .
P sip,

Remember that the reference point is at the end of a beam. Therefore, the generalized velocity

£=0.16 (9.90)

is U,.
The effective coupling coefficients for the cantilever beam utilizing the transverse and longitu-

dinal piezoeffect will be determined as

k2 1 .
S and k2, =0.42 ;W,Fm. (9.91)

AT

o, =042
1

Thus, for the cantilever beams made of PZT-4 ceramics values of the effective coupling coef-
ficients are

k., =0.67k, , k

eff1 31 Meff3 ~ 0'77k33 > (9.92)

respectively.

It is noteworthy that real clamping of a beam at the end is hard to accomplish. One of the
practical ways of achieving this is the dual center supported beam design, as shown in Figure
9.2 (b). All the parameters of transducers are the same per each half of the design, as above
presented. Remember that the reference point is at the end of a beam. Therefore, the generalized

velocity is U, .

9.3.13 Elastically Uniform Partially Active Beam

The basic variant of bimorph beam (Figure 9.1 (a.1)), in which case all the volume of the ce-
ramic is active, was considered in Section 193. Consider now the variant of design with elec-
trodes having variable length /, and separation & between them, which are embedded intothe
volume of ceramic, as shown in Figure 9.1(a.2). We assume that the Young’s modulus and
density of the ceramic are the same Y and p, as in the bimorph design in the case that all the
ceramic volume is confined between the electrodes. Such variant of design cannot be practically
realized unless the electrodes in the passive parts exist and are short circuited. Bu it is useful in
the methodical sense, as ideal base for comparison properties of the truly nonuniform over

length transducers and for illustrating peculiarities of electromechanical conversion in the
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flexural transducers. In the last capacity it was used as an example in Section 9.2.1. Some of
related results of Section 9.2.1 are repeated here for convenience of referencing. The bimorph
design is the particular case of this transducerat 6 =¢/2 and [ =/ . The equivalent mechanical
parameters of the transducer are the same as bimorph transducer of the same geometry and at
the same boundary conditions has. Namely, for simply supported beam

4.3
E 1 Tiwt
eqv_CE

eqvl

1 M
=—— M, =—wip,=—. 9.93
24psr Ve T MPT ©:3)
The transformation coefficient and capacitance at parallel connection of the active laminates
are

27rwd 7l,
CsE s 207

"= (9.94)

2w
Ch = g;(l—k;)glg (9.95)

according to expressions (9.21) and (9.26). Coefficient «, used for determining the effective

coupling coefficient by formula (9.23) is

2 2 2
a (51)_@ _%f;(z : 8(1—éj 2 lsinz(”lej. (9.96)
s 21k ()1l 2

eq»

For the bimorph beam (at 6 =¢/2, [, =1)

6 ki
al(t/2),]]=——L-. 9.97
c[( ) ] 7[2 1—k32] ( )
The ratio «,(5,1,)/ e [(¢/2),]] falls into product of two functions
a.0.) _ e@l) | a@.l) | ©.98)

al(t/2).]] ac[(t/2),l]|[e:1 ale/2).0,,,

one of which,

sY s
- {8[1—7j 7}, (9.99)

depends only on position of the electrodes over the thickness of the beam, and another,

c[(t/zxz]
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a.(9,L,)
a,[(t/2),0]

! .
= —sin?
Oo=t/2 le

nl,
21 )’

(9.100)

depends only on the length of the electrodes and on the boundary conditions. Plots of these

functions are presented in Figure 9.12 and Figure 9.13.
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Figure 9.12: Plot of the function that characterizes dependence of the effective coupling coeffi-

cient on the relative separation between the

electrodes

(solid

line).

0.5-[n(6/t)/n(1/2)] 0.5-[n(5/¢t)/n(1/2)] at [,/ constant (dashed line).

1.3

1.2

1.1

1
0.9 /

C

-
0.6 /

08— / o
07 Il s Il

e

o(l )/ e(l)

0.5

/
0.4 Ve

0.3 >
0.2r 7
0.1 /=

0

0 01 02 03 04 05 06 07 08 09 1

/1
e

Function

Figure 9.13: Plot of the function that characterizes dependence of the effective coupling coeffi-

cient on the relative length of the electrodes for a beam with simply supported ends (solid line).

Function n(l, /1)/n(l) at 6/t constant (dashed line).
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The dependence according to formula (9.99) is the same for all the transducers of the flexural
type due to the same linear dependence of strain over their cross sections. Dependences of
(9.100) type for different boundary conditions are presented in Figure 9.10. As it follows from
the plots, the maximum value of the effective coupling coefficient can be achieved at
o/t=1/3 and [,//=0.7 , ie., with volume of active material reduced almost in factor of

two, and it equals to

7.8 ki
a  =13-a[(t/2),]]=— —1—. 9.101).
€ max c [( ) ] 72_2 1_ k321 ( )
Thus, for the maximum value of the effective coupling coefficient we obtain
k. .= 7;8k2 _ (9.102)

w2 B 0,79k

For the beam made of PZT-4 k. .~ 093k, , whereas for the bimorph (fully active) beam
ko ~0.80k;, .

It is also shown in Figure 9.12 and Figure 9.13, how the relative values of the electrome-
chanical transformation coefficient, n(/, //)/ n(l) at 5/t constantand n(d/t)/n(1/2) atl, /1
constant, change simultaneously with relative values of coefficients ¢, . It is remarkable that
the increase of effective coupling coefficient at reduction of the active volume of a beam is
achieved with even some increase of the electromechanical transformation coefficient and thus
of the driving electromechanical force (9.22). As it follows from formula (9.94),

n[(¢t/3),(0.7)]~1.3-n[(t/2),l]. This effect is typical of the flexural transducers due to highly

nonuniform distribution of the dynamic stress in their mechanical systems.

93.14 Trilaminar Beams

The symmetric trilaminar beam transducer shown in Figure 9.1(a.2) is composed of two piezo-
electric ceramic layers having equal thickness that are cemented to the central laminate made
of a passive material. The elastic moduli and densities of the active and passive laminates will
be denoted Yf s Yp ,and p,, P, - The following notations will be used for brevity to character-

ize properties of the trilaminar beams

Y, p )
Loy, 2oy 2oy (9.103)
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Vibration of the passive trilaminar beams is considered in Section 4.5.6.1, where it is shown
that in terms of the equivalent mechanical parameters trilaminar beam can be represented as
uniform through the thickness beam having the same boundary conditions and equivalent

Young’s modulus, Y,

eqvt >

and density, p,,,, , that are presented by formulas (4.319) and (4.321),

namely,
26Y
Vo =Y+ (, —Yf)(l—ﬂ = X[+ Gy =D0=20)°]. (9.104)
p20+pt
Pee == =Py, =2, =Dyl (9.105)
Thus, for the simply supported beam
4.3
E 1 T Wt )/e vt 1
e[:]vt = CE = T}q 2 Meqvt :Ethpeqvt * (9106)

eqvt

The resonance frequency of the trilaminar beam is

f=045L Yo (9.107)
equt
Further we will mainly consider beams with simply supported ends keeping in mind that values
of the equivalent electromechanical parameters determined for different boundary conditions
differ by the corresponding factors that can be introduced separately.

Consider now the electromechanical conversion in the trilaminar beam. In the general ex-
pression (9.8) for the electromechanical energy and in the corresponding expression (9.11) for
the electromechanical transformation coefficient only the value of factor Q, is different for the
trilaminar design from those for the bimorph variant. The function €2,(z) that characterizes the
distribution of electric field through the thickness at parallel connection of active layers in this
case is shown in Figure 9.4 (d). Therefore we arrive at value (9.15) of the factor €,(z) . Thus,

expression (9.11) for the electromechanical transformation coefficient becomes

- wds, (t—0) '

n =2
SIE1 [

t

(9.108)

Related to the quantity of the effective coupling coefficient function e, that is defined by

formula (9.23) after substituting expressions (9.108) for #,, (9.106) for K £ and

eqvt ?
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Cf[' = 5373 ( —k§1)2wl /6 (9.109)
will be determined as

a

a.
Yok Y,

t

¢ -k

2 2 2
:ﬁiy—-@ 5) S B K g0, (9.110)

qvit
The factor S,(5/1), which after using notations (9.103) and expression (9.104) for Y, , may

be transformed to

_ (=0
ﬁ’(y)_1+(7y—1)(1—2y)3 ; (9.111)

depends on structure of the beam cross section only. This function and, hence, the effective
coupling coefficient of the transducer have maximum at value of y that can be determined from

condition f,(y) =0 . This results in equation

Ldy+3y” | 1

= . 9.112
4y’ (y=1) Yy G112
1.3
1.2 s »
1.1 471 /"‘ ~
o S/ Vw44
S 08 / 2/ 3 7
=l S
Ol YA 4
S A4
)
0.2 ]
0.1

O 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 035 04 045 0.5
y=0/t
Figure 9.14: Functions S, (»)/ 3,(0.5) for different combinations of the active (PZT-4) and pas-
sive materials: (1) material with properties of PZT-4, (2) aluminum, (3) steel, (4) alumina, (5) G-

10.

This value depends on ratio of elastic moduli of the passive and active materials, y, . Plots of

the function f,(y) are presented in Figure 9.14 for different combinations of active (PZT-4)
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and passive (aluminum, steel, alumina, G-10) materials. They are normalized to value of the
function at y =0.5, i.e., to its value for the bimorph beam of the same size.

Parameters of materials used for calculations are presented in Table 9.1 (see Appendix A.)

Table 9.1. Parameters of materials used for calculations.

PZT-4 Alumina  Aluminum  Steel G10
Y (1/sf), 10° N/m? 81 300 70 210 12.0
P, 10° kg/m? 76 3.7 2.7 7.8 2.0

It is seen from the plots in Figure 9.14 that position of maximum of function f,(y) and its
maximum value depend on parameter y, . The smaller this parameter, the greater the maximum
value and it is achieved at a smaller ratio of thicknesses of the active to passive material. This
means that maximum of the coupling coefficient is achieved at relatively smaller amounts of
the active material. But the effective coupling coefficient is not the only important parameter
of a transducer that depends on the ratio (J/¢) = y . The resonance frequency and the electro-
mechanical transformation coefficient n, to which the electromechanical force generating vi-
bration of the mechanical system of the transducer is proportional, also depend on this ratio.
Both these quantities must be considered as requirements for the transducer design in accord
with the coupling coefficient. Expressions for the resonance frequency and transformation co-

efficient vs. y obtained from relations (9.107) and (9.108), respectively, are as follows

L) _ LGy =DA=29)° (9.113)
£.(0.5) 7, =2y, =Dy

n(y) .

nt(o.s)_z(l 2y). 9.114)

Here f,(0.5) and n,(0.5) are the values of these quantities for the fully active bimorph beam.
The plots for f,(y)/ f.(0.5) vs. combinations of the active and passive materials are presented
in Figure 9.15. Relation (9.114) shows that the transformation coefficient increases with reduc-
ing the relative thickness of the active layer. The following comment is appropriate in this re-
gard. As the force that generates vibration of the mechanical system of the transducer is F' =Vn,

, the sound pressure radiated per unit voltage applied increases proportionally with an
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Figure 9.15: The resonance frequency of the trilaminar beam normalized to the resonance fre-
quency of the fully active beam for different combinations of active and passive materials: PZT-

4 with: (1) aluminum, (2) steel, and (3) alumina.

increase of the transformation coefficient (that is the TVR of the transducer increases). How-
ever, the magnitude of the operating electric field, £, =V /5, that is required for generating

of a certain force is

F

Eo,, )= m

. (9.115)

and

E,0) _ 1 n035_ 1
E,(05) 25 n(y) 4y(l-y)

(9.116)

This dependence shows that a reduction of the amount of active material, which both optimizes
the effective coupling coefficient and increases TVR, is not possible, if radiating the greatest
acoustic power under condition of limited electric field is required. It is a tradeoff. Increasing
the electromechanical coupling coefficient (and hence useable bandwidth) can be achieved at
the expense of reduction of the maximum operating acoustic power of the transducer. The lesser
the requirement of high acoustic power, the greater is the opportunity for optimizing the effec-
tive coupling coefficient by replacing parts of the active material with passive material. Such
optimizing the effective coupling coefficient is the most beneficial for implementing in the hy-

drophone designs.
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9.3.15 Bilaminar Beams

The bilaminar beam is composed of active and passive parts having different mechanical prop-
erties, as shown Figure 9.1 (c.1). The main reason for using bilaminar design of a bender trans-
ducer intended for underwater application is in increasing its mechanical strength under action
of the hydrostatic pressure by replacing piezoceramics in the parts of mechanical system that
experience tension with a passive material (usually metal) having a higher yield stress. Yet
another reason may be in reducing cost and gaining technological benefits in manufacturing the
transducers in the case that they are used as hydrophones (receivers in general), or drivers that
are not electric field limited (usually for air applications).

Essential peculiarity of the bilaminar design is that the neutral plane under bending does
not coincide with the middle plane, as it was in previously considered bimorph and trilaminar
beams. Therefore, in order to be able to use the general expressions for the equivalent electro-
mechanical parameters, location of the neutral plane (coordinate z,, as shown in Figure 9.16)
must be determined at first. Analysis of deformation of the passive bilaminar beams for deter-
mining position of the neutral plane is performed in Section 4.5.6.3. Results of this analysis are

summarized here.

0 s 0
o Adtive L I I 5,
£ B
T

(a) vz (b) \ 4

Figure 9.16: Bilaminar beam configuration and position of the neutral plane: (a) the general case,

(b) the case that corresponds to maximum reasonable thickness of the active layer o .

The relative coordinate of the neutral plane is determined as

2 _ 1y +0=p)"

t 2 7/Y+(1_7y)y

where notations (9.103) are used. For a rational transducer design it should be z, > (other-
wise the electromechanical effects in the piezoelectric element above and below the neutral

plane would be in opposite phase). The value of z, that is equal to o is denoted as z,, .
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Obviously, z,, =9, is the maximum reasonable thickness of piezoceramic layer for a given

max

combination of active and passive materials. It follows from equation (9.117) that

Zn A7y (9.118)

t 1+ }/Y.

The mechanical equivalent parameters of a transducer with the piezoelectric and passive lami-
nates having different relative thickness are as follows.

The equivalent Young’s modulus is

quvb(zo)=4ﬂ[é—z—0j +[z—0] }Yfﬁ{( —Z—Oj +(z—0—§j }/p} (9.119)
t t t t t t

In the case that z, =z, =0

max ?

3 3
Z Z
Y, (20,) = 4{)’f (%J +7, (1—%} } =4Y [y’ +(1-y)’y, 1. (9.120)

The equivalent density of the beam is

p.O+p,(t=0)

; ply, =, =Dyl (9.121)

p eqvb =

Expressions (9.88) and (9.90) for the equivalent parameters and resonance frequency of the

bimorph beam (we rename them as K° . M f.,) remain valid for those of the bilaminar

eqva eqva?’

beam, if to replace ¥” =1/, and p, therein by Y,

e

o~ and p, . Thus,

M,y =M, .. l7,—(r,—Dyl; (9.122)
K., =KE. Y ()Y, (9.123)

e

where Y, ,(z,) is given by formula (9.119) in the general case, and

KE, =4K: [V +(1-y)'7,] (9.124)

eqvb eqva

in the variant that z, =z,, =9 . . For the same variant

max

fo=f.2 /% . (9.125)

Consider now the electromechanical energy associated with deformation of the bilaminar beam
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_&V [ 40
w — —z)dz dx
em 2 5 SIEI‘ ! 0 ) '([ 2
(9.1206)
do 1
2zy—=0 —&Vn,,
50 2 11;1 ( )I: :|x0 2 gO b
where from expression for the electromechanical transformation coefficient is
x=l
wd do
0)=—2(22,-0)| — 9.127
nb( ) 2 11;; ( ZO )|:dx:|x_0 ( )
In the case that z, =z, =5 ..
do
n d —0 9.128
b( ) 25 max|:dx:|x_0 ( )

The same question arises regarding maximizing the effective coupling coefficient &, of the
bilaminar beam for a particular combination of the active and passive materials, as in the pre-
vious case of symmetric trilaminar beam. In order to determine the conditions for optimizing
the effective coupling coefficient by changing the relative thickness of the active layer, 8 /¢,

consider parameter

a,(6) = Sn& (9.129)
Cil (6)K 5,5 (9)
in comparison with its value at z, =z, =& . , namely, the function
0,(0) _ 1) Ko C5 ) ©.130
0 (Brn) 1 () Kipy(8)  C(5)
Considering expressions for n, , capacitance
C3 =gl (-k)wl/ &, (9.131)
and relation
K () K () = Yoy (20,) 1 Yo (20) (9.132)
we arrive at the expression for the normalized coefficient o, «,
@0,(®) _[(22/0=3Ty Yunon) .

azb( max) (Z()m /l‘)3 eqvb(z())
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Here Y, ,(z,)and ¥, ,(z,,) are defined by formulas (9.119) and (9.120). Dependencies of
functions (9.133) from 6/t =y are depicted in Figure 9.17 for combinations of different ma-
terials with PZT-4 ceramics. Note that G-10 as a passive layer is presented for illustrating results
of combining PZT-4 with material having significantly smaller Young’s modulus. This should

not be considered as recommendation for its practical use.
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Figure 9.17: To optimizing the effective coupling coefficient of the bilaminar beam: function
(9.133) vs. ratio of active to total thickness y =0 / t for different combinations of materials: (1)

aluminum, (2) steel, (3) G-10. Positions of J, /¢ and O, , /¢ are shown regarding curve 2.

opt

All the expressions for the equivalent parameters of the trilaminar beams and for the

bilaminar beams in case that z, =z, =J ., can be represented through parameters of the bi-

m ax

morph (fully active) beam in the following way:

Ko =Kios Yo /Y = Koo 14 (y = DA=20)°1, (9.134)
Kiy = Kiu Y 1 Y =4K5 [V +(1=2)" 11, (9.135)
M =M i Pogs ' P =M oy 1y, = (7, —Dy1; (9.136)

n=n,-(1-y), (9.137)
n,=n,-[(2z,/t)=y]; (9.138)

1+(y, —D(1-2y)’
- . i 9.139
f;t f;a \/ 7/p _2(}/p —l)y ( )
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Jrv =12, /% : (9.140)

9.3.2 Beams of Finite Thickness

So far all the treatments in this chapter were performed within the elementary theory of bending,
i.e., under the assumption that the thickness to length aspect ratio of the beams, #//, is small
enough for neglecting effects of the shear stresses 7, and rotary inertia of the cross sections
under flexure on the energies of beam deformations. These effects were discussed in Section
4.2.2. In some cases, increase of the aspect ratio is required from operational and/or environ-
mental considerations. With increase of the relative thickness of a beam, contribution of the
above listed effects to the energy balances may become significant, so that corrections must be

made to the values of equivalent parameters of the beams previously determined.

9.3.2.1 Corrections for the Bender Parameters Due to finite Thickness of the Beams

Corrections for the equivalent parameters of uniform passive beams were introduced in Section
4.3.5. They are completely applicable to the bimorph beams with corresponding replacement
of the elastic constants. Peculiarity in this regard is that with electric field E; applied in the
direction of polarization the share deformation is not electromechanically active, and therefore
the values of shear moduli must be used for non-polarized ceramics, which are not specified.
Assumingly a good approximation to these values gives substituting ux=1/s,, where

See = 2(s), —sl;) (see Table 5.1). Thus, according to relations (4.140) for the simply supported

beams
2 .2
’ ot
M,.=M,, (HEI_Z)’ (9.141)
“ i ﬂ_z t2 :
KgquﬁKeZ‘,a(l—z—Ol—zﬁs% , (9.142)

where M/ and K'° are the equivalent parameters with corrections due to the finite thick-

eqva eqva

ness. Noteworthy is to remind that the resulting rigidity K'° was presented in Section 4.3.5

eqva

as

K% =K, ,—AK

eqva eq eqvs 2

(9.143)
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where K, , =K, fm is the rigidity proportional to the energy of pure bending, and AK,, is
the correction rigidity term that is accounted for reduction of this energy due to shear defor-
mation. Thus, the contribution of energy of shear deformation to the total energy of pure bend-

ing can be estimated as

AW, 7t
s =2 YFs,, . 9.144
VVb 20 12 a Y66 ( )

It is shown (Eq. (4.34)) that the shear stress is

[ T
==Y - : 9.145
5 2 a 4 z dx3 ( )
The shear strain is
S5 =Tises =, (x,2), (9.146)

where y/ is the additional tilt of elements of distorted cross section of the deformed beam

relative to their in plane position according the elementary theory, as shown in Figure 9.18.

a/y

A
4

v

AL

Figure 9.18: To distortion of the beam cross section due to shear deformation. Tilt of not distorted
cross section according to elementary theory - & . The dashed line shows distortion of the cross

section due to finite thickness, and i/, is the additional tilt in the point on the neutral plane.

The distortions of a cross section result in the additional displacements in direction of axis x,

E(z,x)=w (z,x)z. (9.147)

The related linear strain in x direction is

S (z,x)=d¢&  (zx)/dx. (9.148)

Considering expression (9.145),
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s d’o
& (z,x) =y (z,%)z =i—”YfS(,(, (Z—ZZ]ZE» (9.149)

and, consequently, the additional strain due to the shear deformation is

d 2 4
SXS(Z,x)=%=i}25s66(%—zzjzd 4 (9.150)

2 dx*

As follows from this expression, S  (z=+¢/2)=S_,(0)=0, and it has the maximum value at
z=~10.3¢ . The total strain due to the bending and shear is

Sy =8,+8,, (9.151)

where S, (subscript b stays for bending) is given by Eq. (9.3).
The electromechanical energy of a beam having finite thickness must be calculated by the

general formula (9.8), in which S, is replaced by the total strain S, . Thus, we obtain

d 2 12
W, = 2wl | J.[be(x,z)+S”(x,z)]E3(z)dzdx:lfoVn', (9.152)
28 Gnan 2

where n' is the electromechanical transformation coefficient for the beam that includes correc-
tion due to the shear deformation. For the simply supported beam after substituting expressions

for strain (9.151) and performing integration we obtain
2 .2
n'=na(l—%§—2YaEsﬁ6J. (9.153)

Here n, is the electromechanical transformation coefficient determined for the thin bimorph
beam. The correction factor in formula (9.153) is valid for either the transverse or longitudinal
piezoeffect with Y =1/, or 1/s.,. The factor s, /5. for PZT-4 ceramics is (s, /s],) ~ 2.7
and (s, /s5,) = 2.0 for the transverse and longitudinal piezoeffect, respectively.

The effective coupling coefficient for a beam of the finite thickness, &,

. » may be deter-

mined using expression for the factor & that includes the equivalent parameters of the beam

with corrections due to the finite thickness taken into account,

2
n
al=—r—. (9.154)
KE.C3

eqv
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Upon substituting expressions (9.153) for n’, (9.142) for Ke’qEv and Cj =C% this factor be-

ela

comes

,_om =8P s )
¢ KELCS O 1—(2t 1 200)YE s,

eqva “ela

(24

=a, y(t/]), (9.155)

where ¢, is this factor for the bimorph beam at small #//, and

(-G /8)Y s T
1= (7%t 1 200*)YF s,

yt!1) = (9.156)

According to (9.85)

_6 K

A, =3 7 -
" 1-k;

(9.157)

The corrected value of effective coupling coefficient of the simply supported beam will be ob-

tained from equation

e %D (9.158)
l+a, ,y/l)

1.1
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Figure 9.19: Dependences of the functions y(z//) (solid lines) and effective coupling coeffi-
cients (dashed lines) on the thickness to length ratio: (1) transverse piezoeffect, (2) longitudinal

piezoeffect. PZT-4 ceramics.

Dependences of the functions y(¢//) and corresponding effective coupling coefficients on the
thickness to length ratio for the beams made of PZT-4 ceramics at the transverse and longitu-

dinal piezoeffects are presented in Figure 9.19.
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9.3.2.2 Employing Shear Deformation
With increase of the relative thickness of a beam the portion of total energy of deformation that
is due to shear gradually increases, as it follows from relation (9.144), and at some point it may
become profitable to use electromechanical conversion of the shear deformations instead of or
in combination with deformations due to pure bending. In addition to relation (9.144) it must
be taken into consideration that & ~ 0.5, whereas &, ~ 0.1, and results of the electromechan-
ical conversion of energies of shear and bending may become comparable. Example of the
bender transducer that employs electromechanical conversion of the shear deformations is de-
scribed in Ref. 7. It is informative to consider the design principle and way of calculating pa-
rameters of such transducer. Moreover, qualitatively they may be applied to different mechan-
ical systems vibrating in flexure, such as the relatively thick circular plates and rings.

For employing electromechanical conversion of the shear deformation the direction of op-
eratiing electric field in the piezoelement must be perpendicular to the direction of polarization,

as it is shown in Figure 9.20 with example of the partially active simply supported beam..

p‘ AZ Aﬁ

E, 0
-1/2 —X X /2

A
3!

v

Figure 9.20: Configuration of piezoceramic beam vibrating in flexure that employs electrome-
chanical conversion of the shear deformations. Operating electrodes are shown by the solid bold

lines. P is the vector of polarization, Ez is the vector of operating electric field.

This can be achieved by removing the electrodes used for polarization and then applying elec-
trodes on the perpendicular surfaces of the piezoelement. It is noteworthy that after this proce-
dure all the elastic constants related to the extensional deformations due to bending must be
changed to quantities with superscript “D” instead of “E”. Putting aside details of the transducer
design consider the electromechanical energy associated with the shear deformation of the pie-
zoelements within beam vibrating in flexure. The piezoelectric equations that describe electro-
mechanical conversion in the piezoelement are

S, =stT,+d,E,, (9.159)

D, =d, T, +&'E, . (9.160)
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Substituting the expression for 7 that follows from Eq. (9.159) into Eq. (9.160) results in

D, :d—fS5+ngl(1—k]25)E2, (9.161)

SSS

where ks =d[; / ste! . The electromechanical energy is

1 4.1 m
W, =—w= [ [ Sy(z0)E,(x)dzdx . 9.162)
285 n

After substituting the strain S = 75, with 7, from expression (9.145), where ¥,” must be
replaced by Y;”, the expression for electromechanical energy will be
YDd 2 12
W, =ae s [ L (x) dzdx - goVnS . (9.163)
2 2 —t/2-1/2 4
As it is follows from Figure 9.20, E,(x)=—E,(—x) =V /9 in the active part of the beam, and
E,(x)=0 in the interval [x,—x]. After integrating the transformation coefficient for the

simply supported beam will be obtained as

n :%—d—cos—. (9.164)

When determining the equivalent rigidity we will assume that the entire beam is made from
ceramics that was polarized through the thickness, and afterwards the electrodes used for po-
larization were removed and working electrodes were applied to active parts of the beam. Under
this assumption the expression (9.143) for the equivalent rigidity of the beam remains the same
as in the case that the bending deformations were active, but the elastic moduli related to bend-

ing deformation must be taken with superscripts D,. Thus, the corresponding rigidity will be

Keqv,, , whereas the portion of rigidity related to shear deformation must be calculated with shear
module 1/s%;, i.e., can be denoted AK fm Therefore, the total equivalent rigidity will be

2
K., Kf”h AK:ZV‘_K‘[‘)’V”[I_2OZZ Y SESJ (9.165)

This equivalent rigidity, the equivalent mass by formula (9.141), electromechanical transfor-
mation coefficient n_ by formula (9.164) and capacitance, which in this case is

C& _511(1 klzs)zgt 11(1_ 15)m (9.166)
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form the full set of equivalent parameters that are sufficient for calculating transducer electro-
mechanical parameters using regular one-dimensional equivalent circuit.
The effective coupling coefficient of the shear mode driven flexural transducer can be es-

timated using expression

k2 n2 1
. Zz =0 = T (9.167)
T eprs Cel Keqv _(AKeqv K Keqv )
1.2 \
1.1 S
1 P >

0.9 7

0.8F ‘ \
7/

07— i

0.5 / \

0.4 ¥
0.3 / \\
02 \
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0 0.05 0.1 0.15 0.2 025 0.3 035 04 045 05
x/1
Figure 9.21: The normalized functions o, (x//)/ e, (0) that characterize dependence of the
effective coupling coefficient due to shear from the length of active part of the piezoelement (solid

line), and &, (x/1)/ e, (0.5) due to bending (dashed line).

At first consider dependence of the coefficient ¢, from coordinate x. After substituting

n, Ke'qv and Cff from expressions (9.164), (9.165) and (9.166), respectively, we arrive at

2 2 YD E 2
a =2 te L It cs (D (9.168)
31-k% 2 1-(2% 1 200)YPsE  1-(2x/1)

Dependence of the ratio

a.(x/1)  cos’(zx/1)

= (9.169)
a,.(0)  1-Q2x/1)

is depicted in Figure 9.21 (solid line). This function has maximum at x=0.125/, and at

x =0.25] has the same value, as for the fully active beam.
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Compare function (9.169) with analogous function for the variant of the “bending activated”

beam that can be obtained by replacing /, by 2x in formula (9.100), namely,

a,(x/1) sin*(zx/1)
a,,(0.5) Qx/l)

(9.170)

This function is also depicted in Figure 9.21. The plots in the figure show that the parts of the
beam, which are the most effective for utilizing the bending deformations, are the least effective
for using the shear deformations. This means that the overall effective coupling coefficient of
a bender transducer can be increased by combining active elements that utilize the bending and
shear deformations. This can be achieved in the design schematically shown in Figure 9.22
For estimating the resulting benefit of such a transducer design, the maximum values of

coefficients «,,,

2 ki F Y"st:
o (x/Dh==—""1_.—_. L35 , 9.171
(/D) 31-ky P 1-(2’t 1 200°)Y"sE, ( )
and a,, (see (9.155)),
2 (2.2 2\yE N
al, :% k3i2 .[1 (ﬂ;tz /8l Z)Yz Esss] . 9.172)
72 1—k2 1=(2°F | 201)Y s,
P+ 1PaE
Ez" ------- ->» A |0 : i - "Ez > X
-1/2 —X : E 24 1/2
o P E; o

Figure 9.22: Configuration of a beam, in which electromechanical conversion due to the bending

and shear deformations takes place simultaneously.

must be compared depending on the thickness to length ratio. As the result, the corresponding
effective coupling coefficients are presented in Figure 9.23 for the case that PZT-4 is used. The
design variant with the transverse piezoeffect used for conversion of the bending deformations
is shown in Figure 9.22 as an example. More practical is the design with the longitudinal effect
in segmented piezoelement used in combination with elements employing shear. The coupling

coefficients are presented in Figure 9.23 for both variants for comparison.
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Figure 9.23: Comparison of the effective coupling coefficients of the beam transducers employing
the shear (curve 1) and bending deformations at the transverse (curve 2) and longitudinal (curve

3) piezoeffect. The comparison is made for the case that PZT-4 is used.

Although the results obtained are quantitatively specified for the rectangular beams, they
are qualitatively applicable to similar mechanical systems vibrating in flexure, such as circular

plates and thick rings.

9.3.3  Nonuniform Over the Length Beams

As it was shown above, the effective coupling coefficient of a bender transducer can be max-
imized by placing a reduced amount of the active material in the parts of a beam, where it
experiences the greater stress. Therefore, in the cases that maximizing the effective coupling
coefficient is desirable even at expense of a reduction of the electromechanical force (for ex-
ample, for receivers or projectors operating in air with small mechanical load), the parts of
active material that contribute the least to the electromechanical conversion can be replaced by
passive material. This can make the transducer more reliable and cost effective. Two variants

of transducer designs pursuing such goals are illustrated with Figure 9.1 (b.2), which will be
called variant 4, and (c.2), which will be called variant B. In both cases the beams become
nonuniform over the length. Vibration of the passive nonuniform over the length beams is con-
sidered in Sections 4.5.6.2 and 4.5.6.4. The main results obtained therein are that for both trans-
ducer designs and variants of nonuniformity the mode shapes of vibration remain practically

the same, as for the uniform over length beams of the same type, at least up to the size of active
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laminates /,//~0.6 and for their relative thicknesses J,, /¢ that are optimal in terms of the
effective coupling coefficients. Based on these results the expressions for the equivalent rigid-
ities and masses of the nonuniform beams were obtained. Knowing the mode shapes of vibra-
tion for nonuniform beams allows calculating electromechanical transformation coefficients
and effective coupling coefficients of the transducers, and thus completing all the set of param-

eters required for transducers designing. This is done in the following sections.

9.3.3.1 Trilaminar Beams
The equivalent masses and rigidities of the nonuniform over the length trilaminar beams in

variant 4 according to expressions (4.332) and (4.337) are

2y, —1
M, =M, 1+MFI([@/Z) s (9.173)
7, =20y, =Dy
_ _(1_ 3
K. =K, |:1+ (y ~DII-0 zy)s]E(le /l)j| ) (9.174)
I+(7y -DA-2y)
where
1 7z4wt3YeW
M, =5wﬂpﬂ,v,- K, YT (9.175)
and function Fi ([, /[) is
EW/D=1-,/D)—-Q/m)sin(xl,/]). (9.176)

The same expressions (9.173) and (9.174) are valid for the masses and rigidities in the variant
B, if to change subscripts 4 for B, and to set to zero y, and y, in numerators in the brackets.
The electromechanical transformation coefficient can be determined by formula (9.21) as

2rwd,, .7l
= t—0)sin—=, 9.177
n st (t-9) 2 ( )

because the mode shape of vibration is the same to the first approximation, as for the uniform

beam with simply supported ends. Capacitance of the active laminates connected in parallel is

Cy =gl (1-ki)2wl /5. (9.178)
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With all the equivalent parameters known, the effective coupling coefficient can be determined

by formula (9.23) using the coefficient ¢, that for variant 4 is

2 2
nlt

Ay (0L /D)=
" K, CS) quz' @)

Yy (L, /1) (9.179)

Here

2

oa %W (9.180)

1t el
is the coefficient for trilaminar beam uniform over the length according to formula (9.110). Its
dependences on the relative thickness of the active laminate, y = /¢, are presented in normal-
ized form of the function £(J/t) in Figure 9.14 for different combinations of PZT-4 and pas-
sive materials. The function [y, (/, /[)] in the expression (9.179) is,

[ oy -Di-a-2y)° T (al
l//t[y,(le/l)]—{1+ 1+(7y_1)(1_2y)3 Fl(le/l)} le sin (21} (9.181)

This function depends on the relative length of the active laminate /, // for each value of its
relative thickness y. Expression (9.181) for the function y, is valid in variant B of the beam
nonuniformity if to set 7, =0 in the nominator of the term in brackets.

Dependences of the equivalent parameters and of the resonance frequencies of nonuniform
over length trilaminar beams from [, // are shown in Figure 9.24-Figure 9.26 for values of
Yo =(8/1),,,, which correspond to the optimal value of the effective coupling coefficient for
the combinations of PZT-4 with different passive materials. They are normalized to parameters
of uniform over length trilaminar beams having the same length, thickness and y,, =(5/1),,
ratio. The plots can be used for practical calculating transducers utilizing the trilaminar nonu-
niform beams. They allow making informed choice of the geometry of the beams. Plots of
function v, [y, (/, /)] are presented in Figure 9.27. They show that an additional gain or loss
in the effective coupling coefficient of the nonuniform beam can be obtained compared with
the case that the beam is uniform and the length of electrodes is reduced to the same extent.
This depends on what passive material is used. Qualitatively this result could be foreseen, be-
cause the value of rigidity of nonuniform beam K|, reduces or increases (see Figure 9.24) in

comparison with those of uniform beam at all other conditions equal in expression for o,,,, .
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Figure 9.24: The equivalent rigidities of the nonuniform over length trilaminar beams normalized
to the equivalent rigidities of the uniform trilaminar beams that correspond to the maximum ef-
fective coupling coefficient, vs. [, // for different passive materials used for replacement of pie-
zoceramics. Variant 4: (1) aluminum, (2) steel. Variant B: (3) aluminum, (4) steel.
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Figure 9.25: The equivalent masses of the nonuniform over length trilaminar beams normalized
to the equivalent masses of the uniform trilaminar beams that correspond to the maximum effec-
tive coupling coefficient, vs. [, /] for different passive materials used for replacement of pie-

zoceramics. Variant 4: (1) aluminum, (2) steel. Variant B: (3) aluminum, (4) steel.

Within range of values of /, //, at which the first approximation to the mode of vibration
is applicable (/, /1 >(0.5-0.6) at y,, ), calculating the nonuniform trilaminar beam transducer

can be produced using the single mechanical degree of freedom equivalent circuit of Figure 9.3.
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All the parameters of the circuit are determined except for those related to acoustic field. They

will be considered in Section 9.5.
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Figure 9.26: The resonance frequencies of the nonuniform over length trilaminar beams normal-
ized to the resonance frequencies of uniform trilaminar beams that correspond to the maximum
effective coupling coefficient, vs. [,/ for different passive materials used for replacement of

ceramics. Variant 4: (1) aluminum, (2) steel. Variant B: (3) aluminum, (4) steel.
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Figure 9.27: Dependences of the function ,[y,,, (/, /)] on the relative length of the active
laminate for different combinations of PZT-4 and passive materials. Variant 4: (1) aluminum, (2)

steel, (3) G-10. Variant B: (4) aluminum, (5) steel, (6) G-10.

If it is needed by some reasons to use beams with even smaller relative length of the active

laminates, then the second approximation to the mode of vibration must be taken into
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consideration, as it is shown in Section 4.5.6.2, and the transducer must be considered as having

two mechanical degrees of freedom in order to increase the accuracy of calculations.

9332 Bilaminar Beams
Procedure of considering the bilaminar nonuniform over the length beam transducers after the
mechanical part of the problem is solved in Section 4.5.6.4 is the same, as for the trilaminar
beams. For simplicity we will consider the case, in which the thickness of active laminate is
maximum, i.e., z, =z,, =0, . Thus, it is assumed that in formulas below y =z, /t. The
general case, in which the thickness of active laminate can be reduced (5 <J,,, ) for optimizing
effective coupling coefficient, can be considered in analogous way just with more cumbersome
calculations, as it was illustrated for the uniform bilaminar beams in Section 9.3.1.5.

The equivalent masses and rigidities of the nonuniform over the length bilaminar beams in

variant 4 according to expressions (4.364) and (4.368) are

-1

M, =M, |14+2y— 22 @D, 9.182)
7,—(r,—Dy

—Dv?

K, =K, |:1+ME(IG/I):|, (9.183)
y+1=y)y
where
1 ”4wt3quvb

M, =5wtlpeqvb, K, == (9.184)

and function F(/,//) is determined by Eq. (9.176). The same Eqs. (9.182) and (9.183) are
valid for the masses and rigidities in the variant B, if to change subscripts 4 for B, and to set to
zero y, and y, innumerators in the brackets.

The electromechanical transformation coefficient to the first approximation remains the
same as for the uniform bilaminar beam. Thus, in the general case (see Eq. (9.129))

n©) =252 (2 —&[ﬁ]

Sll

x=1,/2

(9.185)

x=—1,/2

In the case that z, =z, =0 ., andthus y=2z, /t=y

max
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x=1,/2
widy, 4] (9.186)
25, dx x=—1,/2

n, (Z()m )=

If to assume that the beam is simply supported and the mode shape of displacement remains the

same as for a uniform beam, which is the case to the first approximation, then

wtdy y . 7l
My, =T —F—=-sSih—-, 9.187
”’ sE1T 2l (©-187)
Capacitance of the active laminate is
Co=eL(I-kiywl /5. (9.188)

Coefficient «,,, for determining effective coupling coefficient in the variant 4 is

2 2
ny, n,

Oy = = w, (L /11]), (9.189)

MK, CHL) KGO

where the first factor is coefficient ¢, (0,,, ) for the uniform bilaminar beam (see formula

ax

(9.129)), and function y, (I, /1) is

_ 3
%(L”){HM
y+d=yrry

-1
Fl(le/l)} -lisinz(’gl;j. (9.190)

e

Expression for the function y, in variant B of the beam nonuniformity differs from expression

(9.190) by setting y, =0 in the nominator of the term in brackets.
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Figure 9.28: The equivalent rigidities of the nonuniform over length bilaminar beams normalized
to the equivalent rigidities of the analogous uniform bilaminar beams vs. [, // for different pas-
sive materials used for replacement of piezoceramics. Variant 4: (1) aluminum, (2) steel. Variant

B: (3) aluminum, (4) steel.
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Dependences of the equivalent parameters, resonance frequencies and function
Vol Viax> (L / D]/ W, [Vax» 1] for nonuniform over length bilaminar beams from /, // are shown
in Figure 9.28-Figure 9.31. Remember that it is assumed that in all these cases
Y =2y, /t=Y... - The functions are normalized to parameters of the analogous uniform over

length bilaminar beams having the same length, thickness and y =z, /¢ ratiovs. [, /1.

1.05 ‘
2
1
=

~ 095 >
Sﬁ 09— / /
-
=° 0.85/ /
E] 4
= 0.8/

0.75 /5

g :
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 095 1
/1
e
Figure 9.29: The equivalent masses of the nonuniform over length bilaminar beams normalized to
the equivalent masses of the uniform bilaminar beams vs. [, // for different passive materials
used for replacement of piezoceramics. Variant 4: (1) aluminum, (2) steel. Variant B: (3) alumi-

num, (4) steel.
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1171
e
Figure 9.30: The resonance frequencies of the nonuniform over length bilaminar beams normal-
ized to the resonance frequencies of analogous uniform bilaminar beams vs. [, // for different
passive materials used for replacement of piezoceramics. Variant 4: (1) aluminum, (2) steel. Var-

iant B: (3) aluminum, (4) steel.



224 9 Flexural Plate Transducers

The same considerations regarding applicability of the equivalent circuit shown in Figure 9.3
for calculating parameters of trilaminar beams are valid for the bilaminar beams. Peculiarity of
the bilaminar beams is that the range of values of relative lengths of active laminates, at which
the first approximation to the mode of vibration is applicable, is wider than for trilaminar beams,

as it is shown in Section 4.5.6.4.

1.2
_Lispi—= -
. // g
<] 1.1 3 7
E
2
L 1.05
S_ .
= ],/1, AN
=
= 09s| | . ]
E
209
S
0.85( 2

0.8 ‘ :
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 095 1
1,1
Figure 9.31: Dependences of the function w, [y, , ([, / D]/ y,[¥,..» 1] ontherelative length of
the active laminate for different combinations of PZT-4 and passive materials. Variant 4: (1) alu-

minum, (2) steel. Variant B: (3) aluminum, (4) steel.

9.4 Circular Plate Transducers

The modifications of the circular flexural type transducers to be considered are presented in
Figure 9.1. They are analogous to those of the rectangular beam transducers and will be treated
in the same sequence: uniform over radius transducers with bimorph plate as the basic design,

and transducers nonuniform over the radius. The main results of this Section were presented in

Ref. 8.

9.4.1 Radially Uniform Transducers
The basic bimorph design of uniform through the thickness circular plate transducer was con-
sidered in Section 2.6.3 under the simply supported boundary conditions. Procedure of deter-

mining the mechanical equivalent parameters of nonuniform through the thickness plates
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(trilaminar and bilaminar) was illustrated with example of the rectangular beam in Section 4.5.6.
The general expressions for calculating electromechanical conversion related parameters (elec-
tromechanical transformation and effective coupling coefficients) are presented in Section
9.2.2. The goal of this section is to summarize all the set of circular transducers equivalent

parameters under different boundary conditions.

9.4.1.1 Equivalent Electromechanical Parameters of the Circular Plate Transducers

General expressions for the equivalent mechanical parameters of the radially uniform and non-

uniform by the thickness circular plates were obtained in Section 4.5.7.1 in the form of

3

K" —tquv L(0.3 9.191
eqv _T ( . )bc’ ( . )
Meqv :peqvtSej]bc' (9192)

Here Y, and p,, are the equivalent Young’s modulus and density that depend on composi-

oeqv
tion of the plate through the thickness. They are defined by formulas (4.390) and (4.393), re-
spectively. In terms of nonuniformity of properties through the thickness the variants of bi-
morph, trilaminar and bilaminar plates must be considered that are shown in Figure 9.1 (a.1),

(b.1), and (c.1). Quantities £(0.3),, and S

75 depend on the boundary conditions for the plates.

They are defined by formulas (4.382) at o =0.3 and (4.394) and reproduced here for the sake

of convenience.
L(o),, = 27zj F(O)rdr (9.193)
0
where
20\? 2 2
F(0)= d_¢29 +2 1%‘1_‘29 140 , (9.194)
dr rdr dr rdr
Syu =27[ 07 (r/ a) rdr. (9.195)
0
The general expression for the electromechanical transformation coefficient is (9.55)
2
7y (9.196)

n=-—p——m"— b
(S1E1+S1b;)5 t=“rbc
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Here €, depends on configuration of electric field through the thickness, and €, depends
on the boundary conditions and on the size of the electrodes. We will assume that in general
the radially uniform plates may have reduced electrodes. (As it was mentioned before, strictly
speaking, the remaining parts of the plate surface are supposed to be covered with electrodes
that are short circuited in order to keep value of the elastic constants of ceramic unchanged
along the radius and equal to s, .) These coefficients are defined by formulas (9.53), and will

be denoted Q,, (7).

94.1.2 Bimorph Plates
The bimorph plates are fully active uniform in thickness, therefore, ¥, =Y, and p,, =p,.
Due to symmetry the neutral plane coincides with the middle plane of a plate. It is convenient

to place the origin of the coordinate system in the neutral plane. As the result, z, =0 and inte-

gration in all the general expressions must be performed over the interval (¢/2)>z>—(¢/2).

Table 9.2. Factors accounting for different boundary conditions.

L03),..  Syser Supes

Qrbc (a) Qrbv (rl )
wla ra’ wa
riZ 2 5 ]/i2

Ss 7.2 0.28 0.45 1.5 _a_z : _a_z

i 7Y
cl 214 0.18 0.33 0 4= 1-—

a a

Free 22 0.26 0 2.18 (9.63)
Center supported”™ 6.6 0.46 0.63 0.97

* Maximum value at 7, =a/ 2 . "Reference point is on the edge.

In the expression (9.196) for the electromechanical transformation coefficient 6 =¢/2,
and Q, =¢° /4 for parallel connection of the half plates according to formula (9.14). Thus, the

equivalent parameters of the bimorph plate become
3IyE

£Y” dyt
KE :TL(O3)/7¢ ’Meqva :patSefbc b nu i >

= mgm ) (9-197)
11 12

eqva

where the factors L(0.3),,, S, and Q,, depend on the boundary conditions. Values of these

factors are presented in Table 9.2. The subscripts “a” indicate that the parameters belong to the
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basic bimorph plate design for distinguishing them in case of comparing with analogous pa-
rameters of different plate modifications.

Together with expression for the capacitance,

4ra?
t 9

Co* =eh(1-k)) (9.198)

we obtain the full set of electromechanical parameters of the bimorph circular plate transducer.
In the variant of the simply supported boundary, which will be used for reference as the basic
design,

0.67Tt3YE d tYE
eb;v :—2M M, :0.287[5121‘,0“ =028M, n :1.572 31 o
a -

(9.199)

The resonance frequency of the plate is

K" YE
fo = R g3 oo (9.200)
A 272. M@q\)a a pa

The effective coupling coefficients of the bimorph plates under different boundary conditions
were considered as an example in Section 9.2.2.2. For the simply supported bimorph plate with

the full-size electrodes (7, = a ) the coefficient «,  (a) and effective coupling coefficients are

css

(a)=0.62 K0 and, &2 @=—"29 _o6 Ky (9.201)
a. (a)=0.62—— ,and, k. (a)= =0. , .
1-k2 7 l+a, (a) 1-0.38k

P

It the plate is made of PZT-4 ceramics (o, =0.33, k, =0.58), k. (a) = 0.49.
In Figure 9.10 are presented dependences from radius of electrodes of the relative values of

coefficients, which characterize effective coupling coefficients, «,, (7,)/ ., (a) , for different

che css

boundary conditions. For the simply supported plate the maximum of this ratio is achieved at

r, =0.91a . The maximum value of the effective coupling coefficient is

2

k2, =0.6

2= (9.202)

4P
1-0.36k;

and it remains about the same up to 7, = 0.8.
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94.1.3 Bimorph Center Supported (Clamped) Plate
Vibration of the center supported plate made of a passive material was considered in Section

4.5.8.1. The first resonance mode of vibration was determined by expression (4.438)

2 3 4

Erla)="5-0915+027_ = £/ a), (9.203)
a a a

where &(1) =0.36 is displacement of the reference point on the edge. Thus, the mode shape of
vibration is

1 (7 r rt

Following general expressions (9.193) and (9.195) the coefficients L,. and S, calcu-
lated for this mode of vibration will be L,, =177 /a” and S, = 0.467ra” . Expressions for the

equivalent rigidity, mass and resonance frequency of the transducer are, accordingly,

6.67t’Y" 6.6zt’
£ = oa — , . =ptS, . =0.46M ,
eqves 124> 12a2S1E1 (1—0‘,52) eqres = PPy
t 1
Sro =0.17— = (9.205)

i.e., they are the same as for the passive plate, (see (4.440) and (4.441)), with elastic modulus
replaced by its analog for the active material. Besides S,, =0.637a”.

The electromechanical transformation coefficient must be determined by formula (9.196).
In the case of parallel connection of the piezoelements and under general assumption that a part
of the electrodes having radius # is active the expression for the coefficient will be

dyt

=—2_Q, (9.206)
(sh+sh) "

cs

where function Q , is determined by formula (9.53). Taking into account expression (9.205)

for the mode shape,

2

2
d [2—2.73£+1.08r1—2j. (9.207)

O - do _ :
vor 0.36a a a

=y —
1
" dr

Thus,
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2 2

n,=— Tl KL g93fiy 080 ] (9.208)
© 036s,,(1-0,)a a a

For the fully active electrodes, at r, =a, Q. =0.97 , and

d,t

S (9.209)
SlEl (1 - O-IE)

n, =097

Effective coupling coefficient of the transducer can be commonly calculated through the

coefficient

a,, =n’/CPKE . (9.210)

eqves

After substituting parameters by formulas (9.209), (9.205) and capacitance

C.* =& (1-k2)anr? /t, we arrive at

kg2 7 7’ ’
a =23—"_.112-27314+1.08-L|. (9.211)
o -k a° a a’
14
Atr=a
k2
accs(a):0.281_’;{2 . (9.212)

cst 1
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Figure 9.32: Dependencies of the ratio ¢, (7, /a)/ a, (1) (solid line) and electromechanical

transformation coefficient n (dashed line) from the relative radius of the active part of the elec-

trodes.
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Function (9.211) has maximum at value of (7;/a) that may be found from equation
a!,. (rn/a)=0. This value appears to be 1, =0.54a, and the maximum values of the function

a, .. and corresponding effective coupling coefficient are, respectively,

K a.. 0.53k
a,,,(0.54a)=0.47—"— and k, = |—<— = 2 (9.213)

1-k, e, [io0726

In the case that piezoceramic PZT-4 is used (k, = 0.58) the coupling coefficients with fully

active (at 1, =a ) and optimized (at 7, =0.54a ) electrodes are k, =0.6k, and 0.76k, . Plot of

the ratio o, (r,/a)/ &,

ces

.s(1) vs. r,/a is shown in Figure 9.32. At the same Figure, the depend-
ence of electromechanical transformation coefficient n_ (7 /a)/n (1) vs. relative size of the
electrodes is depicted that shows, how the electromechanical force generated by the transducer

changes simultaneously with the effective coupling coefficient.

94.14 Bimorph Plate Center Supported by the Post of a Finite Radius

The center supported (clamped) plate is the ideal model. In practical applications, such as me-
chanical system of a hydrophone (accelerometer), real supporting element has a finite diameter.
Vibration of a passive plate supported by the post of a finite diameter was considered in Section

4.5.8.2, where the first resonance mode of displacement was determined as

0(r/b):Kl—éJln£+A(l—é] ]-Kl—é}lng+A(l—§j ] L (9214)
v )b b v ) b b

Coefficient 4 in this expression depends on the ratio b/a. A reasonable estimation for value of
b/a in application to electromechanical transducers may be about 5/a =0.1. For this case
A=0.01. We will use this example for comparing results with those obtained by using analyt-
ically more straightforward ideal case of the center supported plate. Comparison of the mode
shapes of vibration and equivalent parameters of the center supported and clamped on radius

b/a=0.1 plates is made in Figure 4.33 and in Table 4.5. Thus, at b =0.1a.

9.6
Kf,vm :%-Kf{vo(l—b2 /a*) zl.45K£m, (9.215)
0.37
eqv0l = @Meqv()(l _bz /az) ~ 0‘8Meqvc.v H (9216)
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SavOAI = %(1_b2 /az )Savo ~ 0'84Saw-s9 (9217)
2.25Y
Jror = Toa S =1.341. (9.218)

The coefficient of electromechanical transformation at radius of electrodes r,, =7, must be

determined by formula (9.206), where

dé’(r/b)|b/u
Q,,(H)=n——= (9.219)
dr v
The coefficient «,,,, , which is linked to the effective coupling coefficient, is
acb/a (I’i) = nlf/a (I’i) / Cj‘;/a (rl)KeIf{vb/a N (9220)

Here Co7 =gl(l —k; YAzwa®(1-b* / a®)/t is the capacitance of bimorph plate at parallel con-
nection of laminates. Using expressions (9.214) and (9.219) for the fully active electrodes at
b/a=0.1, will be obtained that QO =1.25. Thus, we arrive at the following expressions for
the coefficients of electromechanical transformation, n,,,and «,,:

d,t

n,, =1.25 ~13n_, 9.221
0.1 Sﬁ(l_GlE) cs ( )
.o, (@) =n;,(a)/ Cls (DKE , ~ 120, (a). (9.222)

The values of Kfqvo_l and «__(a)are given by formulas (9.205) and (9.212), respectively.Thus,

ces

the effective coupling coefficient with electrodes of the full size is

1.2 0.58k
ke/fm:\/ acOl(a) _\/ accx(a) P (9223)

o (@) \1+120,.(a)  fi-0.66k

Comparison with the effective coupling coefficient of the center supported plate (see (9.213))

shows that for the plates with full size electrodes made of PZ-4 ceramics £, =1.09, ., .
Summarizing results of the last two sections we may conclude that increase of relative

radius of the supporting central post up to b/a =0.1 produces increase of the resonance fre-

quency of the transducer (according to (9.218)) and slight improvement of its electromechanical

characteristics.
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94.15 Trilaminar Plates

Structure of the trilaminar circular plate through the thickness is the same as of the trilaminar
beam considered in Section 9.3.1.4. Therefore, all the relations that characterize properties of
the equivalent parameters that depend on this structure are the same. Thus, the equivalent

Young’s modulus and density of the trilaminar plate according to (9.104) and (9.105) are
Y, =Y, [+ = DA-20)1, o, =27, =207, - Dy]. (9.224)

(Subscript # stands for trilaminar and all the notations y,, 7, and y are defined by relations
(9.103)). The mechanical equivalent parameters of the trilaminar plates must be determined by

formulas (9.191) and (9.193) using these expressions, namely,

3

Y
K = T“L((B)bc M+, -DA-20)1=K,,, [+, -DA-2»)"],  (9.225)
M,y = PutSeyve 17, =2(r, =DyI=M . -[7, =2(7, =Dy]. (9-226)

And the resonance frequency of the trilaminar plate is

oo [Ka o Gy -na-20) ©9.227)
rest 2” M resa 7/,0 _ 2(7/p _ l)y : :

eqvt

Dependence of ratio f,

res

ot | fresa for combinations of PZT-4 ceramics with different passive ma-

terials is the same as for the trilaminar beam and it is shown in Figure 9.16.
Electromechanical transformation coefficient of the trilaminar plate is determined by ex-

pression (9.196), where coefficient €, for the trilaminar plate it is Q, = 6(¢—J) according to

(9.15). Thus, the coefficient of electromechanical transformation is

2rd, t
ntbc =E—315(1_y)Qrbc (”i) (9228)
S]] 512
Given that the capacitance is
2ra’
C* =eh(-k)=——, (9.229)
y
the coefficient «,,,, will be found to be
y | () 8y(1-y)

. . (9.230
CjLZKE k; a2L(0'3)bc 1+(7y —1)(1—2Y)3 )

eqvt

n,. k
actbc :t—bé :|:157[(1+O-a)1_p :|
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The value of this expression at y=0.5,

a,,, = [1.5;:(1 +0,) k; - } - t , (9.231)
1=k, |a"L(0.3),,

corresponds to the case of the bimorph (fully active) plate design (denoted with subscript “c a
bc”). The last factor in expression (9.230) is the same function S () that is introduced by Eq.
(9.111) and characterizes dependence of ratio of the coefficients ¢, for the trilaminar and bi-
morph plate designs from composition of the trilaminar design through the thickness at the same
boundary conditions. Plots of this function for combinations of PZT-4 ceramics with different
passive materials are presented in Figure 9.14. Numerical values of the last factor in expression
(9.231) can be calculated for different boundary conditions using data from Table 9.2.

As it follows from the data presented in Figure 9.10 and Figure 9.14, the thickness and
radius of the active laminates of the plates vibrating in flexure can be significantly reduced
without reduction, and even with some increase of the effective coupling coefficient. Thus, in
the case of combination PZT-4 — aluminum under the simply supported boundary conditions it
remains the same at 6 =0.2¢, 7 =0.8a, and achieves its maximum value, which reaches
k =0.52 vs. 0.48 for the full size piezoelement, at 6 =0.2¢, r, =0.9a .

It is noteworthy that minimizing the volume of active material with the goal of improving
(or at least of keeping the same) the coupling coefficient is possible only in the case that re-
quired acoustic (mechanical) power generated is not electric field limited. This can be the case
of receivers (sensors), projectors operating in air and drivers at small mechanical loads, while
fulfilling of this condition can be questionable for underwater projectors. Comments that are
made in this regard in Section 9.3.1.4 about tradeoff between acoustic power radiated and min-
imizing the volume of active material without loss of the effective coupling coefficient are

completely applicable to the case of the circular plates.

94.1.6 Bilaminar plates

Structure of the bilaminar circular plate through the thickness is the same as of the bilaminar
beam considered in Section 9.3.1.5 and shown in Figure 9.16. Therefore, all the characteristics
of the bilaminar plates that depend on this structure are the same. In particular the position of

the neutral plane (coordinate z,) is determined by relation (9.117),
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Z_():l}/y"'(l_}/y)yz

, (9.232)
t 2y +=p)y
in the general case, and by relation (9.118),
o A (9.233)

TN
in the case that the thickness of the active laminate 0 = z, (these values are denoted J,, and
z,,,)- Values of the ratio
Zom O, (9.234)
for different combinations of the active and passive materials are presented in Figure 9.17.

Expressions for the equivalent Young’s modulus and density of the bilaminar plates fol-

lowing Egs. (9.119)-(9.121) are

Y., (2) =4Y), {Hy—%) +(%J }{[ —ZTOJ +(%— yj }yy}, (9.235)

in the general case that 6 < z,,, and

Y, (20,) =AY s + (1= 100y ] (9.236)
in the case that 6, =2z, ,1. €., 2y, /t = Vs
Pegor = PL7, =7, —=Dy], (9.237)

(subscript b stands for bilaminar).
Accordingly, the expressions (9.191) and (9.192) for the equivalent rigidity and equivalent

mass become:

3
E _ 4 quvb (ZO)
eqvh

-1(0.3),, (9.238)

for the general case with Y, ,(z,) determined by formula (9.235), and

3yE

E 4 YO’” 3 3 E 3 3
K"‘I‘/b = 12 .4[ymax +(1_ymax )yY]L(O3)b¢ = Keqva '4[ymax +(1 _ymax )7Y] ’ (9239)

for the case that z, /t=y . ;



9.4 Circular Plate Transducers 235

M., =17, = (7, =DyISepse =M gy -7, = (7, =Dy]. (9.240)

Resonance frequency of the bilaminar plate for the case that z,, /t=y__ is

E 3
Jrest = fresa W U= o)1) (9.241)
Yo =y =DV ax

The transformation coefficient n, must be determined from formula (9.196), where coef-

ficient

Q= §(5 ~2z,) (9.242)

is calculated by formula (9.12) and coefficient €, (7;) is determined by formula (9.53). Thus,

rbc

2rdyt (2
nbbc(ZO): E 3lE [2_0_.)}}9}%5(11) (9243)
S]] +S12
in the general case, and
2rd,t z,
n,,.(z,,)=—7—=—2Q , (1 9.244
bbc( Om) S5+S1E2 ¢ )bc(l) ( )

in the case that §,, =z, .

The effective coupling coefficient of the bilaminar plate related coefficient «,,can be

commonly presented by formula (9.65), using expressions for the transformation coefficient n,

, rigidity K ivb and capacitance
C* =el(1-k)mi /5. (9.245)
This results in
K YE Q. (1)
a ,2,) =| 2471+ oF)—2— || [2z, /) - y] ca | __rhel 9.246
cbbc(y 0) { ( 1 )1—]{/2) } |:[( 0 ) y] ngqvb(ZO):l ]"IZL(O3)})C ( )
in the general case, and
k? 1 sz ()
e (v = 2,, /1) =| 24n(1+ 0" ) —= |- e (9.247)
b 0 { Y-k 4{1+[(¢/20m)—1]3 7y} 17L(0.3),,

in the case that &, = z,,, . The second factor in the both expressions depends on the correlation

between the thicknesses of the layers of active and passive materials for a given combination
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of materials. It can be optimized by the corresponding choice of the thicknesses. Dependence
of the coefficient «,,, (,z,) from the thickness of the active layer at constant total thickness
of a plate normalized to «_,,. (¥ = z,, /t)is the same as those for the bilaminar beam that is
presented in Figure 9.17. Dependences of the third factor from the relative radius of electrodes

for different boundary conditions are the same, as presented in Figure 9.10.

9.4.2 Radially Nonuniform Plates

Vibration of the nonuniform over the radius circular plates made of passive materials is con-
sidered in Section 4.5.7.2. As the result it was concluded that parameters of the nonuniform
active-passive plates for a wide range of their dimensions can be calculated to the first approx-
imation using the mode shapes of vibration of uniform plates. This conclusion is valid at least
up to ratios 7 /a > 0.6 even for the maximum reasonable thicknesses of the active laminates
and for the most critical case B (with part of active material removed).

Expressions for the mechanical equivalent parameters (rigidity and mass) of the bilaminar
plates were determined in the Section 4.5.7.3. They are expressed through the equivalent rigid-

ity and mass of the uniform bilaminar plates as follows:

1-y)Y. F.,.
Kopn(20) =Koy | 1= 1= 0D T, .t (9.248)
Y;qvh (Z()) L(03)bL
in the general case, and
1- ’ E c
Ke vbl(ZOm) = KeEvb 1_ 1_ yY[ (ZO’" /2t)] - (9249)
! ! 4(ZOm /t) L(03)bc
in the case that §,, =z, ;
y Sejfr be
M, =M,,,|1- = . (9.250)
yp _(7/) _1)y Sej/fbc

Here the subscripts “egv b1” denote equivalent parameters of the nonuniform plates to the first

approximation, and notations are introduced in addition to (9.193) and (9.194):

F,, =2x[F(O)rdr, (9.251)

i
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Sy =27 [0/ @)rdr (9.252)

i
For the particular values of y=z, /t and y=(0/1t), (the relative thickness of active lami-
nate, at which the effective coupling coefficient reaches maximum (see Figure 9.17)) depend-
ences of the equivalent parameters and the resonance frequencies of nonuniform bilaminar
plates on # /a normalized to parameters of uniform bilaminar plates having the same overall

dimensions are shown in Figure 9.33 - Figure 9.35.
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Figure 9.33: The equivalent rigidities of the nonuniform over length bilaminar circular plates nor-
malized to the equivalent rigidity of the uniform bilaminar plates having the same radius, thickness
and y=z,, /t ratios vs. r,/a for different passive materials used for replacement of pie-

zoceramic. Aluminum (solid lines), steel (dashed lines). Curves 1 for y =z, /¢, curves 2 for

y=(©0/1),.

They are calculated using formulas (9.248) and (9.249) that are valid to the first approximation.
Note, that values of the equivalent parameters at (7, / a) =0 belong to the uniform plates made
of the corresponding passive material having thickness (1 —0) .

Expressions for the electromechanical transformation coefficient of radially nonuniform
plate to the first approximation are the same as (9.243) and (9.244) for a radially uniform plate,
because the mode of vibration is assumed to be the same, ie., n,,,.(z,)=n,,(z,) and

1y 15 (Zow) = My (20, ) - The capacitance of the active laminate also remains the same.
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Figure 9.34: The equivalent masses of the nonuniform over length bilaminar circular plates nor-
malized to the equivalent masses of the uniform bilaminar plates having the same radius, thickness
and y =z, /t ratios vs. #,/a for different passive materials used for replacement of pie-

zoceramic. Aluminum (solid lines), steel (dashed lines). Curves 1 for y =z, /¢, curves 2 for
y=(/1),,.
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Figure 9.35: The resonance frequencies of the nonuniform over radius bilaminar plates normalized
to the resonance frequencies of uniform bilaminar plates having the same radius, thickness and
y =z, /t ratiovs. r,/ a for different passive materials used for replacement of piezoceramic.

Aluminum (solid lines), steel (dashed lines). Curves 1 for y=z,, /¢, curves2 fory=(5/1),,.

The coefficient ¢, that determines the effective coupling coefficient will be denoted as

a, ., for the nonuniform bilaminar plate to the first approximation, and it is
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2 S
Aopipe =Myipe | C" Koy - (9.253)
Substituting the parameters involved in this expression results in
E -1
acblbc = a(‘hbc (Keqvbl / Keqv b) > (9254)

where «_,, are determined by expressions (9.246), (9.237), and the factor in parenthesis is
determined by expressions (9.248), (9.249) for the cases that J < z, and 0 = z,,, respectively.
This factor is presented as reversed in Figure 9.36 for several combinations of materials and
values of the relative thicknesses of active laminate. Plots of function (9.254) vs. ratio 7,/ a are
presented in Figure 9.36 for different combinations of materials under assumption that the
boundary is simply supported.

Several conclusions regarding the effective coupling coefficients of the bilaminar circular
flexural plates can be made based on the data presented in Figure 9.36. First, they are greater
for the combination steel — PZT-4 compared with aluminum — PZT-4 for the same categories
of the relative thicknesses of the active laminates. This reflects the general fact that the higher
the Young’s modulus of the passive material is the greater is the effective coupling coefficient
of the bilaminar plate. Second, the effective coupling coefficients are greater for nonuniform
by radius plates compared with the uniform plates having the same radiuses of electrodes. The
maximum of coupling coefficients for the nonuniform plates shifts towards the smaller relative
radiuses of the active elements. (Remember that we are considering the rational designs of the
bilaminar plates that are restricted by the condition that 6 < z,, ).

As to other variants of the transducers (bilaminar and trilaminar of 4 modification), they
were considered in Section 4.5.7.3 using the same approximation and analogous calculating
procedures. Thus, for the bilaminar plates of 4 modification (with removed parts of active lam-
inates replaced by passive materials) expressions for the equivalent rigidities and masses were
obtained in the following forms (see expressions (4.421)-(4.423)):
for the rigidity

Ke vbl Yo' F;,bc
K+:1_[1_Y (pz )]L(O 3) ©.255)
eqvb \ <0 ~Jbe

eqvb

in the general case that 6 <z, , and
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et :1—(1— Yy 2] ibe (9.256)
K.\ 4(z,, /)" ) L(0.3),,
in the case that ¢ = z,,,; and for the mass

Meqvbl :1+ y(}/p_l) Se_[/rl ]
Meqvb yp_(j/p_l)y Sq’fl

(9.257)
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Figure 9.36: Plots of the function «,, /¢, by formula (9.254) for different combinations of
materials ((a) aluminum-PZT-4, (b) steel- PZT-4) and for different relative thicknesses of the ac-
tive layers: 1 - y =(z,,, /t),2- ¥ =(J/t),,. The plots are normalized to value of ¢, for the
uniform bilaminar plate made from combination of aluminum and PZT-4 ceramic with relative
thickness of ceramic y = (z, /t) = 0.48 that have the full size electrodes. Dependence of this co-
efficient from relative radius of the electrodes, 7, / a, (see Figure 9.10 for the simply supported

boundary) is shown in the figure (a) and (b) by the dashed lines.

The electromechanical transformation coefficients remain the same as for the modification
B because the mode of vibration does not change.

It is noteworthy that designs of 4 modification have advantage of greater static and dy-
namic strength in comparison with B modification. This is due to avoiding concentration of

stress that occurs in the region, where the cross section of the mechanical system changes ab-

ruptly.
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9.4.3  Corrections for Parameters Due to Finite Thickness of the Plates

With increase of the relative thickness #/a of the circular plates corrections to the energies as-
sociated with their bending deformations must be made that account for the rotary inertia and
transverse shear deformation of their cross sections. These effects for the plates made of passive
materials were considered in Section 4.4.3.1. In application to the electromechanical transduc-
ers that employ flexural vibrations of the circular plates the expressions for the additional ener-
gies presented therein must be specified for active materials used. For definiteness we will con-
sider fully active bimorph plates. Therefore, elastic parameters of ceramics only must be used
in the expressions for the energies, namely, the Young’s modulus Y, =s/ /(s/’ —s.,’) and
the shear modulus z=1/s, .

After substituting expressions for displacement in the form of
. (r,1)=¢&,(0)0(r) (9.258)

into expressions for the energy densities (4.203) and (4.208) and after integrating over volume

of the plate we obtain the corrections for the kinetic and potential energies in the form

1., 7 p (00 1.
AW, ==& | rdr==¢6>-AM , 9.259
kin 250 6 .([( 87') rar 2§o ( )
1 . 2xY? sﬁt5 ad’e ’ 1
AW =——fr 247 rdr==E-AK . 9.260
pot 2§o 120 ‘(‘; d]"3 250 ( )

Correction for the electromechanical energy of the plate due to its finite thickness must be
calculated by the general formula (9.49) with bending strain §,, replaced by the additional
strain S, by formula (4.212). After changing elastic moduli by those of the piezoceramics and
considering that for the fully active bimorph plate at parallel connection of ceramic laminates
E.(z,r)=2V/t, we arrive at

l 2 d t/2 2 a 4 1
AW, =&y Sty b [ | o2 |z 9O g =Ley.an.  9261)
2 t(s, +55) oo\ 4 o ar 2 ‘
Here An_ is correction for the electromechanical transformation coefficient of a thick plate.

After performing integration, we will obtain that

An

x o dyt td'o
=2y P ! . (9.262)

= E
16 s, +s5,,



242 9 Flexural Plate Transducers

As examples of quantitative estimations, we consider corrections due to the finite thickness for
equivalent parameters of the bimorph plates with simply supported and clamped boundaries,
and of the center supported plates. For this purpose we will use expressions for the mode shapes
of displacements for these plates by formulas (9.57), (9.59). and (9.204), respectively, that are

reproduced here

O(r1ay=(~r*/a)1-r*/ 4a®) . (9.263)
2 2
H(i’/a):[l—%J : (9.264)
1 (7 P 7
00r/a)y=—o», 2 -091- 1027 |. 9.265
(r/a) 0.36(412 a a‘J ( )

Expressions (9.197) together with data from Table 9.2 will be used for the original equiv-
alent parameters of the plates considered as thin. Values of integrals in expressions (9.259),
(9.260) and (9.262), which we denote for brevity as Inl, In2 and In3, are presented in Table 9.3

for the corresponding boundary conditions.

Table 9.3. Values of integrals /n1, In2 and In3 for the plates with different boundary conditions.

Boundar;

co(;ll;iSZn}; S.s. Cl. Cs.
Inl 0.85 2/3 0.62

m2, 1/a* 9.0 144 138

m3, 1/a* 3.0 12 9.0

Using expressions (9.197) for equivalent parameters of the thin plates and expressions
(9.259), (9.260), (9.262) for the corrections, we will finally obtain the following results for the
parameters of plates having finite thickness to radius ratio.

For the plates with simply supported boundaries

Mzzqux = Mequx [1 + 05 ' (tz / az)] > Kc:qv s Kaf]v 58 [1 - 025 : Yo‘asﬁ (tz / aZ)] . (9266)
n, =n [1-0.39Y, 5. (t/a)’], (9.267)

X' _ D 2
frl — L e _ f; 1 0'25Yo'as44 (t i a) ) (9268)
27\ M., 1+0.5(t/ a)
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For the plates with clamped boundaries

! eqm[l+0.6-(t2 /a*)], K!

eqvcl = eqv cl

=K. =13, st /a)]. (9.269)

Coefficient of electromechanical transformation for the clamped thin bimorph plate having
full size electrode is zero. Distortions of the cross section of the plate due to finite thickness
result in some electromechanical activity of the clamped plate that is characterized by the elec-

tromechanical transformation coefficient

dyt
An, =18 —21_Y so(t’/a’). (9.270)

E, E
Sip 81

For the center supported plates

M =M, [1+022-(2/d)], K., =K" [1-041-Y, s2( /a*)],

eqves eqves eqv cs eqv cs

n' =n[1-0.58Y, so(t/a)’]. (9.271)

For PZT-4 and PZT-5 ceramic compositions

D
D _ Sy 1

ca 44= E E EN2 ~
sy 1=(s1 7 s37)

1.75, (9.272)

and reduction of resonance frequency of simply supported plate is determined by ratio

. |1-0.44(t/a)’
Sl s, "\ 1405/ a) (9-273)

For relatively thin for practical underwater applications simply supported piezoceramic plate
with (¢/a)=0.2 this ratio already is f,'/ f, ~0.98 and it drops with increase of the relative
thickness of the plate .

It is noteworthy that presenting data on the resonance frequencies for the plates by formulas
obtained from thin plates theory to a greater accuracy does not make sense without information
about their relative thickness. Moreover this is true regarding the resonance frequencies of
higher modes of vibration, for which the corrections for finite thickness significantly increase,
as it is shown in Ref. 8 with example of beams.

Consider dependence of the effective coupling coefficient of a simply supported plate of

finite thickness from the thickness to radius ratio. The related coefficient «/  is
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. nl 062k, [1-039Y, sp(f/a’)) 9974
X = e TR 120257 ST ah (9.274)
el )2 * ! o‘as44(t a )

eqvss

Here the first factor represents coefficient «, for the thin bimorph plate according to formula

(9.201). Thus, for the plate made of PZT-4 ceramlcs

’

al,  [1-0.68(/ a*)f

) 9.275
1-0.44(t° / a*) ( )

css

At t/a=0.2 this ratio is 0.96, and at ¢/ a = 0.3 it is already 0.9.

9.5 Acoustic Field Related Issues

The radiation impedances of the bender transducers depend significantly on the size of a single
transducer unit and on the configuration of the system of transducers operating collectively.
The radiation impedances of the typical systems of the bender transducers are depicted sche-

matically in Figure 9.37.

LY 22 4 1 dy

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

(@) (b) () i

Figure 9.37: Categories of the bender transducers that differ in terms of determining their radiation
impedances: (a) single transducer units and their combinations; (b) the column like array densely
populated by the single transducer units, (c) the flat array of a large size populated by the single

transducer units.

In terms of the peculiarity of determining the radiation impedances they can be divided
into three categories: (1) single transducers of small wave size and small groups of such trans-
ducers closely spaced, (2) column like transducers with length of the column comparable with

wavelength, (3) arrays of a large wave size populated with the bender transducers.
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9.5.1 Radiation Impedances of the Single Transducers
Dimensions of the single bender transducers are usually much less than the wavelength A .
Using formula (9.200) for the resonance frequency of the simply supported circular plate it can
be concluded that at resonance D/ A =t/ a . For estimating the maximum wave size of a trans-
ducer we assume that #/a<1/5,then D/A1<0.2. The overall thickness of a single double

plate bender transducer, ¢

w2

is usually about two thicknesses of the comprising plates, i.e.,
t, / 4 <0.04. The rectangular plate benders predominantly consist of beams. We will assume
that a single transducer unit has approximately the same wave size as a circular plate having
the same resonance frequency (/= w= D). Though this assumption is not quite rigorous, it
allows a sufficiently fair comparison between the benders.

By symmetry considerations, one side of the double sided circular plate pulsating projector
has the same radiation impedance as a circular piston vibrating in an infinite rigid plane baffle

that is (see Section 6.3.3.2)

Zacl = r;zcl +jxacl > (9276)
where
J 2k
T = pera’ [l —M} , (9.277)
ka
and
S, (2ka
ol = Sy(2ka) (9.278)
ka

Here J,(2ka) and S,(2ka) are the Bessel and Struve functions of the first order (subscripts 1
for the radiation impedance and its components indicate that they are related to one side of the
double sided transducer). The approximate estimations that follow from these relations for one
side of the projector at ka < 0.6 that corresponds with the maximum size of a bender plate

transducer are

v~ pena’ moc s (9.279)

(kay _,  (za’)’
2 A

within 5% accuracy, and
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X, ®pcra’ 3 ka= a)p§at3 = oM (9.280)
' 3z 3

acl ®

within 10% accuracy.

These formulas can be generalized for transducers of small wave size that have distribution
of velocity on their surface by replacing the surface area S = za” with the average surface area
S, » because the volume velocity U, =S, &, is what counts in terms of the radiation for small
sources. Thus, further the expressions for the radiation resistance per one plate of the double-

sided bender transducer (as of a simple source radiating in half space) will be used

:; 2
rox2mpe o) o pes, Sha (9.281)
A 3z

acl av

It is noteworthy that these values of radiation impedances must be used when calculating
the magnitude of vibration of one side of the double sided bender transducer from the equivalent
electromechanical circuit. The acoustic radiation impedance for the entire transducer must be

doubled. Then for the pulsating piston

r.=mpc(2ra’)’ 1 2%, (9.282)

and taking into account that now the full radiating surface S =27’ must be in the general case

replaced by S, , we obtain the known formula for the radiation resistance of a simple source

av ?

vibrating in free space in the form

2
r.=npc G (9.283)

212

This value will be used for the benders of finite size having (D/ A1) < 0.2 with the stated esti-
mated accuracy. Formulas (9.262) and (9.283) are introduced under the assumption that the
acoustic mass is proportional to the volume of water forced out by a pulsating body, i.e., it is
proportional to its volume velocity, or to the average radiating surface.

The above estimations are made for a single bender transducer that can be approximated
as a simple source. In practice, the low frequency transducer designs often are composed of a
number of elementary single sources, in our case from a number of single benders, to form

radiators of larger size. The radiation impedance of the combination of several single bender
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transducers can be determined considering the acoustic interaction between simple sources by

the formula (see Section 6.4.3)

Z,, =r, (sinkd + jcoskd)/kd , (9.284)

where Z, the mutual radiation impedance between two sources separated by distance d, and
r, 1is the radiation resistance of a single source given by expression (9.281). For example, in
the particular case of a transducer comprised of three simultaneously operating identical equally

spaced single benders their radiation impedances can be calculated by formulas

Z,=2,=2,=7,,+2Z,. (9.285)

Thus, the radiation impedance of a single unit can be significantly increased.

9.5.2 Radiation Impedances of the Column Like Transducers

In practice a low frequency transducer may have a comparable with wavelength linear size
being composed of a number of elementary single sources in the column like fashion, as shown
in Figure 9.37(b). The column like design of such kind is typical for the rectangular beam bend-
ers. If the total length of the transducer exceeds wavelength, the components of radiation im-
pedance per unit length can be calculated approximately as for infinitely long pulsating strip.
This problem is considered in Section 6.3.4.4. Based on the results obtained therein, the radia-
tion impedance per one side of the double sided bender transducer can be presented as

Z, (k) =1, (kI + j x,. (Kl) = peS,, [a(kD) + j (kD] , (9.286)

ac

where S, is the effective radiating surface area per unit length. For the transducer comprised
of simply supported beams that vibrate with velocity distribution U(x)=Ucos (7zx/[),
S, =1/2 per unit length. Numerical values of the nondimensional coefficients of the radiation
resistance and reactance, a(kl) and S(kl), are presented in Table 9.4 up to values A/ =2 that
is sufficient for a practical range of the bender transducer sizes.

It follows from the table that the nondimensional coefficient of the radiation resistance can
be presented as « ~ 0.4kl up to kI < 1.5 within 4% accuracy. Considering that per unit length
of the entire double sided transducer S, =(//2)-2=1 and S, =(2//7x)-2, in this range of

the radiation resistance may be represented by formula
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2
. = peS,, - a(kl) = % pc (Sj) , (9.287)

which is the expression (6.358) for radiation resistance of the cylindrical simple source.

Table 9.4. The nondimensional coefficients of the radiation impedance.

kl 01 | 02|03 ] 04| 05| 061 07]| 08
a(kl) | 0.04 | 0.08 | 0.12 | 0.16 | 0.20 | 0.24 | 0.28 | 0.32
L) | 0.10 | 0.18 | 0.24 | 029 | 0.33 | 0.37 | 0.40 | 0.43

Kl 09 | 10 | 1.1 | 12 | 13| 14 | 15
a(kl) | 036 | 039 | 0.43 | 047 | 0.51 | 0.54 | 0.57
Bk | 045 | 047 | 0.49 | 0.51 | 0.52 | 0.53 | 0.54

The radiation impedance of several column like bender transducers operating simultaneously
may be determined considering the acoustic interaction between the cylindrical simple sources.

The mutual radiation impedance between two transducers according to formula (6.359) is
(2, /1) =Jy(kd) — N, (kd), (9.288)

where d is the separation between their axes.

9.5.3 Radiation Impedance in Flat Arrays of a Large Size

One of the possible applications of the bender transducers is their employment in flat low fre-
quency arrays of a large size, as shown in Figure 9.37(c). The radiating surface of the array can
be considered as a plane uniformly vibrating with average volume velocity, because dimensions
of the single bender transducers are small compared with wavelength, and the volume velocity
generated by the benders is what counts in terms of radiation. The volume velocity of a single
transducer unit is U, = S, &, . The volume velocity of a part of the radiating flat array that is
occupied by a single transducer unitis U, ~=d d, fwmy « »Where d_and d are the separa-

Varray

tions between centers of the benders, and §

array av

:(Sav/dd )fo

x7y

is the average velocity of array vibration.
From equality of these volume velocities f{my w
The radiation impedance of a large uniformly vibrating plane array is active, and acoustic radi-
ation resistance per unit area is 7, = (pc),,. Thus, the acoustic energy radiated per part of the

array surface that corresponds to a single transducer unit is W;c :(pc)wdxdyffn,ayav

=(pc), (S, / afxafy)géo2 . This amount of energy is equal to the energy radiated by the single
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bender, W

acl

= racléfj . From equality of these energies the radiation resistance per one side of

the double sided benders that populate a large size array will be determined as
2

S
T =(pO), 7 ‘2 . (9.289)

It must be remembered that so far the double sided bender design was considered as sym-
metrical in respect to its middle plane with both sides equally loaded. In case of application in
a flat array the symmetry becomes broken because one side of the transducer is loaded acous-
tically whereas the loading status of another side depends on the array design. Typically, it can
be loaded by input impedance of acoustic baffle that is used for eliminating back radiation of
the array, and the load may be influenced by structures, to which the transducers are fixed. The
transducer design must be considered, strictly speaking, as asymmetrical under these condi-

tions.

9.6 References

1. R.S. Woollett, Theory of the Piezoelectric Flexural Disk Transducer with Applications to
Underwater Sound, USL Research Report No. 490, Naval Undersea Warfare Center, New-
port (1960).

2. R. S. Woollett, The Flexural Bar Transducers, Naval Underwater Systems Center, New-
port (1986).

3. B. S. Aronov, “The energy method for analyzing the piezoelectric electroacoustic trans-
ducers II. (With the Examples of the flexural plate transducer),” J. Acoust. Soc. Am.
118(2), 627-637 (2005).

4. S. A.N. Prasad et al, “Analytical Electroacoustic Model of a Piezoelectric Composite Cir-
cular Plate,” ATAA J. 44(10), 2311-2318 (2006).

5. Yu. T. Antonyak and M. E. Vassergisser, “Calculation of the characteristics of a membrane
type flexural-mode piezoelectric transducer,” Sov. Phys. Acoust., 28(3), 176-180 (1982).

6. Shuo Hung Chang and B. C. Du, “Optimization of asymmetric bymorphic disk transduc-
ers,” J. Acoust. Soc. Am. 109(1), 194-202 (2001).

7. B. S. Aronov and L. B. Nikitin, “Electromechanical wafer transducer using shear strain,”
Sov. Phys. Acoust. 35(2), 207-210 (1989).

8. B.S. Aronov, “Nonuniform piezoelectric circular plate flexural transducers with underwa-
ter applications”, J. Acoust. Soc. Am. 138(3), 1570-1584 (2015).

9. S.P. Timoshenko, Vibration Problems in Engineering, 2" Ed. (Van Nostrand, New York,
1937).



CHAPTER 10

LENGTH EXPANDER TRANSDUCERS AND THEIR MODIFICATIONS

10.1 Introduction

Under the category of the length expander transducers we will assume the bar transducer (as
the basic design) and its modifications that perform one-dimensional vibrations along one of
coordinates with other coordinates not working (no energy flow in their directions). The basic
transducer designs are shown in Figure 10.1(a) as the bars made of piezoceramics that have the
lateral dimensions much smaller than their length (#, w < [ ) to the extent that the stresses being
zeros on the free side surfaces can be considered the same throughout the lateral dimensions of
the bar. These transducers are used in several modifications: with electrodes on the side surfaces
(transverse piezoeffect) (a.1), with electrodes on the ends (a.2), or made of segments (longitu-
dinal piezoeffect) (a.3). The mechanical boundary conditions in the first case are
I,=T,=T,=T,=T, =0, and in the second 7, =7, =7, =T, =T, =0. (The share stresses
don’t exist in all modifications of the length expander transducers, and further will be omitted.)

Another transducer of the category of one-dimensional length expander can be imagined
as the thin strip shown in Figure 10.1(b) that has the length large enough for considering strain
being negligible along the strip and stress negligible throughout the thickness. The transducer
may employ the transverse (b.1) and longitudinal (b.2) piezoeffect with mechanical boundary
conditions 7, =0, §,=0 and 7, =0, S, =0, respectively. One more length expander trans-
ducer is the thickness vibrating plate (Figure 10.1(c)) that has the lateral dimensions large
enough for considering side surfaces of the transducer clamped, i.e., vibrating under boundary
conditions S, =S5, =0.

Vibration of the thin prolonged strip and of the plate having large lateral dimensions can
be treated in the same way as one-dimensional vibrations of the thin bars. Difference in the
mechanical boundary conditions results only in changing the equivalent parameters of the trans-
ducers. These changes will be considered in Section 10.2. The assumption regarding the one-
dimensional vibration of strips and plates is, strictly speaking, valid in the case that their length

and lateral dimensions, respectively, are infinitely large. And what is “large enough” for using
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these approximations needs to be determined. This is done in Section 10.3, where vibration of
these systems are considered as coupled two-dimensional, and where it is shown at what aspect
ratios results of the calculations are approaching the limiting cases of infinitely large dimen-
sions with sufficient accuracy. Transition of vibrating mechanical system between the extreme

limiting one-dimensional cases is schematically illustrated with Figure 10.2.

(b.1) 3, 02

! ©

Figure 10.1: The length expander transducers as one-dimensional vibrating systems having dif-
ferent mechanical boundary conditions on their side surfaces. (a) Bars: (a.1) 7, =7, =0 (trans-
verse piezoeffect), (a.2) and (a.3) 7, =7, =0 (longitudinal piezoeffect). (b) Strips: (b.1) 7; =0
, S, =0 (transverse piezoeffect; (b.2) 7, =0 , S, =0 (longitudinal piezoeffect). (c) Thickness

vibrating plate: S, =S5, =0 .

It is noteworthy that dimensions of the mechanical systems in Figure 10.1 and Figure 10.2 are
denoted differently intentionally. In the first case they are chosen for the ideal extreme mechan-
ical systems in order to comply with previously used notations for the bar as basic transducer
design (/ — in direction of wave propagation, w and ¢ — as dimensions of the radiating surface).
In the second case the dimensions are denoted in accordance with directions of the crystallo-
graphic axis (L, L,, L, ) for convenience of considering the coupled vibrations in course of

transition between the extreme mechanical systems.
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L;

© et

€ 2a >

Figure 10.2: Transition between the one-dimensional vibrating mechanical systems having ideal
extreme dimensions through the two-dimensional coupled mechanical systems: (a) between the
thin bar (L, / L, = 0) and strip (L, / L, — ©); (b) between strip (L, / L, — 0) and plate (
L,/ L, — o0); (c) between thickness vibrating thin circular disk (aspect ratio #/2a — 0) and

axial vibrating long bar (#/2a — o).

Uniform over the length bar transducers intended for underwater applications appear to be
greatly under loaded by radiation impedances, and therefore their acoustic power generated is
the dynamic stress limited, while significant reserves of the electrical strength exist (see Chap-
ters 3 and 13). Therefore, the internal mechanical impedances of the transducers must be
matched with acoustic field for effective operation. The matching elements may be imagined
as parts of transducer mechanical system having different cross section areas (“Tonpilz” design,
mass loaded transducer considered in Section 2.5), or as the matching layers of the same cross
section attached to the transducer surface. In both the cases the mechanical system of the bar
transducer becomes nonuniform over the length, as is shown in Figure 10.3. The bar transducers
nonuniform over the length are considered in Section 10.4. The most widely used nonuniform
over the length Tonpilz transducer design is described only in principle, because such trans-
ducer are considered to detail in vast literature. In this respect only an alternative approach to

optimizing matching the transducer with acoustic field is considered in Section 10.4.
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(a) (b)

Figure 10.3: Mechanical systems of bar transducers with matching elements: (a) with variable
cross section, (b) with cross section uniform over the length. 1 — piezoelement, 2 and 3 — matching

elements.

Equations of one-dimensional vibration of length expander bars and equivalent circuits for cal-
culating their operating characteristics were considered as examples of employing the general
approaches in Sections 5.7.3.1 and 5.8.3. Some of the results obtained there will be repeated in

this Chapter for convenience of reading.

10.2 Transducers Uniform over the Length

10.2.1 Energy Densities in the Deformed Piezoelements
For calculating energy status of the length expander piezoelements deformed under different
boundary conditions expressions for the corresponding energy densities that were derived in
Section 5.2 can be used (see Egs. (5.53)-(5.67)). However, we will use the constituting piezoe-
lectric equations of state for this purpose, moreover that the derivations are straightforward, and
the piezoelectric equations will be needed for reference, when considering coupled vibrations
in mechanical systems of the transducers in case that they have finite aspect ratios.

All the length expander piezoelements under the ideal boundary conditions experience one-
dimensional deformation with a single working strain S, or S, . Thus, the governing equations
for them can be represented in the generalized form

T=K.S-nE,, (10.1)

D,=nS+C3E,, (10.2)

where K} is analog of elastic modulus of isotropic passive body in one-dimensional defor-

mation at particular boundary conditions,

Df =n,S (10.3)
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is the charge density and CfA is the dielectric constant for the ceramics at a particular combina-

tion of boundary conditions. According to expression (5.99)

Co =CL(-ky), (10.4)

where k, is the coupling coefficients of the ceramic composition at particular boundary con-
ditions. Notations for the coefficients &, will be used according to the classification of bound-
ary conditions accepted in Ref. 2.
In the case that the boundary conditions are 7, =7, =0 or I, =7, =0 it is convenient to
use the piezoelectric equations with independent stress in the form
S =s.T +d,E,, (10.5)

D, =d,T, +&,E,, (10.6)

where i=1,3 for the case of the transverse and longitudinal piezoeffect, respectively. From
Eqgs. (10.1) and (10.5) at E, =0

KP=1/sf=Y". (10.7)

ii

After substituting expression for stress 7, from Eq. (10.5) into Eq. (10.6) we arrive at

D, =d—3EfSl. +é5, (1—f—32ijE3 = DI (S,))+ & E; . (10.8)
Sy 338
Thus,
DE(S)=(dy, /sE)S,, n,=d,, /st (10.9)
and
Ch =g =el(1-k;) (10.10)

is the dielectric constant of ceramics in the bar clamped in direction of deformation (S, =0).
In case that the boundary conditions are S, =S, =0 (infinite plate vibrating over the thick-
ness at longitudinal piezoeffect), appropriate are piezoelectric equations with independent strain
that at these boundary conditions reduce to the form
T, =cLS, —e,E;, (10.11)

D, =e,S, +£5E, (10.12)
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where from follows that

E_ E _ S
K, =c;, ny=ey,, C,

=&, = (1-k)) (10.13)

The analogous elastic modulus for isotropic plate deformed through the thickness according to
(4.18) is

Y(-o0)

"= o (i-20) (10.14)

The following respective expressions may be obtained from Eqgs. (5.57)—(5.64) for the case
of a bar element in the form of a thin strip vibrating at the following boundary conditions: (1)
7, =0, S, =0 that correspond to the longitudinal piezoeffect; (2) 7, =0, S, =0 that corre-
spond to the transverse piezoeffect; (3) variants of the transverse piezoeffect with axis 3 parallel
to the length and vibration taking place in the direction of axis 2 (variantat 7, =0, S, =0 that
corresponds to the width mode of vibration) and of axis 1 (variant at S, =0, S, =0 that cor-

responds to the thickness mode).

E E E E
KE = Sip __x N = dyys, —dysi C5 = g5 (10.15)
A3 T E E Ez_l > A3 T EE E2 ° “eA T 933 > :
S11833 =513 — 03033 S11833 =513
E E
S, Y d s, s,
E __ 11 _ 1 _ 31 1,2 __ L2 .
KA - E2 E2 _1 7 =% E CeA =&3 (10~16)
DT —0 S8,
E E E E
KE = 533 _ X _ 8y —dysy; S = ghs (10.17)
Al T EE E2_1 > Al T EE E2 > “eA T ¢33 > :
S11833 7 S13 — 03033 S11833 =513

Note that parameters for the thickness mode of variant 3 are presented in Table 5.3 in the col-
umn numbered I1.2 and they are: K =c],, n, =e,, Co\ =&y ki, =e, /Jenc] .

The analogous elastic modulus for the isotropic strip according to Eq. (4.15) is

Y
YS’ZI—GZ' (10.18)
In accordance with relation (10.4) parameters CESA" can be represented as
2
cy =853+%=83S§" =e(1-k3), (10.19)
11

2
Ciz =&+ 32 =gy = el (-kD), (10.20)
33
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Ch =gy =en(1-k). (10.21)

(notations for the coupling coefficients of piezoceramics at different boundary conditions are
the same as in Ref. 1).

With all the parameters K , Ci and n, known, expressions for the energy densities in a
deformed bar may be presented as

wt —%KAESz, wfl :%CSAE;, w,

meh m

= %nAE3S. (10.22)

The coupling coefficients of piezoceramic material that characterize electromechanical en-
ergy conversion in a unit volume of a bar deformed under particular boundary conditions may

be calculated according to expression (5.127) as

k. W’ n,
== . (10.23)
-k, wiw: CYKE

Taking into consideration relation (10.4) and notations (10.19)-(10.21) for elementary capaci-
tances at different boundary conditions we obtain

2
k2=

2. 10.24
e (10.24)

After substituting parameters by formulas (10.15)-(10.17) into this expression we will arrive at

the following expression for the coupling coefficients of piezoceramics:

2
n 1
k3’32 === “(kyy =030y |k31|)2 > (10.25)
‘93TsKA3 1-050,
” nil 2
kii=——=ky(+0)/(1-0)), (10.26)
&3l
" 1
31‘21/ = '(_|k31|+\/0-30'13k33)2 5 (10.27)
l1-o0,0,
2 e
k=5 (10.27a)

33™11

(the subscripts w and ¢ indicate the with ant thickness modes).
Although the coupling coefficients are essentially positive quantities, sometimes k;, is consid-

ered having sign (-) of the corresponding piezoelectric modulus d;, . In expressions (10.25) and
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(10.27) k,, is taken by modulus in order to avoid this confusion. For PZT-4 k;, =0.62,
ky, =0.46, k), =0.06, k;,, =0.18.

It is noteworthy that the expressions (10.25) and (10.27) for k;, and k|, differ by the
factor 1/ m from those presented for this coefficients in Ref.1 This results from the erro-
neous using expression (5.126) instead of (5.127) that is appropriate for determining the cou-
pling coefficients for the boundary conditions under consideration. For detailed explanation of

these issues see Section 5.4.3.

10.2.2  Equations of Vibrations in the Generalized Coordinates

Equations of vibration of the length expander bar transducers of the basic design shown in
Figure 10.1 (at extreme case of large length to width aspect ratio) were considered in detail in
Section 5.7.3.1. The results presented therein are completely applicable to all the one-dimen-
sional length expander transducers with mechanical systems vibrating under different boundary
conditions with corresponding changes of values of their equivalent parameters. Considering
the expressions (10.22) for the energy densities and definitions for the equivalent parameters it
can be obtained, as results of integrating these independent of coordinates quantities over vol-
ume of a mechanical system, that per unit of radiating surface of the piezoelement

K: =KE

eqv eq

WKEIKEY  n=n,(n,/n,,), CS=CS,(C5/CS,) . (10.28)

where parameters with subscript “b” are related to the basic design. The equivalent mass per
unit surface does not depend on the boundary conditions and remains the same, as for the basic
design. The resulting expressions for the modal equivalent parameters and corresponding reso-

nance frequencies are presented in the following sections.

10.2.2.1  The Basic Bar Transducer Designs

Summary of equivalent parameters for the designs depicted in Figure 10.1(a) is as follows.
(Note that in all the cases subscripts 7 =1,3,... denote number of the mode of vibration assuming
that only odd modes are active.)

For the transverse piezoeffect (Figure 10.1 (a.1)):

2 2
1"t wt
E — 'YE

i =X, =2d,w,Y", C3 =l (1-kj)wl/t, (10.29)
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i [¥F
M, =M/2, T et (10.30)
2

For the longitudinal piezoeffect (Figure 10.1(a.2), (a3)):

22 2
e’flvi:%.yf’ no=""e3.yk, (10.31)

i

Ch =gl (1-k)S N> /1, M, ,=M/2. (10.32)

eqvi

Here S, =wt for the rectangular bars, and S, = 7a’ for round bars; N is number of segments.
Additional rigidity term AK must be used that depends on number of the segments. This de-

pendence is given in Section 5.5.2 and is replicated here in Figure 10.4.

AK,
AK,
10— ———a

\

08+ \

0.6

0.4 + ~

02 ~~

0.0

2 3 4 s 6 7
Figure 10.4: Ratio AK,, / AK, as a function of number of segments N.

As it follows from the plot, at N >6 on the half wave of deformation the AK term can be

neglected. At N =1

2
N s (1—ij . (10.33)

eqvi 2 2 2
1-k;; i'n

Thus, the resonance frequency is

. E 2
f=L YL.JH@_QSZJ ks (10.34)
20\ p it ) 1=k

Otherwise, the dependence of AK from a number of segments must be taken into account.

10.2.2.2  Width Vibrating Long Strip of Small Thickness

For the transverse piezoeffect (Figure 10.1 (b.1) the energy densities are determined by formu-

las (10.16)) and the equivalent parameters are:
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2 2 E E
E Uwt Yl Yl N T ”2
i = ——, n,=2d,w-——, C) =g, (1-kg))wl/t, (10.35)
q 2] 1_0_12 1 -0, 1 33 31
. E
M, =M/2, £ =t | (10.36)
21\ pi-a?)

For the longitudinal piezoeffect (Figure 10.1 (b.2) the energy densities are given by formulas

(10.15)) and the equivalent parameters are:

2 2 FE

¢ Y
ke, =TS (10.37)
2l 1-o0,0,

"= 2WtNd33[l_(d31 /d33)0'3] . Y3E

1 b
[ 1-o0,0,

(10.38)

Co' =en(1-ki)weN* /1. (10.39)

The additional rigidity term at N =1 has to be calculated by formula (10.33) with replacing the

coupling coefficient, namely,

K2 8
AK =K~ 3 (1——2) (10.40)

eqvi ”?2 -2
-k i'r

The resonance frequencies are

. E 2
f”_:LJY;. 1+(1—~282j k”'z. (10.41)
21\ p(1-0,0,;) it )1-k;

10.2.2.3  Thickness Vibrating Plate

For the longitudinal piezoeffect (Figure 10.1 (¢) the energy densities are by formulas (10.13))

and the equivalent parameters are:

i’ 2wt
KE, =" zlm ChL My, =M /2, =" e Sk we /. (1042)
The additional rigidity is
AK =K” K -5 (10.43)
eqvi 1_kt2 i27T2 s .

and the resonance frequencies are
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. E 2

i |cs 8 ) k
LY IO W L L/ 10.44
z 20\ p \/ ( 7z2)1—k2 ( )

It must be remembered that all the expressions for the equivalent parameters are accurate
within limits of the aspect ratios, at which the vibrations can be considered one-dimensional.
The conclusions about these limits can be made based on the results presented in Section 10.3,
where the estimations are obtained regarding the first modes of vibration. For these estimations
to be valid for higher modes, they must be related to the half wave of deformation. Thus, while
for a bar vibrating in the first mode it is sufficient to have the length approximately twice larger

than the lateral dimensions, for the mode with number i this condition musts be valid for /i.

10.2.2.4  Equivalent Electromechanical Circuits

Equations of vibration and the corresponding multicontour equivalent electromechanical circuit
of the length expander transducers are the same, as where considered in Section5.7 in general,
and in Section 5.7.3.1 with example of the bar transducers (see Figure 5.25). The general equiv-
alent circuit of Figure 5.25 is specified here to the case that the transducers are intended for
underwater applications. In this case the external forces and mechanical loads are the acoustic

equivalent force, F,

eqvi >

and radiation impedance, Z, . We will assume that they are acting on
one end of the transducer (for certainty on the end at x = 0) with another end remaining free of
external actions, which is usually the case. The modified circuit is shown in Figure 10.5. The
equivalent parameters in the circuit correspond to piezoelements at the particular boundary con-
ditions considered above. The equivalent compliance, C%

eqvi °
Cct =1/(K"

eqvi eqvi

in general is
+AK.) . As the radiating surfaces vibrate uniformly at all the modes of vibra-
tion, the equivalent forces and self- radiation impedances are the same for all the modes. Thus,
according to formulas (5.253)-(5.255) F, and Z, must be replaced by F, , and Z

qv aci®

Zaci = Zac[l +Z(U[ /U,)] > (1045)

I#i

where Z, is the self-impedance of the mode of vibration and the second term in brackets

represents contribution of mutual impedances between the modes, introduced impedance

zZ

inli

=Z,.(U,/U,). Information regarding the radiation impedances of piston like vibrating

surfaces of transducers in the form of circular and rectangular pistons, and strip of large length



10.2 Transducers Uniform over the Length 261

is presented in Section 6.3.3.2-6.3.3.5 for the single transducers, and in Section 6.4.5-6.4.7 for
the acoustic interacting transducers.

The length expander transducers are greatly underloaded by radiation impedances and have
large mechanical quality factor O, . (As it was noted in Ch. 3 (Table 3.1) even under the greatest
acoustic impedance Z, =(pc), S, this quantity is about 25.) Therefore, in vicinity of reso-

nance frequency of i”

mode in expression (10.45) U, > U, , and contribution of other modes
can be neglected. The contours in Figure 10.5 can be considered as independent, and for calcu-
lating operational characteristics of transducer in the range around its resonance frequency this
circuit may be reduced to a single contour, as shown in Figure 10.6(a). The equivalent param-

eters in the circuit depend on the above considered boundary conditions.
ALIR —
MO ZacO
/(D F, eqv0

F eqvl

F eqvi

Figure 10.5: Multicontour equivalent circuit of a length expander transducer.

When calculating the output voltage of a transducer in the receive mode at low frequencies
much below the first resonance, contribution of all the modes must be taken into consideration
in the way as was shown in Section 5.7.3.1 for a bar under the transverse piezoeffect and re-
sulted in formula (5.256). For the length expander transducers at different boundary conditions
the analogous result is

o [Z = J-(Feqﬁf:,,): M (B v F). (1046)

out = She be E Spe c E
a)Cel ' i=1 Keqv ibc wal ‘ K Xbc

where
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KE = =— (10.47)

is the static rigidity of the mechanical system clamped at the middle section, and subscript bc
indicates correspondence of the parameter to certain boundary conditions in accordance with
formulas (10.30), (10.32), (10.36), (10.39) and (10.40). As to Y, , it is defined as

Y, =KE .. -(2L/i’7*wt) . Equivalent circuit that corresponds to the result by formula (10.46)

eqvibc

Ribe
(o,
E
p— G Feg
S,
Celh( Rer Zac
o —_—
(a)
Nibe | |
° e
Ceqvibc
V(mt — Feqv
Sl
Cel/ /_\F' Ln
o aY
_/

F eqv
M 0 ZacO
(b)

Figure 10.6: Equivalent circuits of the length expander transducer: (a) for the frequency range

around resonance frequency, (b) at low frequencies much below the first resonance.

is shown in Figure 10.6 (b). The “zero mode” contour represents vibration of mechanical system
of the transducer without deformation unless it is not fixed in the middle section. This move-
ment does not produce a direct effect on the electrical side of the transducer, though introduces

acoustically induced force F;

in

=Z U, in the active contour.
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10.2.3 Equations of Vibrations in the Geometry Coordinates

10.2.3.1  Three-Port T-Network Equivalent Circuits

Equations of vibration of piezoceramic bodies in the rectangular coordinates are considered in
Section 5.8. It is shown that for one-dimensional vibrating piezoelements, which is the case for
the length expander transducers, the equations of vibration are the same as for the passive me-
chanical systems of the same configuration except for difference in the values of sound speed.
As is shown with example of longitudinally vibrating bar (Eq. (5.348)), the sound speed is

=K. Imy, =(") (10.48)

under the transverse piezoeffect and under the longitudinal piezoeffect in segmented bars with

sufficient number of segments. For the solid bars under the longitudinal piezoeffect

=K. Imy, =(c"). (10.49)

(K and K} are analogs of elastic modulus of isotropic passive body at £=0 and D=0,
respectively, and m, = p).

The equivalent electromechanical circuits that can be put in correspondence with equations
of motion and conditions of mechanical loading on the ends formulated in the rectangular co-
ordinates were introduced in Section 5.8 in the form of three-port networks shown in Figure
5.38. The circuits are valid for all the length expander transducers, if to replace parameters of
the circuits by those with subscripts “bc.” The circuits with modified notations are presented in
Figure 10.7 together with their schematic representations that can be used for brevity.

It must be remembered that the general requirement for the aspect ratios of the piezoele-
ments employed that ensure their one-dimensional mode of vibration must be fulfilled.

In the circuit (a)

Zl‘ic = —jpchSm /sinkbECl ) ZZEbc = jpcchmtan(klil/Z); (10.50)
N, =n,, /12, Cr =cl(1-ki, wl/t. (10.51)

In the circuit (b) for not segmented transducer (N =1)
Zh =—jpclS. Isinkll, Zh =—jpchS. /sink.l; (10.52)

bc” > bc”

N, =ny, /2, Chx =el(1-k,)S. /1. (10.53)
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For the segmented transducer

Ny =N-ny, /2, Ceszbﬁ = ‘933 (I-k 33b¢ )S. N*/I. (10.54)
@ ) (b)
1 /Zzhc\r 2 ,_/Z2bm 2
—, f — b
Uo Zlbc U Zlbc
ZO Zl 0 Spe 2 /
1: Nlbc lUﬁ’U{) 1 NBb CelS / N3bc
Cj’i‘ 3 L/3
1 r 2' ! l
© lo | Iy lo_| Iy
PiClyes Sl p.co S,
o—] —o o— —o

= B : FH g
cs s

el

Figure 10.7: Equivalent electromechanical three-port networks of the length expander transducers:
(a) for the transverse piezoelectric effect, (b) for the longitudinal piezoelectric effect, (¢) schematic

representation of the networks.

Expressions for the parameters in the circuits can be rewritten by generalizing expressions
(5.385), (5.387) and (5.392), (5.393) for particular boundary conditions considered above.

As was noted in Section 5.8.3, for a segmented transducer under the longitudinal piezoe-
lectric effect at number of segments N > 6, the circuit shown in Figure 10.7 (a) is valid if to
replace N,,, by N,, and C3 by C¥: . In the circuits F,, F, and Z,, Z, are the forces and
impedances acting on the ends of the transducer. In particular, F; and Z, are F, and Z,,
assuming that radiating surface isat x =1 .

Advantage of application of the three-port equivalent circuits, as well as analogous two-
port T-networks for passive elements, which can be used in concert, is that they allow deter-
mining operating characteristics of a transducer under mechanical loads on the ends that may
vary in a broad range. In particular, the loads may constitute input impedances of the bars made
of passive materials, which may also be represented by their two-port T-networks. In this case
the cascade connection of the equivalent circuits can be used instead of solving new equations
of motion and considering mating conditions on the boundaries of the two systems that may

have different cross section areas and/or different elastic properties. The mating conditions in
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this case are met automatically. This is illustrated with examples in Section 10.4, where a pos-
sible approach to calculating nonuniform over length transducers is considered.

Disadvantage of using these equivalent circuits is in a quite formal way of determining the
operating characteristics of the transducers, a lack of possibility of predicting and physical in-
terpreting results unless multiple calculations are made. In this sense the advantages are on the
side of the generalized coordinates approach. In practice the positive features of both methods

may be combined.

10.2.3.2 Modifications of the T-Network Equivalent Circuits

10.2.3.2.1  Bar Transducers with Different Configuration of Electrodes

For investigating possibility of optimizing the effective coupling coefficient and governing the
frequency response of a bar transducer by changing configuration of electrodes (these issues
where considered in Section 5.6.2 in the generalized coordinates), the T-network circuits may

be modified as shown in Figure 10.8.

1 ] + 1 -
Fo : : £ :
—> l] ! lg ! 12 [— Zy l] ' 12 Z
)C1! XZ! = )C1! +
U, Uy
o] <_1 — _'>2 o ZO — Vxl — Z[
Fol o, ¢8| x1 ©, ¢S, x| o c¢S8bL|F 0, ¢S, X1 o, ¢S,
o— —o— 13 —o—] —o ll —o0— 12
F B
(@) (b)

Figure 10.8: Modified equivalent T-network circuits for different variants of electrodes configu-
ration: (a) transducer with partial electrodes; (b) transducer with electrodes connected for gener-

ating the second mode of vibration.

The vibration velocities of the cross sections at x =x, and x =x, correspond to the “currents”
U(x,) and U(x,) in the respective branches of the combined equivalent circuit. Proper values
of elastic constants for the deprived of electrodes end sections must be used in the passive net-
works. The variant of electrical connection of parts of electrodes in the opposite polarities,

which is shown in the Figure 10.8 (b), illustrates application of the T-equivalent circuits to
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considering effects of different electrodes arrangement on the frequency response and effec-
tiveness of the electromechanical conversion. In general, various voltages can be applied to the

separated parts of the electrodes.

10.2.3.2.2  Operation of Transducer in the Frequency Range around Its Resonance Fre-

quency

The equivalent circuits in Figure 10.7 and their analysis may simplify under certain conditions
of action of forces and mechanical loads, and in the case that transducer operates in the fre-
quency range around its resonance frequency. Thus, in the typical variant of the side electroded
bar with one end under action of load Z, and force F, and another end free, which is consid-
ered in detail in Ref. 1, the equivalent circuit in Figure 10.7 (a) (in this case terminals 1, 1* must
be short circuited) may be transformed into the circuit shown in Figure 10.9 (a). The series
impedance in this circuit is Z” =—j2pcS/tan(k 1/ 2) . Note that at low frequencies, such
that tank/ /2 = kI / 2, the parallel impedance in the circuit transforms into inertia shunting ele-

ment 2Z2 ~ joM , which is analogous to the passive parallel contour in Figure 10.5.

1:2N1 Z
o—
ZE
Cesll e s ZZZE (% )Fl
O O
(a)
1:2NV,;

:§_| |_rm\_/ Z
0—
E M, %
le P— Ceqvl vl F/
(e, O
(b)

Figure 10.9: Equivalent circuits of the transducer under transverse piezoeffect with one end un-

loaded: (a) for a broad frequency range, (b) for the frequency range around its first resonance..

At frequencies around the first resonance further simplification of this equivalent circuit
may be produced by expansion of trigonometric functions Z” and ZJ into a series in terms of
small deviations from the resonance frequency. This results in the circuit shown in Figure 10.9

(b), where for the basic transducer design (bar at transverse piezoeffect)
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2
P Towt
=== M =M/2,
eqvl ZZSIEI‘ eqv
2N, =2wd,, /s\ =n,, C =L (1-ki)wl/t. (10.55)

This circuit coincides with the circuit in Figure 10.6 (a), which was obtained in generalized
coordinates for the first mode of vibration in more explicit way. For different boundary condi-
tions the equivalent parameters must be changed accordingly.

If to apply the analogous derivation to the equivalent circuit in Figure 10.7 (b) for the lon-
gitudinal piezoelectric effect, we obtain the circuits presented in Figure 10.10 (a) and (b), where

M, —>M,,, 2N, =28 d, /st =n,, Co =eL(1-k,)S, /1 . (10.56)

eqvl >

With terminals 2, 2” in Figure 10.10 (b) short-circuited, we obtain circuits of a resonator with
free ends shown in Figure 10.10 (c) and (d). Physical meaning of the “negative capacitance”
(—Cf; ) in the equivalent circuit of Figure 10.10 (a) is not clear, but it may be clarified as result
of the following manipulations.

At first, we transform the “negative capacitance” into the mechanical contour, as shown in
Figure 10.10 (c), where C'=—-C> /4N; . After performing the calculations in course of which
the relation s5, = s1,(1—k3,) is taken into account, we arrive at the circuit representation shown

in Figure 10.10 ( d), where

14N _ﬂsz{l 8 K }
. D S, . D 2 2~ | T
]a)Ceqv3 JjoCy  joll| sy, 7« S33(1_k33) ’ (10.57)
— 1 + 1 (l_iJL
T . ~E . ~E 2 E (1= k2
]wceqv3 cheqv3 7[ S33 ( 33 )
1 s
— KeEv - cs (10.58)
ct, s,
and
1 . 8\ ki
—=AK=Kqu3 1——2 332 . (10.59)
AC 7 )(1-K2)

This is the same quantity AK as by formulas (5.156) and (10.40). And the circuits in Figure
10.10 (b) and (c) are the same, as those in Figure 5.7 that were obtained directly by using the

first normal mode of vibration of the end-electroded bar. Thus, the negative capacitance on the
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electrical side has to do with the electrical interaction in the solid (not segmented) end-elec-

troded length expander piezoelement.

\
CS‘ . D M Z/

Fup

o

(d)
Figure 10.10. Equivalent circuits of the transducer under the longitudinal piezoelectric effect: (a)

with one end unloaded, and (b) of the sane transducer at frequencies around the first resonance;

(c) and (d) around the first resonance with both ends unloaded (terminals 2, 2’ are short-circuited).

C'=—-CS /4N

10.2.3.2.3  The Small Wavelength of the Piezoelement Approximation.
If the size of a length expander piezoelement (let it be a bar for simplicity) loaded on the ends
appears to be small as compared to the wavelength, the equivalent circuits in Figure 10.7 can
be simplified. At this condition tan(k//2)~ k/ /2, and independently of the mode of polariza-
tion

Z, = jpcS tan(kl/2) ~ jopS /2= joM /2, (10.60)
where M is the mass of the piezoelement. When transforming impedance Z, at small &/, for
more accurate result we represent sinkl = kl —(kl)’ /6. Thus, Z for the side-electroded bar

becomes
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cES cES 1 M
zE=P492 P45 7 (10.61)
jsinkl  jk'I[1-(k’1)" /6] joC, 6

where M is the mass of the bar, and (remembering that ¢ =/1/ ps/; )

E
cr = (10.62)
This is the static compliance of the barat £=0.
For the end-electroded bar in the same way we obtain
’S 1 M
ZP =Lt s o, (10.63)
jsink;'l  joC, 6
where
l D
CP = % . (10.64)

Taking into account the compliance term (- Cff / N32 ) in the equivalent circuit in Figure 10.7
(b) transformed from electrical side, we will find that

2 2
SE SR O . W P S (10.65)
JoCy  joCp  jol| sy syp(l-ky) | joG;

since s. = s1,(1—ks,). Thus, under the assumptions of small wavelength of the piezoelement
the equivalent circuits of the length expander transducer for both the transverse and longitudinal
piezoelectric effect simplify to the form shown in Figure 10.11.
|
M/2 SN M M/2
Z ( :?j— Z

\ /

122N,
o_
Cj’ :ﬁ
ReN
o__

Figure 10.11. Equivalent circuit for the length expander transducer loaded on the ends under the

6
c’
1 F[

condition that length of the piezoelement is much smaller than wave-length: i =1, 3 for the trans-

verse and longitudinal piezoeffect, respectively.
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The difference between the circuits for the longitudinal and transverse piezoelectric effect due
to existence of the negative capacitance (of the elastic impedance —N> / jwC> ) disappeared.
As it is shown in Section 5.5, there should not be such differences. if the strains do not change
along the lines of force of the electric field. In the case under consideration the strains along the

length of the piezoelement practically do not change.

10.3 Coupled Vibrations in the Transducers

10.3.1 Statement of the Problem

So far, the electromechanical conversion and vibration in the mechanical systems of the length
expander transducers were considered in one-dimensional approximation, i.e., under the as-
sumption that their deformations occur along a single geometry coordinate. In many cases this
assumption does not hold, or at least is questionable, and deformations must be treated as cou-
pled two-dimensional. The main goal of this treatment is in determining the aspect ratios of the
mechanical systems of the transducers, at which the one-dimensional approximation remains
applicable to a certain extent, and thus in avoiding harmful effects of the coupled vibrations on
the operational characteristics of the transducers. In case that effects of the coupled vibration
are tolerable or even useful, considering the transducers calculation in the two-dimensional ap-
proximation may be also of interest.

General technique of treating the coupled vibration in isotropic passive mechanical systems
was considered in Section 4.6, where outline of the theory of coupled vibrations is given (Sec-
tion 4.6.1), and effects of the coupled vibrations are illustrated with examples of several me-
chanical system configurations in Section 4.6.2.2 (vibration of rectangular plates), and in Sec-
tion 4.6.2.3 (vibration of cylindrical discs and solid rods). The results obtained therein will be
specialized in this Section for the anisotropic mechanical systems made of piezoceramics and
will be used for determining electromechanical parameters of the corresponding transducers
and for developing equivalent circuits that allow calculating their operational characteristics.
The variants of mechanical systems that are of special interest for practical applications and
must be considered in general as two-dimensional are presented in Figure 10.1 and Figure 10.2.

Transitions between the one-dimensional vibrating piezoelements having ideal extreme
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dimensions through the two-dimensional piezoelements performing coupled vibration: (a) be-
tween the thin bar (L, /L, = 0 ) and strip (L, / L, — o), (b) between strip (L, / L, — 0) and
plate (L, / L, = 0), (c) between thickness vibrating thin circular disk (aspect ratio #/2a — 0)
and axial vibrating long bar (//2a — o ) were considered in Refs. 2-4. The analytical results
obtained therein, and results of their experimental verification are presented in this section.

As a prerequisite for treating effects of coupled vibration in the active piezoelements, it is
useful to remind the procedure for considering the coupled vibrations in passive mechanical
systems that was used in Section 4.6.2.2. General two-dimensional vibrations of an isotropic
plate were presented in Section 4.6.2.2 as superposition of vibration of two partial mechanical
systems with corresponding distribution of displacements and strain in the form (with example

of the plate in Ref. 2, and considering only the first fundamental modes of vibration)
S(x,y)=¢,, sin(zx/ L)+, ,sin(zy/ L,), (10.66)

S, =¢,(zm/L)cos(zx/ L), S, =&,,(mw/L,)cos(zy/L,). (10.67)

Here &, and &, are the generalized coordinates - maximum displacements in the partial sys-
tems. The boundary condition for a partial system is determined by the condition that another
partial system is clamped. Therefore, for the partial system #1 it should be S, =0 . Together
with condition 7, =0 due to small thickness of the plate this means that the partial system is
the infinitely long in y direction thin strip. Likewise, for the partial system #2 the boundary
conditions are S, =0, T; =0, and the partial system is the strip infinitely long in x direction.

The partial systems are shown in Figure 10.12 by the dashed lines.

L2—>oro/ ———————— :l/—;w
————————— |
S AL & | o
P — ~__ -]
I : | [
I I
7 R 30
I ' | —> |
[0 P R S S —_few_
L _ L~ E e
| L 1)

Figure 10.12: To the coupled vibration of a thin plate, as superposition of vibration of two partial
systems— infinitely long thin strips vibrating through their widths. The partial systems are shown

by the dashed lines.
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It is noteworthy that in transition between two extreme one-dimensional systems only one of
them coincides with a partial system. For example, in the transition of one-dimensional bar and
infinite strip shown in Figure 10.12 (a) this is the strip at L, / L, — . As it is shown in Section
4.6.1, for determining all the characteristics of the coupled vibrations it is necessary (and suffi-

cient) to know resonance frequencies of the partial systems, 1, , and coefficient of coupling
between the partial systems, y, which can be readily obtained from considering expressions

for the potential and kinetic energies of the coupled system (4.520) and (4.521) that we rewrite

in the form
1 ~ 1 1
W[f)t = EJ;(TlESl +T2ES2 )dV = EKlEglzp +K12§1p§2p +5K2E§22p > (10.68)
14
1 o A T
Wen = EMlép +M,6,8,, +5M2§2p. (10.69)

Here K, K; and M,, M, are the equivalent rigidities and masses of the partial systems; K|,
and M,, are the parameters that characterize the elastic and inertial coupling mechanism be-
tween the partial systems. In our cases M,, =0 and the coupling may be considered as pure
elastic. The partial resonance frequencies are determined by formulas f,, =(1/27)\/K, /M, ,
and the coefficient of elastic coupling between the partial systems by formula y = K,, / /KK,
The factual values of partial resonance frequencies and coupling factors depend on configura-
tion of the partial systems and on the boundary conditions imposed. Thus, for the partial systems
in form of isotropic passive strips expressions for the partial resonance frequencies, rigidities

and coupling factors were determined in Section 4.6.2.2 as

1 Y

- [ i=12; 10.70
TR ey (1070
Yt L, Yt L 4Yo t
AR L R (10.71)
2(1-07) L 2(1-07) L, l-o
K
y:#—g—a. (10.72)

JKK, =
Using these quantities two branches of the resonance frequencies, (/) , and corresponding

mode shape coefficients, ms(f)=¢,,/&,,, were found for the coupled systems, as functions

of the aspect ratio factor, #=f,,/ f,, . All these functions of the aspect ratio factor have to be
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determined for the partial systems made of piezoceramic taking into consideration anisotropy
of elastic and piezoelectric properties of the material that leads to different results for variants,
in which the transverse and longitudinal piezoeffect is used. After this is done, the mode shapes
of vibration of the coupled system that correspond to the resonance frequencies may be obtained
from expression (10.66) as

E(y) =&, sin(rx, | L)+, sin(mx, / L,) =

. . , (10.73)
= églp[sm(ﬂ)ﬂ /' L)+ms(pB)-sin(zx, / L,)] = élpe(xl’xZ;ﬂ)

and all the electromechanical parameters of transducer including the effective coupling coeffi-
cient can be calculated using the previously described technique. These procedures are consid-
ered in Section 10.3.2 and 10.3.3 for the situations shown in Figure 10.2 (a) and (b). Coupled
vibrations in the isotropic passive disks and rods were considered in Section 4.6.2.3 with essen-
tially the same general approach. Specifics of coupled vibrations in the piezoceramic cylinders
in course of their transition from thickness vibrating thin disks to one-dimensional long bar is

considered in Section 10.3.4.

10.3.2 Transition Between the Thin Bar and Infinite Strip Vibrating over Its Width

10.3.2.1 Transverse Piezoeffect

In the variant of transverse piezoeffect that is shown in Figure 10.2 (a), in which case the strip
is polarized in perpendicular to its radiating surface direction, the elastic properties of pie-
zoceramic in the plane are isotropic and characterized by the constants ¥, and o that are
analogous to the Young’s modulus and Poisson’s ratio for isotropic passive material. Therefore,
all the results presented in Section 4.6.2.2 regarding coupled vibrations in isotropic plates are
valid for the piezoceramic plates of the same geometry, if to replace Y and o by ¥,* and o/
in all the related expressions. (Note that names strip and plate can be used interchangeably in
the context of this section. The difference is in their extreme configurations.) Thus, the expres-
sions (10.70)-(10.72) become

1 YE

o , i=12; 10.74
/ 2L, p(l-oi?) ( )
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Y L K - Yt L K - 4vFolt 10.75
1 E2 > 2 T E2 [ VA E2 ( : )
2(1-0,7) L, 2(1-0,7) L, -0,

K, 80']E

TTKK 7

Dependencies of the resonance frequencies and mode shape coefficients from the plate

(10.76)

aspect ratio (in this case the aspect ratio factoris f=f,, / f,, =L,/ L,), which are shown in
Figure 4.46 and Figure 4.47 by solid lines, are also valid for the piezoceramic plates because
they were calculated at the value of o° =0.33 for PZT-4 ceramics.

It is noteworthy that after the assumption is made that distribution of displacements in the
plate having finite dimensions can be represented in the form of expression (10.66) all the same
results regarding parameters of the coupled vibration, which are predicted by the general cou-
pling theory, can be obtained by using calculating procedure typical of application of the energy
method to the transducer with two mechanical degrees of freedom. Advantage of such approach
is that it allows presenting results in the common form of equivalent electromechanical circuit
and calculating operating characteristics of the transducer under an external loading. We will
illustrate this approach with example under consideration though the procedure is general. At
first, all the energies associated with transducer performance must be determined. The potential
and kinetic energies are presented in the form of expressions (10.68) and (10.69).

The electrical energy of a transducer is

1 5~ 1
Wy ==&l By =~ C v, (10.77)
2y 2
where CESZle = 6‘3S31‘2 L,L, /t. The dielectric constant of ceramic 53S3“2 depends on boundary condi-

tions for the mechanical system. It must be noted that uncertainty exists in presenting the die-
lectric constant of the coupled system. Hypothesis, on which the approach to treating coupled
vibrations in mechanical systems is based, does not apply to calculating the electrical energy
Wj"z of the partially (depending on mechanical boundary conditions) clamped piezoelectric
body. Thus, in the extreme case of infinitely long strip (one of the partial systems for variant of
transducer under consideration) according to (10.15) and (10.16) 5353"2 = 5353 + 6323 / cf3 and may

be represented as &;;> =& (1—k!”) . But such value of the dielectric constant is questionable

for the plate of finite size in course of transition between the extreme cases of thin bar and
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infinite strip. It is more logical to assume that for the plate of finite size the dielectric constant

may be represented as
e =ep[l-k (B, (10.78)

where k,(f) is the effective coupling coefficient that corresponds to the mode shape associated
with coefficient ms, for each value of aspect ratio factor . (The subscript /=1, II denotes
number of one of two branches of resonance frequencies for a coupled system.) At least this
expression holds for the extreme cases. Determining the coupling coefficients k, (/) is one of
the goals of solving the coupled vibration problem for mechanical system made of piezoceram-

ics. Thus, expression for the capacitance will be

Cyt =el[1-k (BILL, /1. (10.79)
The electromechanical energy of a transducer is

1 .1
W, :Eij(SI,SZ)E3dV:EV(n1§p &) (10.80)
v

Following expressions (10.14) and (10.16), for this case

Df(Sl,Sz)z#(Sl+S2), (10.81)

E
S]] SIZ

and after integrating over the volume it will be obtained that
_ 2Ylfdlez n = 2YlEd31Ll

> 2

n 10.82
1 1_0_15 ( )

l1-of
After all the energies associated with functioning of the transducer as an electromechanical
device are determined, the Lagrange’s equations that describe its vibration, can be represented

in the following form (without taking into account the energy losses and external loads)

(joM, +K, | jo)U,, +(K,,/ jo)U,, =nV , (10.83)
(K, jo)U,, +(joM, +K, | jo)U,,=n,V, (10.84)
I=joCyV +né, +né,, . (10.85)

Here 7 is the input current of the transducer, U, = j@¢,, . Considering the losses and external
loads is not essential for illustrating the coupled vibration analysis. They can be included in the

Lagrange’s equations in the same general way as it was done before, when necessary.
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In order to determine the resonance frequencies and the resonance mode shapes of the
transducer, we first consider free vibration of its mechanical system. The Eqs. (10.83) and

(10.84) at V=0 can be presented in the form of
(fo = DU, +(K, 1K) 13U, =0, (10.86)

(K, /Kz)fzzp U, +(f22p _fz)Uzp =0, (10.87)

where from the frequency equation follows

(i =Wy =) =1 1 5, =0 (10.88)
The elastic coupling factor y is defined by formula (10.76). Thus, the dependences of the res-
onance frequencies and mode shape coefficients of a transducer on the aspect ratio of the plate
may be determined, as it is done in Section 4.6.2.2. Assuming for definiteness that the dimen-
sion L, (i. €., f;,) is kept constant while Z, changes, after denoting [ 2/ fzzp =Q as the nor-
malized nondimensional resonance frequency factor and introducing aspect ratio coefficient
B =1,/ 1,),Eq. (10.88) may be transformed to

Q' —(1+1/HQ+(1-y*)/ B> =0. (10.89)
From this equation two branches of resonance frequencies corresponding to the solutions €,
and Q, may be found as functions of the aspect ratio for the strip. We accept the convention
that Q, () forms the lower and Q, () the upper frequency branches. The frequency depend-
encies calculated at value = (8/7°)c, =0.27 of the coupling factor for PZT-4 are shown in

Figure 10.13.
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Figure 10.13: Dependence of the normalized resonance frequencies on aspect ratio for lower (/)

and upper (/]) frequency branches.
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In particular, it follows from Eq. (10.89) thatat =1

Q,=1-y,Q,=1+y. (10.90)

The experimental data that are shown by markers in the figure were obtained in Ref. 2 with
samples made of PZT-4 and PZT-8. The plots are normalized to values of frequencies at the
limiting case of f <1 to avoid differences between parameters of ceramic compositions and
absolute values of dimensions. The results show good agreement between the predicted and
experimental data regardless of some difference (about 5%) in coefficients o for PZT-4 and
PZT-8 ceramics.

After the resonance frequencies are determined, the corresponding mode shape factors,

which will be defined as

ms; :(Ulp /UZp)atQ:QA :(§1p /§2p)atQ:Q‘ (I=11), (10.91)

may be found from one of Egs. (10.86), (10.87). Namely,

ms, :—&;2. (10.92)
K 1-Qp
Using expressions (10.75) and (10.76) it may be concluded that (K, / K,,) = ¥, and hence
ms, =—L2. (10.93)
1-Q, 3

The dependence of the mode shape factors on the aspect ratio £ is shown in Figure 10.14.

4
351 / :

w
S~

A
(]
o
L —
S~

5 11 (M
Il
g 1.5}¢

1

0.5 ~_

/ [ —
0
0 0.5 1 1.5 2 2.5 3

Aspect Ratio (LI/Lz)

Figure 10.14: Dependence of the mode shape factors on aspect ratio for lower (/) and upper (//)

frequency branches At branch / ms, <0. Atbranch II ms, >0 .
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It follows from the figure that at frequencies pertaining to the lower branch the velocities U, ,
and U, are in anti-phase. In particular, it follows from expressions (10.93) and (10.90) that at
p=1

ms, =—1 and ms, =1. (10.94)

This means that at higher and lower resonance frequencies the velocities have the same magni-
tude but are in-phase at the higher frequency and in anti-phase at the lower frequency.
The effective electromechanical coupling coefficient of a transducer can be found from the

generalized relation (10.23)

W, k' (B)
m - : 10.95
VKj"Z VI/mE 1_k12 (ﬂ) ac[ (ﬁ) ( )

. . E S
where expressions for energies W ., W2 W

pot > el em

are given by formulas (10.68), (10.77) and
(10.80), respectively. The subscripts / = [ or II correspond to the lower and upper frequency
branches. The expressions for energies W~ and W, can be modified by using the mode shape

pot

coefficients ms, and aspect ratio factor S as follows

P D 2K, K ) 1K&, ,
w., =§K2§2p 1+ Kzlz msﬁfimsl = E—ﬁz"(ﬂ +2y Bms, +ms; ), (10.96)
wo=Ly M s 41 | = Ly 25w 10.97
- —5 n2§2p stl—i- _E I (ms, + p). (10.97)

In the expression for electric energy the capacitance must to be presented by formula (10.79).

Substituting all of the expressions for energies into relation (10.95) results in
kI (B) _ n (ms, + B)’
1-k}(B) C K, ms; +2yBms,+f5°

:Aem Al(ﬁ) . (1098)

The right side of this relation appears to be represented as a product of two factors, one of
which, 4, =n;/ CESI‘"2 K,, , depends on the electromechanical properties of the piezoelement
and another, 4 (/f), is a function of the aspect ratio factor,

(ms, + p)’

ms] +2y Bms, +

A(p) = (10.99)

After substituting expressions for the parameters K, Cf,"z and n, given by formulas (10.75),

(10.79) and (10.82), the factor 4, for the transverse piezoeffect becomes
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4 -8 _ ki l+oy _
“at 1-k(B) 1-of

(10.100)

(Note that the dielectric constant of the two-dimensional piezoelement depends on the effective
coupling coefficient to be determined according to expression (10.79).)

Thus, the resulting expression for the effective coupling coefficient as function of the as-
pect ratio factor at given coefficient of coupling between the partial systems is

1+o) (ms, + B)’
1= ms;+2yBms, + B

8
K (B)=— k- (10.101)
Vs
Dependences of the effective coupling coefficients on the aspect ratio for the upper and lower
resonance frequency branches are shown in Figure 10.15 The coupling coefficients are normal-
ized to the effective coupling coefficient of a thin side electroded bar, kel,,mr , that represents

the limiting case of a strip at f— 0 and L, constant, which is known as
1

Kagnr = 1+ (2 /) (A—k2) /K2 (10.102)
This formula is also valid for the effective coupling coefficient of the strip, &, , that repre-
sents another limiting case at § — o and L, constant, if to replace k;, by &, , i.e.,
Ky = e (10.103)
1+ (7" /18)(A—k3;) / ks,

2
1.8 1
1.6 @ g
o a
1.4 4 —"'/\'k.-_._;
]2—"1:1(“ o [}

k( ff / effbar
~

" 0.8
0.6 : : : - - :
0.4+ 1 o

0.2 o

PRI ' [
0 0.5 1 1.5 2 2.5 3
Aspect Ratio (Ll/Lz)

Figure 10.15: Dependences of the effective coupling coefficient on aspect ratio for lower (/) and

upper (/I) frequency branches.
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It is interesting to estimate the correlation between the obtained solutions for the resonance
frequencies and the coupling coefficients and known results for the limiting one-dimensional
configurations of a strip. At =L /L, — 0 the extreme configurations are: thin bar ( L, con-
stant, L, — 0) for the lower frequency branch /, and infinite strip ( L, constant, L, — o) for
the upper branch /7 (the strip is the partial system #1). At =1, /L, — o the extreme config-
urations are: infinite strip ( L, constant, L, — o) for the upper frequency branch /7 (the strip is
the partial system #2), and thin bar ( L, constant, L, — 0) for the lower branch /.

It is shown in Section 4.6.2.2 thatat § —0

Q, —>1-y,Q,>1/p. (10.104)
Therefore,
Sy = foN1=7y* and f, > (f,,/ B)=1,,. (10.105)

Considering expressions (10.70) for the partial frequencies f,, , we arrive at the expression

for the resonance frequency of the infinitely thin bar of the length L,

E(1_ .2
f1=L d=7) iz), (10.106)
2L, \ p(1—0f?)

and for the infinitely long strip of the width L,

1 Y*

=— |- 10.107
2Ll p(l_alEz) ( )

Tu

Given that the exact value for the resonance frequency of the bar must be
Jrow =(A/2L, )\/YIE_/p and that y =0.810,, for PZT-4 ceramics (o =0.33, y=0.27) we
obtain f, =1.02f, . Thus, the error of the current approach can be considered as negligible for
the limiting case at f — 0. For another extreme case (long strip of width L) the value of
resonance frequency obtained by formula (10.107) is exact.

In terms of the effective coupling coefficients determined from the two-dimensional and
one-dimensional approximations, comparison of the values for the limiting cases of the trans-
ducers in the shape of a bar and of a strip gives the following results. Using expressions (10.91)
for the mode shape coefficients and (10.104) for the normalized frequencies €, ,at f— 0 we

arrive at
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ms, = —yf and ms, —>1/yf3. (10.108)

From formula (10.99) for 4,(f) follows that

A, (B)pse > A=y)/(I+y) and 4,(B),,, =1, (10.109)

respectively. Thus, from Eq. (10.101) we obtain

8 ., .1+01E -y

kf(ﬂ)ﬂ%:? L Fre (10.110)
1
2 8 , l+of
k,,(ﬁ)ﬁﬁf; kg]-l_aE : (10.111)
1

At another extreme case of f— oo from Eq. (4.587) follows (using relation v/1-a =1-a /2

at o <« 1) that

2

Q, —>1_ﬂ—y Q, >1. (10.112)

2 5

Therefore, the lower and upper resonance frequencies for this extreme case are

1A=y (1-7) _
Ji= 2L \/p(l_g]“) fbar\/(l_o_lEz and f; fzp- (10.113)

In order to estimate values of the effective coupling coefficients, the mode shape coefficients
must be determined by formula (10.93) using the normalized frequencies (10.112). This results

in the expressions
ms, =—f/y and ms,, =y /. (10.114)
Now from formula (10.99) for 4,(f3) follows
A, By > A=p)/(+y) and 4,(B),,, =1, (10.115)
i.e., the same results as were obtained for the case of f — 0 by formulas (10.109). Therefore,

values of the effective coupling coefficients in the extreme cases are equal for both frequency

branches, i.e.,

ki (B g =k (B)gse s (10.116)

as it can be seen in Figure 10.15. This could be expected because the partial systems for both

extreme cases have the same configuration. In the case that PZT-4 ceramics is used ( k;, = 0.33,
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y =0.27) it follows from expressions (10.110) and (10.111) that k,(0) =0.31, whereas for the
bar in one-dimensional approximation it should be %, =0.30 (by formula (10.102)); and
k;(0)=0.42, whereas in one-dimensional approximation it should be for the strip

kl

eff strip

~0.43 (by formula (10.103) and given that k;; = 0.46 ). The obtained values of the ef-
fective coupling coefficients for these extreme cases are somewhat different from those ob-
tained by one-dimensional approximation. But in the dependencies on the aspect ratio that are
normalized to value k,;,, this systematic error is avoided, and they appear to be accurate
enough, as results of experimenting show. Besides, the accurate absolute values of the effective
coupling coefficients for the extreme case configurations must be calculated from the one-di-

mensional approximations anyway.

10.3.2.2  Longitudinal Piezoeffect

The variant of longitudinal piezoeffect is shown in Figure 10.16.In this case the strip is polar-
ized in direction of its width, the elastic properties of piezoceramics in the plane are not iso-
tropic, and results of calculating parameters of the coupled isotropic system cannot be directly
implemented for the piezoceramic strip. In this variant one of the partial systems is determined

by the condition S, =0 and constitutes the strip that is infinite in the x direction and vibrates

Ly

Figure 10.16. To the transition between the thin end-electroded bar (L, / L, — 0) and strip po-

larized through the width (L, / L, — o).

along its width L,. Similarly, another partial system at S; =0 is the strip that is infinite in the
z direction and vibrates along dimension L, . After substituting displacement analogous to those
by Eq. (10.66) into formula for the potential energy we will obtain the following expressions
for the rigidities of the partial systems at these boundary conditions,

. oY L, . Y L _ 4YFoit

- bogro A K, =—13 10.117
' o20-cfet)y L’ 7 2(-00,)L " l1-ofc) ( )
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As in the partial system at .S, =0 deformation changes along the direction of polarization, the
additional rigidity AK, ~0.2- KXk} /(1—-k!;) must be taken into account according to relation
(10.40), and the effective rigidity K, will be K, =K, +AK,. For PZT-4 ceramics

K, = 1.12K3E . Thus, the partial resonance frequencies are
_1.06 Yy 7 1 "
P2\ pl-oiol)’ TV 2L\ pl-oiaf) - (10.118)

respectively. (Remember that it is denoted Y* =1/s;, Y/ =1/s,, o =-s| /s,

o), ==sl, /s],). The ratio of the partial resonance frequencies is

E E
ﬂ=&=l.06£ %:1.062 YLE (10.119)
Jiv LY h\ Y,

For the strip made of PZT-4 ceramics £ =0.94-w/ h . The elastic coupling factor that is deter-
mined from expression for the potential energy of the coupled system (10.68) is

y=0.760C Y 1Y) (10.120)

After the coefficients of aspect ratio and of coupling between the partial systems are deter-

mined, all the calculations of the resonance frequencies, mode shape coefficients, and effective

coupling coefficients can be performed as it is done above. The resulting dependences of these

parameters are as follows.

225 ;
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0.5
“Q*_.n___a__
0.25
0 0.5 | 1.5 2 2.5 3

Figure 10.17: Dependence of the nondimensional resonance frequencies on the aspect ratio coef-
ficient S for the width poled strip: (1) for the lower frequency branch and (/I) for the upper

branch. The lines - results of calculation, markers - experimental results from Ref. 3. Note that

B =0.94w/h
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Dependences of the resonance frequencies from the aspect ratio coefficient £ in the case
that L, is kept constant normalized to the partial frequency f;, are presented in Figure 10.17.
Note that at the extreme value of the aspect ratio, f — o, the upper branch resonance fre-
quency coincides with the partial resonance frequency f;,, and at f— 0 the lower branch
resonance frequency corresponds to the resonance frequency of the thin longitudinally vibrating
bar.

To determine the electromechanical energy and electromechanical transformation coeffi-
cients from Eq. (10.80), expression for the charge density D (S,,S,) =n,,S, +n,,S, must be

used, where n,, and n,, are (see the formulas (10.15) and (10.17))

dy st —d,st  d, Y [1+(dy, /d,)o"
n, = 31533 933813 _ daidy [1+(ds; / dy))oys i (10.121)

E _E E2 E __E
S11833 7813 l-o50,

E_ E YEQ E
n,, = dysSy —ds) 513 _dp Y [1+(dy, /dy3)0y . (10.122)

E_E __E2 E_E
811833 =513 1-o7 0y,

Integration in (10.80) results in the following expressions for the electromechanical transfor-

mation coefficients

n =2n,t, (10.123)
ny=2nut-(L /L) =2n,t-f. (10.124)
Ratio of the coefficients is
h_lu.p. (10.125)
ny Ry

The effective coupling coefficients that correspond to the lower (at / = ) and upper (at / = IT)
frequency branches may be found as result of manipulations analogous to those performed in
the previous case in the form

kZ(,g)zi k2 [(ny, / ny5) -ms, + BT’ .
! P ms; +2y Bms, +

(10.126)

Dependencies of the effective coupling coefficients on the aspect ratio coefficient S are pre-
sented in Figure 10.18. The values of the coupling coefficients in the Figure are normalized to

the effective coupling coefficient ki, o for the partial system that is the strip infinite in the x
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direction and vibrating in direction of polarization. The calculations were made for the strips
made from PZT-4 ceramics with k;;,, =0.58 , but in the normalized form the plots may be
used for different ceramic compositions to a great accuracy. At the extreme case of f — o the
effective coupling coefficient that corresponds to the upper frequency branch (branch II) coin-
cides with those for the partial system, at — 0 the effective coupling coefficient that corre-
sponds to lower frequency branch (branch I) is

by =8/ ks, (10.127)

as for a thin bar at longitudinal piezoeffect.
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Figure 10.18: Dependences of the effective coupling coefficients on the aspect ratio coefficient
 for the width poled strip: solid line (7) corresponds to the lower frequency branch, the dashed
line (II) corresponds to the upper branch. The lines - results of calculation, the markers — experi-

mental data from Ref. 3. Note that § = 0.94-w/ h .

It can be concluded based on the results presented in the figures of this section that the bars
can be considered in one-dimensional approximation at values of aspect ratio about £ <0.5,
ie,at L,/L >2.0 under the transverse and L, /L, >2.1y/s/; /sL, under the longitudinal pie-

zoeffect.
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10.3.3 Transition from the Thin Infinitely Long Strip to the Infinite Plate Vibrating
over the Thickness

Geometry and the electrodes location of the problem are shown in Figure 10.19 for variant of
the longitudinal piezoeffect (vibration over width of the strip and thickness of the plate). For
the transverse piezoeffect the dimensions L, and L, must be reversed and location of electrodes
must be changed correspondingly. The condition S, =0 is held in course of the transition in
both cases. Distribution of displacement in the piezoelements is assumed in the form of Eq.
(10.66) with subscript 2 replaced by 3. The partial systems in this case are the infinite plates x,
(S8, =0,5,=0)andzy(S;=0,S, =0). Coupled vibrations in the isotropic mechanical

2
3 A

7 3 A -

L, - prg

e z > |

L 1
(@) (b)

Figure 10.19. Transition from the one-dimensional thin infinitely long strip (extreme case at
L /L, —0) to the one-dimensional over the thickness infinite plate (extreme case at

L, / L, — o). Longitudinal piezoeffect.

system under these conditions are considered in Section 4.6.2.2, and expressions for the param-
eters that characterize the coupled vibrations are summarized by formulas (4.596)-(4.569). To
present these parameters for the system made of piezoceramics, appropriate are piezoelectric

equations (5.8), which for our case have the form

T =cfS, +cS, — e, E;, (10.128)
T, =c5S, +c)S, — e, E;, (10.129)
T, =c/S, +c5S, —e,Ey, (10.130)
D, =e,S, +e,S, +&5,E;. (10.131)

Results of application of the equations are different for variants of the longitudinal and trans-

verse piezoeffect.
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10.3.3.1 Longitudinal Piezoeffect
For the partial system at S; =0,5, =0

Kf=ch,n,=e,, C\ =g (oraccording to (10.4) C3\ =eL(1-k?)).  (10.132)

For the partial system at S, =0,S5,=0:

Kf =ck, ny=e,, C =gy (oraccording to (10.4) C3 = el (1-k})). (10.133)
After substituting 7,°S, + T."'S, into expression (10.68) for the potential energy we will obtain
7t LL 7t p LL

KIE 270117, KsE 2703314_3, Ky =4ciL, . (10.134)

Strictly speaking, the additional rigidity AK, ~0.2-K. k] /(1-k) must be taken into account
due to changing deformation along the direction of electric field. With PZT-4 ceramics used
this would result in increase of rigidity up to K, 1.07K/ . In terms of numerical estimating
effects of the coupled vibrations such correction is not significant and will be neglected.

Thus, expressions for the partial resonance frequencies, aspect ratio factor and for the cou-

pling factor are:

[ e £ e o S (10.135)
oL\ p T 2L\ po 2L S
L cfz
A /_ 10.136
B e ( )

(10.137)

Note that the real aspect ratio is (L, / L,) =(w/ h). Thus, in this case the correlation be-

tween factor S, (the subscript / stays for “longitudinal”) and aspect ratio for piezoelements
made of PZT-4 ceramics is B, =0.9-(w/h).
The modal resonance frequencies for the piezoelement, mode shape coefficients and effective
coupling coefficients vs. aspect ratio factor £, now can be calculated following the above de-
scribed procedures. The results of calculating the resonance frequencies for the piezoelements
made from PZT-4 ceramics are presented in Figure 10.20 (a).

Dependences of the modal effective coupling coefficients for the long strips made from

PZT-4 ceramics from the aspect ratio coefficient S, are depicted in Figure 10.21 (a). The values



288 10 Length Expander Transducers and Their Modifications

of the coupling coefficients in Figure 10.21 (a) are normalized to the effective coupling coeffi-
cient for the partial system that is the plate infinite in the x and y directions, which is %, .

The results presented in Figure 10.20 (a) and Figure 10.21 (a) are restricted to the funda-
mental modes of vibration of the partial systems, and as such are applicable for frequency range
near and below the resonance frequencies of the lowest modes of their vibration. The analysis
is not intended for a much broader frequency range that could be of interest for a general treat-
ment of the vibration of piezoelectric plates and bars per se.

The overtones of the partial systems are neglected because the corresponding modes of
vibration are typically not suitable for practical or effective electromechanical transduction.
While the response of vibrations at higher modes that correspond to the overtone frequencies
of the partial systems were not considered here, their effects (although very weak) were ob-
served in the course of experimentation. It is understood that the closest and most influential
overtones are due to the third and fifth harmonics of the partial system along the x axis, which
are coupled with the lowest mode of vibration in z direction. The strongest coupling between
these modes of vibration must be expected at the aspect ratios that correspond to S ~1.5 and
f ~ 2.5, at which the partial resonance frequencies of the third and fifth harmonics of vibration
in x direction are equal to the partial resonance frequency of the first mode of vibration in the
z direction, respectively. Some peculiarities in the trend of coupling coefficient for the first

mode can be seen in Figure 10.18 and Figure 10.21 (a) in the range of aspect ratios around these

values.
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Figure 10.20: Dependences of the nondimensional resonance frequencies on the aspect ratio fac-
tors f,and [, in course of transition from infinite strip to the thickness vibrating plate: (a) at the
longitudinal piezoeffect, markers are the experimental data; (b) at the transverse piezoeffect. The
lower frequency branches (/) — solid lines, the upper branches (/]) - dash lines. The piezoelements

are made of PZT-4 ceramics, f, =0.9-(w/h) and S =1.1-(w/h) .
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Figure 10.21: Dependences of the effective coupling coefficients for the long strip on the aspect
ratio coefficients S, and S, that correspond to lower (/) and upper (Z7) frequency branches: (a) at
the longitudinal piezoeffect, markers are the experimental data; (b) at the transverse piezoeffect.
The values are normalized to the effective coupling coefficient for the partial systems that are the
plates infinite in the x and y directions polarized accordingly. Under the longitudinal polarization
itis k,,; -
B, =09-(w/h) and B =1.1-(w/h).

Under the transverse effect it is k, o - The piezoelements are made of PZT-4 ceramics,

The coupling coefficients are normalized to the coefficient £, , because its value is specified

For PZT-t ceramics k,_, =0.46.

teff’

10.3.3.2 Transverse Piezoeffect
The case of the transverse piezoeffect can be considered in analogous way. As it follows from
Figure 10.19 (b), the partial systems remain the same, as for the case of the longitudinal pie-

L, . Therefore, the expressions for the rigidities,

zoeffect, if to reverse the dimensions L and
partial resonance frequencies, aspect ratio factor and for the coupling factor also remain the
same, if to revers numbers 1 and 3 in their subscripts. Thus, the nondimensional frequency
factor is now Q=s* /f‘f’ . Noteworthy is that though the correlation between expressions for
the aspect ratio factors is B =15 (the subscripts stay for the “transverse” and “longitudinal”),

their expressions through the real aspect ratios are

E E

w e w |c
B=—: 2 and g =—- [F.

h \c, h \ci;

In case that PZT-4 ceramics isused S, =0.9-(w/h) and S =1.1-(w/h) .

(10.138)
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The results of calculations in the variant of transverse piezoeffect are presented in Figure 10.20
(b) for the resonance frequencies, and in Figure 10. 21 (b) for the effective coupling coefficients.
For comparison they are placed next to analogous figures for the variant of the longitudinal
piezoeffect.

Based on the results presented, it can be concluded that the best electromechanical charac-
teristics can be obtained with piezoelements utilizing longitudinal piezoeffect (radiating from
the electroded surface) at aspect ratios £, <0.7 ( w/h <0.8), approximately. At greater aspect
ratios a contribution of the coupled vibrations in the transverse direction increases. This may
result in substantial growth of the side lobes. This effect is illustrated by Figure 10.22, where
the experimental directional factors from Ref. 3 are presented, that were obtained at the same
operating frequency with piezoelements having different aspect ratios. In the case that the width
of radiating surface of a projector needs to be increased for obtaining a required directivity
pattern, the projector must be composed of mechanically isolated piezoelements having smaller
aspect ratios. Approach to an analytical estimating of this effect of coupled vibrations on the
modes of vibration of the radiating surfaces and thus on the directional factors is considered in

Section 10.3.5.

02 04 06 08

Figure 10.22: Directional factors of the piezoelements having different aspect ratios: £ =1.3

(solid line), S = 0.65 (dashed line).

In the variant of transducer employing the transverse piezoeffect in opposite a smaller contri-
bution of motion in the transverse direction can be expected at larger aspect ratios (at

L ~1.3+1.5). For more accurate estimations see Section 10.3.5.
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10.3.4 Transition from the One-Dimensional Vibrations of a Thin Circular Disk to
the One-Dimensional Vibration of a Long Bar

Geometry of the problem is shown in Figure 10.23. Coupled vibrations of isotropic elastic finite
size cylinders in this range of aspect ratios were considered in Section 4.6.2.3. The assumed

distribution of displacements in the finite size cylinders was therein accepted in the form

E(r,z)=& J,(kr)! J (ka)+&,sin(rz/ h), (10.139)

where &, and &, are the generalized partial coordinates- maximum displacements in the radial
and axial directions. The partial systems are: partial system a (at # — o0, & =0) - radial vi-
brating infinite cylinder of radius a, and partial system % (at a - o0, £, =0) — axial vibrating
disk of infinite radius, or thickness vibrating infinite plate. The coupled vibration technique can
be applied to a system that can be considered as two-dimensional. The range of aspect ratios
h/2a ,in which piezoelements in the shape of finite size cylinders (as the piezoelements of the
geometries under consideration will be called regardless of the factual value of their aspect
ratio) can be treated as two-dimensional was analyzed in Ref. 4.

Expressions for strain in the body of cylinder are

0&(r,2) 1 aJ,(kr) Jy (ki r)
5= or =% Jy(ka)  or < J(k ){ = kir } 040
5,282 . kSl (10.141)
r Ji(ka)  kr
06(rz) Nz
5,- %0 —5;, Xy (10.142)

e
2a

(a) (b) (c)

]

Figure 10.23: To the transition from the thickness vibrating thin disk at /#/2a <1 (a) to the

one-dimensional axial vibrating bar at #/2a>1 (c).
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For determining eigenvalues of the radial modes for the partial system « (a tall cylinder at
S, ~0) Eq. (4.166) is valid with value of the Poisson’s ratio o, = ¢, / ¢/, (the subscript “rd”
stands for “rod” in distinction from o," =—s/; /s, for a thin disc). For the piezoceramic com-
positions PZT-4, PZT-5, and PZT-8 the values of afd are 0.56, 0.62 and 0.54, respectively. The
eigenvalues obtained from Eq. (4.166) at these values of o, for these compositions are
ka=2 =22;54;8,6;... with deviation within less than 1%. Thus, ka =2.2 may be taken
for calculating strains S, and §,.

It is suitable for this case to use piezoelectric equations of state in the form

T =c/S, +c.,S, +c,S, —e, E;, (10.143)
T, =c5S, +c|\S, +clS, —e, E, (10.144)
T, =S, +ciS, + kS, —e,E;, (10.145)
D, =e (S, +S,)+e,S, +e5E,, (10.146)

Equivalent parameters of the cylindrical piezoelements will be obtained from expressions for
the related energies. Omitting the straightforward calculating procedures, the following results
will be obtained.

From the expression for potential energy,

hi2 a
we :%2;; [] (SJ}E+S2T2E+S3Tf)rdrdz:%(1<f§;+2Kah§a§h+KhE§,f), (10.147)

pot
—h/2 0

follows that the equivalent rigidities are

K! =13.4hef,, K,=4.6nac;,, K; =%Z2cf3 . (10.148)
We will assume that cylindrical piezoelements under consideration are solid, which is usually
the case for the most interesting range of aspect ratios around the point of strongest coupling
(h/2a is about unity). The value of the equivalent rigidity related to the axial vibration under
this condition must be changed to

’ E 8 k323
K, =K, |1+ 1——2 = |» (10.149)
7" ) (1-k3)

as the deformation in this case changes along the electric field. For the piezoelements made of

PZT-4 or PZT-8 ceramics K, ~1.2K, .
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The equivalent masses obtained from expression for the kinetic energy,

hi2 a

. 1 . . . .
Wy =27 [] p§(r,z)2rdrdz=§(Ma§;+2Mah§a§h+Mh§,f), (10.150)
—h/20
are
M,=086M, M,=05M, M, =0. (10.151)

The electromechanical transformation coefficients determined from the expression for

electromechanical energy,

W, :%ij(S,,SZ,S3)E3dI7 =%V(nnfa +n,&,), (10.152)
14

are
n, =2rae,, n,=2ra’/h)e, . (10.153)
With addition of expression for the capacitance of the clamped piezoelement,
CY =(na’ | h)ey;, (10.154)

the set of the equivalent parameters that are needed for calculating the resonance frequencies,
effective coupling coefficients and operating characteristics of a cylindrical finite-size piezoel-

ement is completed. Following general expressions for the partial resonance frequencies are,

E E ’ E
SIS 1y C g I . Sy (10.155)
2r\M, rma\ p 2r\M, 2h\ p

(Note that f, coincides with the resonance frequency of a tall cylinder for the extreme case of

the aspect ratio (#/2a)>1.) The aspect ratio factor is

ﬂ:%zlAzi. (10.156)
n a

(for PZT-4 and PZT-8 ceramics the numerical factor differs by 2%). The coefficient of coupling

between the partial systems is

E
y =K, I JKEKE )~ (10.157)

\' 011033

For piezoelements made of ceramics PZT-4 and PZT-8 it can be taken that y =0.6.
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After all the parameters in expressions for energies associated with vibration of the cylin-
drical piezoelement are determined (the energies of the electrical and mechanical losses are not
included for simplicity, because they are not essential at this phase of the treatment), the La-
grange’s equations that govern operation of the piezoelement as electromechanical transducer
will be obtained in the form of Eqs. (10.83)-(10.85), in which the subscripts 1 and 2 must be
replaced by a and /. From the frequency equation (10.89) of free vibration of the piezoelement,
where Q= f?/ f7, two branches of nondimensional resonance frequency factor, Q,(f) and

Q, (B) follow. Plots of these frequency branches are presented in Figure 10.24.
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Figure 10.24: The resonance frequency branches for cylinders made from PZT-4 and PZT-8 ce-
ramics normalized to frequencies f,. The circles mark the experimental data®. The solid lines
show theoretical results, the dashed lines show the trends revealed by experimenting. The triangles
mark the experimental data related to the third mode of the longitudinal vibration. The icons il-

lustrate directions of one-dimensional vibration for the extreme values of the aspect ratios

The plots are calculated under the assumption that 2a remains constant and / is changing. The
plots are the same for piezoelements made from PZT-4 and PZT-8 ceramics, as it is accepted
that ¥ = 0.6 in both cases. With resonance frequencies known, the corresponding mode shape

factors, which we define according to formulas (10.91) and (10.92) as
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K 1

_ Trah

-Q, E ’
at Q=0 Ka I_Q[

ms; =(&,/&,) (10.158)

may be found. Dependences of the mode shape coefficients from the aspect ratio /#/2a are

depicted in Figure 10.25.
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Figure 10.25: Dependences of modulus of the mode shape coefficients from the aspect ratio. At
branch / ms, < 0. Atbranch /I ms, > 0. The icons illustrate relative directions of the radial and

axial vibration related to these branches.

As it follows from Eq. (10.158), the mode shape coefficients are negative for the lower fre-
quency branch (branch /) and positive for the higher branch (branch /7). This means that vibra-
tions of the cylinder surfaces related to branch / occur in anti-phase, and in-phase related to
branch /1. This is shown with icons in Figure 10.25

The effective electromechanical coupling coefficients that correspond to the mode shapes
of the coupled vibration can be determined from basic relation, which for this particular case
will be modified in the way analogous to those employed in Section 10.3.3.1 to the expression

KB _ n [(n, / n,)ms, +1T
=K (B) K, Ch (KETK; yms; +2(K,, | K; yms, +1

(10.159)

Given that capacitance of the clamped piezoelement can be represented as

Co =Clll-k (B, (10.160)
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n [(n, / n,yms, +1F

K/ Ch (KF /K] Yyms] +2(K,, | K] Yyms, +1°

K2 (B) = (10.161)

Note that in case the piezoelement is built of segments in number > 6 connected in parallel,
K, should be replaced by K, here and in all the preceding formulas.

All the parameters in relation (10.161) are already determined as functions of aspect ratio.
Results of calculating the effective coupling coefficients for the range of aspect ratios 4/2a >
0.5 that correspond to the frequency branches at / = I, I and results of the experimental inves-

tigation made for a broader range of aspect ratios are presented in Figure 10.26.
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Figure 10.26: Dependences of the effective coupling coefficients that correspond to the frequency
branches / and /I for the piezoelements made of PZT-4 and PZT-8 that are normalized to coupling
coefficients of a tall bar. The circles mark experimental data. The solid lines show theoretical
results, the dashed lines show the trends revealed by experimenting. Triangles show experimental
results related to the third mode of axial vibrations The icons illustrate directions of one-dimen-

sional vibration for the extreme values of the aspect ratio .

The data are normalized to the value of effective coupling coefficient k,; =0.59 for a tall bar
made of PZT- 4 These results may be sufficiently accurate for piezoelements made of PZT-8
ceramics considering that they are normalized to k,, =0.57 . Peculiarities in the trend of the

effective coupling coefficients for the axial mode of vibration in the range of aspect ratios from
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approximately 0.1 up to 0.5 that are revealed by the experimenting confirm the conclusion,
which is generally recognized by the transducer industry, that this range of aspect ratios should
be avoided for designing of axially vibrating transducers due to harmful effects of the coupled
vibrations. Such a conclusion was made previously on the basis of highly nonuniform distribu-
tions of displacement on the surface of a transducer (see Ref. 5) that take place by the same
reason of coupling between the axial and radial modes.

The coupled effects can be eliminated by slicing the circular discs into rods and thus
achieving uniform distribution of displacements and getting high effective coupling coefficient.
The greatest positive effect in terms of effective coupling coefficient may be obtained, if the
height to average diameter ratio of the rods is about unity or more, as the theoretical and exper-
imental results presented in Figure 10.26 show. The same effect of decoupling the vibrations is
achieved in the composite piezoelement designs. Plot of the modulus of admittance for such a
circular disc having aspect ratio #/2a =0.13 is depicted in Figure 10.27, where the first radial
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Figure 10.27: Plots of moduli of input admittances of the disc made of PZT-4 ceramics at aspect
ratio 4/2a = 0.05 (solid line), and for the composite disc (dashed line) made of 3-1 composite

material having aspect ratio #/2a = 0.13

resonance of the solid disk is marked as “7”” and the axial — as “ax”. The plot shows that vibra-
tions of the composite disc are one-dimensional in all the range of aspect ratios with effective
coupling coefficient having maximum possible value for a particular piezoceramic composi-

tion.
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10.3.5 Equivalent Electromechanical Circuit accounting for Effects of Coupled Vi-
brations

Content of this Section will be illustrated with example of the finite-size cylindrical piezoele-
ment. But it will be seen that the developed approach to the problem can be generalized for
other two-dimensional coupled systems in a straightforward way.

An important characterization of the electromechanical transducer that employs finite-size
cylindrical piezoelement is distribution of displacement in axial direction over its end surfaces.
The extent, to which vibration in the radial direction may contribute to nonuniformity of this
distribution, can be estimated qualitatively by the values of ratio &, /&, of magnitudes of dis-
placements in the radial and axial directions, i.e., by the mode shape coefficients. Their depend-
ences on the aspect ratio that are presented in Figure 10.25 show that at f<1 ((k/2a)<0.8)
the smaller the aspect ratio, the larger is ratio &, /&, , and more pronounced nonuniformity of
the axial vibration can be expected. At £ >1 in opposite &, gradually becomes much larger
than & , and the axial vibration of the cylinder surface becomes more and more uniform. Ex-
perimental confirmation of these considerations can be found in Ref. 5.

Note, that as it follows from Eq. (10.145) for a thin disc (at 7, =0),

cE(5,+5,)
E

S,(r) = ~ & T (k) . (10.162)

33
Given that for a finite-size cylinder S,(z) ~ &, , the distribution of axial displacement due to the
radial deformation will be denoted &, (7). It can be assumed that &, () ~ J,(kr)<&, . Like-
wise, it follows from Eqs. (10.143) and (10.144) for the tall rod (at 7; =7, =0 ) that

g ¢ cos%. (10.163)

Given that (S, +S,) ~ &, , the distribution of radial displacement due to the axial deformation,
which we denote &, (z) , may be assumed to be &, (z) ~ &, cos(zz/ h) .

Using these considerations for qualitative prediction of the mode shapes of vibration is
illustrated with results of measuring distributions of axial displacements on the surfaces of disks
with aspect ratios 0.5 and 1.5 presented in Figure 10.28. The results obtained are in a qualitative
agreement with predictions that follow from data on the mode shape coefficients presented in

Figure 10.25.
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Figure 10.28: Plots of the mode shapes of vibration in the axial direction measured on surface of
cylindrical piezoelement: (1) - low frequency branch, 4#/2a = 0.5; (2) — high frequency branch,
h/2a =0.5; (3) — low frequency branch, 4#/2a = 1.5.

At h/2a = 0.5 at low frequency branch the radial mode dominates in accordance with results
shown in the Figure for the mode shape coefficients, and the mode shape of vibration in axial
direction reflects predominant contribution of this mode. At high frequency branch (at fre-
quency that corresponds to axial resonance) the contribution of radial mode remains significant,
and superposition of vibrations due to axial and radial modes results in changing the phase of
vibration in axial direction. Thus, radiation in the axial direction can be more effective at radial
resonance mode than at the axial mode of vibration, as could be expected, if not to consider
effects of coupled vibration. Moreover, that effective coupling coefficient for the radial mode
is also much greater (see k,; for branch / vs for branch I/ at h/2a = 0.5 Figure 10.15). At aspect
ratio #/2a = 1.5 in the low frequency branch the axial mode of vibration dominates according
to Figure 10.25. Contribution of the radial mode is negligible, and vibration in the axial direc-
tion is uniform within accuracy of the measurements.

The relation between displacements in the partial systems (modal displacements &, and
&, ) in operational mode of a transducer, i.¢., at forced vibration under action of applied voltage,
differ from those determined for free vibration. Determining this relation and overall opera-
tional characteristics of finite cylinder based electromechanical transducers require considering

their forced vibration with reaction of acoustic field included. The operational
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electromechanical properties of a transducer that employs the finite-size cylindrical piezoele-
ment can be calculated using the set of Eqs. (10.83)-(10.85) (with subscripts that correspond to
each particular case), or from the electromechanical circuit presented in Figure 10.29, which is

equivalent to this set of equations.

M, FmLh

s A
C, -1 ReL Ng

Figure 10.29: Equivalent electromechanical circuit of the finite size cylindrical transducer with

effects of coupled vibration taken into consideration.

We assume that the side surface of the cylinder is free of a load, and the mechanical (acous-
tic) load, Z, , that is applied to one end surface (it is included in the equivalent circuit by ob-
servation as well as the resistances of the electrical and mechanical losses, R, and r,, ) has
magnitude small enough as not to change distribution of displacement in the axial direction,
which is usually the case for electroacoustic transducers. The impedances Z,, =z, (U, /U,)
and Z, =z,(U,/U,), where z, =z, =K,/ jo, are the introduced impedances that char-
acterize coupling between contours that correspond to the partial vibrating systems; z,, is the
mutual impedance between the partial systems. Velocities U, and U, result from the combined

effect of the “self” velocities of the partial systems (i.e., without effect of coupling) and
their mutual contributions due to coupling between the systems. Thus, U, can be represented,

as

U,=¢+&,, (10.164)

where :fh is the self-partial axial velocity and fha is the additional axial velocity due to coupling
with the radial vibrating partial system.

Likewise,

U =& +€E,, (10.165)



10.4 Transducers Nonuniform over the Length 301

where fa is the self-partial radial velocity and fah is the additional radial velocity due to cou-
pling with the axial vibrating partial system. The velocities U, and U, must be calculated from
the equivalent circuit in Figure 10.29. The self-partial velocities fa and fh have to be deter-
mined from the equivalent circuit considering the contours as independent. After this is done,
the velocities £, and &, can be found. We will assume that distributions of velocity on the
surfaces of the finite-size cylinder may be presented following the notes regarding relations

(10.162) and (10.163) as
U,(r)= éh +§haJo(klr) > (10.166)

U (z)=& +&, cos(nz/h). (10.167)

If to accept these assumptions, then calculating of all the parameters of the transducer as an
electroacoustic device including the directional factor becomes straightforward in principle.
Employing the equivalent circuit based calculating technique is appropriate for the range
of aspect ratios 0.5 </ /2a <1.5. It can be concluded following the results presented in Figure
10.24 and Figure 10.26 that the axial vibrations of the cylinder can be considered as one-di-
mensional at aspect ratios larger than 1.5, because values of the resonance frequencies and ef-
fective coupling coefficients practically reach their values for the extreme case at these aspect
ratios. This conclusion is supported by results of measuring the mode shape of vibration in the

axial direction of a cylinder at #/2a = 1.5 that proved to be uniform, as shown in Figure 10.28.

10.4 Transducers Nonuniform over the Length

Inherent disadvantage of the uniform in direction of vibration length expander transducers for
underwater applications is that they are greatly under loaded by radiation impedances, as it was
noted in Ch. 3. As the result, the acoustic power radiated is limited by the dynamic mechanical
strength of the transducers, while they have significant reserves of the electrical strength. Other
operational characteristics of the transducers such as efficiency and ability to work in a broad
frequency range are also far from optimal. Improving the operational characteristics of the
transducers can be achieved by employing matching elements that may produce a required step
up transformation of the acoustic load. For low frequency transducers (approximately in the

range from 2 to 30 kHz) this function can be fulfilled by the passive bars (length expander
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vibrating systems in general) vibrating one-dimensionally (in the piston like mode). Being ce-
mented to the ends of the length expander piezoelement they perform transformation of loads
and thus allow optimizing the transducer operational properties by proper choice of their pa-
rameters. Resulting structure presents the length expander transducer nonuniform over the

length (“Tonpilz” transducer) that is shown schematically in Figure 10.30 (a).

Ir I Iy

Z=00 (eS| (peS)e | (eS|

(b)

Figure 10.30: (a) Nonuniform length expander transducer composed of piezoelement with param-
eters marked by subscript “c” and two passive bars, with parameters marked by subscripts “H”

(for Head) and “T” (for Tail), respectively; (b) cascade equivalent circuit of the transducer.

Calculating operating characteristics of the transducer can be performed using cascade
connection of the T-network equivalent circuits of the length expander active and passive vi-
brating systems (see Section 10.2.3.1) that is presented in Figure 10.30 (b) for the basic design
of the nonuniform transducer. Such transducer designs and calculating principle are considered
to great detail in vast literature, for example, in Refs. 6-8 and in the works referenced therein.
Using the cascade equivalent circuit allows calculating all the parameters of the transducer if
dimensions and material properties of its parts are known. This problem can be called the direct
problem of transducer designing. The cascade circuit representation is very well suited for solv-
ing the direct problems by application of the matrix analysis. An outline of this approach to
calculating transducer parameters can be found in Ref. 8. In the process of application of the

matrix analysis it must to be remembered that all the formulas for impedances in the particular
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T-networks are valid under the assumption that the corresponding parts vibrate in piston like
mode (in one-dimensional fashion). In the case that the assumption of one-dimensional mode
of vibration of the transducer parts is not valid or is questionable, the alternative to analytical
approach method of Finite Element Analysis (FEA) operating characteristics of the transducers
is widely used. An introduction to employing the FEA for nonuniform bar transducer designing,
and vast bibliography on the related issues including references to programs available for trans-
ducer analysis can be found in Ref. 8.

Being powerful means for solving the direct problem of transducer designing, the matrix
and FEA methods do not provide means for physical clear and adequate approach to solving
the inverse problem, which consists in optimizing transducer operating properties in accordance
with particular requirements. Although a formal solution of this problem can be obtained by
analyzing results of multiple calculations in the direct way, this procedure does not develop
engineering intuition that can be based on understanding of underlying physics. In contrast is
the situation with uniform transducers, in which case the conditions for their optimal matching
with acoustic load may be clearly formulated from solutions in the generalized coordinates. But
in this case there is no reasonable technical means for realizing the necessary loading for rela-
tively low frequency transducers. This contradiction can be partially resolved in the way of

combining both approaches as it was suggested in Ref. 9 and is considered below.

10.4.1 Equivalent Transformation between Nonuniform and Uniform Length Ex-

pander Transducers

It can be shown that the problem of calculating nonuniform transducer depicted in Figure 10.30
(a) in the frequency range near to resonance can be reduced to already discussed calculation of
a homogenous piezoceramic transducer, in which only a portion of piezoceramic volume is
used as active. With this goal at first consider input impedance of one-dimensionally vibrating
bar loaded on the opposite end (Figure 10.31 (a)). As it was shown in Section 4.3.3, the input
impedance is

_ jpcS, tankl+Z,
" 1+ j(Z, | pcS, ) tankl’

(10.168)
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where Z, is impedance of the load; p, c,S

cs?

[ are the parameters of material and dimensions
of the bar. The circuit representation that corresponds with this expression is shown in Figure
10.31(b). Correlation between the input and output velocities in this circuit is

U, 1

— = - . (10.169)
U, [+j(Z,/pcS,)tankl]coskl
Z2 ZL :Zac
F 0 Uo Ul > o
L5 S
pCScs ZL,‘FL UO ZL a FL
0 [ X
o o
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— Z Z, l
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Figure 10.31: To the input impedance of a bar loaded on one end. (a) Geometry of the bar, (b) T-
network representation of the input impedance, (c) the two-terminal equivalent circuit of input
impedance after application of the Thevenin’s theorem.

If to assume that

|2,|<<|Z,+2,| = (pcS,,)/|tan (k)| (10.170)

which usually holds for acoustic loading, then the equivalent circuit of the input impedance can
be represented following the Thevenin’s theorem in the form of circuit shown in Figure

10.31(c), where
Z =~ j(pcS, )tan(kl), Z, ~Z, / cos’ (kl), F ~F/cos(kl), (10.171)
U,=U,/cos(kl). (10.172)

Note that formulas for Z; and F’ follow directly from conservation of energy in course of

manipulations The mechanical energies associated with load and force acting on the end are
= 2 ' 2
W, =Z,U| =z, U, (10.173)

W,=FU =FU, (10.174)
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where from formulas (10.171) for Z, and F' follow due to relation (10.172). The input im-

pedance of an unloaded bar obtained from formula (10.168) is

Z = j(pcS,, )tan(kl). (10.175)

Now the method accepted in the theory of electric long lines can be applied, according to
which a reactive load used to be replaced with a segment of the same line having the input
impedance equal to impedance of the load. Let us imaginary replace the actual passive bars
with imaginary bars having the cross section area, density and sound speed equal to those of
the active bar. And let us assume that the input impedances of the imaginary bars are equal to
the input impedances of the actual passive bars under action of real loads and forces on their
ends at resonance frequency of the transducer. Usually only one of the ends of the combined
transducer is operating, i.e., subjects to action of a load and/or an external force (let it be the

end of bar  in Figure 10.30 (a), to which external actions Z, =Z__ and F, = F,

qv

are applied),
while another end is free of loads (Z, =0 on the end of bar 7' ). The input impedance of bar T’
from the side of the piezoelement is by formula (10.175) Z, . = j( pcS, )T tan(kl)T .

The input impedance of bar H in accordance with circuit in Figure 10.31 (c¢) and expres-
sions (10.171) is

Z.;=j(peS,,), tan(kl), , Z, =Z, /cos’(kl),, F =F,, /cos(kl), .  (10.176)

in eqv

The lengths /, and /, of ceramic bars that are equivalent to the passive bars in terms of their

input impedances at the resonance frequency will be found from the relations

pcS. ), tan(kl) =(pc”S._ ) tank”l , (10.177)
cs JH H g as ). El
pcS. ) tan(kl) =(pc”S. ) tank”L,. (10.178)
( cs )T ( )T ( g cs )c £ 2

The subscript “c” stands for ceramics having the same parameters as the active piezoelement,
from which the equivalent bars are supposed to be built. Impedance Z; and force F' defined
by formulas (10.176) are applied to the boundary of the active segment and the passive bar H.
Being transformed to the operating end of the imaginary homogenous bar 1, these quantities

become

Z, =7, cos’ kI, = Z,, cos’ k"I, / cos® (kI),, , (10.179)
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F =F cosk®l, =F,, coskl,/ cos(kl),, . (10.180)

eqv

Here the considerations expressed by relations (10.173) and (10.174) are applied. For definite-
ness we will further assume that the transducer operates in array of a big size, and therefore
Z,.=(pc),S, and F,, =2FS, ,where P, is the sound pressure in the free acoustic field.

Thus, the initial Tonpilz transducer appeared to be converted to the uniform piezoceramic
bar with partial electrodes and with external actions transformed according to formulas (10.179)
and (10.180), as shown in Figure 10.32. The transducers are equivalent in terms of their calcu-
lated operating electromechanical characteristics, strictly speaking, at the resonance frequency,
but it can be expected that the characteristics will not differ significantly in some frequency
range around the resonance frequency.

Further, parameters of the uniform bar transducer can be found using a single contour
equivalent circuit considered in Section 5.7.3.1, if calculations are restricted to the frequency
region around the resonance frequency of the imaginary uniform bar with appropriately located

active section and under transformed actions Z, and F applied to the end of the bar.

T H ”
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Figure 10.32: (a) The equivalent conversion of the composite transducer into uniform ceramic bar
with partial electrodes. By the dashed lines are shown extensions of the ceramic section of the
uniform bar that are equivalent to real passive parts of the composite transducer in terms of their

input impedances. (b) The resulting uniform ceramic bar with partial electrodes.

Thus, replacement of the parts of the uniform piezoceramic bar by the passive parts made
of a certain material and having a certain size can be regarded as a way of matching the trans-
ducer to a load. This is possible for the uniform bar transducers by two reasons. Firstly, because

they have a significant reserve of electrical strength, as was noted in Ch. 3, and reducing this
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reserve with simultaneous increase of otherwise not sufficient mechanical strength of trans-
ducer due to increase of acoustic load is highly beneficial. Secondly, contribution to the elec-
tromechanical conversion of the parts of a length expander piezoelement located close to the
ends is relatively small, and their replacement by passive material may even increase the effec-
tive coupling coefficient of the transducer, as it was shown in Section 5.6.2 and is illustrated by

plot in Figure 10.33.

Figure 10.33. Dependence of the normalized effective coupling coefficient k;]. (L)/ K (solid
line) and electromechanical transformation coefficient n(/,,)/ n(l) (dashed line) on the length of

the symmetrically positioned active part of length expander piezoelement.

In case that active part of the uniform transducer is displaced from its center, as is shown
in Figure 10.32, the electromechanical transformation coefficient will change according to for-
mula

n=n(l,)-cos(xx,, /1), (10.181)

where n(l,) is the value for the symmetrically located active part and x,, is displacement of
the center of the active part. The effective coupling coefficient will reduce proportionally to
cos’(zx,, /1) .

Summarizing the above considerations, we will illustrate the procedure of optimal design-
ing of the composite transducer with idealized example. Definitely, a real designing is more
complicated and, probably, may require several approximations for achieving desirable results.

But our goal is to illustrate the idea of the approach.
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Suppose that for the composite transducer requirements are formulated for the resonance
frequency, f,, radiating surface area, S, , and operating characteristics (power radiated, fre-
quency range of operation, overall length of the transducer and so on). We assume that from
condition of operating in an array of a big wave size acoustic load of the composite transducer
acts on one end and is equal to Z_ = (pc), S, . For simplicity we will also assume that the
composite transducer will be symmetrical relative to its middle section, as it is shown in Figure
10.34. These assumptions are not essential in principle, though the symmetrical configuration
of the electrodes can be recommended, as the most effective in terms of electromechanical con-
version. If it is desirable to have not symmetrical design for meeting requirements for trans-
ducer, then the active part of the equivalent uniform bar may be displaced from the center, as it
is shown in Figure 10.32 (b). This will result in reducing the electromechanical transformation
coefficient in accordance with formula (10.181) and corresponding reduction of the effective

coupling coefficient.
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Figure 10.34: To the equivalent conversion of the uniform bar into composite transducer. By the
solid line is shown imaginary uniform bar, by the dash lines are shown passive parts of composite

transducer that are equivalent to their ceramic counterparts in terms of the input impedances.

At first, we consider uniform bar transducer (shown in Figure 10.34 by solid line) that has

the required resonance frequency. Its overall length must be
I=1,+2l =c"/2f.. (10.182)

"

Next, the required value of the acoustic load for the uniform bar, 7, , which ensures optimal
matching of the transducer for achieving specified operating characteristics, may be determined
in the way that was discussed in Ch. 3. In doing this the length of the active part of the uniform

transducer, /

el >

of its cross section area, S, , and mode of polarization of piezoelement may be
chosen from condition of reducing excessive reserve of the electrical strength to an acceptable

minimum, in order to maximize the lengths /, of parts of the bar that are supposed to be replaced
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by the passive parts of combined transducer. This may result in a greater opportunity of tailoring
the passive parts for achieving required transformation of acoustic load. It is noteworthy that
the length of electrodes and cross section area of a piezoelement are related through the elec-
tromechanical transformation coefficient. It must be kept in mind in the process of determining
their values that reducing the cross section area may be desirable, because increase of ratio
S,; /'S, can make it easier optimizing parameters of the passive parts. Example that illustrates
calculating the uniform transducer under an optimal load for achieving certain requirements
will be given in Ch. 13.

Assuming that "

ac ?

1, and S, are known, the following equations can be formulated that
have to be met by the material properties and length of the passive part of the combined trans-
ducer (its surface area is supposed to be known from requirements for the transducer):

from condition (10.179) of the proper impedance transformation

cos® (kl),, :(pc)WS—"'j'cos2 kf%; (10.183)

ac

from condition (10.177) of equality of the input impedances.

] —

(pcS),, tan(kl), :(chSCS)C tankf%. (10.184)

Thus, we have two equations for determining values of p,,, ¢, and [/, . One more condition
can be derived from practical considerations regarding material or geometry of the passive part.
For example, this can be requirement for its piston like vibration, as at a given surface area, S,
, the length (thickness) of the passive part cannot be too small to avoid a harmful contribution
of its flexural deformation. Several examples that illustrate dependence of modes of vibration
of circular disks that may be used as passive parts of the combined transducers from their rela-
tive dimensions are considered in the next section.

After the estimation of geometry of the combined transducer is done, results of calculating
characteristics of the imaginary uniform transducer in the operating frequency range may be
verified using the common cascade T-network technique for the resulting combined transducer.
These characteristics can differ to some extent, because the conditions of equivalency strictly
speaking are held at resonance frequency only. Plots in Figure 10.35 illustrate the extent of

difference of results obtained by employing both methods for calculating frequency responses
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of two transducer prototypes that have the same resonance frequencies and radiating surface
areas, but different ratios of the load transformed to surface of the equivalent uniform bar and
the real acoustic load, namely, that correspond to nondimensional coefficients of radiation re-
sistance a, = (7). / pcS.)=2.5 and 4.0. As can be seen from the plots, the agreement between
the results is fairly good in a broad frequency range. The discrepancy increases with increase
of the transformed acoustic load. On the positive side is that characteristics of the real opera-

tional band look more optimistic than predicted by the suggested approximate method.
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Figure 10.35: Results of calculating the frequency responses of the power radiated by two Tonpilz
transducers having the same resonance frequencies and radiating surface areas: (a) at &, =4.0,
(b) at o, = 2.5 . Solid lines-calculations are made using regular technique. Dashed lines-calcula-

tions are made for the equivalent uniform bar.

10.4.2 Input Impedance and Mode of Vibration of the Circular Disk
The passive matching part of the bar transducer can be imagined as a circular disk cemented to
the end of the active driver. Variants of typical configuration of the ends of the drivers are
schematically shown in Figure 10.36.

All the previous considerations were made under the assumption that the matching disk
vibrates in the piston like manner, with uniform distribution of the displacements on its surface.
Validity of this assumption may be questionable for real transducer designs, moreover, it is
often desirable to have the disk as thin as can be acceptable, in which case a possibility of the
flexural vibration of the disk that may violate this assumption must be considered. A trade off

takes place between the thickness to diameter ratio of the matching disk and uniformity of
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vibration of its surface. The flexural vibrations of the disk under action of the drivers depend
essentially on the boundary conditions on the area of contact between the driver and the disk.
It is hardly possible to formulate these conditions analytically and to get exact analytical solu-
tion to the problem. The adequate numerical solution of the problem can be obtained by FEA.
But it seems beneficial to use a combined approach. Firstly, to formulate reasonably idealized
boundary conditions and to obtain physical clear approximate analytical solution, and secondly,

to verify the obtained result and to make it more accurate by using FEA.

2a TZ

T T Tego r r
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Figure 10.36: The schematic view of the disks vibrating under action of the drivers having differ-
ent configuration: (a) solid piezoceramic bar, (b) cylindrical piezoelement having various mean

diameter. The variant (b) is more common because it allows placing a strengthening bolt inside.

In this section we will use an approximate analytical method for estimating the acceptable
dimensions of the matching disk and for obtaining the value of its input impedance with taking
flexural deformations into consideration. The goal will be to determine the smallest possible
thickness of the disk that insures a permissible deviation of displacement from uniform distri-
bution over the surface of the disk. The following assumptions will be made. Let the diameter
to wavelength ratio foe the disk be D, /A =1/2 for definiteness. Actual size of radiating sur-
face depends on application of the transducer and may vary. Desirable is to have smaller wave
diameter for application in a big array with steerable directional pattern, but for the goal of
estimating the minimal thickness the bigger diameter is more demanding. We will assume that
displacement (denoted it &) is uniform over cross section of the driver on the area of contact

with the disk. Overall displacement of the surface of the disk will be represented as
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&(r)=¢&,+&50(r), (10.185)

where 6(r) is the lowest mode of flexural vibration of the disk under the boundary conditions
imposed by the driver, & is the maximum deflection in the flexural vibration of the plate. As
we are interested in close to piston like vibration of the matching disk, the condition |§l| S
must be fulfilled.

Under the accepted assumptions the disk can be considered as a system with two coupled
degrees of freedom. The partial systems are: the rigid disk that vibrates as a piston with dis-
placements &, and the plate that performs vibration &(r) = £ 6(r) . The boundary conditions
that are imposed on the flexural vibrations of the disk by a driver is the matter of principle in
this treatment. It is clear that real boundary conditions depend on geometry of the driver. They
are likely to be the clamped conditions on the contour of contact with the driver assuming that
the moment of resistance of the driver is large enough for both variants of the drivers, as is
shown in Figure 10.36 (a) and (b). Though what is large enough is not clear, we will consider
that the clamped conditions are in place. Validity of this assumption, as well as of assumption
that displacement is uniform over the cross section of a driver may be checked by experimental
verifying results of calculations or/and by FEA.

At first, we consider variant (a), in which case the part of the disk at » > b vibrates in
flexure as the annular plate that is free on the outer surface and clamped on the inner surface.
Determine energy status of the disk. As the piston like (without deformation) vibration of the
disk does not contribute to the potential energy, the potential energy is

W, —Llek

ot = (10.186)

egqvl

where K, is equivalent rigidity of the disk in flexural vibration under prescribed boundary

conditions. The kinetic energy is

1 [ 1 . .. .
W, =520t [1€,+400) rdr = SIMLE 426 EMy + M, 61, (10.187)
0

where M, = pt-za’ = ptS, is the mass of the disk, M, , is the equivalent mass of the disk in

eqv

flexure, and M, is the mutual mass between the piston like and flexural vibration of the disk.
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The equivalent and mutual masses are commonly expressed as M, = ptS,, and M, = ptS,,, ,
where
Sy = 2;:]92 (rydr (10.188)
z
S, =27 [ 0(rydr. (10.189)
z

Here X is the surface area of the part of the disk that vibrates in flexure (it depends on geometry
of the driver). Usually S, and S, are presented among equivalent parameters of the plates

at different boundary conditions. The energy of external action is

W, =fulos (10.190)

where f, 1is the total force, with which the driver is acting on the area of contact.

The Lagrange equations after converting to the complex form (£ =U/ jw, &= joU ) are

JoM U, + joM,U, = F,

[

(10.191)

joMyU, + joM,, [1-(e,,, | ©)*1U, =0, (10.192)

where @, =K, /M,

. 18 the lowest resonance frequency of flexural vibration of the

plates under boundary conditions that depend on geometry of the driver’s cross sectional area.
They are annular plates clamped on the inner (of radius ») and free on the outer boundary of
radius a, and the plate of radius b, clamped on the boundary, as shown in Figure 10.36.
Vibration of the plates under these boundary conditions are considered in Ch. 4 (for the
annular plate in Section 4.5.8.2) under the condition that elementary theory of bending is appli-
cable. As our goal is to estimate smallest acceptable thickness of the disk, we will assume that
this approximation holds. Otherwise, the corrections for the finite thickness of the plates can be

used that are introduced in Section 9.4.3. From Egs. (10.190) and (10.191) will be obtained

M S
U =- o U, =- U (10.193)

M, [1-(a,, /oY1 " S,ll-(a,,/ o] "

and the input impedance of the disk

F, M;
Zinzlzja)Md l_ > 2 =
UO MdML’qvl[l _(a)b/a / a)) ]

(10.194)

S2
= ja)Md 1_ av 2 .
Sngf'[l_(fb/a /f) ]
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As we are interested in close to piston like vibration of the matching disk, the condition

must be fulfilled that in expression (10.185) |§l| < ¢, . Let it be, for example,

|&]<0.2¢, . (10.195)

Then from relation (10.193) follows that at resonance frequency of the driver, f, , should be

fulfilled relation

S
)
Sc/f[(fl;/a /.fdl) _1]

2, (10.196)

or

Sora 2 LSS0 /Sy ) +1. (10.197)

Expressions for the parameters f,,,S,, and S, of the annular plates vs. ratio b/a that are

extracted from Table 4.5 are presented in Table 10.1.

Table 10.1. Parameters of the annular plates clamped on the inner diameter.

bla Sej]'b/a | 7(a® —b*) Sevbla / m(a® —b*) s

0.7 0.26 0.41 6.17

0.6 0.28 0.42 4.61
0.5 0.29 0.44 3.69......

t Y
Note that L=, . (10.198)
Jow = 27212 & \/ p(1-0?)

Thus, for example, if radius of the driver is »=0.5a, than according to data from the Table
Suvsia ! Seppra =1.5, and from relation (10.197) follows that it mustbe f,, >2.9f,, . Using for-

mula (10.198), where A =3.68 , we arrive at the requirement for the geometry of the disk

t Y
L /—24,6 _ 10.199
az (1_ 2) .fd; ( )

To get impression regarding an order of quantities involved consider an example. Let the
operating frequency of the driver be = 10 kHz. Diameter of the matching disk according to our

assumption is 2a=A4_,/2~ 7.5 cm. Assuming that the disk is made of aluminum
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(m =5.4-10’ m/s), from condition (10.199) will be obtained that 7 >1.2 cm. Thus,
at the dimensions ¢ = 3.75 cm and #>1.2 cm deviation of displacement from uniform over
surface of the disk at frequency 10 kHz is less than 20%.

It is noteworthy that for the annular disk of these dimensions the thin plate theory can be
not exact, and corrections to the expressions of the equivalent parameters must be required for
the rotary inertia and shear deformations. Though the assumptions made for the considered
example regarding the wave diameter of the radiating surface and acceptable nonuniformity of
displacements are probably too demanding for practical applications. Thus, for example, if
2a=14,/4=4 cm, then at all other conditions equal it should be #>3.4 mm, and the aspect
ratio for the disk will be a/¢~ 6 vs. 3.3 in the previous example. The input impedance of the
disk under the same condition (10.195) of uniformity of vibration, being obtained from (10.194)

after substituting these values of the parameters, will be

Z,=joM,-1.07. (10.200)
An increase of the acceptable nonuniformity of displacement will result in reducing the thick-
ness of the disk and in increasing deviation of value of input impedance from Z,, = joM,.

In the variant of driving the disk by a cylindrical piezoelement, as shown in Figure
10.36(b), the flexural vibrations may occur also of the central part of the disk at » <5, . We
will assume that vibration of this part of the disk can be considered, as of the plate clamped on
its boundary at r =5, . In this case the mode shape 6(r/b) in expression (10.185) is
O(r/by=(01-r*/b.), S, =0.187b; , S, =0.337b, (see Table9.3), and in formula (10.198)
for the resonance frequency a” must be replaced by b and 4,,, by /Ibm =3.2. Compare the

resonance frequencies of the annular plate clamped at the radius b, (denoted @, ,, ) and of the

inner plate clamped at radius b,

in

(denoted @, ). Obviously, under the condition that
@, >, , the nonuniformity of the surface displacement will be determined by displace-
ments of the annular plate, which is already estimated for variant (a), and vibration of the central
part of the disk can be considered as uniform. Given that @, <@, , the relation between the
resonance frequencies @, =, ,, will be more strict then required. Using formula (10.198) for
both resonance frequencies and remembering that 4, =3.2 we arrive at relation

b : ﬂ’bz/a
b | Doe o aq 10.201
[aj 02 7 (10-201)
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Assuming, for example, that b, /a =0.6 and 0.7, we obtain with values 4, ,, taken from
Table 10.1 that y»=0.7 and 1.8, respectively. Thus, the condition (10.201) is satisfied at
b, /a=0.6. And at values b, / a somewhere between 0.6 and 0.7 the flexural vibration of the
central part of the disk seem to start contribute to overall nonuniformity of the displacements.
But at this point it is useful to keep in mind the following considerations.

For fare comparison with variant (a) it must be assumed that the cross section areas of the
drivers in both cases are the same, i.e., the ratio a’/2b,t should be kept constant. Following
the previous example, in which case S, /S, =4, this means that thickness of the driver reduces
with increase of b, /a and at b, /a = 0.7 reaches about ¢ = 0.2a . At thicknesses of this order
the assumption of clamped boundary conditions for both outer and inner parts of the disk be-
comes questionable. The assumption that the disk is simply supported on the average diameter
of the driver may become more reasonable. The input impedance of a thin disk supported on
the circle of radius b < a is considered in Section 4.7.2.3. It is shown that if only the first mode
of vibration 6, (r/a) is taken in calculation, then according to expression (4.696) the input im-

pedance on the circle of radius b is

-1
. M 0'(b/a
Zin :ja)Md|: _M_d#a)z_)l:l . (10202)
1

eqvl

The first mode of vibration of free plate has a nodal line at »/a =0.68. Thus, if a driver is
acting on the line with radius 6=0.68a, 6,(b/a)=0 and Z, = jwM,,, i.e., the plate vibrates
uniformly seemingly independent of frequency at least in vicinity of the first resonance fre-
quency of the disk and even higher given that the resonance frequency of the next mode of
vibration, which may contribute to nonuniformity of displacements, is @, = 4.3, . If to admit
that contribution of the second mode may produce a visible nonuniformity of displacement at
frequencies above @, /2, then at the same operating frequency and diameter of the disk as in
the previous example ( f,, = 10 kHz, 2a = 7.5 cm) the acceptable thickness of the disk may be
t~0.3 cm.

Definitely, this result is approximate at least by the two reasons. Firstly, the driving force
is applied not exactly on the line, but on the ring of a finite width, and simple supporting con-

ditions are also not exact. Besides, as already mentioned, in the absence of the first vibrational
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mode contribution of the next vibrational mode 8,(r/a), which was neglected, must be more
accurately estimated. But these considerations show that by appropriate application of the act-

ing force vibration of even relatively thin disk can be made close to uniform.

10.4.3 Transducers with Uniform over Length Cross Section Area
The nonuniform length expander transducer designs combined of parts having different cross
section areas are typical for application at relatively low frequencies (in the range of about 2
kHz up to 50 kHz following Ref. 6-8). High-frequency transducers are normally made of the
single piezoelements (blocks of piezoceramics) and have uniform over the length cross section

area. Typical schematic view of the transducers is shown in Figure 10.37.

Z=0|3| 1 |22 =(p0)s

Figure 10.37: Schematic view of the transducer with uniform over length cross section area:1-
piezoelement, 2 and 3 are metal blocks in variant of the sandwiched transducer and matching

layers otherwise.

The half-wavelength piezoelements for operating in the frequency range about 50-200 kHz
may appear to be not appropriately thick. For reducing the size they can be sandwiched between
two metal parts (2 and 3 in Figure 10.37) that perform mass loading of the piezoelements. Re-
placing the portions of piezoelement by passive parts occurs without loss (and even with some
raise) of the effective coupling coefficient, and the electrical strength of the transducer is not
compromised because of its significant reserves that are typical for the length expander trans-
ducers. In this case it is possible to excite the second mode of vibration. Also, the piezoelements
may be cemented of two parts connected in parallel. In such design it is possible to excite vi-
bration in the second mode by connecting the parts in antiphase, or both in the first and second
modes by switching polarities of the parts. All these variants of transducers can be treated using
the technique described in Section 10.2.3 in a straightforward way.

The lateral dimensions of the transducers may be significantly larger than their length (re-
member that the “length” is dimension in direction of vibration) from consideration of direc-
tionality required for their sonar applications. Therefore, the length to lateral dimensions aspect

ratios of the piezoelements that may have configuration of stripes, plates and discs have to be
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taken into consideration for avoiding harmful effects of the coupled vibration in the piezoele-
ments. The necessary information on these issues is presented in Section 10.3.

After the aspect ratio related conditions are fulfilled, all the equivalent circuits technique
described in Section 10.2 can be employed in a straightforward way for calculating parameters
of transducer. Effects of the matching layers may be considered as well by representing them
as the passive T-networks.

Requirements for the matching layers and their design peculiarities were not considered so
far, therefore we present some considerations regarding these issues following Ref. 10, where
a comprehensive review can be found of different aspects of the high-frequency transducer
designs. Usually, they offer less opportunities for optimizing acoustic load than Tonpilz like
design. The functions of reducing mechanical Q of the transducers for achieving their accepta-
ble efficiency and bandwidth are performed by the matching layers in the front and in the back
of the piezoelement (blocks 2 and 3 in Figure 10.37). Employing the matching layers (blocks)
is based on their properties to perform transformation of mechanical and acoustic loads (Z, )
applied to one of the ends according to the general formula (10.168).

_ j(pChL'SL‘A' )/ tan kbz‘l + ZL
" 1 + J[ZL / (pCbC'SL‘A' )l ] tan khcl ’

(10.203)

where subscript / stays for “layer”. This formula is valid under assumption that the layer vibrates
in one dimensional (piston-like) mode. Value of the sound speed in the formula depends on
whether the layers can be imagined as bars, strips, or plates. In other words, it depends on the
boundary conditions for vibration of the layers. Therefore, the sound speed and wave number
in the formula are used with the subscript “bc”, which collectively reflects that the effective
Young’s moduli Y, in these cases have different values (Y for bars, Y, and Y, by formulas
(10.18) and (10.14) for the strips and plates) and ¢, = \/m . Further the subscript will be
omitted. Formula (10.203) does not account for mechanical losses in the layers for simplicity.
In some cases considering the losses may be essential, as it will be pointed out below.

For matching and backing purposes the quarter-wavelength (/ =A4/4 at the resonance
frequency) and half-wavelength (/ = A4/2) layers are usually used. As it can be seen from for-
mula (10.203), these layers perform transformations of loads that depend on frequency. At the

resonance frequencies they are as follows. For the 4/4 layer (tankl =o0),
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Z, =(pcSY 1Z,; (10.204)

forthe A/2 layer (tankl =0),

Z,=Z7,. (10.205)

In the common for underwater applications variant of loading shown in Figure 10.37 the im-
pedances acting on the ends of piezoelement are as follows: with A1/4 matching layers
Z, =[(pc); /(pc),]-S on the front, and Z, =oo on the back; with A/2 matching layers
Z,, =(pc), S onthe front,and Z,, =0 on the back.

Different combinations of the matching layers can be used depending on the requirements
for transducer properties. For getting a loading that is near to optimal in terms of acoustic power
radiated and ensures an acceptable bandwidth of the transducer operation (for the tradeoff be-
tween these properties see Section 3.1.5) the 4/4 layer must be used in front of the piezoele-
ment. In the situation that the bandwidth needs to be increased for improving conditions for
signal processing this can be achieved for expense of efficiency of the transducer by backing
the piezoelement with A/2 layer made of lossy material. Low loss A/2 layer in front of the
piezoelement may serve as acoustic window and simultaneously as a protective layer that seals
the transducer. Backing A/4 layer made of high-impedance material such as steel produces
clamping effect (Z,, = o0) on the end of the piezoelement, length of which must be reduced in
this case to 4/4 for retaining the same resonance frequency. The cross section that does not
move can be used for mounting transducer within a case without (or with minimal) additional
losses and interaction with the structure of the case.

Realization of the functions of the matching layers critically depends upon availability of
materials with appropriate properties (sound speed, characteristic acoustic impedance (pc),
and coefficient of absorption). Review of the materials used for these applications can be found
in Ref. 10. Most of them are composite materials synthesized from epoxy resins with addition
of proper fillers.

Quantitative estimations of input impedances of the matching layers made at resonance
frequency subject to change with deviation of operating frequency. Variations of values of the
input impedances in some frequency range around the resonance frequencies may be deter-

mined from approximate equivalent circuits with lump parameters that are presented in Ref. 10
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and shown in Figure 10.38. These circuits were obtained as result of decomposition of the trig-
onometric functions in formula (10.203) into series in vicinity of the resonance frequencies.

Resistances 7, and R , are introduced in the circuits to account for losses of energy in the

mL
layers. In the equivalent circuits M, = plS is the mass of the layer, C, =//YS - static compli-
ance of the layer, 7, =7° /2wC,-Q,, and R,, =20,/ wC,, where Q, is the quality factor of
the layer. It is shown that approximation of these circuits is valid within 3 dB bandwidth with

an error less than 10% for the layers with Q-factor larger than 3, which is usually the case.

YL
O
M2 2 52
=G 7 Z, =M GL ||r. (peS),.
T 2 Z,
o o
(a) (b)

Figure 10.38: Simplified equivalent circuits in the frequency range around the resonance for the

A/2 (a)and A/4 (b) layers loaded by impedance Z;.

10.5 References

1. D. A. Berlincourt, D. R. Curran, and H. Jaffe, Piezoelectric and Piezomagnetic Materials
and their Function in Transducers, in Physical Acoustics, Vol. I, Part A, edited by W. P.
Mason (Academic, New York, 1964).

2. B.S. Aronov, C. L. Bachand, and D. A. Brown “Analytical modeling of piezoelectric ce-

ramic transducers based on coupled vibration analysis with application to rectangular thick-
ness poled plates,” J. Acoust. Soc. Am. 126(6), 2983-2990 (2009).

3. B. S. Aronov, “Dependency of resonance frequencies and effective coupling coefficients
of piezoceramic rectangular bars and plates on aspect ratio (L),” J. Acoust. Soc. Am.,
138(3), 1481-1484 (2015).

4. B.S. Aronov and C. L. Bachand, “Piezoelectric cylindrical discs and solid rods: depend-
ence of the resonance frequencies and effective coupling coefficients on aspect ratio,” J.
Acoust. Soc. Am., 140(3), 2162-2172 (2016).

5. E. A. G. Shaw, “On the resonance vibration of thick barium titanate discs,” J. Acoust. Soc.
Am. 28, 38-50 (1956).

6. R.S. Woollett, Sonar Transducer Fundamentals. (Naval Undersea Warfare Center, New-
port, Rhode Island, undated).



10.5 References 321

7.

10.

D. Stansfield, Underwater Electroacoustic Transducers (Reprinted by Peninsula, Los Al-
tos Hills, CA, 2003).

C. H. Sherman and J. L. Butler, Transducers and Arrays for Underwater Sound (Springer,
New York, 2007).

Boris Aronov, “Application of the Tonpilz design for optimizing parameters of rod trans-
ducers,” J. Acoust. Soc. Am., 105, 1179 (1999) (A).

B. V. Smith and B. K. Gazey, “High-frequency sonar transducers: a review of current prac-
tice,” IEEE Proc., 131(3), 285-297 (1984).


http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=JASMAN&smode=strresults&sort=chron&maxdisp=25&threshold=0&pjournals=ARLOFJ%2CJASMAN%2CNOCOAN%2CSOUCAU%2CASASTR%2CPMARCW&possible1=aronov&possible1zone=article&OUTLOG=NO&sti=yes&viewabs=JASMAN&key=DISPLAY&docID=24&page=1&chapter=0
http://scitation.aip.org/vsearch/servlet/VerityServlet?KEY=JASMAN&smode=strresults&sort=chron&maxdisp=25&threshold=0&pjournals=ARLOFJ%2CJASMAN%2CNOCOAN%2CSOUCAU%2CASASTR%2CPMARCW&possible1=aronov&possible1zone=article&OUTLOG=NO&sti=yes&viewabs=JASMAN&key=DISPLAY&docID=24&page=1&chapter=0

Part IV

Some Aspects of Transducers
Designing



CHAPTER 11

EFFECTS OF OPERATIONAL AND ENVIRONMENTAL CONDITIONS

11.1 Introduction

The preceding Parts I-III were concerned with solving the direct problem of transducers de-
signing that is calculating the transducer’s output characteristics at specified input actions. It
was assumed in course of this treatment that operating and environmental conditions for the
transducers are ideal (small signals for the projectors, room temperatures, negligible external
pressure). Parameters of piezoceramic materials were assumed to be linear and independent of
these conditions. Content of this Part is related to considering the reverse problems of the de-
signing, which are the problems of achieving and optimizing transducer’s operating character-
istics at specified real environmental conditions and at as large as required levels of acoustic
radiation including the maximum possible level for a given transducer type. Practical environ-
mental and operating conditions result in external actions on the piezoceramic materials that
influence their parameters. The actions that affect parameters of piezoceramics and hence prop-
erties of transducers include the following.

Large variable mechanical stress and electric fields, under which high power projectors
may operate, that can reach the values beyond the linearity of the piezoceramic properties and
even cause mechanical failures or electrical breakdown of the transducer.

Large static mechanical stress that can arise both due to the hydrostatic pressure and due
to structural features of the transducers (e.g., static compression bias stress on the ceramics).
The static mechanical stress may induce instability of the piezoceramic properties and can result
in the destruction of the transducer.

Large temperatures, which may cause instability in the piezoceramic properties. In the case
of the high-power projectors, it is heating due to the internal energy losses that include dielectric
and mechanical losses in the piezoceramics.

As the results the estimations of maximum available power radiated under the optimal load,
and the value of the optimal load for projectors that were introduced in Ch. 3 by relations (3.126)

and (3.127),
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AE,  _A4E, . E[T,

r = ——-7 -] ~ —_—
optW mL s acm H
AT, AT, A A,

(11.1)

may change noticeably. Remember that coefficients 4, and A4, involve piezoelectric and elas-
tic properties of ceramics (see Table 3.5), and the permissible electric field and mechanical
stress, £, and T,, have values at which operation of a projector can be considered as linear
and reliable for long term operation. Besides, the values of resonance frequency that is propor-
tional to 1/ \/E and clamped capacitance, C° ~ g (1 —kj/f) , on which tuning the transducers
drastically depend, subject to change. Increase of tan d, may cause excessive heating of a trans-
ducer.

Properties of the receivers that are important for functioning of receive channel are the
specific sensitivity and tand, . They characterize a receiver as the source of signal and of the

internal noise, respectively. It follows from their expressions (3.181) and (3.175) that

k;
7, ~ kg Jsi and tang, = (1- k%) tan 5, +—L . (11.2)

mx

the mechanical

m 2

Here k,; is directly related to the coupling coefficient of the ceramics, £,

quality of transducer, QO

mx >

mainly depends on the radiation resistance though includes contri-
bution of the mechanical losses in ceramics.

So far, estimations of the listed transducer characteristics were made using parameters of
piezoceramics determined at small signals, at atmospheric pressure and at room temperature.
For the most usable PZT ceramic compositions they are presented in Table B.1 (Appendix B).
For informed designing the underwater transducers dependences of the ceramic parameters on
the operating and environmental conditions must be considered. The main results regarding the
limiting factors for the transducers operation and dependence of parameters of ceramic compo-
sitions on the external actions were published in s Refs. 2-112. The brief review of these results
is presented in the following sections. Before doing this some comments must be made to the

basic data for the ceramic parameters at small signals.

11.2 Parameters of Ceramics at Small Signals

Data on the parameters of piezoelectric ceramics at small signals are related to Morgan standard

original versions of the piezoelectric ceramics PZT-4, PZT-8, PZT-5A and PZT-5H (Navy
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types L. IIL, II. and VI, respectively). The same data are presented in Ref. 2 (Table VIII), in Ref.
1 (Table AS), and in Table B.1. As it is noted in Ref. 2, these low signal properties “...show
statistical and systematic fluctuations from batch to batch or within a given batch due to slight
chemical differences, variations in density, inhomogeneous chemical composition, variations
in grain size, varying response to the poling treatment, and so forth. Measured values of coef-
ficients mainly converge to those listed in typical table with variation of about 5% for elastic,
10% for piezoelectric, and 20% for dielectric constants”.

Moreover, the same is true regarding different versions of these basic ceramic brands pro-
duced by different manufacturers. Thus, the results of calculations that employ values of ce-
ramic parameters taken from the Table B.1 cannot be fully accurate. To increase accuracy of
predicting properties of a transducer design under development, parameters of the ceramics
must be used that are obtained as a result of batch-to-batch incoming control of piezoelements
provided by a particular manufacturer.

The variations that exist in the values of the small signal parameters of ceramics produced
by different manufactures can be significantly magnified with increase of the electric field,
dynamic stress and static stress, as it will be shown below. And these variations can be large
even if the initial small signal properties of the samples were similar. This makes an accurate
prediction of transducer parameters under the real operating conditions even more complicated.
Therefore, developing methods and capabilities for physical testing transducers at conditions
close to operating is of a great importance.

It is noteworthy that presenting fixed values for deviating parameters of ceramics under
high signals may be misleading without noting that these values are approximate and without
referring to available results of investigating parameters of ceramics under different operating

and environmental conditions.

11.3 Review of Published Results

11.3.1 Parameters of Ceramics at High Electric Fields

Investigating behavior of parameters of ceramics under strong electric field alone (without ef-

fects of high dynamic stress and/or hydrostatic pressure) has some reasons. One of the reasons
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(less important) is to make it possible estimating influence of other factors on change of the
ceramic properties. More important reason is that even for projectors of moderate power and
those intended for shallow water applications it may be required to operate under highest per-
missible electric field, E,, in case that transducer is overloaded or operating at frequencies
below resonance (the dynamic stress in this case may be relatively small, 7, <T,). Such situa-
tion may be typical for the spherical and extensional ring projectors, and for the bender trans-
ducers at certain radiation loading conditions.

In Figure 11.1 and Figure 11.2 dependencies are shown of dielectric constants &1, and
dielectric loss factor tand, for 24 hour aged PZT ceramic compositions vs. electric field.> As
operation of projectors may be accompanied by increase of temperature due to the dielectric

loss, these dependencies are presented for temperatures 25°C and 100°C.
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Figure 11.1: Dielectric constants &1, / &, vs. electric field. Solid lines - 25°C, dashed lines -
100°C; @ —PZT-5A, m —PZT-4, A —PZT-8.
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Figure 11.2: Dielectric loss factor tano, vs. electric field. Solid lines - 25°C, dashed lines -

100°C; @ — PZT-5A, m — PZT-4, A — PZT-8.
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Figure 11.3: Differences in dielectric properties of PZT-4 type ceramic samples produced by dif-

ferent manufacturers revealed by high electric field.

Advantage of PZT-8 composition is clearly seen especially at high temperature. It is noteworthy
that with increasing time of aging the changes of parameters reduce. Therefore, it is important
to know the history of the piezoelements that are used for transducers designing. It must be also
kept in mind that variation in the dielectric properties of samples made of the same type of
ceramic composition by different manufacturers may differ significantly under high-drive con-
ditions though their initial values at small signals can be similar. This is illustrated by results of
high-field measurements of PZT-4 samples produced by 3 manufacturers that are presented in

Figure 11.3 according to Ref. 4.

11.3.2 Effect of Dynamic Stress on the Mechanical Quality Factor 0, and Young
Modulus (Y =1/s%)
The conditions of high dynamic stress at relatively small electric field take place in operating
underloaded projectors in vicinity of their resonance frequency. In this case the dynamic stress
may have the maximum permissible value 7, =7, , whereas E, may be much less than E,,.
Such situation is typical for unmatched length expander bar projectors. Results of measuring
the quality factor O, and Y,” vs. peak dynamic stress (Ref. 5) are presented in Figure 11.4.
The measurements were made with well-aged (about 200 days) radially poled rings up to stress
of their mechanical failure (about 3—4 kpsi or 25 MPa). It is noted in Ref. 5 that extent of the

changes presented may be quite different for various modifications of the same ceramics.
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Figure 11.4: Dependencies of O, and YIF on dynamic stress perpendicular to polar axis; Solid

lines — PZT-4, dashed lines — PZT-5A.

In case the projector is optimal acoustically loaded (well-matched) both the electric field
and dynamic stress may reach their permissible values simultaneously, i. e., £, =E, and
T, =T, . No data exist on the combined effect of high electric field and dynamic stress on prop-

erties of piezoceramics.

11.3.3 Effects of Static Stress on the Properties of Piezoelectric Ceramics
At first, we consider effects of static stress, to which the mechanical systems of all the under-
water transducers both the receivers and projectors are subjected due to action of the hydrostatic
pressure or/and compression bias in a projector design. All the other limiting operating factors

are typical for high power projectors only.
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Figure 11.5: Air-backed cylindrical transducers: (a) schematic view, (b) perpendicular stress, (c)

parallel stress, (d) stripe-electroded.

In terms of effects of hydrostatic pressure on the properties of piezoelectric ceramics the
transducer designs can be divided into two groups: air-backed and hydrostatic pressure com-

pensated. Schematic representations of these groups of designs are shown in Figure 11.5
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through Figure 11.9. (The stresses are “perpendicular” and “parallel” to direction of polariza-

tion.)
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Figure 11.6: One-dimensional bender transducers: (a) perpendicular stress, (b) parallel stress.
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Figure 11.7: Mass loaded length expander transducer: (a) schematic view, (b) parallel stress, (c)

perpendicular stress.

(b)
Figure 11.8: Two-dimensional transducers (planar stress): (a) Sphere, (b) Circular bender.

Besides of the hydrostatic pressure, the structural elements that produce compression bias
in high power transducers to prevent mechanical failure of the transducers under dynamic stress
in phase of tension may be a source of the mechanical stress in the transducer piezoelements.
The variants of transducer designs with such structural elements are shown schematically in

Figure 11.10.
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Figure 11.9: Hydrostatic pressure compensated transducers: (a) cylindrical transducers with
acoustically isolated internal volume and (b) with open ends; (c) spherical and (d) bender trans-

ducers with acoustically isolated internal volume.
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Figure 11.10: Schematic views of transducer designs with static stress bias imposed on pie-
zoceramics: (a) fiber reinforced ring transducer, (b) Tonpilz transducer with central bolt, (c) rec-

tangular bender with compressing frame.

Magnitude of stress in the mechanical systems of air-backed transducers that are developed
under action of the hydrostatic pressure may be highly increased compared with magnitude of
the pressure itself due to mechanical transformation performed by a mechanical system. Thus,
the short rings (at #/2a < 0.5) with ends shielded (as shown in Figure 11.5) experience one-

dimensional compression stress in the circumferential direction, T;, which is

];:%Ph. (11.3)

In the case of the radial polarization the stress is acting in perpendicular, and in case of circum-
ferential polarization — in parallel to poling axis directions. Stress in a thin spherical shell is

two-dimensional compression in the plane perpendicular to the poling axis, and
h

T=1,=2p. (11.4)
t

In the case of a simply supported rectangular beam transducer (Figure 11.6) magnitude of the

stress changes through the thickness and over the length, and can be represented as
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(=22/1)-(16/50)(x=2x> 1 P +x* 1 1), (11.5)

| i max

075 P (11.6)

| i max

where

The stress is one-dimensional compression in the upper half of the beam (at z > 0) and tension
in the lower.In the case of simply supported circular plates (Figure 11.8) the stress is two-di-
mensional (7, in radial and 7, in circumferential directions). The maximum stress takes place

in the center of the plate. At this point
33+0)a’
g £~

|| =|T], = (11.7)

The stresses are compression in the upper half and tension in the lower half of the plate and
change along the radius. The stresses remain approximately equal at the central part of the plate
(up to r/a~0.5), and after this they differ, though this difference is insignificant for practical
estimation of effect of hydrostatic pressure on parameters of piezoceramics, of which the me-
chanical systems of the circular benders are built.

Given that in the practical designs it may be a/f~5+10 for cylindrical and spherical
transducers, and for the benders //¢ as well as a /¢ may be about 5, stress in the piezoelements
can be significantly larger than the hydrostatic pressure.

For presenting the hydrostatic pressure and stress in the transducers besides the standard
(SI) unit, which is Pa (N/m?), often are used in literature: psi (Ib/in?), technical atmosphere atm
(kg/cm?) and Bar. The unit’s conversions are: 1 psi = 6895 Pa; 1 atm = 101.3 kPa;

1 Bar =105 Pa. And the depth correspondence is: 1 m — 10 kPa; 0.1 atm = 1.46 psi. Given
that 1 m ~ 0.3 ft, these relations may be presented accordingly. Thus, 1 ft — 0.44 psi.

Both SI and psi units are used throughout the chapter to make it easier comparison with
previously reported data that are predominantly presented vs. pressure in psi. Operating and/or
survival depth for transducers may be up to the full Ocean depth. Putting aside possible extreme
conditions, the average depth of the Ocean can be taken about 4,300 m (14,000 ft) that corre-
sponds to the hydrostatic pressure P, =43 MPa (6.2 kpsi).

Thus, the compression stress on the ceramics within mechanical systems of air-backed
transducer designs, which are the most appreciable in terms of achieving the best electroacous-

tic characteristics, theoretically may reach values that are beyond the limits of mechanical
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strength of transducers. Moreover, parameters of piezoceramics subject to changes that may
result in significant degradation of transducers performance under compression stress that are
below the limits of mechanical strength. Following Ref. 2 the allowable (that do not produce
drastic change of ceramic parameters) compression bias stress and rated tensile stress are pre-

sented in Table 11.1 for several ceramic compositions.

Table 11.1: Allowable compression and rated tensile stress for piezoceramics.

One-dimensional compres- | Tensile dynamic and static .
sion MPa (kpsi) reneth Hydrostatic pressure
sireng MPa (kpsi)
[ € MPa (kpsi)
PZT-4 84 (12) 56 (8) 24 (3.5) 350 (5)
PZT-8 84 (12) 56 (8) 35(5.0) 350 (50)
PZT-5 21 (3) 14 (2) 28 (4.0) 140 (20)

Data presented in the Table must be considered as approximate. They were obtained with
small samples of the materials. Actual values may depend upon configuration and quality of
fabrication of piezoelements used in the mechanical systems of transducers. Besides, the data
are given for temperatures 25°C and may change with rise of temperature. The data were ob-
tained only with compression stress. As to the tensile stress, they are presented based on as-
sumption that the dynamical tensile strength of small specimens is approximately equal to the
static tensile strength. In Ref. 6 the difference was reported between tensile strength of PZT
ceramics and bending strength of a bar made of these ceramics. It was found that the bending
strength is about 1.7 times larger than the tensile strength for both perpendicular and parallel
directions of stress with respect to the poling axis. Possible reason for this may be the statistical
effect leading to influence of stress distribution in the body of specimens (see Eq. (11.5)), which
are different for both cases.

Thus, the allowed bending stress in the flexural type transducers may be increased approx-
imately in factor of 1.7 compared with the tensile stress given in the Table. Though the values
of stress in the Table are suggested as maximum allowable, the changes of ceramic parameters
within this range of static stress may be significant enough for being taken in consideration in

transducers designing. In operation the transducer is subjected to a maintained constant static
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stress (bias) and to a slowly variable compression stress due to changing of hydrostatic pressure.
Properties of piezoceramics may change with time of being under maintained stress and due to
variable stress in reversible and nonreversible way. These effects are dependent on orientation
of stress with respect to the polar axis. And they are different for the “hard” and “soft” materials
(PZT-4, PZT-8 and PZT-5, in particular). The most comprehensive analyses of the ceramics
behavior under pressure were made in Refs. 7-12. Their results are summarized below. Note
that values of stress will be given in kpsi, as this is done in the references. Effects of acting
stress depend on their orientation with respect to the axis of polarization.

Noteworthy is that the most results of testing were obtained in the referenced works with
ceramic specimens of small size (predominantly % inch cubes) under unidirectional action of
static mechanical stress developed by a press. Applying the compression force and direct meas-
urement of static charge and strain (the latter being produced by metal foil gauges bonded to
surfaces of the specimens) required great precautions for achieving an acceptable accuracy of
the results. While results obtained with small specimens may be appropriate for investigating
physical properties of the piezoceramic materials per se, the accuracy of their application for
predicting properties of transducers may be questionable. Especially this is true regarding trans-
ducers, in mechanical systems of which distribution of hydrostatic stress is inherently nonuni-
form (e.g., in flexural type transducers). Besides, effect of the static stress may depend on ge-
ometry (aspect ratio) of a piezoelement used. (To some extent different results were observed
by authors of the referenced works even on small samples having different aspect ratios.) More
appreciable in this sense would be performing testing under pressure the full size piezoelements
in the real transducer designs. One of such possibilities is reported in Ref. 15, 16. Brief descrip-

tion of the experimental technique and results obtained therein are presented in Section 11.4.

11.3.3.1  Effects of Compression Stress Acting Parallel to the Polar Axis

Piezoceramics is subjected to compression stress parallel to the polar axis in the mechanical
systems of circumferential poled rings and in outer half of transversely poled rectangular bend-
ers (item (c) in Figure 11.15 and item (b) in Figure 11.6). Note that the inner half of the bender
is subjected to parallel tension, and behavior of parameters of ceramic under this action was not

investigated. In the rings and rectangular benders with striped electrodes ceramics experiences
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combined action: parallel to polar axis stress in the main part of the volume and perpendicular
stress in some parts. Behavior of parameters of ceramics in the piezoelements of this type was
not previously investigated. Some results in this respect were reported in Ref. 16 and are pre-

sented in Section 11.4.1.

11.33.14 PZT-4

Typical effects of the reversible and non-reversible changes of ceramic parameters are illus-
trated with example of behavior the dielectric constant &1, / &, of PZT-4 vs. parallel compres-
sion stress acting in cycles up to 140 MPa (20 kpsi) are shown in Figure 11.11.
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Figure 11.11: Dependencies of 83T3 / &, vs. parallel compression stress in course of the first, sec-

ond and forth cycles of changing the stress.

During the first cycle of exposure to maximum stress a dramatic raise of about 80% takes
place of initial value, which is indicated in specification for the ceramics. In the end of the cycle
at zero stress 7, =0 the value of dielectric constant remains non-reversibly increased in about
13% of the initial value. The second and forth cycles of exposure to the pressure show the same
kind of dielectric constant reversible behavior during the cycle, and gradual raise of non-re-
versible change of its value at 7, =0 (up to 22% in the end of the 4th cycle).

Such changes of the dielectric constant in process of transducer operation are not accepta-
ble. For the transmit channel they will result in dramatic detuning with a projector and loss of
efficiency. Therefore, the allowable level of the parallel stress for PZT-4 in the Table 11.1 is
restricted by 84 MPa (12 kpsi). (Strictly speaking, this should include allowable exposure to
the survival depth.) In the range of stress below this level behavior of ceramics parameters vs.

compression stress remains qualitatively similar, but quantitatively the values of parameters
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after maintained exposure to maximum stress (at 7; = 0) and maximum values of reversible
changes under variable stress (at variable submergence depth conditions) may be much more
modest. Two dependencies are presented in Figure 11.12 of the relative values of dielectric
constant &.(7;)/ &5(0) for PZT-4 from maximum parallel compression stress ( £5(0) is the
initial value before exposure to the stress). The lower curve represents the values after long
exposure to the stress 7, (value stabilized, or “aged” at this stress). It is shown that the finite
(stabilized) value is reached after about 5-10 cycles of exposure to the maximum stress. The
upper curve represents the value, to which the dielectric constant may be reversibly changed at
the maximum stress.
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Figure 11.12: Dependencies of values of dielectric constant &5 (7;)/ &€1,(0) vs. parallel compres-
sion stress: (1) at T, =0 after long exposure to the stress, (2) at the maintained stress 7} . Solid

lines — for PZT-4, dashed lines — for PZT-8.

With stress changing from 0 to a specified maximum value of 7} the dielectric constant
will change in reversible way with hysteresis that is less than those shown in Figure 11.11
roughly proportional to ratio of maximum stresses. For example, for the maximum stress 7, =
35 Mpa (5 kpsi), which corresponds to operating depth about 700 m for the air-backed circum-
ferentially poled ring having ratio a/t =5, increase of dielectric constant between its value
that it has close to surface and at the operating depth will be about 18%.

Analogous dependencies of the piezoelectric modulus d,, and tand, vs. compression

stress are illustrated in the similar way in Figure 11.13(a) and (b), and Figure 11.14.

11.3.3.1.5 PZT-8
Behavior of PZT-8 ceramics under parallel compression stress is similar to that of PZT-4 but

has a smaller range of change. This is illustrated by dependencies of the dielectric constant &,
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and piezoelectric modulus d,, vs. compression stress 7;, that are shown in Figure 11.12 and

Figure 11.13 by the dashed lines.
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Figure 11.13: Dependencies of values of d, vs. parallel compression stress: (a) in course of the

fourth cycles of changing the stress for PZT-4, and in the 4th cycle for PZT-8; (b) at 7; =0 after

long exposure to the stress (1), and at the maintained stress 7; (2). Sold lines — for PZT-4, dashed

lines — for PZT-8.
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Figure 11.14: Dependencies of values of tand, for PZT-4 vs. parallel compression stress: (1) at

the maintained stress T}, (2) at T, =0 after long exposure to the stress.

But the main advantage of PZT-8 ceramic has under the compression bias at high drive condi-

tions, which are typical for its application for projectors.

11.33.1.6 PZT-5A

Behavior of parameters of “soft” PZT-5 ceramics vs. parallel compression stress is quite differ-

ent. Values of the dielectric constant &!;, and piezoelectric modulus d,; degrade sharply in

course of the first cycle of exposure to the stress after its value reaches about 8kpsi.
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Figure 11.15: Dependences of parameters PZT-5A vs. compression stress 7 in course of the first
exposure to the stress: (a) dielectric constant 8373 / &, , (b) piezoelectric modulus d,, . Note that

the lower plots are related to exposure to maximum stress 10 kpsi that is more typical for PZT-5.

This is illustrated with dependencies of these parameters vs. the stress shown in Figure 11.15(a)
and (b). (By this reason the allowed stress in Table 11.1 is restricted by 8 kpsi.)

A favorable property of PZT-5 is that degradation of its parameters under maintained stress
is less than for the “hard” materials. In Figure 11.16 comparison is made of relative changes of
dielectric constants and piezoelectric moduli of PZT-4 and PZT-5 vs. time of exposure to com-
pression stress 73 = 10 kpsi.

Important peculiarity of PZT-5 (as of all the “soft” materials) is that no stabilization of its
parameters after a certain number of cycles of exposure to operating compression stress occurs,
unlike this is with “hard” ceramic materials, in which case stabilization of parameters takes
place after few cycles of the exposure. This is illustrated with Figure 11.17, where behavior of
dy; is shown vs. number of cycles of exposure to stress 7; = 10 kpsi for PZT-5 and PZT-4.

Thus, it can be recommended to avoid using PZT-5 ceramics for designing transducers that

are intended for frequent submergences (exposure to cycling compression stress).
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Figure 11.16: Behavior of the relative values of piezoelectric moduli d,, and dielectric constants

€3T3 under exposure to maintained stress 7; = 10 kpsi: solid lines — for PZT-5A, dashed lines —

for PZT-4.
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Figure 11.17: Values of piezoelectric modulus d,; vs. number of stress cycles up to stress I, =

10 kpsi: solid lines — for PZT-5A, dashed lines — for PZT-4.

11.3.3.2  Compression Stress Perpendicular to the Polar Axis
Piezoceramics is subjected to compression stress perpendicular to the polar axis (or lateral
stress) in the mechanical systems of radial poled rings and in outer half of transversely poled

rectangular benders (items (b) in Figure 11.5 and item (a) in Figure 11.6). Note that the inner
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half of the bender is subjected to perpendicular tension, and behavior of parameters of ceramics
under this action was not investigated. The main peculiarity in behavior of parameters of ce-
ramics under the lateral stress is that piezoelectric modulus d;, reduces under lateral stress (7,
), whereas d;, rises for all the ceramic compositions. Piezoceramics become anisotropic in the
plane perpendicular to the polar axis. This effect is large even for “hard” PZT-4 and PZT-8
piezoceramics and is especially pronounced for the “soft” PZT-5A and PZT-5H. Besides PZT-
5 suffer remnant changes in ratio d;, / d,, after exposure to the stress. This is illustrated with
plots in Figure 11.18 — Figure 11.20, where dependencies of d;, and d,, are shown in the 4%
cycle of exposer to the lateral stress (with increase of number of the cycles the dependencies

remain practically the same).
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Figure 11.18: Dependencies of d,, and d,, vs. lateral stress T, in 4™ cycle of exposure to the

stress; PZT-4.
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Figure 11.19: Dependencies of d;, and dj, vs. lateral stress 7} in 4™ cycle of exposure to the

stress; PZT-8.
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Figure 11.20: Dependencies of d,, and d,, vs. lateral stress T, in 4" cycle of exposure to the

stress: (a) PZT-5A, (b) PZT-5H

Ranges of stress for PZT-5A and PZT-5H are reduced because of stronger change of pie-
zoelectric moduli vs. stress.

As it was noted regarding the case of exposure to the parallel stress, in the range of stress
below the maximum levels in cycles shown in Figure 11.18 — Figure 11.20 behavior of d,, and
d,, vs. compression stress remains qualitatively similar, but quantitatively differences of their
values at maximum operating stress I, and after removal of the maintained exposure to this
stress (i.e., at 7, =0 ) are less pronounced. The plots are presented in Figure 11.21 and Figure
11.22 analogous to those shown in Figure 11.13 for making quantitative estimations of the val-
ues of piezoelectric moduli at different operating conditions. Dependencies are shown of the
relative values of piezoelectric moduli d&;,(7})/d;,, and d,,(T; =0)/d,,,, (where i=1,2 and
d,,,, 1s the initial value before exposure to the compression stress). The lower curve represents
the values after long exposure to the stress 7, (stabilized, or “aged” at this stress). It follows
that the finite (stabilized) values are reached after about 5-10 cycles of exposure to the maxi-
mum stress 7, = 10 kpsi. The upper curve represents the level, to which the value of may be
reversibly changed at the maximum stress. At each maximum operating depth values of d;;
change vs. variable depth submergence qualitatively in the way as shown in Figure 11.19. For
example, at the operating depth that corresponds to stress 7, = 10 kpsi the changes occur be-
tween the values in points indicated as min and max.

Plots in Figure 11.21 and Figure 11.22 show that “aging” of the piezoelectric moduli under

the maintained lateral compression is not significant for “hard” piezoelectric ceramics and is
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rather severe for “soft” PZT-5A and PZT-5H ceramics. Remnant increase of d,, after pro-
longed exposure to compression stress 7; =10kpsi is about in factor of 1.2. This property of
PZT-5 materials theoretically can be used for improving hydrophones based on their employ-
ment. How this can be done is illustrated with Figure 11.23. It is noteworthy though that no
data were available regarding behavior of thus improved transducers under compression stress

T, until later investigation reported in Ref. 15. The results of this investigation are presented in

Section 11.4.2.
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Figure 11.23: To the improving piezoelectric modulus in “working” direction of the piezoelements
after subjecting them to prolonged compression in the direction perpendicular to the polar axis:
(a) ring transducer, (b) length-expander side-electroded bar, (c) piezoelements for the rectangular

bender transducer.

Effect of the lateral stress on the dielectric constants is relatively small. The nature of
changing dielectric constants under varying stress is shown in Figure 11.24 for the “hard” and
in Figure 11.25 for the “soft” ceramics with examples of the 4th cycle (for greater number of
the cycles the dependencies remain qualitatively similar). In the same figures are also presented
the dependencies that show correlation between the temporal and maximum reversible changes

of the dielectric constants under stress that may correspond to different operating depths.
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Figure 11.24: Dependencies of values of 6‘3T3 / &, vs. lateral compression stress: (1) at 7, =0

after long exposure to the stress, (2) at the maintained stress 7, : (a) for PZT-4, (b) for PZT-8.

Knowing behavior of tang, vs. lateral compression stress is important for designing pro-
jectors that employ transverse piezoeffect. These dependencies measured at small electrical
signals are shown in Figure 11.26 for PZT-4 and PZT-8. It is of note that no data is available in

literature on the combined effect of the large electric fields and lateral stress on tand, .
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Figure 11.25. Dependencies of values of 83T3 / &, vs. lateral compression stress: (1) at 7, =0
after long exposure to the operating stress, (2) at the maintained stress 7T} : (a) for PZT-5A, (b) for

PZT-5H.

Analysis of the data regarding behavior of parameters of ceramics under the lateral stress
leads to conclusion that the advantage of “soft” PZT-5 ceramics as material for designing hy-
drophones holds for shallow water applications. Judging by value of parameter d, /4/el, that
is related to the specific sensitivity y,, of a hydrophone (see (11.2)) even at moderate depths
PZT-4 ceramic may successfully compete in this respect, especially in terms of stability under

pressure.
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Figure 11.26: Dependences of tand, vs. lateral compression stress: (1) at 7; =0 after long ex-

posure to the stress, (2) at the maintained stress 7T, : (a) PZT-4, (b) PZT-8.

11.3.3.3 Two-dimensional Compression Stress in Plane Perpendicular to the Polar Axis
These conditions exist in spherical transducers and with reasonable approximation in circular
bender transducers shown in Figure 11.8. The most comprehensive data on behavior of ceramic

parameters under the varying planar stress 7, =7, =T, up to 7, = 240 Mpa (35 kpsi) are
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presented in Ref. 11. Changing of the dielectric constants &, , elastic constants sf =2(s] +5)
, piezoelectric moduli d;, and coupling coefficients k, were measured at small signals for
PZT-4 and PZT-5 ceramics. The dielectric constant and dielectric loss factor tano, were meas-
ured also as functions of simultaneously acting driving electric field up to £ =3 kV/cm (rms)
for PZT-4. The testing were conducted with spheres having diameter to thickness ratios
D/t=20 and D/t =12 under the hydrostatic pressure up to 48 MPa (7 kpsi) that corresponds

approximately to the full Ocean depth (on average). The results obtained are presented in Figure

11.27 — Figure 11.31.
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Figure 11.27: Properties of PZT-4 under maintained planar stress.

Results presented in the figure were obtained in the first cycle of pressure with fresh sam-
ples. Measurements made in successive stress cycles showed that parameters of PZT-4 ceramics
remained approximately independent of number of the cycles.

Unlike for PZT-4 the values of ¢.; and d,, for PZT-5 ceramics depend on the number of
cycles. They reach stable values after approximately 20 cycles of exposure to an operating pres-
sure. This is shown in Figure 11.29.

Thus, parameters of transducers made of PZT-5 ceramics that experience planar static com-
pression can be stabilized (though to the lower values) before they are used for applying multi-
ple cycles of operating pressure. After such stabilization the properties of PZT-5 almost do not
change in time under the operating pressure. In opposite the PZT-4 ceramics exhibits a signifi-
cant aging in time under the same stress conditions, as this is shown in Figure 11.30 for the
dielectric constant &;. This must be taken into consideration when designing the spherical

transducers for deep water applications.



11.3 Review of Published Results 345

1 o 1
w C\
Y 0 = \\
e g >
kS = 03 \\
s £, RIS "
Z 06 \T\ i \\\\
E k\ 5 06 {\*\.\\
S 04 ™~ ©
0.2 04
0 a5 1 15 2 25 ’ o 05 1 15 3 25
Planar Stress 10° (N/m?) Planar Stress 108 (N/m?)
(a) (b)
2.2
W 2
T 18
= s
Z 16 e
£ e
5 14
5 . el
g
0.8
0 05 1 15 2 25
Planar Stress 10% (N/m?)
(©
Figure 11.28: Properties of PZT-5 under maintained planar stress in the first two cycles on a fresh
sample: o - first cycle, ® - second cycle.
12 12 ‘
1 i
1 100 psi
0.8 e
W k 0 psi g
. 06 p— L - Zos
W o i
S
04 =) N 7000 psi
100 psi ~<"0.6
0.2
0 0.4
0 20 40 60 80 100 0 20 40 60 80 100
Number of cycles Number of cycles

Figure 11.29: Effect of repeating pressure cycles on relative values of parameters of PZT-5 ce-

ramics (in factions of unity).

Important for designing the spherical projectors made of PZT-4 ceramics are the data on
behavior of the dielectric constant &;; and dielectric loss factor tand, under combined action

of the planar compression and electric field that are presented in Figure 11.31.
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Figure 11.30: Aging of the dielectric constant 83T3 of ceramics under the planar stress 250 MPa;

solid line — PZT-5, dashed line — PZT-4.

14

1.2

0.8

E5s/E0

0.6

0.4

0.2

Planar Stress 108 (N/m?)

(a)

o 012
E / 3.0 ‘
01
o~ E / kV/em ‘
——--..%\ T 0.08 /
kV/em =
k\ " £ o006 Pl 2.0
3.0 o /
\\\ 5 004 _—
U
k L0 s / — 10
0.025 S 002 F— -
o
L 0.025
0
1 2 3 0 3

1 2
Planar Stress 10% (N/m?)

(b)

Figure 11.31: Dependence of the dielectric constant 83T3 and dielectric loss factor tand, of PZT-

4 from planar compression under different driving fields.

Comparison with analogous dependencies for the case of parallel one-dimensional com-

pression at the same level of stress (see Figure 11.36) shows more severe raise of the loss factor.

11.3.3.4  Effects of the Hydrostatic Compression on Ceramics Parameters

In this case the piezoelements experience hydrostatic (uniform three-dimensional) compression

in the pressure compensated transducer designs shown in Figure 11.19. There is no transfor-

mation of external pressure in the mechanical systems of these transducer designs. Therefore,

the three-dimensional compression stresses do not exceed 7, = 243 Mpa (6.2 kpsi) at full (in

average) Ocean depth. Such actions on the ceramics are relatively small compared with those

that are experienced in the air-backed designs. The hydrostatic compression has relatively little
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effect on the domain’s reorientation, and its effect on the ceramics properties is much less (up

to one order of magnitude) than with other stress configurations, as this is noted and experi-

mentally confirmed in Ref. 9 for piezoceramics PZT-4. Thus, the percentage change of the
piezoelectric moduli d,, and d,, over their initial values at atmospheric pressure with increase
of the hydrostatic pressure up to 10 kpsi was less than 7%, as it follows from Figure 11.32. The

initial values of piezoelectric moduli were d;, =254-10" m/V and d,, =124-10" m/V with

deviations between the tested samples about 2%.
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Figure 11.32: Variations of the piezoelectric moduli d,, and d,, with hydrostatic pressure.

Variations of the dielectric constant &, and dielectric loss factor tand, with hydrostatic

pressure at different electric fields applied are shown in Figure 11.33.
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The increase of the relative dielectric constant over its reference value at small signals and
atmospheric pressure (that was &, /£, =1190) at E =2 kV/cm and 7, = 10 kpsi is about 8%,
whereas for PZT-4 ceramics with parallel stress 7, = 10 kpsi it was about 30%. It must be noted
that for a ring transducer of air-backed design having radius to thickness ratio a/t = 5 this stress
would correspond to operating depth about 1400 m, whereas for the pressure compensated (free
flooded in particular) design — to about 7000 m. Dielectric loss factor changes not significantly
under hydrostatic pressure compared with its increase vs. electric field at atmospheric pressure.
It is noted in Ref. 10 that variations in the pressure and field dependences for samples from
different batches or produced by different manufacturers may be significantly greater than it
could be expected from deviation of the same parameters at low signals and atmospheric pres-
sure.

The dielectric properties at high electric field reach their values shortly after application of
the hydrostatic pressure and remain stable in time afterwards. Small changes of parameters
under pressure and their time stability make transducers of pressure compensated design espe-
cially suitable for deep water applications. Though some complications regarding the frequency
responses and directional factors of such transducers may arise due to additional acoustic effects
that accompany designs of this kind. Influence of these effects on transducer parameters will

be considered in Ch. 13.

11.3.3.5 Combined Effect of the Compression Bias and Hydrostatic Pressure

This combination of the stress is typical for pressure compensated (free flooded in particular)
projector designs shown in Figure 11.10, in which the compression one-dimensional stress bias
is imposed on ceramics in order to increase dynamic strength of the transducers by avoiding
tensile strain. Ceramics in the prestressed projectors is usually aged under the compression bias
prior to subjecting to hydrostatic pressure. Effect of superposing the hydrostatic pressure and
one-dimensional compression bias, under which the ceramics was aged, on the high-field die-
lectric properties of PZT-4 ceramics was considered in Ref. 10. Results of testing samples sub-
jected to parallel compression bias of 2, 5 and 10 kpsi under the hydrostatic stress up to 10 kpsi
showed that percentage change of the high-field dielectric properties ( 1 and tan 0, ) over their

values aged under the bias is approximately the same, as under action of the hydrostatic stress
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alone. This is illustrated with plots in Figure 11.34 with 5 kpsi bias stress only, but effect of the
magnitude of the bias stress on the dependence of parameters on the depth is small. It is noted

also that the results did not depend on number of pressure cycles.
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Figure 11.34: Variation of the (a) dielectric constant 83T3 and (b) tan d, with hydrostatic pressure

for PZT-4 ceramics subjected to 5 kpsi parallel bias stress.

11.3.3.6 Combined Effect of Parallel Compression Stress and Ac Electric Field on Pie-

zoceramics Parameters
The parallel compression bias is the most typical for the projectors. Therefore, the combined
effect of the parallel stress and electric field on parameters of piezoceramics is of a great inter-
est. Dependencies of the dielectric constants and tand, vs. electric field at different compres-

sion stress are presented in Figure 11.35 and Figure 11.36.
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Figure 11.35: Dependencies of 832 / &, vs. electric field (in rms) at different values of compres-

sion stress: PZT-8 — solid lines, PZT-4 — dashed lines.
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Figure 11.37: Dependencies of tan o, vs. electric field (in rms) at different values of compression

stress for PZT-5A.

They show clear advantages of PZT-8 ceramics for the high drive applications. In Figure 11.37
dependencies of tan o, vs electric field are shown for the “soft” PZT-5A ceramics that is not
intended for application in high drive transducers due to large dielectric losses, particularly at

high electric fields and under the static pressure.

11.4  Testing in High Pressure Air Chamber

The most natural way of investigating behavior of electromechanical parameters of piezoceram-
ics in real piezoelements used in the transducer designs would be testing the transducers under
changing hydrostatic pressure in the water filled pressure vessels (tanks). The most accurate

measurements of the parameters in principle can be made by the dynamic resonance-
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antiresonance method. But this method cannot be used in a water filled tank because of acoustic
loading of the transducers and possible tank resonances.

Thus, for example, when investigating parameters of ceramics under the planar stress with
spheres subjected to hydrostatic pressure in water filled vessel, for getting results authors of
Ref. 10 were forced to use strain gauges and the reciprocity method for determining the low
frequency sensitivity of the transducer. This made the measurement procedure quite compli-
cated and significantly reduced accuracy of the results.

The above problems can be overcome, if to perform testing in the air pressure vessel (or
small chamber) having sufficient pressure multiplied by volume ( PS -7 ) capabilities. Equip-
ment for such purposes is not commercially available and have to be custom made. But this is
a solvable engineering problem and being once built the equipment of this kind may allow a
broad spectrum of investigations of transducer parameters under pressure using the most accu-
rate dynamical measurements. Examples of performing testing the piezoelements under pres-
sure in the air chamber are presented in Ref. 15 and 16. All the experiments were performed in
a custom air pressure chamber with air pressure capabilities up to about 10 MPa (= 1500 psi)
that corresponds to 1000 m of operating depth for a transducer. Parameters of the piezoelements
were measured by an Impedance Analyzer. Two subjects were considered: (a) effects of static
circumferential stress on the piezoelectric properties of tangentially polarized stripe-electroded
cylinders, which could not be predicted based on the available dependencies of parameters un-
der the parallel and lateral stress due to nonuniformity of the electric field of polarization; (b)
possibility of increasing piezoelectric effect in radially polarized soft PZT cylinders by pressure
treating that was predicted in earlier work” but never practically implemented. The results ob-

tained are presented in the following sections.

11.4.1 Effects of Static Circumferential Stress on the Piezoelectric Properties of
Tangentially Polarized Stripe-Electroded Cylinders

Electric field of polarization in the tangentially polarized (stripe-electroded) piezoelements is
inherently non uniform. Schematic representation of the electric field geometry that was sug-
gested and used for analysis of electromechanical properties of the piezoelements in Ref. 17 is

shown in Figure 11.38. In the stripe-electroded cylinders the stress acting in the circumferential
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direction produces predominantly longitudinal piezoeffect in the region 4 and predominantly
transverse piezoeffect in the region B. As a result, the effective piezoelectric modulus of the

tangentially polarized piezoelement reduces in comparison with those under regular

Figure 11.38: Representation of the electric field in the tangentially polarized (stripe-electroded)

piezoelement

longitudinal piezoeffect, which is quantitatively estimated in Section 7.2.2.1.2. Qualitatively
the value of effective piezoelectric modulus of the tangentially polarized piezoelement can be
represented as

d, Ad,, —B|a’31

s = s (11.8)

where coefficients A and B depend on the geometry of the piezoelement and electrodes (thick-
ness ¢, / and A, in particular). Thus, it can be expected that sensitivity of the effective electro-
mechanical parameters of the tangentially polarized piezoelements to compression circumfer-
ential stress can be different from those under the stress parallel to polar axis considered above.
The more so, as behavior of the parameters under the parallel and perpendicular to polar axis
compression stress is different. For verifying this assumption and for getting information that
was not available from previous works, dependencies of the effective electromechanical param-
eters of the stripe-electroded piezoelements from the compression stress produced by the hy-
drostatic pressure were investigated.

The testing was performed using a custom air pressure chamber capable of producing pres-
sure up to P = 10 MPa (= 1500 psi) with samples of the stripe-electroded cylinders made of
commercial hard PZT-4 like piezoceramics (further referred to as samples /) and commercial
soft PZT-5A like piezoceramics (further referred to as samples /7). Dimensions of the cylinders

(mean diameter 2a = 35 mm, height 4 = 13 mm, thickness #= 3.15 mm) insured close to uniform
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circumferential stress distribution under the external pressure. The samples had N = 12 striped
electrodes of A = 1.5 mm width. The cylinders were installed in the fixture shown in Figure
11.39 that imitated the air-backed transducer design. The pressure P in the chamber and the

circumferential stress T, in the cylinders were related as 7, = P-(a/t)=5.5P.

+—— 1
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Figure 11.39: Schematic view of the fixture for exposing the samples to the external pressure; 1 —

end cap, 2 — o-ring, 3 — tangentially polarized piezoelectric cylinder, 4 — leads from internal vol-

ume

In process of the testing the samples were subjected to increasing and decreasing stress
cycles ranging from 0 up to 8250 psi with 825 psi increments. At each pressure step all the
parameters ( f;, f,.,C,, ) were measured with an Impedance Analyzer. The effective electro-
mechanical parameters of the stripe-electroded cylinders were calculated from results of the
measurements by the following formulas (see Section 7.2.2.1.2):

the effective coupling coefficient,
k;eﬁ =1-(f./f,); (11.9)
the effective dielectric constant,

CL/' th
Sy =T 7 (11.10)
o

where N is the number of stripes and / is the separation between the stripes:

the effective elastic constant,
Siqﬂ-ZI/ﬁ2(2ﬁa)2p (11.11)

the effective piezoelectric modulus,
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Ay = ks \’gsrse_ffsfzqf’ : (11.12)

In Figure 11.40 -Figure 11.43 are presented results of the 4-th circle of the testing. After
the first cycle of testing some remnant changes were observed in results of measurements, and

after the second circle they practically stabilized.
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As it follows from plots in Figure 11.42 and Figure 11.43, the relative change of the effec-

tive dielectric constants and piezoelectric moduli of the tangential polarized piezoelements
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made both from the hard and soft ceramics under the circumferential compression stress (shown
by the solid lines 7 and 7]) are less pronounced than for the PZT-4 and PZT-5A ceramics under
compression stress parallel to the polar axis, as was reported in Ref. 8 (shown by the dashed
lines 7 and 7]). It is noteworthy that analogous comparison for the elastic constants and coupling
coefficients cannot be made, because data on their sensitivities to the parallel compression stress

for regularly polarized ceramics are not available from literature.

11.4.2 Increasing Piezoelectric Effect in Radially Polarized Cylinders Made of Soft
PZT Ceramics by Pressure Treating

It was shown in previous investigations (Ref. 7) that piezoceramics became anisotropic in the
plane perpendicular to the polar axis being subjected to the lateral (perpendicular to the axis of
polarization) compression stress. Namely, the piezoelectric modulus d;, reduces under lateral
stress, whereas d,, rises for all the piezoceramic compositions. The changes in ratio d,, / d,,
for PZT-5A and -5H piezoceramics became remnant after exposure to the first cycle of the
stress and then remain practically the same after the subsequent cycles. This is illustrated with
plots in Figure 11.20(a) and (b), where dependencies of d,, and d,, are shown in the 4™ cycles
of exposure to the lateral stress for PZT-5A and -5H piezoceramics. The effect of uniaxial com-
pression prestress on the properties of soft PZT piezoceramics was also investigated recently in
Ref. 18, and the results obtained agree with previously predicted.

This property of the soft piezoceramics can potentially be used for improving parameters
of transducers after the pressure treating of their piezoelements by applying the compression
force as is illustrated in Figure 11.23 with examples of side-electroded length expander bar,
hollow cylinder, and rectangular flexural plate. Without doubts these improvements can be used
in the transducers intended for applications in air or in shallow water. But the question arises
regarding behavior of parameters of the pressure treated piezoelements under significant oper-
ating hydrostatic pressure. Obviously, in the air-backed designs of the transducers operating
hydrostatic pressure must produce a reverse effect on the piezoelectric moduli, and it can be
expected that at some level of the pressure their values may return to original before treatment.

Investigation of the possible applications in the transducer designs of the pressure treated



11.4 Testing in High Pressure Air Chamber 357

piezoelements in the shape of cylinders was reported in Ref. 15. The results obtained are sum-
marized below.

All the testing were performed in the same air pressure chamber that was referred to in the
previous section. Samples of the radial poled cylinders with mean diameter 2a = 35 mm, height
h =13 mm, and thickness ¢ = 3.15 mm made of commercial soft PZT piezoceramics (further
referred to as ceramic A) were used for the experimenting. The aspect ratio #/2a = 0.35 guaran-
teed that deformation of cylinders was one-dimensional both in axial and circumferential direc-
tions. The experiments were performed with three prototype configurations that are schemati-
cally illustrated with sketches in Figure 11.44 (a), (b) and (c¢). They insured different actions of
stress in the cylinders depending on the goal of the experiment. Analogous cylinders made of
Navy Type-I piezoceramics (further referred to as ceramic B) were tested simultaneously in the
same way for comparison.

In the case (a) the cylinders were exposed to axial stress 7, =(S

cap

/S..) P, where
Sep = mfjlp with 7, =27.5mmand S, =27at is the cross-section area of the cylinder. Thus,
T, =(a/t)-P=6.6-P . In the case (b) surface of the cylinder with ends mechanically isolated
from the caps was exposed to the radial pressure that imitated stress conditions in the air-backed
transducer design. Correlation between the pressure applied and circumferential stress 7, in
ceramic was T, =(a/t)-P=5.5-P . In the case (c) the bare cylinders were subjected to pres-

sure over all the surfaces that imitated hydrostatic stress conditions in the pressure equalized

(liquid filled) transducer design.
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Figure 11.44: Schematics of the prototypes designed for testing cylindrical piezoelements under
the external actions: (a) in course of the pressure treating; (b) under condition of use in the air-
backed design; (c) for application in the pressure equalized (liquid filled) design. 1 — piezoceramic

cylinder, 2 — polyurethane boot, 3 — mid-section/central support, 4 — end cap
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All the prototypes were subjected to increasing and decreasing cycles of pressure ranging
from 0 up to 1500 psi in 150 psi increments. The pressure was held for 10 minutes at each
increment step and was maintained for 30 minutes at 1500 psi. Electromechanical parameters
of the samples were determined from results of measuring with Impedance Analyzer by stand-

ard formulas from Ref. 19.

11.4.2.1 Results of the Pressure Treating

Only the capacitance and conductance of the cylinders could be accurately measured in the
course of testing under the axial pressure, because the resonance and antiresonance frequencies
were subjected to change due to attachment of the caps used for application of the pressure.

Changing of all the other parameters were determined after the pressure was released.
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Figure 11.45: Dependences of the relative change of (a) dielectric constant &.,(7;)/ &1,(0) and

(b) dielectric loss factor tano(7;)/tan 0(0) from axial stress 7, . For ceramic A — solid line, for

ceramic B — dashed line.
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Dependence of the dielectric constant and dielectric loss factor on axial stress 7, up to 7]
~ 10 kpsi (= 70 MPa) that corresponds to maximum pressure in the chamber P = 1500 psi are
presented in Figure 11.45. These data can be used in case that the axial vibration of the radial
polarized cylindrical piezoelement is employed (e.g., in the Tonpilz like design).

Relative change of parameters of the pressure treated piezoelements (marked with 7, in
parenthesis) in comparison with their values before the treating (marked with primes) are sum-
marized in Table 11.2. Results of the testing of five samples of cylinders 4 were in close agree-
ment, therefore the averaged data are presented in the Table. These results proved to be stable
with time. Presumably, greater increase of d,, and k,, could be achieved for cylinders made

of PZT-5H ceramics, as it follows from comparison between plots in Figure 11.20 (a) and (b).

Table 11.2: Summary of parameters of piezoceramics before and after treating by stress 7.

Parameters | K3 (1)) &L (Ty) so(Ty) d,,(T,) tan 5(T))
ks, & sk dy, tan &’
Values 1.21 0.88 1.04 1.16 0.950

It is noteworthy that the pressure treating of the cylinders could be performed under the
static pressure in a water filled chamber, as well as under pressure mechanically applied to the
caps, because in this case an additional axial loading would not influence the results of meas-
uring capacitance and tand, under pressure anyway. The air pressure chamber was used for

this purpose for standardizing the experimental technique.

11.4.2.2 Results of Testing in the Air-Backed Design

After it was confirmed that effect of treating cylinders under the axial stress is significant and
stable, the question arises regarding possible underwater acoustic transducer applications of the
cylinders with the improved piezoelectric properties. The most common application of the ra-
dial poled cylinders is in the air-backed transducer designs, 7, =(a/t)- P, in which case the
static pressure that is acting on the cylinder’s surface transforms in the circumferential stress
T, =(a/t)- P . Judging by the previously obtained data! that are presented in Figure 11.20(a),
it may be expected that under stress 7, the piezoelectric modulus d,, and hence coupling co-

efficient k;, should reduce in an irreversible manner. To verify the factual behavior of the
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pressure treated cylinders in the air-backed design, prototypes shown in Figure 11.42 (b) were
tested in accordance with the accepted pressure cycle. All the parameters of the cylinders were
measured in process of changing the pressure. Results of the 1% cycle of exposure to the radial
pressure are presented in Figure 11.46 - Figure 11.48, where the relative change of the coupling
coefficient, k., (7,)/k,,, dielectric constant, &;,(7,)/ &, , and elastic constant, &5,(T})/ &5, ,
are depicted.

In the same Figures the dependences on the stress are shown of the analogous relative

quantities for cylinders made of ceramics B.
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Figure 11.46: Dependence of the relative change of the coupling coefficients, k,(7,)/ k3, , from
the circumferential stress 7, (from the operating depth h): solid line — ceramics A, dashed line —

ceramics B. The 1st cycle of exposure to the stress.
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Figure 11.47: Dependence of the relative change of from the circumferential stress

. (from the operating depth /): solid line — ceramics A, dashed line — ceramics B (the 1% cycle

of exposure to the stress)
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Figure 11.48: Dependence of the relative change of the elastic constant Sg T,/ szEz' from the
circumferential stress 7, (from the operating depth £): solid line —ceramic 4, dashed line — ce-

ramic B. The 1% cycle of exposure to the stress.

Plots in the figures have two scales: one for the stress in ceramics (kpsi) another that cor-
responds with operating depth (m) in water for the transducers that employ cylinders used in
the testing. The relative changes of the piezoelectric modulus d,,(7,)/d;, vs. stress T, were
calculated from formula d,, =k, +/cL;ss, after dependencies of other parameters became
known. They are presented in Figure 11.49 for the first cycle of exposure to the stress. Notice-
able remnant reduction of ceramic parameters takes place after the 1% cycle of exposing pressure
treated cylinders to stress 7,. Then under subsequent cycles of testing under pressure parame-
ters of ceramic were gradually reducing and stabilized after the 4™ cycle at the level that is

below the original level before the treatment.
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Figure 11.49: Dependence of the relative change of the piezoelectric modulus, d,,(7,)/d;,,

from the circumferential stress 7, : solid line — ceramic A, dashed line — ceramics B.
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The values of parameters of the treated ceramic after the 4th circle of exposure to the cir-
cumferential stress are presented in Table 11.3. (Note that data in the Table and in the Figures
may be somewhat different, because in the Table they are averaged, and in the Figures they are
taken for a particular sample). Dependences of the coupling coefficient and piezoelectric mod-
ulus vs. circumferential stress occur in the reversible way after the 41" stress cycle for the treated

and after the 2" cycle for untreated ceramics.

Table 11.3: Changing parameters of ceramic after the 1st and 4th cycles of exposure to stress T,

Parameter by (D) Ky | D) /el | sET) /55 | dun(D)/ d;,
# cycles
1 start 1.21 0.88 1.04 1.16
end 1.17 0.92 0.97 1.11
start 0.96 0.89 0.90 0.85
> end 0.96 0.88 0.90 0.85

Results of testing the cylinders up to pressure equivalent to 1000 m. depth being interesting
from the point of view of the physical processes in the piezoceramics do not characterize a
possibility of their practical applications in the air-backed transducer designs operating at a

reasonable depth.
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Figure 11.50: Dependences of the coupling coefficient k,,(7,)/k;,, d,,(T,)/d,;, and

83T3 1,/ 832, of the pressure treated cylinders in the range of circumferential stress up to 7, =

1600 psi (equivalent to about 200 m depth).

Usually, transducers made of soft PZT ceramics are intended for relatively shallow water
applications because of significant drop of their parameters under great stress. For more realistic

estimation in Figure 11.50 is shown, how parameters of the pressure treated cylinders change
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in the range of circumferential stress up to 7, = 1600 psi (equivalent to about 200 m depth for
the cylinders tested). Changes of the values of parameters are reversible (within accuracy of the

measurement).

Thus, it can be concluded that pressure treated piezoceramic cylinders with improved pie-
zoelectric parameters can be used in the air-backed transducer designs operating at the relatively
shallow depth (with equivalent circumferential stress of about 7, = 1600 psi). Changing pa-
rameters of ceramics vs. pressure within this range of the stress is reversible and takes place in
the typical for soft PZT materials way. Possibility of application of the pressure treated piezo-

elements to the greater depth is considered in the next section.

11.42.3  Results of Testing in the Pressure Equalized Design
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Figure 11.51: Dependences of the relative changing parameters of the pressure treated cylinders
vs. hydrostatic pressure P: (a) coupling coefficients k;,(7,)/k;,, (b) piezoelectric moduli,
d,,(T,)/d},, and dielectric constants, s5,(7,)/ss, . Solid lines — ceramics 4, dashed lines —

ceramics B.
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In order to determine, how parameters of the pressure equalized (free flooded) transducer de-
signs that employ the pressure treated cylinders may depend on the operating depth, the bare
cylinders were tested in the air chamber up to pressure P = 1500 psi that imitated submergence
of the transducers to about 1000 m depth. The treated cylinders made of ceramics 4 were tested
together with the cylinders made of ceramics B for comparison. Results of the testing are pre-
sented in Figure 11.51 in the form of the plots normalized to original values of the parameters

before the pressure treating.
They show that the pressure treated soft PZT piezoceramics with improved parameters can be
successfully used in the pressure equalized transducer designs.

It is noteworthy that results obtained for the pressure treated ceramics B differ qualitatively
from those previously presented in Ref. 10 for untreated PZT-4 ceramics (see Figure 11.35 and
Figure 11.36). Whereas in the latter case at the hydrostatic pressure about 1.5 kpsi both d,, and
&1, slightly raise, in the reported testing they drop noticeably. Partially the reason may be in
difference of properties of the ceramics used (commercially available materials in both cases,
but with interval of more than 50 years), but probably the main difference needs to be attributed

to peculiarity of properties of the treated vs. untreated ceramics.

11.42.4 Concluding Remarks for the Section

It is shown that electromechanical properties of the cylinders made of soft PZT piezoceramics
can be improved by prolonged applying the compression stress of about 8 kpsi in the axial
direction, as it was predicted in Ref. 8 based on results of investigations performed with small
samples of PZT-5 piezoceramics. The effect of improvement proved to be stable in time and
can be realized in underwater transducer designs. It is shown that in the air-backed design, in
which case the ceramics is subjected to unidirectional compression stress in the circumferential
direction, 7, = (a/t)P,, the improved properties remain reversible up to an operating depth that
corresponds to the stress about 1600 psi (this corresponded to depth about 200 m for the cylin-
ders used). With variation of the stress within 1600 psi range the improved parameters of treated
cylinders behave in the same way as for the untreated cylinders. In the course of gradual in-
crease of the compression stress the remnant values of the improved parameters drop and at 7,

~ 8 kpsi they come to a level that is slightly lower than they were before the pressure treatment.
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Investigation of the pressure treated cylinders was performed also under the conditions that
imitated their application in the hydrostatic pressure equalized (free flooded) transducer de-

signs. It is shown that at least up to the static pressure P, = 1500 psi (the maximum pressure

available in the air pressure chamber used), which imitated submergence of the transducers to
about 1000 m depth, the improved parameters remained reversible. With increase of pressure
the dielectric constant practically did not change, while the piezoelectric module and coupling
coefficient raised by about 10%. Thus, application of the pressure treated cylinders in the pres-

sure equalized designs can be highly recommended. Especially advantages can be using the

pressure treated piezoelements made of soft PZT piezoceramics for designing sensors that do

not experience intensive external actions.

3 \r_|ﬂ ’ Vout

Figure 11.52: Arrangement for compensating pressure on the walls of an air chamber: 1 - air
chamber, 2 — water filled high pressure vessel, 3 - pressure input, 4 - electrical output, S-prototype

under testing.

On the separate issue, the conclusion can be made that the technique of experimenting
involving employment of air pressure chamber in combination with an impedance analyzer,
which allows dynamic measurement parameters of transducers in process of their subjecting to
action of pressure, is an extremely useful tool for investigating transducers performance under
their operating environmental conditions. The apparatus used allowed testing up to pressure P
= 1500 psi (= 10 MPa) equivalent to 1000 m depth. This is sufficient for the most of practical
transducers applications. In case that it is necessary to expend the pressure capability for inves-
tigating the physical properties of piezoceramic materials and/or behavior of transduces in-

tended for greater depth of operation, the requirements for safety of the air pressure chamber
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may seriously complicate its design and increase its cost. These complications can be avoided
by placing an air chamber inside of a water filled high pressure vessel, as it is shown schemat-
ically in Figure 11.52, and synchronizing the pressure inside and outside the chamber in course
of testing.

Requirements for the strength of the air-chamber can be even reduced in this case. Note-
worthy is that with such arrangement it is easy to perform a combined transducer testing under

air pressure and under elevated temperature by heating water in the vessel.

11.5 Concluding Remarks for the Chapter

Results of experimental investigations presented in Refs. 6-11 and reproduced here are in agree-
ment with concept of the domain structure of piezoelectric ceramic materials and could be qual-
itatively predicted. But in terms of practical transducers designing the data obtained must be
considered more as the tendencies in the parameters of piezoceramics behavior. Many uncer-
tainties in values of ceramics parameters were revealed by these investigations that do not allow
accurate prediction of maximum power that can be reliably radiated by a projector. Great vari-
ations in maximum achievable values of electric field, dynamic stress and resulting acoustic
power may exist between practical projector designs depending on conditions of operation. This
is illustrated by results of study presented in Ref. 123, where information was examined on the
mechanical and electrical limits for transducers obtained from literature, from transducer de-
signers and ceramics manufacturers. One of conclusions of this study is that permissible values
of electric field and stress for transducers are lower than those that ceramics alone may with-
stand. At the same time, it was revealed that up to about 70-100 MPa of compression and up to
4-6 kV/cm electric field are achievable in projectors at certain operating conditions. But it is
noted that these are single-point results.

In the conclusion it may be acknowledged that Woollett’s assertion made in year 1968
(Ref. 14) remains intact today: “No general agreement as yet exists on the values of power
limits of piezoceramic materials that should be used in design. The reasons for this include
inadequate knowledge of the nonlinear properties of the materials, uncertain reliability of the
high-voltage insolation techniques employed, and variability of the mechanical strength of ce-

ramics in production lots and between manufacturers”. And the same problems formulated in
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Ref. 14 remain actual: determining more precisely the power limits of the piezoelectric ceram-
ics, increasing uniformity of the piezoelectric ceramics in production lots and between manu-
facturers, considering the problem of stability after reliability of operation has been achieved.

It seems to be wise to concentrate on improving the existing materials in terms of solving
the above listed problems. Resulting improving of the traditional transducers capabilities may
bring great economic effect with much less funding than searching for “silver bullet” new ma-
terials, implementation of which for underwater sonar techniques may encounter the same (if
not greater) problems.

Remembering that most of the transducers users would rather have reliability than extra
power achievable by calculation, it seems to be a right approach on the first stages of a trans-
ducer designing to use more conservative values of permissible (allowable) values for purpose
of comparing different transducer types and for prototyping. Further the prototypes made of
ceramics produced by a certain vendor (or by different vendors for comparison) have to be
tested for determining the upper limits of a safe transducer operation under the specified oper-
ating conditions. If it will appear as result of the testing that the transducer design has excessive
reserves of safety for achieving the set goals, the design can be optimized by reducing these
reserves.

In our farther estimations the following conservative values of permissible dynamic stress
and electric fields will be used for PZT-4 and PZT-8 like ceramics: electric field £, =2kV/em
(5.1 mil); dynamic compression one-dimensional stress 7', = 84 MPa and tensile stress 7, =
24 MPa for the transverse and for the longitudinal piezoeffect with solid piezoelements; dy-
namic bending compression, 7, =84x1.7=142.8 MPa, and tensile, 7, =24x1.7=40.8 MPa,
stress. In case that the longitudinal piezoeffect with segmented piezoelements is used, it is as-

sumed that the piezoelements are pre compressed up to 7, = 70 MPa.
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CHAPTER 12

HYDROSTATIC PRESSURE EQUALIZATION

12.1 Introduction

Harmful effects of the hydrostatic pressure in the air-backed transducer designs (Figure 11.5)
both in terms of static mechanical strength and changing parameters of ceramic materials are
avoided in the pressure equalized (pressure compensated) designs presented schematically in
Figure 11.9. In these designs the ceramic material experiences overall pressure equal to the
ambient hydrostatic pressure. As shown in Sec. 11.3.3.4, influence of the hydrostatic pressure
on the ceramic parameters and their stability is insignificant. But the pressure equalization does
not come for free. It requires including additional structural elements in the transducer designs,
which may influence operating characteristics of the transducers. These elements are in shape
of cavities (compliant chambers) connected with outside space through a narrow neck or
through an opening. The least influencing the transducer characteristics is the pressure equali-
zation by means of pressurized gas; however, it requires special equipment for providing pres-
surized gas supply and its control. The size and complexity of this equipment depends on com-
pliance of mechanical system of the transducer and on its internal cavity volume. Seemingly
this volume can be made sufficiently small due to large compressibility of the gas, but in reality
it may be restricted because of reducing compressibility of the gas under pressure at a great
depth. For low frequency transducers that employ mechanical systems vibrating in flexure and
therefore having large compliance the air compensation is, probably, the only way to extend
their application to great depth.

The most widely used with transducer types vibrating in the extensional modes and benders
operating at moderate frequencies is pressure equalizing by means of liquids (or rubber like
materials) filled cavities connected with outside space. Some of them may play role of the low
frequency filters that pass signals with very low frequencies @ < @, (including hydrostatic
pressure at w=0), where o, is below the operating range of a transducer, and acousticly
isolates the volume of cavity from the external acoustic field at higher frequencies (usually used

with hydrophones). Some of them may be used as Helmholtz resonators having resonance
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frequencies close to operating resonance frequency of the transducer (presumably, may be used
with benders and slotted ring projectors). In some cases, the internal volume may freely radiate,
as for example from open ends of a cylindrical transducer. Accordingly, the following issues
will be considered related to problem of the hydrostatic pressure equalization: acoustic elements
of transducer designs (compliance of the internal volume, acoustic mass and resistance of the
neck and/or opening, Helmholtz resonator) (Sections 12.2 and 12.3); properties of the fluids
(gasses and liquids) vs. pressure (Section 12.4); input impedances of the internal liquid filled
volumes (including coupled vibration with internal Helmholtz resonator), and contribution of
vibrating internal volumes to acoustic radiation of a transducer (these issues will be considered

in Section 13.4.2.)

12.2 Acoustic Elements of Transducer Designs

12.2.1 Lumped Acoustic Elements
Consider input impedance of a column of fluid having density p and sound speed c that is
confined within a tube of length / with rigid walls surrounded by the same fluid (note that under
the term “fluid” we will mean both liquid and gas unless it will be necessary to consider their
properties separately). At one end of the column we imagine a piston having area of the column
cross-section S that can freely move along the walls under action of applied force F,, . The
other end of the tube is closed by an imaginary cap loaded by impedance Z, , as shown in

Figure 12.1. All the dimensions of the tube are supposed to be small with respect to wavelength.

F
—
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— ] —_— »
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Figure 12.1: Column of fluid within tube with rigid walls loaded at the end by an impedance Z, .

Since the wave motion within the tube obeys the same one-dimensional wave equation as
the longitudinal vibrations in an elastic bar (see Eq. (4.90)), the mechanical input impedance of

the column can be determined by the same formula (4.101)
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F, _JpeS. tankl+Z,

Uy 1+ jitan kl
pCSCX

(12.1)

which corresponds with the equivalent circuit of Figure 12.2 (see the original circuit in Figure

4.6) loaded by impedance Z, .

(@ (b)

Figure 12.2: Equivalent mechanical circuit of the liquid column vibrating within tube with rigid
walls loaded by impedance Z,: (a) general view (Z, =—jpcS, /sinkl,
Z, = jpcS,  tan(kl/2)) (b) modification at kI < 0.6.

In the case that the end is clamped Z, =0, U, =0. In the case that the end is open (acous-
tic short circuit) Z, =0, P =0. The more realistic case is that the end of the tube radiates in
the surrounding space. The radiation from the end can be approximated, as being produced by
one-sided piston of cross-section S, . Assuming that the tube has circular cross-section of ra-
dius a, and following the expressions for nondimensional coefficients of radiation impedance
of one-sided circular piston at small ka presented by formulas (see expressions (6.324) and

(6.325)) a=(ka)* /4, B =2ka/r, we arrive at expression

2
Z, = pcra’ @Jr Jjpc-2ka’. (12.2)
Consider input impedance of the column of fluid under the assumption that dimensions of the
tube are small with respect to wavelength of sound, e.g., k/<0.6. After replacing
sinkl ~ kl —(kl)’ /6 and tan(kl/2)~kl/2 the equivalent circuit Figure 12.2 (a) will be sim-

plified to the circuit in Figure 12.2 (b), where

M, =pIS, and C, = (12.3)

pc’S

cs

are the mechanical mass and compliance of the volume (note that for elastic bar of the same

size C, =1/YS, as c’=Y/p).



372 12 Hydrostatic Pressure Equalization

When considering the acoustic elements of transducer designs it is more convenient to use
acoustic generalized quantities rather than mechanical, in which case the generalized force is
the acoustic pressure P, and the generalized velocity is the volume velocity U, . In our case the
volume velocity of the piston is U, =U,S,, . Accordingly, the acoustic input impedance of the

column is related to mechanical impedance as

P _ (Fm /Scx) _ ZiVlm

R VA VAT

v

(12.4)

Thus, the acoustic analogs of mechanical elements (12.3) are the acoustic mass and acoustic

compliance,

v
M, =pl/S, and C,, =—. (12.5)
pc

The equivalent mechanical circuit of Figure 12.2 (b) can be represented in the equivalent acous-
tic form shown in Figure 12.3. Impedance of the load in the acoustic circuit must be replaced

by its acoustic analog Z,  =Z, /S>.

] ZLac

Figure 12.3: Equivalent acoustic circuit of the column of fluid vibrating within tube with rigid

walls having small wave size.

In the case that the end of the tube is closed ( Z,,, =0, output of the circuit is open) we

ac

will find that

1 M
Ly =Tt jOo—<. (12.6)
joC 3

ac

The mass term at &/ < 0.6 can be neglected. Indeed, it can be shown using expressions (12.5)

that

:%W , (12.7)
(0]

ac

| inac
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and

ac

2
L _Ke _pe (12.8)

. ~
inac

joC,, - jo  joV
Thus, the input impedance of the column of fluid within closed tube having rigid walls is that
of compliance (rigidity K ). This conclusion can be generalized to volumes of fluid confined
within closed cavities with rigid walls of any configuration provided their dimensions are small

with respect to length of the acoustic wave, practically, when they are less than A4/6. In this case

the rigidity and potential energy of the volume are

2
e (129)

ac

where &; is the volume displacement at the input of the cavity. If the energy is supplied through
a part of its surface, on which a nonuniform distribution of displacements takes place, then

& =¢,8,,, where & is displacement of a reference point on the surface. From the obvious

equality
£ &
pot :?Km :?Kac (1210)
follows that
Kac :Km /Sazv > Cac = CmSzfv * (1211)

In the case that the end of the tube is open ( Z, . =0), output of the circuit in Figure 12.3

Lac

is short circuited) we obtain that

zZ

inac

~ joM,, (12.12)

where according to formulas (12.5)

M, =pllS, =pV/S.=M,/S’. (12.13)

This expression, where M ; is the total mass of fluid in the tube, can be generalized to volumes
of fluid confined within open ducts of small wave size with rigid walls. The kinetic energy of

an open volume of fluid is

=M . (12.14)
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If the energy is supplied by nonuniform vibration of the input surface of a duct, then

f,; =¢ S, , and it can be shown analogous to the previous case that in general

M,=M,/S.. (12.15)

Consider the effect of radiation from the end of the tube under assumption that the radiation
takes place in the media having the same properties as the fluid inside of the resonator (other-
wise p and c below will be different). After substituting impedance of radiation from the end

of a tube (12.2) in the form of acoustic impedance

Z,, =7, 1(zd’) :pc%+jpa)-% (12.16)

into equivalent circuit Figure 12.3, we will obtain that

1 2
Zinac =ja)Mac+ZLa =pC£2+]Cl)p 2[1+_aj (1217)
A za V4

(Note that according to (12.21), M, = pl/ za”). The active radiation resistance characterizes
energy losses, while the presence of the reactance results in the equivalent increase of mass of
the fluid that can be accounted for by introducing the effective length of the tube

Ly =1+0.64a .

12.2.2 Effects of Finite Viscosity of the Fluids

So far, the vibration of fluid was supposed to be lossless. Due to finite viscosity of the real
fluids losses of energy take place in course of vibration of fluids inside the ducts with rigid
walls. Predominantly they occur in the thin boundary layers near the walls (see Figure 13.18
and formula (13.109)), /, = W ), within which the transverse viscous wave develops that
rapidly attenuates with distance from the wall. Therefore, the effects of viscosity become es-
sential in case of propagating sound in narrow long tubes and slots, where separation between
the walls is comparable with length of the shear wave. The related issues are considered in
detail in Refs. 1-3. As viscosity of fluids plays essential role in determining properties of the
acoustic elements, some information regarding this quantity that is available from literature is

summarized here.
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The dynamic (absolute) viscosity, g , that is used in expressions for the viscose resistances
is by definition (Newton’s Law of friction) u=17/(du/dn), where z is the shearing stress
(tangential force per unit area between layers of flow), and (du/dn) is the rate of change of
velocity of flow in direction of normal to the layers The dynamic viscosity units are: in system
SI - N-s/m?, or Pa's that sometimes are referred to as Poiseuille (P1), and smaller unit mPa-s
(millipascal-seconds); in system CGS - poise (P) (dyn-s/cm?), and centipoise (cP), 1 ¢cP = 0.01
P. Correlations between the units are: 1 P = 0.1 Pa's; 1 cP =1 mPa's; 1 P1 = 1000 cP. The
viscosity 4 is known to be independent of pressure (except for extremely high pressure that is
beyond practical range of interest for transducer applications). Though, the viscosity depends
on temperature: its values tend to drop for liquids and to raise for gases as temperature increases.
Therefore, the reference temperature must be quoted each time together with value of viscosity.
The range of operating temperatures in underwater applications for hydrophones (receivers in
general) is as an ambient temperature in ocean and can be estimated following Ref. 4 as -2°C <
T < 35°C. Temperatures in the projector designs can be higher due to heat generation in course
of operation. Values of the dynamic viscosity of several fluids are presented in Table 12.1 at
temperature 20°C. Note that modifications of the silicon oils are available having substantially

different viscosities. Low viscosity (10 c¢St) modification is chosen for the current application.

Table 12.1: Values of the dynamic viscosity of fluids at 20°C.

air water Motor oil, Castor Silicon oil (low vis-
CAE-50 oil cosity)
4, N-s/m? 2.0-10° | 1.0-107 0.54 0.65 0.01
p-107 kg/m’ | 1.2:107 1.0 0.95 0.95 0.96
c-107, m/s 0.33 1.5 1.75 1.54 1.35

As shown in Ref. 1, the averaged input mechanical impedance of viscous fluid in the cir-

cular tube is,

(12.18)

Zi,n = Ja)plSm /{I_M} s

k'aJ,(k'a)

where
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K = /j%:z/l—;,r(hrj),and A'=2r2ul pw (12.19)

is the wavelength of the viscous wave. For example, in case of air (z=2-10", N-s/m?, p =

1.2 kg/m?) at frequencies /> 100 Hz A’ < 1.4 mm. In case of water (=107 N-s/m?, p
1000 kg/m®) at f> 100 Hz A’ < 0.35 mm.
If the radius of a tube is small with respect to the wavelength A'(at |k’a| <2 ), then the

input impedance (12.18) may be approximated as

Z, =S,@8ul/a’+ jo-4pl/3). (12.20)

Thus, the effect of viscosity results in introducing resistance of losses,

R =8ulS._ /d*, (12.21)

and in increase of the effective mass of vibrating fluid to value

M =§MV, (12.22)

where M is the actual mass of the fluid. The attached mass due to the effect of viscosity is 1/3
of the actual mass of the fluid.
In the case of sufficiently narrow tube and low frequencies the resistive term of the impedance

may become dominant (R'/ @M’ = u/a’ f p ). The tube in this case will present a pure acoustic

resistance,

R =8ul/ra*. (12.23)

With raising the values of a/ A" (at |k’a| >10) the following expression for the impedance

can be obtained from the general formula (12.18)
' 1 : 1
Z, =S, —2puw+ joplS, | 1+— |. (12.24)
Ta ; k'a
In case |1 / k'a| < 0.1 and given that this quantity drops with increase of radius and frequency,
the term in parenthesis may be neglected, and input impedance of tube with not extremely small

diameter can be presented in the form,

Z,=R'+ joM,, (12.25)

where
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1
R'=ra\2puw ,or R, =—|2puw (12.26)
za

is the resistance of losses due to finite viscosity of the fluid. The resistance is small compared

R 21/2_%‘:#, (12.27)
oM, a\ po |k'q|

but this term cannot be neglected, as it is the only source of losses.

with the inertia term, indeed,

Expression for the input impedance of fluid within a thin rectangular slit with rigid walls

(Figure 12.4) is also presented in Ref. 1 (theoretically under the assumption that the slit is

N Ay

A
~

Figure 12.4: Rectangular slit with rigid walls.

infinitely wide). It is shown that at |k'7| <1, where k' =\Jwp/ ju ,

132‘” S+ ja)g pIS.. . (12.28)

Z! =R+ joM' ~

Thus, the resistance of losses due to finite viscosity of the fluid is

12,
we'

124l

R'==3=5,, 01 R, = (12.29)

Another effect of the viscosity is in addition to the actual mass of fluid inside the slit..
If to take into consideration combined effect of radiation from the end ( Z,,. by formula

(12.17)) and viscosity of the fluid ( Z/

inac

obtained from formula (12.25)), then the input imped-

ance of the tube will be

1 T . pl 2 .
Ziw = (ﬁ«/zpyw +pc?j+]a)7m2 (1+;a) =R, +JjoOM, ;. (12.30)

Remember that if the tube is especially thin the input impedance is determined by formula

(12.20).
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12.3 Acoustic Elements in Transducers

12.3.1 Helmbholtz Resonators
Acoustic structures that are used in transducers represent a combination of the considered com-
ponents: cavities, in which the fluid behaves as a rigidity; tubes (slots), in which the fluid be-
haves as a vibrating mass; and resistances that account for the viscous losses and losses due to
radiation from inside of a cavity. Two variants of these combinations and the equivalent circuits,
which can be used to determine, how the structures may influence transducer parameters, are

shown in Figure 12.5.

§V|
P, 1 o—— acef
5,;1 1 léﬁz
P|[— —> §V2 P —_ Cac
2 R,
7 lo—|
(a)
R, Macey
V7, — : .
P— 517 P @ I Cac
(b)

Figure 12.5: Equivalent circuits of the acoustic resonators.

In the variant (a) the sound pressure P is generated by vibration of a part of the cavity wall
with volume displacement &, . The volume displacement at the output of the cavity is denoted
as &;, . The energies involved in the process being expressed through the volume displacements

as the generalized coordinates are

sz)t :Kac(gl?l _é:Vz)z /2 > Wkin :Maceﬂ'ézlgz /2 > VVe :Péﬁl . (1231)

It is easy to verify that the Lagrange’s equations for this system are equivalent to relations for

’

the parallel contour shown in Figure 12.5 (a), where resistance of losses, R/, that accompanies

ac

the acoustic mass is introduced by observation. The acoustic mass, M, , and resistance of
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losses that are due to effects of viscosity and radiation from the opening can be determined from
expression (12.30).
In the variant (b) the outside pressure P generates the volume displacement &, at the neck

input. Expressions for the energies involved are, as follows:

Wy = Koo (G =650 120 Wy =M,y &3, 12, W, = PE;,. (12.32)

pot

and the equivalent circuit corresponding to the balance of these energies is the series contour
shown in Figure 12.5 (b). Both structures represent the Helmholtz resonators. Assuming that

the neck is a tube, parameters of the resonators are according to relation (12.30):

v
Cp=—s, M, =le(1+3a), (12.33)
pc na Vs
And
' 1 T
Rac :ﬁ Zp,ua)—i-pc*? (1234)

If the opening is in the form of especially thin tube or slit (the later may be typical for

application with the rectangular bender designs), then M, and R, must be determined from

expressions (12.23) and (12.29), respectively. We will assume further that the neck is cylindri-
cal and parameters have values by formulas (12.33) and (12.34) unless noted differently. The
resonators have resonance frequency

2
ma

1
w, = =C I .
" JCuM,.,,  \VI1+0.64a)

The quality factor of the resonators is
o, Muce : 1 Maz‘e i 1 1 . 4
Q=" = | - — {—l( +026~ ). (12.36)
RGC RIJC CGC Rac ”a V

12.3.2 Transducer with Helmholtz Resonator as Hydrostatic Pressure Equalizing

(12.35)

System

If to assume that the vibrating part of the cavity wall in the case shown in Figure 12.65 (a) is

mechanical system of a transducer, then operation of the entire system can be described by
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means of the equivalent electro-mechano-acoustic circuit presented in Figure 12.6, in which the
mechanical system of the transducer is loaded with input of the cavity. Being commonly de-
scribed as electromechanical with equivalent parameters n, C..,,M,,,,r,, and Z, (radiation

impedance), the equivalent circuit of the transducer must be converted to electroacoustic, i.e.,

presented in respect to the volume velocity &, =U,, .

UVll ‘%‘AUM
“+ «
\ /&
Py s Py
(@)
E
SC lznac ! Meqvac VmLac
o
oc —/—
Co | Ra
1 @
N4
(b)

Figure 12.6: To equalizing the hydrostatic pressure on the transducer mechanical system: (a) sche-

matic view of the arrangement, (b) acoustic equivalent circuit of the transducer with resonator.

The generalized displacement in Figure 12.6 (a) is &; =¢&S,, , where & is displacement of
the reference point and S, is the average surface of the mechanical system of the transducer.
Accordingly, the values of equivalent mechanical parameters must be converted into the corre-
sponding acoustic values, namely,

Ct Z.=2182.(12.37)

av® “eqvac

E 2 2 2
=CE S Moy =M, 182 Fope =1 1S,

av? eqvac av > "mLac av

n,=nlS

The external pressure P(¢) acting on the mechanical system of the transducer is introduced

in the circuit directly as acoustic equivalent of F, . Given that in terms of equalizing the hy-

qv *
drostatic pressure we are interested in functioning of the system at low frequencies close to
o =0, we assume that the same external pressure is acting on the input of the cavity neck and
can be included in the circuit of the resonator. It is noteworthy that in operating range of the

transducer these sound pressures can be different, and radiations from the transducer and

through the neck may interact. But these issues are out of scope of this Section.
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Contours that correspond to vibration of the mechanical system of the transducer and res-
onator are connected by means of the ideal transformer with transformation coefficient n,, = -1
that converts direction of the volume velocity. The sign (-) reflects the fact that the volume
velocity of the inner surface of transducer is in anti-phase with velocity of outer surface (the
conditionally positive being direction of radiation into external medium). This feature is not
essential unless a radiation from the neck is considered, and the transformer can be removed
from the circuit for simplicity. One more simplifying assumption is made regarding the equiv-
alent circuit. We assume that the volume velocities of the outer and inner surface of the trans-
ducer mechanical system are the same. While this is true for transducers with flat mechanical
system (such as rectangular bender), it can be not exact for transducers with cylindrical me-
chanical system (such as slotted ring).

Analysis of the mechano-acoustic circuit may be performed using technique of the coupled
vibrations considered in Section 4.6 for the pure mechanical systems. The general outline of
applying this technique can be introduced here, though a more complete analysis requires know-
ing properties of transducer designs that employ the pressure equalizing system. This will be
done in Chapter 13.

The energies associated with operation of the system under the assumption that the electri-

cal side of a transducer is short circuited are

& =8 & s &
M E M &
VVkin — eqvachl + ace/fé[/z , (1239)
2 2
W,=P&, - P&, . (12.40)

The energies of losses including the radiation impedance are omitted, because they are not es-
sential for illustrating the approach.

The expressions for the potential and kinetic energies are analogous to expressions (4.520)
and (4.521) that characterize coupled vibrations of two partial systems. In our case one of the
partial systems (that remains at &;,, = 0) has combined rigidity Kim, +K,,mass M, and

its vibration is generated by external generalized force P. Another partial system (that remains
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at &, =0) hasrigidity K, and mass M i.e., represents the Helmholtz resonator shown in

aceff »
Figure 12.5(b).Vibration in the system is generated by pressure P. Coupling between the partial
systems is due to mutual rigidity K, (compliance C; ).

Using expressions (12.38)-(12.40) the following Lagrange’s equations in complex form

may be obtained that describe vibrations in this coupled system

(K.,

eqvac

+K;)—'M,,, U, + KUy, =P, (12.41)

KU + (KU, = a)zMacejf W,, =-P. (12.42)

These equations may be accounted for by the equivalent circuit shown in Figure 12.6 (c) with
the terms that represent losses of energy and electrical side of the transducer included. It must
be noted that so far, the electrical side of transducer was supposed to be short circuited, and
therefore did not influence parameters of the corresponding partial system. The same condition
holds if the transducer operates in the transmit mode. In case that the electrical side is open
circuited, which is typical for the hydrophones, reaction of the electrical side (reactance intro-
duced into the mechanical contour) must be taken into consideration. Analysis of operating
characteristics of the coupled system can be made using general procedures of theory of coupled
vibrations described in Section 4.6. Thus, expressions for the partial resonance frequencies of

the system, f,, for the transducer and f,, for the resonator, are

K? +K, K,
=— =T f _ L A (12.43)
M eqvac ! 27[ Mﬂ" eff

and coefficient of the “compliant” coupling is

K, 1

7

YK)K,  (1+C,/C

eqvac

Vo= (12.44)
VK,

eqvac
The frequency equation for determining the resonance frequencies of the system is
=/, / =, / [)1=r=0. (12.45)

The further analysis requires specifying the transducer design and will be considered in

Section 13.4.3 with examples of the rectangular bender and slotted ring projectors.
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12.3.2.1 Transient Process in the Helmholtz Resonator

Under maintained action of the hydrostatic pressure, which can be considered as the extreme
case of the sound pressure at @ — 0, the inertial impedances in the circuit of Figure 12.6 (c)
can be neglected, and it can be transformed to the circuit in Figure 12.7 (a) (remember that the

electrical side is assumed to be short circuited). The force that causes deformation of the

”Cad
f I
- |Pr == Py
Cct.. C, Conae Gy
*(p,) P, (P Y (p,
(a) (b)
[
f
. P v (t) Ry
Cﬁqva(‘ Cv"
Yoy
(c)

Figure 12.7: Equivalent circuits of the coupled system transducer-resonator: (a) and (b) at fre-
quencies @ —> 0 under steady state conditions, (b) with additional rigidity related term included;
(¢) under rapidly changing hydrostatic pressure (M, and R are the combined masses and re-

sistances in the contour of the resonator).

mechanical system of transducer is proportional to difference AP, between the external pres-
sure F,(#) and pressure within the cavity F;(¢),

AP, = P,(t)=P.(1) . (12.46)

At the steady state FP,(¢)=F,(¢) and AF, =0. Thus, the arrangement shown in Figure 12.6
performs the function of the static pressure equalizer. In real transducer designs the interior of
the fluid filled volume of the resonator must be separated from the outer medium (water) with
aid of some sealing member that possesses its own rigidity and mass. Their acoustic values will
be denoted as K, and M, . In the steady state the corresponding compliance,C,, =1/ K, ,
must be included in the equivalent circuit of the resonator, as this is shown in Figure 12.7 (b).
This results in reducing |PV| Namely, |PV| ~F,-C,/(C,+C;), and the mismatch between

the outer and inner pressure on the mechanical system of a transducer becomes
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G
AP, ~P——. (12.47)
C,+C,

In a rational design of the transducer with pressure compensation the ratio C*

eqvac

/ C, must be
considerably less than unity and C,, > C, for minimizing the mismatch. In this case the mis-
match will be

AP, ~P,-C,/C, (12.48)

Maximum value of AP, must not exceed some value that is permissible in terms of strength of
mechanical system of the transducer and/or changing properties of piezoceramic. This quantity

can be called allowed accuracy of the pressure equalization, AP,

tra

. Its value depends on a trans-
ducer design.

The condition of maintained (steady state) hydrostatic pressure is ideal in terms of operat-
ing the pressure equalizing system. In real operation the hydrostatic pressure may change in
time according to deviations of the depth of transducer submergence. The most demanding
condition is that of a rapid submergence of a vehicle, on which the transducer is installed. In
this case the final value of the pressure P (¢) within the cavity is achieved as result of a transient
process. In course of the transient process all the elements of the resonator must be taken into
consideration in the equivalent circuit of the equalization system, as is shown in Figure 12.7
(¢). Reaction of this circuit to changing input pressure depends on the rate of change of hydro-
static pressure. Thus, if the pressure changed in the step like way, the response would be as

shown qualitatively in Figure 12.8.

PI;A

t

Figure 12.8: Step response of the resonator at different values of the damping coefficient ¢ : (1)

¢ <1 underdamped resonator, (2) ¢ =1 -critical damping; (3) ¢ > 1 -overdamped resonator.
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The rate of changing value of pressure F, depends on the damping coefficient of the res-

onator,

(=2 (12.49)

where for brevity the combined reactive and active parameters of the resonator denoted as
C;, M, and R, . The pressure reaches save for transducer level P (¢) = F, () — AF, sooner or
later, but in all the cases at the first moment all the hydrostatic pressure is acting on the me-
chanical system of transducer.

In reality the rate of changing hydrostatic pressure (rate of submergence), dF, / dt , is finite.
At the beginning of submergence, the flow of fluid in the neck (assumed to be in the shape of
a tube) is proportional to F,(¢). Due to viscous resistance of fluid inside the tube a drop of
pressure, AP, on the length of the tube takes place. For approximate estimating the value of

the drop the Hagen-Poiseuille law (Ref. 3) can be used that establishes relation

8l
wa'

AP=0 (12.50)

between pressure drop ( AP), resistance of fluid (R, =8u//za*) and rate of laminar flow
through the tube (Q). (It is analogous to Ohm’s law for electrical circuits). As noted,
O =(dF, /dt) . Equating AP = AF,,, geometry of the tube can be found from Eq. (12.50) fora
particular rate of transducer submergence. For achieving a higher accuracy of hydrostatic pres-
sure equalization parameter of resonator a* /I must be increased.

It is noteworthy that relation (12.50) is valid, strictly speaking, for the long thin tubes.
Therefore, the results obtained must be considered more as tendencies rather than accurate val-
ues. The same is true regarding all the calculations that are related to processes of propagating
through the tubes of finite size, moreover, even properties of the fluids in real transducer designs
may be known not to a great accuracy.

Characteristics of the resonator, as a partial system that accomplishes the hydrostatic pres-
sure compensation, influence the operating parameters of transducer, as this can be quantita-
tively analyzed using the equivalent circuit in Figure 12.6 (b). Therefore, designing the trans-

ducer and resonator, as the parts of the coupled system, must be produced in accord. Two
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variants must be considered differently in this respect: operating of the transducer in the receive
mode in a broad frequency range that includes low frequencies and operating in the transmit
mode in vicinity of the resonance frequency of the projector. These situations will be illustrated

with examples of transduces in Chapter 13 (for projectors) and in Chapter 14 (for receivers).

12.4 Properties of Fluids under Pressure

A common peculiarity of transducers with hydrostatic pressure equalization systems is that their
parameters (sensitivity for receivers, resonance frequencies for projectors) may change to some
extent due to dependence of properties of used fluids from environmental conditions. The most
vulnerable in this respect are the mechanical systems of low frequency transducers of the flex-
ural type. Properties of the fluids, of which parameters of resonators depend, according to for-

mulas (12.9), (12.13), and (12.21), (12.26) are: pc* ~K,, p~M.

ac?

4~ R, (for thin tubes),
and \/E ~ R!, (for tubes of moderate diameter). A brief information regarding properties of
the fluids that are essential for determining variations of parameters of resonators is presented
below.

For a fluid

c=1/JKp and pc’ =1/K , (12.51)

where K is compressibility of the fluid. For liquids that have great heat conductivity the iso-
thermal compressibility, K, , must be used in the formulas. More appropriate for a gas is the
adiabatic compressibility, K, (except for high frequencies that are beyond the range of under-
water acoustics). Correlation Ky =K, /y exists, where y =C,/C; is ratio of the specific
heats of the gas at constant pressure and at constant volume. Thus, K, ~ K, for liquids, and

K, ~ K, /y for gasses. By definition

K, -] =l(a—pj . (12.52)
V\opP ) —p\oP);

From equation of state for a perfect gas (in the range of operating temperature and hydrostatic

pressure conditions all the gases behave approximately as a perfect gas),

PV =nRT , (12.53)
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where 7 is number of moles (mass equal to molecular weight in grams) in the volume,

R =8.3-10" joules/mole and T is the absolute temperature, follows that

(12.54)

(12.55)

where B = pc® is the bulk modulus, B=AP/(AV /). (The bulk modulus B is analogous to
the Young’s modulus Y for solids). Approximately linear relationship exists between the vol-
ume of a liquid and pressure (between the density and pressure) up to pressures at least about
1000 atm (this corresponds to the pressure at the deepest point in the Ocean, Mariana Trench).
Thus, compressibility of seawater with B ~23-10° atm changes at this depth by about 5% (the
density changes as well), and therefore compressibility of the liquids can be considered practi-
cally independent of pressure in underwater applications. Data on the bulk moduli of several

liquids are presented in Table A.2

Table 12.2: Bulk moduli of liquids

Liquid Water Seawater | Castor oil Motor oil | Hydraulic fluid | Silicon oil
SAE-30 ISO 32
B, GPa 2.15 2.34 2.1 1.5 1.8 1.1

According to formulas (12.9) for acoustic rigidity of a cavity, and (12.54), (12.55) for com-
pressibility of the gasses and liquids, the ratio of rigidities of cavities having equal volumes

filled with commonly used castor oil and air under pressure is

M=@=1.25-109- L

Kacoil j/P })(Pa)

(12.56)

(For air ¥ =1.4). Thus, at the average depth of Ocean (= 4200 m) this ratio is about 30, i.e., at
equal rigidities the volume of cavity filled with air can be made accordingly smaller. Especially
vulnerable to problems of reducing the size of the pressure compensating systems and their

influence on the transducer performance are the low-frequency projectors that employ
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mechanical systems of flexural type (benders, slotted ring and flextensional type transducers).
These problems and possible ways of their overcoming are briefly discussed in Ref. 6. Using
the pressurized gas would be the best choice in this respect, but its employing encounters sig-
nificant technical problems with reliable pressurized gas supply. Using compressible liquids
such as the silicon oil may allow reducing volume of cavity approximately in factor of two. For
transducers operating at moderate depth, it is possible to increase compressibility by inserting
compliant metal or plastic sealed tubes inside the volume.

In case of widely used pressure compensated cylindrical transducers the main concern may
be to reduce effect of input impedance of the internal volume on the transducer performance.
For the most of practical applications it is advantageous to use polyurethane rather than liquids
for filling the interior of transducers. This simplifies the transducer designs and increases their
reliability. Physical properties of the polyurethane modifications differ, but they can be charac-
terized in average for approximate estimating parameters of the internal volume. Useful infor-
mation regarding mechanical and acoustic properties of the polyurethanes can be found in
Ref.7. For example, the data are presented in Table 12.3 for two commercial polyurethane (PU)
rubbers: DeSoto PR1547 and GS960PU of Gallaher Corporation.

Table 12.3: Properties of the polyurethanes.

Property P, kg/m? C, m/s B, GPa G, MPa
4°C 1650 2.9 6
PR1547 1.05
34°C 1500 2.3 4
GS960PU, 20°C 1.08 1700 33 1.2

The properties of PU to some extent depend on temperature, as is illustrated in the table, and
on frequency. The dynamic bulk modulus of elasticity for different PU compositions may
change approximately within +35% of the mean value of 2.9 GPa. Therefore, it may be desira-
ble to increase compressibility of the PU filled internal volume of a transducer. For a limited
depth applications, the compliant inserts can be used. Thus, in case that transducer is intended
to operate up to relatively small depth, but must withstand much deeper submergence, using
corprene for this purpose can be recommended. For example, 3 mm thick sheet of corprene DC-

100 being encapsulated in PU proved to be effective up to about 250 meters before its
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compliance dropped, but the original properties were restored after exposure to pressure equiv-

alent to 1000 m depth.
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CHAPTER 13

PROJECTORS DESIGNING RELATED ISSUES

13.1 Introduction

The theoretical considerations presented in the preceding chapters allow calculating the elec-
troacoustic characteristics of transducers regardless of their application. But an optimal design-
ing the real transduces (especially high-power projectors) requires many skills and engineering
intuition besides the ability to calculate parameters of the transducers analytically or numeri-
cally. Therefore, attempts to describe detail of designs of the particular transducer types without
specifying requirements for their electroacoustic characteristics and operating and environmen-
tal conditions hardly can be successful. It may be useful and possible instead to show the tenden-
cies that can be pursued for achieving certain goals. In terms of meeting requirements for the
electroacoustic parameters, the most challenging are the projector designs due to limitations of
acoustic power radiated predominantly by the dynamic stress and electric field in the active
material. These limitations are influenced by the environmental conditions, especially by the
hydrostatic pressure that may produce reversible and permanent changing parameters of pie-
zoceramics (see Chapter 11). In this Chapter several aspects of the projector designing are con-
sidered related to optimizing their operation.

For making decisions regarding optimal matching transducers of different type with acous-
tic field the concept of reserves of mechanical and electrical strength of a transducer that was
introduced in Section 3.1.3.2 is used. It is shown how reducing the excessive reserves of
strength by changing transducer design may lead to optimizing transducer parameters: to in-
creasing power radiated, or to making the design more balanced and therefore more reliable.
This is done in Section 13.2.

Mechanical strength of the load bearing (air-backed) transducers of different type under
action of the hydrostatic pressure is considered in Section 13.3. The notions are introduced in
this regard of the survival depth of submergence and of the maximum operating depth that is

limited by a tolerable changing of ceramics parameters under the pressure.
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Insuring the static mechanical strength and stable parameters of the transducer design under
the hydrostatic pressure is one of important issues in their practical realization. Especially de-
manding in this respect are the low frequency flexural type projectors, as their mechanical sys-
tems inherently have relatively large compliance and hence vulnerability to static loads. Solving
this problem requires using the hydrostatic pressure equalizing arrangements. The questions
arise as to influence of these arrangements on the electromechanical parameters of the projec-

tors. The related issues are considered in Section 13.4.

13.2 Using Concept of Reserves of Strength

13.2.1 The Optimum Projector Loading and Coefficients of Reserves of Strength

Summary is presented below of expressions that characterize the maximum acoustic power

W that can be radiated by a transducer under the condition that radiation resistance has op-

acm

or a real for the transducer value r , which were intro-

ac

timum for this transducer value 7, ,
duced in Section 3.1.3 under certain assumptions. Thus, for example, the mechanical losses in
the transducers are neglected to the first approximation in order to simplify relations that illus-
trate the essence of the matter without loss of generality, as it is explained in Section 3.1.3.
Therefore, all the following relations must be considered as approximate. When using the rela-
tions, it has to be remembered that numerical values of optimum acoustic load and maximum
power radiated depend significantly on the values of permissible electric field and dynamic
mechanical stress, which may change under particular operating conditions (temperature re-
gime, duty cycle). Therefore, the numerical data must be considered as illustrative for the me-
thodical purpose rather than as exact values.

The optimum radiation resistance is determined by formula (3.126) as

- A E,

optW = .
AT,

(13.1)

Here the quantities A4, and A, for a particular transducer type must be determined using rela-
tions (3.121) and (3.123), respectively, where
E, =2-10° V/m, T, =2-10" N/m’, and E, /T, =107 Vm/N (13.2)
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for the extensional type transducers, and

E, =2-10° V/m, T, =2:1.7-10"=3.4-10" N/m*, and E,IT, =0.6-107 Vm/N  (13.3)
for transducers of the flexural type. It is noteworthy that the same values £, =2 kV/cm and
T, =3000 psi (about 21 MPa) were used as permissible for estimating the extensional type
transducers in Ref. 5. Regarding the permissible values of electric field and mechanical stress
must be remembered the following.

Magnitude of the permissible electric field may be limited by a smaller value depending
on the temperature regime of a particular transducer design. The maximum power of electrical
losses that is generated in volume of a transducer at resonance frequency @, at permissible
electric field £, can be estimated as

W, =Ve,Cltans = Exo,C: tan s, (13.4)
where ¢, is separation between electrodes. This quantity can be calculated for a particular trans-
ducer type. Thus, for example, for the spherical transducer made of PZT-4 ceramics: .
C) =&,(1-k})-4ma’ /1,., where ¢, =t is the thickness of the sphere; tand=0.02 at
E,=2-10° V/m, and @, =(1/a)y2/ ps;;(1-0,") . After substituting these data in formula
(13.4) we arrive at W, = 43at , where a and ¢ are in cm. Or being normalized to the radiating

2
surface area S; =4xza”,

W _34% wiem?, (13.5)
S a

140

120 : T e
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Figure 13.1: Temperature dependencies for sphere with @ = 3.3 cm and ¢ = 0.3 cm that vibrates in
water at room temperature in cw mode at £, =2- 10° V/m . Solid line for bare sphere, dash and
dot-dash lines for the sphere incapsulated by 3 and 5 mm thick layers of polyurethane, respec-

tively.
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If the raise of temperature due to dissipating this amount of energy in a piezoelement ex-

ceeds an acceptable level, then the permissible value of the electric field must be reduced ac-
cordingly to ensure a safe level of temperature and radiating power.
This new permissible value of the electric field must be taken in estimation of the optimum
loading. Evidentially, this can be done only after considering particularities of the transducer
design and conditions of its operation. Example of the temperature dependences for the spher-
ical transducer with dimensions @ = 3.3 cm and /= 0.3 cm made of PZT-4 ceramics that vibrates
in water at room temperature in cw mode at £, = 2-10° V/m , are presented in Figure 13.1.
The cases are considered that the sphere is bare, or it is encapsulated with layers of polyurethane
having different thickness.

For illustrating general approach to estimations of the optimum loading we will keep the
permissible value of electric field £, =2- 10° V/m until specified otherwise. The permissible
value of the mechanical stress is related to the solid piezoelements. If the piezoelements are
cemented of parts, this value should be significantly reduced unless the piezoelement is pre-
compressed to a value that excludes tension in the bondings.

Real radiation resistance, r

ac ?

may differ from the optimum, r,, , if no special measures

are taken. The difference can be characterized by the coefficient of mismatch,

rac/roptW :mW' (136)

At the real radiation resistance the maximum power radiated can be limited by the electric field

(W,,), or by the mechanical stress (77, , ) that are expressed by formulas

2 2
W, zE—;’i, W, =T—”2rm. (13.7)
AE ac AT

In the expression for ¥, resistance of mechanical losses is neglected. This is especially justi-
fied in situation that the radiation resistance is close to the optimum. Ratio of these limiting
values of power is related to the coefficient of mismatch, as

. 2 2
w A T, P
B - g
T P

mE optW

The ratio ( A, / A, ) is called in Section 3.1.3 the design factor, because it is determined by
the type and mode of vibration of the transducer mechanical system and by the electromechan-

ical properties of the piezoelectric ceramic material used.
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Table 13.1. Estimations of the optimum acoustic loads for different projector types and their mis-

match with “real” acoustic loads.

Trans- ” ,
opt 2 ac
ducer i A, A, —-10 < m,
b Sy
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d
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Sll(l_o-l ) a E 1—UIE S 0'98(pc)w 0 35a
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Trans- , , -
ducer i Ay 4, 10 -~ m,
b s
Type
Slotted | 1 3.3-107 1.2-107
] 2
. - ,
e |’ x(po), [—) 0.7-107
¢ Unit E a
g p 5 1.6(pc;’) -
Slotted 9.1 (ﬁ] 25(pct) d,(t 2 7.5-10
Ring Col- ! dy Sy \ t XS_E[(ZJ ; x(a/t)
Like |1 i 0.2(pc), —
unTm o (P) a 43107
rans- 3
ducer x(alt)

. S, 1 |ph.a
VK, =2 e _ L '0”—""a’; , where a, and a,_ are the radiuses of the head and piezo-
S, \2M, 2\ pha '

element, is the matching coefficient. * K, = S, / dx-dy is the space factor of an array.

The ratio (7,/E,) is called the technological factor because it depends on the existing
average technological level of fabrication of the piezoelements and of the finished transducers
that determines the permissible values of electric field and mechanical stress. The mismatch
coefficient m  can be considered as the acoustic load factor. In the case that m,, <1 the trans-
ducer is underloaded, and the maximum power radiated is mechanical stress limited. At m , >1
the transducer is overloaded and the maximum power radiated is electric field limited. At
m, =1 the transducer is optimal loaded, and W,, =W, . These situations were illustrated in
Table 3.5 with examples of the basic designs of the uniform rod and circular ring transducer
under the loads that are real for their application in array of a large size and in a single cylin-
drical transducer of a big height. It is seen that under these “natural” loading conditions they
represent typical examples of underloaded and overloaded transducer types, respectively. Re-
sults of the analogous estimations that are made for broader range of the transducer types are
presented in Table 13.1.

The estimations in the Table 13.1 are made under the following assumptions:

The radiation resistances for the baffled cylinder, sphere, and mass-loaded bar (assuming
that its head is a round piston that has wave size D/ A =0.5) are determined from the plots in
Figures 6.10, 6.28 and 6.38 at values ka that correspond to the resonance frequencies of the

transducers made of PZT-4 ceramics.
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The radiation resistances of the flexural type transducers are calculated by formulas pre-
sented in Section 9.4: (9.283) for the single transducer units, (9.288) for the column like rec-
tangular benders and slotted rings, (9.294) for the benders in arrays of a large size. It is assumed
that the single rectangular plate and slotted ring transducer units have dimensions w=/ and
h =2a , accordingly. The column like transducers have the height that exceeds the wavelength.
The wave sizes of the single flexural transducers are assumed to be D/ A = ¢/a ,were for the
numerical estimations is used #/a=0.2. Convention is that for the rectangular benders
D=2a=w=].

All the values of the mismatch coefficients m,, are determined for the transducers made of
PZT-4 ceramics. In the case that they depend on the relative dimensions of the piezoelements,
the values of ratios a/t=5 and //¢t=5 are used for numerical estimations. For the mass-
loaded bar transducer the numerical values depend on the transducer dimensions through the
coefficient K, =(Ss,/S;)- W that must be calculated for a particular transducer de-
sign. Loading for the rectangular benders in an array can be changed by changing the space
factor K, =S5 /dx-dy,where S; is the transducer surface area, and dx,dy are the dimensions
of the place that is occupied by the transducer in the array.

Several conclusions can be made following the data presented in Table 13.1. Example of
the mass-loaded bar transducer, which is a particular case of the Tonpilz design, illustrates a
way for matching the underloaded equivalent uniform bar transducer with acoustic field (re-
garding the equivalent mutual transforming between the uniform and nonuniform bars in a gen-
eral case see Sec. 10.4). Close to optimum loading can be achieved by proper choosing the
matching coefficient K, . It is noteworthy that due to cementing the parts of transducer design
with piezoelement and segments of the piezoelement in case that longitudinal piezoeffect is
employed prestress of the whole structure is required. Introducing a prestressing member of the
design requires replacing a part of ceramic volume by a passive material, and thus results in
some changes of coefficients 4, and A, . Therefore, the example in the table is numerically
not exact, but it illustrates the way of better matching the transducer with acoustic field. How
the conditions of optimum matching can be achieved in a transducer design will be considered

in the next section.
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Example of the baffled cylindrical transducer shows much better loading in comparison
with omni radiating transducer. Given that a/¢ aspect ratio may be slightly changed the loading
of baffled transducer can be considered almost optimum especially for the case that longitudinal
piezoeffect is employed. In the last case a prestressing the segmented piezoelement is needed,
but it does not require any replacement of the active material. Though the coefficient 4, may
be reduced due to exposure of the ceramics to the maintained compression stress in direction
of polarization. One of the possible ways of prestressing the cylindrical piezoelement without
a significant changing its mechanical properties is by wrapping with a fiber (for example, glass

fiber) under tension in combination with epoxy compound, as illustrated in Figure 13.2.

Figure 13.2: To prestressing the cylindrical piezoelement. (a) General view, (b) cross section of

the single element of the winding.: 1 - ring, 2 - winding, 3 - fiber, 4 - epoxy.

Correlation between necessary ceramics prestressing, 7

¢

and tension in the fiber, T, can
be determined as follows. Assuming that thickness of the winding is much less than thickness
of the ring, & < ¢, it can be concluded that,

Tt+T,8k, =0, (13.9)

where k, is the space factor for the winding, k, =S, /S; (S, is cross-section area of the
fiber, and S is the total cross-section area of the element). From geometry considerations for
the cross-section of a single element of the winding shown in Figure 13.2 (b) follows that
k, =0.9 . Thickness ¢ of the winding will be found from this relation with known maximum
permissible value of tension 7/, in the fiber. For estimating effect of the winding on parameters
of a ring the resulting equivalent rigidity and mass of the cylinder with winding, K, and M, ,
must be determined. Approximately they are (subscript ¢ stays for “ceramics”)

K, =K, +K,~K[1+Y,8/Y1], M, =M, +M, ~ M [1+p,5/pt]. (13.10)
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Here ¥, =09Y,+0.1Y,,, p,=09p,+0.1p,,; Y,,p, and ¥, , p,, , are the Young’s moduli
and densities of the fiber and epoxy, respectively. After these corrections due to the winding
are determined, calculating changes of the ring parameters becomes straightforward. Given that
o<t,Y <Y ,and p, < p, all the changes of parameters most probable are negligible.

It is noteworthy that though this method of reinforcing the piezoceramic rings is widely
used, it is not known for how long and to what extent the originally established stress is main-
tained due to possible stress relief in process of the fiber relaxation.

Baffling can be considered as the way of matching the cylindrical transducers with acoustic
field in case that they are used as unidirectional. Otherwise, the only way of matching is by
changing the ratio a/t . Using the cylindrical transducers as unidirectional is typical for their
employment in arrays. The range of their effective operating vs. depth depends significantly on
properties of the baffles and on their behavior under the hydrostatic pressure. We considered in
our estimations in Table 13.1 the ideal (rigid or compliant) baffle representations for revealing
their influence on transducer performance. In practical applications baffles made of encapsu-
lated corprene can be used for operating in a shallow water (up to about 200 m depth). Design-
ing the baffles intended for operating at great depth and at low frequencies (below approxi-
mately 10 kHz) is a complicated engineering problem. Description of several examples of baf-
fles for underwater transducers and methods of their calculating can be found in Ref. 9.

The spherical transducer is overloaded, if the piezoelement is solid. This means that the
power radiated is limited by the electric field. The degree of overloading can be reduced by
increase of the relative thickness of the sphere. Although usually the piezoceramic spherical
shells are cemented out of hemispheres, and a prestress of the bonding is hardly possible. In
this case the permissible stress will be limited by the strength of bonding the hemispheres, and
the transducer may become underloaded, i.e., limited by the mechanical strength.

The single circular and rectangular plate benders at transverse piezoeffect are almost opti-
mally loaded. The single rectangular plate benders that employ the longitudinal piezoeffect are
underloaded. But it must be kept in mind that the segmented rectangular beam requires pre-
stress, and a part of the active material can be used for achieving this goal. As a result, the
loading conditions may become closer to optimum. It is of note that the single flexural trans-

ducer units are seldom used for radiation. The circular plate benders are not capable of radiating
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significant power (remember that condition of optimum loading, m, =1, means only that
W . =W, ., and does not say about their absolute values), and rectangular benders are usually
used in columns, or as the members of the large arrays. The column like rectangular benders
are noticeably overloaded (electric field limited), if the transverse piezoeffect is used, and are
almost optimally loaded, if the longitudinal piezoeffect is employed (though the prestress is
required in this case). Loading of the rectangular benders in the large arrays can be tailored by
changing the “space factor” K_ . With transverse piezoeffect used the benders are overloaded
at reasonable (that does not contradict overall amount of power radiated) value of the space
factor, and with longitudinal effect used the optimum loading may be achieved at X = 0.5, or
a little less given that the prestress is required.

The slotted ring transducers are dramatically underloaded (mechanical stress limited) as
the single units and in the column like transducers. Especially this is true regarding the trans-
ducers that employ longitudinal piezoeffect, moreove, they require a prestress.

It must be kept in mind that the numerical estimations are presented in Table 13.1 without
considering real environmental conditions. Thus, the possible effects of hydrostatic pressure on

peculiarities of the transducer designs and on their parameters are not taken into consideration.

13.2.2 About Using Concept of Reserves of Strength for Optimizing Projector De-
signs
Reserves of the electrical and mechanical strength of the projector regarding the maximum val-
ues of power limited by permissible electric field and mechanical stress are characterized by

the coefficients (see relations (3.130) and (3.131))

E W T '
k=L _ /_ and k, =12 — /W_ (13.11)
Eap VVUP YLP VVUP

Here the operating acoustic power of a projector is denoted by WU ,» and the corresponding

electrical field and mechanical stress for the projector are denoted by £,, and 7,,. According
to these definitions for the reserves of strength coefficients (they may be also considered as
safety factors), it must be &k, =1 and k, >1.If k., and/or k, exceeds the unity, it means that
the projector has an excessive reserve of strength. In general, the projector design may be re-

garded as rational in the case that it does not have excessive reserves of either electrical or
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mechanical strength, i.e., k, =k, =1 under the operating loading conditions. This situation
corresponds to the maximum power available from the projector for a particular application. If
a moderate acoustic power is required, then it will be &, =k, >1, which means that the pro-
jector acquires excessive reserves and its design can be made simpler, cheaper, and even more
reliable for expense of reducing these reserves (for example, the amount of active material can
be reduced, or the prestressing arrangements can be simplified, etc.). Note, that the resulting
increase of E,, and 7, up to their permissible values £, and T, should not compromise the
reliability of a projector, because the permissible values by their definitions must insure a long
term reliability of a transducer. This assertion is seemingly unusual, and most of the users may
prefer to have excessive reserves of strength to be on a save side, but the concept of possibility

of optimizing projector design by reducing its reserves of the strength rests on this assumption.

13.2.2.1 Length Expander Bar

To illustrate, how the concept of reserves of strength may be realized in way of optimizing a
projector design, consider example of transducer that employs piezoceramic length expander
bar, as the typical representative of underloaded transducer type. The concept of equivalent
transformation between the uniform and nonuniform (composite) bar representations that was
introduced in Section 10.4.2 can be used with this goal. For simplicity we consider symmetrical
composite transducer. Geometry of both composite and equivalent uniform bars is shown in

Figure 13.3.
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Figure 13.3: To the equivalent conversion of the uniform bar into composite transducer. By the
solid line is shown imaginary uniform bar, by the doted lines are shown passive parts of composite

transducer that are equivalent to their ceramic counterparts in terms of the input impedances.

As it was shown in Section 10.4, dimensions of the composite bar transducer can be related

to parameters of the equivalent uniform bar that has a certain resonance frequency, f., area of

r

the end surface, S,, and is loaded by arbitrary radiation resistance r," . They must satisfy rela-

tions (10.177) - (10.179) that are replicated below as



13.2 Using Concept of Reserves of Strength 401

I=1,+21 =c*/2f., (13.12)

(peS), tan(kL), = (pc*S), tank” % , (13.13)

-1,

cos’ (kL), = (pc), ilicos2 kF (13.14)

Given that parameters of ceramics ( p, , ¢’ ) are known beforehand, for determining parameters
p-¢, L, [,,and S, (S, should be known as the area that is occupied by the transducer in
array) we have the two first equations. Eq. (13.14) can be specified for the optimum matching
with acoustic field by a proper choice of the radiation resistance r. We will assume that at
optimum matching the mechanical and electrical safety factors must be equal (&, =k, =1 that
correspond to the maximum power radiated by the transducer). This condition can be formu-
lated as follows. Expression for the electromechanical transformation coefficient of a uniform

bar transducer in the case that only a central part of ceramics is active is

n(l,) = n(l)sin(zl, /21). (13.15)

Accordingly, at the same radiated power the electric field E,, for a transducer with partially

active ceramics as compared to E,, for the fully active piezoelement is

E =E, n(l)/n(l,) (13.16)

and A=A, -n()/n(l,)= A, -sin(zl, / 21) . (13.17)
Now from the condition k, =k, ,i.e., W,, = W, ., making use of formula (13.1) we obtain

. _E 4 _E 4 1 ! (13.18)

o=t —=—t_". =7 .
“ T, A. T, A, sin(zl,/20) " sin(xl, /2])
Upon substituting this expression into Eq. (13.14) we arrive at the condition

cos” (kL)

1 c
Vopt

COR Py —2191 -sin(zl, /21). (13.19)

It must be kept in mind that reducing amount of active material for achieving better matching
with acoustic field comes for expense of the electromechanical force (reducing the electrome-
chanical transformation coefficient). At the same time, it is desirable to retain (or at least not to

reduce significantly) value of the effective coupling coefficient in order not to compromise the
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bandwidth of matching the transducer with power amplifier. These conditions can be not con-
tradictory until [, // > 0.5, as it was previously illustrated with Figure 10.33.

For maximizing the overall bandwidth of the transmit channel and increasing with this goal
the bandwidth of mechanical system (reducing its O, , ) predominantly light passive materials
must be used for replacing ceramics such, for example, as aluminum alloys and titanium. This
imposes an additional condition for determining values that characterize the composite trans-

ducer design.

13.2.2.2 Rectangular Bender

Consider the rectangular bender projector employing the longitudinal piezoeffect as one more
example of achieving a close to balanced acoustic loading. Projectors of this type are the can-
didates for covering frequency range below 3-4 kHz. As this is seen from Table 13.1, the mis-
match coefficient of loading the rectangular bender in the large array is m, =2.2K _, and it can
be tailored by changing the “space factor” K, =S /dxdy . Thus, seemingly close to optimum
loading could be achieved at K = 0.5, but it must be taken into consideration that a prestress-
ing of ceramic may be required, if the goal of radiating maximum possible power is pursued.
Therefore, an element that produces the prestressing must be included in the transducer design.
In case of the composite length expander transducer, it was the central bolt stretched between
its head and tail. Introducing the bolt could be considered in terms of influencing transducer
electromechanical parameters as replacing some part of ceramic volume by passive material.
This could be tolerated because the length expander transducer had excessive reserve of the
electrical strength. Specifics of the rectangular bender as a member of an array is that it is
overloaded and introducing an additional structural element ideally must not result in reducing
the electromechanical transformation coefficient of transducer, or this reduction must be as
small as possible. At the same time, the changes in transducer unit design that are followed by
reducing its space factor (area occupied by the active element in array) can be made for expense
of existing reserve of the mechanical strength. For illustration two possible variants of the rec-
tangular bender design with elements that produce precompression are shown in Figure 13.4

and Figure 13.5.
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Figure 13.4: (a) Design with the compression member that constitutes a part of the bender plate:
1- segmented piezoceramic blocks, 2 - compression member, 3 - wedges for transforming the
applied force, 4 - dielectric substrate, 5 - metal end parts. Arrows indicate directions of polariza-

tion. (b) Cross-section of the plate.
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Figure 13.5: Design with the compression member outside of the bender active volume: 1— seg-

mented piezoceramic blocks, 2 — compression bolts, 3 — the end parts. Arrows indicate directions

of polarization.

In the variant of Figure 13.4 precompression of ceramic blocks is produced with help of
the parts of transducer mechanical system. This must be done in process of cementing the me-
chanical system under action of compressive forces, f., applied to the wedges. The design
requires replacing parts of the active volume at the ends (with length /,, ) and through the thick-
ness (the latter includes dielectric substrates for isolating electrodes form the central metal
layer). In the variant of Figure 13.5 the compression members (bolts) are located outside of the
active mechanical system. They are positioned between extensions of the passive end parts of

the mechanical system (with length /,, ) in the neutral plane of the bender.
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The compression can be produced after the mechanical system of the bender is assembled.
Compare these variants in terms of minimal reducing reserves of electrical strength under the
condition that dimensions of the radiating surfaces are the same. In both cases replacement of
a part of the active material by passive (presumably metal) is required. This results in reducing
electromechanical force ( F,, =n, V' ) according to plots presented in Figures 9.12 and 9.13 that

are reproduced here as Figure 13.6 and Figure 13.7.
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Figure 13.6: Dependence of relative values of the transformation coefficient and effective cou-

pling coefficient from the relative thickness of the passive substrate A/¢:1- n(6/t)/n(0) ;2

— k(678 k,;(0).
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Figure 13.7: Dependence of relative values of the transformation coefficient and effective cou-

pling coefficient from the relative length of passive parts lp /[l 1 - n(lp /1) /n(0); 2 -
kef/(lp /Z)/kelf (0).

For the qualitative estimations we use the plots obtained under the assumption that values of
Young’s moduli of the passive material and piezoceramics are close. Although in the first var-

iant the metal parts may be made of metal having noticeably larger Young’s modulus, because
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they experience significant tensile stress. More accurate estimations can be made in this case
using results of Section 9.2.1.2.

As can be concluded from the plots, in both cases replacing a part of volume by a passive
material is followed by loss of the transformation coefficient, i.e., by reducing reserves of elec-
trical strength. Especially large drop of electromechanical transformation takes place in the first
variant, in which case the required volume of passive material is much greater than in the second
variant. This is because the stress-bearing central layer must have a certain thickness, and the

passive parts at the ends must be more massive (/,, > /,, ) to arrange for developing the com-

Pl
pressive force.

Therefore, this variant of design can be recommended for projectors of a moderate power
in an array, or for the single unit transducers that are underloaded (have reserves of electrical
strength). On the positive side is that reducing amount of active material is followed by increase
of the effective coupling coefficient according to plots in Figure 13.6 and 137..

For the more powerful transducers the second variant is preferable in terms of preserving
the level of electromechanical force. But while the prestressing bolts do not influence the elec-
tromechanical force, they may reduce to some extent the effective coupling coefficient of a
transducer even though their axes are in the neutral plane due to a finite diameter of the bolts.

The diameter of a bolt must be determined from the condition that the tensile stress in the bolt,

T, , is related to compression stress in the ceramics, T, by relation

2-7a’ T, =S..T (13.20)

th csctee?

where a, is the radius of the bolt, and S__ is the cross-section area of the ceramic plate. Thus,

2-za; T, =8,,T.,. (13.21)

csceee

Suppose that the bolts are made from beryllium copper, as was suggested in Ref. 1 for the center
bolt of a Tonpilz transducer. This material has the tolerable stress 7,, = 700 MPa, ¥, = 200
GPa, p, =8-10° kg/m? . it is noteworthy that the bolts do not experience a dynamic stress in
course of vibration, because of their location in the neutral plane, therefore the static stress is
the only factor that must be taken into consideration, when determining their mechanical
strength. Thus, for reaching the suggested permissible value of the tensile stress in solid ceram-

ics it mustbe 7., =7, =34 MPa (see Eq. (13.3)), and
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a, :4/8'10‘3SM . (13.22)

To estimate effects of the bolts on the equivalent mechanical parameters of the transducer, con-
sider the energies associated with their deformation in course of flexural vibration of the me-
chanical system of the transducer. If the bolts have the same length, and the same boundary
conditions as the mechanical system of the transducer, its first mode of vibration can be repre-

sented in the same way as for the piezoelement, i.c.,

&, (xX)=¢,,sin(zx /1), (13.23)

and given that the slops at the ends, (((dé‘ / dx)xzoﬁ,) , are the same, £, =& - maximum dis-
placement of the piezoelement.

The potential energy of the bolts is,

1, HaeY

2

VVpoz = 2 EYhJ J.(Wj dx = Keqvb 0 (1324)
0

where the inertia moment of the circular cross-section in respect to y axis is J, = ra, /4, and

K, ., isthe equivalent rigidity of the single bolt. Thus,

eq

5 4
Koy =2y, (13.25)
8l
The kinetic energy of the bolts is,
1 ‘. .
w,, =2~5pbﬂa§f§2dx=ngvb 2 (13.26)
0

where M, , is the equivalent mass of the single bolt. Thus,

M

eqvb

= prail/2=M,/2. (13.27)

Validity of representing vibration of the bolts in the operating range of the bender by the
first mode can be estimated by comparing the resonance frequencies of the bolts and of the
bender itself. Based on the expressions for the equivalent parameters of the bolts and mechan-
ical system of the bender and using formula @, = m may be obtained that the first
resonance frequency for the bolt is about two times lower than for the bender. Keeping in mind

that the next (third) mode resonance frequency of the bolt is 9 times higher, representing
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vibration of the bolts by the first mode in the frequency range of the bender operation can be
considered appropriate.
Thus, the total equivalent rigidity and the mass of the piezoelement and the bolts made of

beryllium copper is,

Y,

K, =K% (1+2K,,, /| KE)=KE, (1+1.2.10-3 V?”—;J , (13.28)
3

My =M, (1+2M,,, /M, )=M,, (1+510%p,/ p.). (13.29)

Here K° =7z*we'Y /24P and M v = Pwil /2. With PZT ceramics used and at reasonable

eqv
value of ratio w/t the second terms in parenthesis are negligible and K, ~K; , M, ~M,,.
Thus, the compression bolts do not influence equivalent mechanical parameters of the piezoel-
ement to the first approximation.

Another question is whether the compressive stress acting along the piezoceramic beam
influences its elastic property. It is shown in Ref. 7 that relative change of the resonance fre-
quency of a beam due to compressive stress, 7., acting along its length can be estimated by

s Lo

formula

A 2
%: 1—%%‘27;@ . (13.30)
. /4

Thus, if 7, =40 MPa and //t = 5, then for PZT-4 ceramics Af, / f. =0.99 . This shift of the
resonance frequency is negligible, but for a larger compression and relatively thinner beams
this value can become noticeable. For example, it was assumed in Ref. 4 that T, = 70 MPa and
I/t = 10. The shift of resonance frequency under this assumption Af, / f, =0.93 is big enough

to be considered in the transducer designing.

13.3 Static Mechanical Strength of Transducers

The typical environmental conditions for underwater transducers involve action of the hydro-
static pressure. Therefore, it must be estimated how the resulting stress and measures for insur-
ing the static mechanical strength of projectors of the load-bearing design may influence the

above considerations regarding maximum possible power radiated and optimum loading.
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Severity of acting the hydrostatic pressure on the transducers operation is quite different for the
designs that realize the extensional vibrations and those vibrating in flexure. The latter are es-
pecially vulnerable in this respect as their mechanical systems inherently have relatively large
compliance and hence larger deformations under static loads. Transducers of these types will

be considered separately.

13.3.1 The Extensional Type Transducers
The static compression stress in the piezoelements of the extensional type transducers such as
spheres and circular rings (planar for spheres and one dimensional for rings) under the hydro-

static pressure can be determined by formula
T,=%p,, (13.31)
) t

so far as they are relatively thin and distribution of stress over the thickness can be neglected,
which is usually the case. Assuming that compression static strength of ceramics that is typi-
cally used for projectors (PZT-4 and PZT-8) is T, .. = 350 MPa and the aspect ratio of the
piezoelements may be approximately estimated as a /¢ = 5, from formula (13.31) follows that
in terms of strength the pure piezoelements can withstand hydrostatic pressure up to p, =70
MPa. This corresponds to depth 7000 m, which exceeds the average depth of ocean (4300 m,
and p, =43 MPa). (Definitely, this does not mean that transducer designs that employ such
piezoelements may have equal mechanical strength). To estimate a real operating range of depth
for application of the piezoelements, dependences of their electromechanical parameters on the
compression stress that are presented in Section 11.3.3 must be taken into consideration. Thus,
under the two dimensional (planar) stress in the spherical shell properties of PZT-4 ceramics
may change as it is shown by plots in Figure 11.27.

Under the one-dimensional stress in the circumferentially poled (segmented) rings a pre-
stress in the circumferential direction is usually required. In the extreme case the prestress up
to 7, =20 MPa must be imposed to prevent developing the dynamic tensile stress in the ring.
The situation regarding the stress acting in the ceramics in the circumferential direction in this

case is illustrated with plots in Figure 13.8. (Remember that the compressive stress is negative
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according to the sign convention.) It follows that for the transducers intended to operate below

400 m the prestress is not needed for avoiding the tensile dynamic stress.

20

T, MPa

-60 T

Figure 13.8: Dependencies of the stress in circumferential direction in a ring vs. hydrostatic pres-
sure (operating depth): 1 - hydrostatic compression stress in the ring having aspect ratio a/t =5; 2
— compression stress in the same ring that is prestressed up to 20 MPa; 3 — dynamic tensile stress

in the ring without prestress.

It must be noted that the static and dynamic strengths are usually determined in peak values
of stress, whereas in calculating power radiated the rms values are used. Thus, if the permissible
value T, =20 MPa is accepted for calculating the power, the prestress for avoiding the tensile
stress in ceramics should be, strictly speaking, 7, ~ 28 MPa. However, we will retain for sim-
plicity in approximate estimations the 7ms value. Moreover, some level of self-strength of bond-
ing exists, at small depth radiation of ultimate power is not possible because of cavitation and
at a greater depth an additional compression in ceramics occurs due to the hydrostatic pressure.
Dependencies of the dielectric constants and piezoelectric moduli of PZT-4 and PZT-8 ceram-

ics from the static stress parallel to direction of polarization are presented in Section 11.3.3.1

(Figures 11.12 and 11.13).
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13.3.2 The Flexural Type Transducers
The stresses in the mechanical system of a bender depend significantly on the boundary condi-
tions. We will assume that the circular plates and rectangular beams employed in the benders
are predominantly simply supported. The reasons behind these are that simply supported pie-
zoelements proved to be the most effective electromechanically, and these conditions are the

most easily achievable, particularly, in the double-sided symmetrical bender transducer designs.

13.3.2.1 Rectangular Beams

The stresses in the rectangular beam are (see Section 2.6.1)

do
TF =—zYf¢, X (13.32)

The displacement &, under action of the hydrostatic pressure p, on the transducer surface can

be found as

& =p,S. K" (13.33)

Thus, for the maximum stress that takes place at z =¢/2 in the middle section of the beam

1S YF d°0
max :ph 2K; dxz . (1334)

x=1/2

At simply supported boundary conditions with H(x) = (16/51)(x—29c3 /P +x* /13)

we?
Ko =457
Is),

(13.35)

and S, =0.64S =0.64wl (see (2.128) and (2.130)). After substituting expressions for K and
O(x) into Eq. (13.34) we obtain

2

!
T 0785 F,, (13.36)

For estimating the limiting survival depth of the rectangular bender, we will use values of

the static bending tensile and compression stress T — 40 MPa and 500 MPa, respectively,
as permissible in terms of mechanical strength for solid piezoelements. (They are the tensile
and compression strength for the extensional deformation taken from Table 11.1 and multiplied

by factor of 1.5-1.7). The permissible tensile stresses for the segmented piezoelements are
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significantly smaller and they depend on quality of cementing the segments. Such piezoele-
ments subject to prestress in the transducer designs for avoiding tension. Here we will assume
that transducers are made from solid piezoelements that may include the stripe electroded pie-
zoelements employing the longitudinal piezoeffect, or from the segmented piezoelements pre-
stressed up to excluding the tension, as it was assumed for the rings in the previous article.
When using the numerical estimations made in this section, it should be kept in mind that the
value of stress that characterizes the bending tensile strength of ceramics must be considered as
conditional. It has to be admitted that no reliable data regarding the tensile strength (both static
and dynamic) exist. Significantly different results of determining the tensile strength can be
encountered in literature (in Ref. 2 this value is about 60-70 MPa, in Ref. 10 this value is esti-
mated as peak dynamic stress about 90 MPa). Probably, T, ~ 40 MPa accepted here is some-
what underestimated value. The subsequent numerical results can be easily recalculated, if more
trustworthy estimations for the bending strength of ceramics become available.

In determining the maximum depth, to which the benders can be used, the notion of the
maximum survival and operating depth must be distinguished. Additional limitations on the
operating depth may arise due to changing parameters of ceramics under static stress, and due
to combined effect of the static and dynamic tensile stress on the strength of the beams. At first,
we will consider the survival depth without considering these effects. Estimation of the maxi-
mum survival depth that follows from relation (13.35) at value for the static tensile strength 7,
=40 MPa is
12

g =5:10" 5

(m) . (13.37)

Thus, the thickness to length aspect ratio of a beam is related to the depth as
/h= 1.4-10’24/h(m) . (13.38)

The theoretical assumption for applicability of the elementary theory of bending is that ¢ // «'1
. But the results obtained under this assumption can be used for benders of finite thickness with
corrections that are introduced in Section 9.2.2.1. The corrections are negligible for practical
application up to values #//<1/5. Increase of the thickness to length aspect ratio not only

affects the electromechanical parameters of the piezoelements. It results also in an increase of
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the shear stress under the bending that has maximum values in the midplane and close to the
ends of a beam. Therefore, the shear strength of epoxy that bonds the parts of the beam must be
taken into consideration, when determining a reasonable increase of the aspect ratio. As an
example, the shear strength for metal to metal bonding is about 7, , ~ 13 MPa according to
the data from manufacturer for a particular epoxy used. Following (9.145) expression for the

shear stress is

YE
7;: - 50[

2 3
. ’__ZZJ‘W. (13.39)

4 " )ad
The shear stress 7, reaches its maximum value at z=0 and at x =0,/ (for the simply supported
beam 6(x)=sin(zx/[)), and after substituting expression (13.33) for &, the maximum value

will be obtained as

T

m sh

=0.6§ph. (13.40)

Given that Y’ =1/s; = 81 GPa and the permissible shear stress is T’

psh

= 13 MPa, the depth
limit due to the shear strength is about

h

m sh

z2.2-103§ (m). (13.41)

If #/1 < 1/5, the depth limited by shear strength of the bonding between ceramics is # = 440 m.
The depth limited by the tensile strength according to formula (13.37) is 200 m. Thus, the tensile
strength remains the limiting factor and the geometry of the beam vs. required survival depth
must be determined using formula (13.37) and its modification

126.3.10*3;—6 o (13.42)

r

that relates the length of a beam to its resonance frequency and to the depth. For example, the
length of the fully active beam that has resonance frequency f. = 1.5 kHz at the aspect ratio #/!/
= 1/5 and must withstand maximum depth 200 m is / = 20 cm. This makes the overall dimen-
sions of the beam 4 cm x 20 cm. Beam of such a large size cannot typically be produced as a
solid piezoelement, and must be glued out of smaller parts, in which case the tensile strength of
the whole structure can be reduced dramatically. In order to illustrate the correlation between

more realistic geometry of a beam and its limiting survival depth, the dependences of the length
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of a beam having aspect ratio #// =1/5 from the depth for different resonance frequencies are
presented in Figure 13.9 for the case that PZT—4 piezoceramics is used. For different aspect
ratios the maximum depth must be determined from formula (13.41). This is noteworthy that
the range of the operating depths for the benders as self-sustaining structures was estimated in
Ref. 11 as up to 200 m approximately. In our estimation this corresponds to the transducer with

resonance frequency f, =1.5kHz .

[, em

Figure 13.9: Dependences of the length of the beam vs. the maximum survival depth for different
resonance frequencies: 1,1°- 1.0 kHz; 2, 2° — 1.5 kHz; 3, 3> — 2.0 kHz. Curves 1, 2, 3 for the fully
active beams; 1°, 2°, 3” for the half passive beams. Piezoceramics is PZT-4, passive material alu-

minum. Aspect ratio of the beams is #//=0.2.

For increasing the survival depth and still retaining reasonably compact dimensions of the
flexural beam transducers, the half passive beam designs are used, in which case the part of the
beam that experiences tension is made of a metal that has a much higher yield tensile strength
than piezoceramics. For example, if aluminum alloy AA2011 with 7, =330 MPa is used as a
passive material in combination with PZT-4 ceramics, then formulas (13.38) and (13.42) must
be replaced by relations

t _ 5C
7>05:10 2 »and 1222-10 37 [P, (13.43)

r

respectively. The plots of dependencies of the length of half passive beam vs. maximum oper-
ating depth for different resonance frequencies are presented in Figure 13.9 by the dash lines.
The plots are restricted by length 20 cm. Increase of the maximum survival depth of a bender

comes for expense of reducing the electric field limited acoustic power. If the beams are



414 13 Projectors Designing Related Issues

prestressed for expending their dynamic range of operation, then the corresponding operating

depth is also increased.

13.3.2.2  Circular Plates

The issues related to the strength of the circular plates under action of the hydrostatic pressure
can be considered in the same way as for the rectangular beams. The difference is that the
stresses in the circular plates are two dimensional: 7, =7 in the radial direction, and 7, =T,
in the circumferential direction. The maximum stress takes place in the center of the plate. At

this point 7, =7, ,. Expression for the radial stress in the center of a circular plate is

YE d 9| S, %" d*o|
T{max =-z é() —th E 2 2 H
M=y 1™a? |, " 2KI—(e7 1 a7 |,

(13.44)

where the static deflection curve for the simply supported boundary conditions is given by for-

mula

0(7’/61){1—2—2}(1—%}. (13.45)

According to (2.151) the rigidity, K, and the average surface area, S

m?> av?

s 0.6xf

eqv _a2slfl (1 E2)

, S, =0467a’ . (13.46)

Substituting these quantities into Eq. (13.44) results in

2
a

T =092=P. (13.47)

1max 2
t

Estimation of the maximum operating depth that follows from this relation at value of the per-

missible static tensile stress for the flexural deformation 7, =40 MPa is

h. =43-10'(t/a) (m). (13.48)

It is noteworthy that for the two-dimensional case the permissible static tensile stress under the
flexural deformation must be greater than that for the one dimensional system, but numerically
itis not certain and therefore the same value 7, =40 MPa is used. Thus, the thickness to radius

ratio for a circular plate is
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(t/a)=1.510"[h,, . (13.49)

On the other hand, we consider that #/a < 1/5 is the maximum aspect ratio, at which the correc-
tions for the finite thickness of a plate still remain small. At #/a = 1/5 the correlation between
the radius of the plate for a certain resonance frequency, f, =0.23(¢/a’)c” (see (9.200)), and

r

maximum operating depth can be estimated as

E
5 C.
a>3.610 37 [ - (13.50)

r

where 7, is taken in meters. From this relation the radius of a plate that insures its static
strength at a required depth and for a certain resonance frequency ca be determined.

The maximum theoretically achievable operating depth being obtained from relation (13.48) at
t/a = 1/5 is about 170 m. Thus, for example, if the resonance frequency of transducer is
/. =1.5kHz the radius of plate for this depth must be a > 10 cm, which makes the overall
dimensions of the plate D > 20 cm, > 2 cm. A transducer of this size is too massive. Besides,
the plates of this size cannot be manufactured as solid piezoelements and being glued out of
number of smaller parts they will lose their tensile strength dramatically. More realistic corre-
lation between the plate radius and its maximum operating depth is illustrated for several reso-

nance frequencies with plots in Figure 13.10 following Eq. (13.50).

154

Figure 13.10: Dependences of the radius of the plate at the maximum operating depth for different
resonance frequencies: 1, 1° — 1.0 kHz; 2, 2° — 1.5 kHz; 3, 3° — 2.0 kHz. Curves 1, 2, 3 for the

fully active plates; 1°, 2°, 3’ for the active- passive plates.
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For increasing the operating depth of the piezoelements having realistic geometries, a half
passive plate design can be used, in which material of the lower half plate is replaced by a metal.
It must be kept in mind that not only the permissible stress is changed, when calculating the
active-passive plates (beam), but in general the Young’s moduli ¥ and sound speeds c, in

the due formulas must be changed to Y,

eqv

and c,, determined for the active—passive designs,
as this is shown in Sections 9.2.3 and 9.3.2. The changes are small, if the values of Young’s
moduli of the ceramics and metal are close, as it is in case that aluminum alloy AA2011 is used.
Plots for the half passive ceramics-aluminum plates are shown in Figure 13.10 by the dash lines.

As it was already noted, using the circular plates for projectors is less common compared
with the rectangular beams. The half passive circular plate designs are typical for the hydro-

phones.

13.3.2.3  Slotted Rings

The circumferential stress in the slotted ring shown in Figure 13.11 is according to Egs. (4.500)
and (4.513),

Figure 13.11: Slotted ring geometry.

1 z [&*E z
T, = STS‘O =i [ o0 +§r) = —F—aZ'O.44(l—cos¢))§m , (13.51)
where &£ is the maximum radial displacement at ¢ = 0. The maximum stress 7, is devel-
oped at |z|=¢/2 and @ =7 . In the outer layer (z=1/2)
t
T =—044——¢, (13.52)
s;a

i

Formula (13.52) can be used for determining the static stress, if the displacement &  under

action of the hydrostatic pressure is known. This displacement can be found from relation
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=F /K&

gm eqv m?

F,, =S,b, and

av

where the equivalent force produced by the hydrostatic pressure P, is

S, =0.62S,  =0.62-2x{a+(t/2)h (13.53)

outer

following expression (7.289). The rigidity K- for the short circuited ring is (see (7.250))

xE_” £h

== . 13.54
20 a’sf; ( )

Note that here and in formula (13.53) /& denotes the height of the slotted ring, whereas £,
denotes the depth in meters.

As the result we obtain

4
£, =-250-L 5" (HLJE . (13.55)
t 2a

Sign (-) shows that the displacement is directed to the center of a ring, whereas positive is
direction outside. Now from formula (13.52) follows that the maximum tension in the outer

layer is
1 —ll~£ 1+ |p (13.56)
max tz 2a ho .

or given that the resonance frequency of the ring is f, =0.02(t/a’)c,,

T =022 ; £1+ZLJP,,. (13.57)
a

r

Thus, for example, for a ring made of PZT-4 ceramics having dimensions

D,=52-102m, t=1.6-10"m (f =15kHz) (13.58)

the limiting survival depth may be determined from relation

By 25T, (- (13.59)

With T, =40 MPait will be 4, <100 m . This estimation is valid for the fully active transverse
poled and for the tangential poled (stripe-electroded) rings. For the segmented longitudinal po-
larized rings the permissible static tension is smaller and so is the survival depth of the trans-

ducer.
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The limiting depth can be significantly extended in the half passive transducer design, in
which case the outer layer of ceramics is replaced with metal (for example, aluminum). Thus,
the tension in the ceramics will be avoided at the expense of reducing the electromechanical

force by the factor of two.

13.3.2.4  On the Correlation Between the Operating and Survival Depth of the Transducers
So far, the maximum survival depth for the transducers was considered. In determining the
maximum allowable operating depth, the additional limitations must be considered that arise
due to changing parameters of ceramics under static stress, and due to combined effect of the
static and dynamic tensile stress on the strength of the transducers. This issue will be considered
with example of the flexural type transducers that are the most vulnerable in this respect. For
estimating the operating depth an assumption must be made regarding the permissible values
of the dynamic stress, T, , in presence of the biasing static stress, 7, . We will assume that the
maximum permissible stress remains the same for the total stress T} , as this was suggested in
Ref. 5.

The maximum biasing stress due to the hydrostatic pressure is that of tension on the inner
surface, compression on the outer surface of the plates (beams), and vice versa for the slotted
rings. Accordingly, the operating (dynamic) tensile stress becomes biased by the static com-
pression stress on the inner surface for the plates (beams), as

T, =T,+T,

st 2

(13.60)

and on the outer surface, as
T, =T, -T,. (13.61)

Remember that according to the accepted sign convention the tensile stress is considered as
positive and the compressive - as negative. For a slotted ring these relations must be changed
places.

Further an example of a beam as a part of the rectangular bender transducer will be used
for illustrating. We introduce the following notations. The survival depth limited by tension that

corresponds to permissible tensile stress 7, is denoted /

st

limited by compression that corre-
sponds to permissible compressive stress 7, is denoted 7, . The operating depth that corre-

sponds to permissible stress at this depth 7, (%) is denoted #,,
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Figure 13.12: Illustration of the operating and survival depths determined for the fully active
bender plates on the lower and upper halves of the mechanical system. Values of the permissible
operating stresses for a particular depth are within the shaded areas. The survival depth limited by

tension is /1,

st 2

survival depth limited by compression is /. .

The correlations between the survival and operating depths that are obtained with help of

relations (13.60) and (13.61) for the fully active bender plates on the lower and upper halves of
the mechanical system are qualitatively illustrated with diagrams in Figure 13.12.
The dashed areas show the limits for values of permissible operating stress 7,,(h) vs. depth.
Obviously, at h=0T7, (0)=T, =T, . On the inner surface the permissible operating stress
comes to zero at & = h,,. On the outer surface the permissible operating stress raises with depth
until it reaches the survival depth /# = A . Thus, the value of stress limited power radiated by
the bender is restricted by stress conditions in the lover half of the mechanical system,

and the larger is the required power the smaller is the operating depth. Radiating by the
fully active bender at the survival depth is impossible. Maximum power can be radiated close
to the surface. Though, it must be noted that close to the surface the radiated power may be
limited by cavitation rather than by the tensile strength.

The situation is quite different for the half passive design with the inner half of ceramics
replaced by a metal having tensile strength comparable to compressive strength of the ceramics.
Much larger survival depth that is determined by permissible compressive static stress, 7, , of

ceramics, and operating depth for radiating much larger stress-limited power is now allowed by

strength of the upper part. But this advantage comes for expense of reduction of the bending
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moment, or in other words, by reduction of acoustic power limited by the electric field. Another
factor that must be taken into consideration regarding the half passive design is related to pos-
sible changing parameters of ceramics under the compressive stress generated by the hydro-
static pressure. This circumstance is not important for the fully active design, because its
strength is limited by the relatively small tensile strength of the ceramics. In the half passive
design the compressive stress in ceramics may reach its permissible value of about 7, = 350
MPa, which may produce changes in the ceramic parameters. Note that the permissible com-
pressive bending stress can be even as large as about 500 MPa, but no data exist regarding
changing parameters of ceramics under the bending stress. Approximate estimations can be
made following the data presented for extensional deformations in Section 11.3.3.

Alternative to the half passive design in terms of increasing operating depth and dynamic
range of a transducer is precompression of the ceramics for reducing tension to a safe level in
case of the transverse effect in the fully active design, and for avoiding tension in the segmented
beams. The precompression may be required also in the half passive designs in case that the

bias due to hydrostatic pressure is not sufficient for insuring dynamic strength of the ceramics.

13.4 Hydrostatic Pressure Equalized Designs

In this Section the cylindrical and flexural type (bender) transducer designs with internal vol-
ume filled with liquid are considered. The intended purpose of these designs is to equalize hy-
drostatic pressure and thus to avoid its harmful effect on the strength and electromechanical
parameters of the transducers. Radiation from the internal volume of the transducers in this case
must be regarded as parasitic. Considering the liquid filled transducer designs intended for ra-
diation from the internal volume, such as cylindrical free flooded (“squirter””) and Helmholtz
resonator transducers, are out of scope of this treatment. Some information on the performance

characteristics of transducers of this kind can be found in Refs. 12-18.

13.4.1 Liquid Filled Cylindrical Shell of Infinite Length
At first, we consider input impedance, Z, , of internal volume of infinitely long liquid filled
cylindrical shell in the two modifications shown in Figure 13.13: (a) the volume is free of other

parts, and (b) a rigid cylindrical post is installed coaxially inside the volume. Though this case
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is not an exact representation of a real transducer design, it can serve as a prerequisite to con-
sidering the finite size cylindrical transducers, and the results obtained even may be applicable
to the transducers having height comparable to wavelength.

The assumptions ares that vibration of the shell is radial with velocity uniform along z-axis
and the shell is thin enough for velocities of the outer and inner surfaces of the shell, U,, and
U,, , being considered equal. Thus, the radiation problem is two dimensional due to symmetry,

and is equivalent to radiation into internal volume of a ring that is confined between two rigid

planes perpendicular to axis of the shell as is shown in the Figure 13.13 (b).

AZ AZ

(@ (b)

Figure 13.13: Infinite liquid filled cylindrical shell: (a) with internal volume free of other parts,

(b) with a coaxially installed cylinder.

The input impedance per unit length of internal volume for different modes of radial vibra-
tion of the shell,

U(p,t) U,e'™ cosng, (13.62)

will be determined from relation

2

Ull

— 2z
W, =aIUZP(a,¢)cosn¢dco=Zm (13.63)
0

The general solution for different modes of sound pressure in the internal volume with time

dependent factor omitted is (see Section 6.3.1.1)

P.(r,) = cosng[A,J (kr)+ BN, (k)] , (13.64)

nn

and the boundary conditions are:
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for the case (a)

oP
value of P| _, is limited, and > = jopU| (13.65)
r= ” - r=a
for the case (b)
oP
L s 'y (13.66)
a r=a = Gr r=b

The note must be made regarding the signs in the boundary conditions. Generally, the
boundary conditions are derived from description of the sound field in some volume using re-

lations (6.45) or (6.47), where sign (-) in the relation

u=—grad ® (13.67)

corresponds to the case that velocity of the boundary vibration is directed inside the volume. In
the situation shown in Figure 13.13 the velocity of the surface at » = a is directed outside the
internal volume. Therefore, the signs in relations (13.65) and (133.66) are changed when for-
mulating condition at » = a.

In the case (a) it must be B, =0 in Eq. (13.64) due to the condition that sound pressure in

the center has a limited value, while N, (kr)|r_> , —> . Thus,

P(r,p)=AJ (kr)cosng. (13.68)

nn

13.4.1.1 The Zero Mode of Vibration

At the zero mode of vibration U(a,®) =U, and after using boundary condition (13.65) will be

obtained

Jo (kr)

1
A, =—jop———U, and F,(r)=—jpc

10) U,. 13.69
P 1 (k) T (ka) ° (13.69)
Considering relation (13.63) we arrive at
: Jo (k)
Z.,=—j(pc), - 2ma=2-"= 13.70
in0 ](p )1 Jl (kl(l) ( )

Here the subscript / stays for “liquid” that fills the internal volume.
The internal volume has resonances and antiresonances at Z, ; =0 (J,(k,a)=0) and at

Z,o =0 (J,(ka)=0), respectively. The corresponding values of k,a are:
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for the resonances

(ka), =2.4,55, ...;; (13.71)

for the antiresonances
(ka), =3.8,7.0,... (13.72)
Plot of the function —jZ, , is shown qualitatively in Figure 13.14 by solid lines.
i
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Figure 13.14: Input impedance per unit length of the internal volume of infinitely long cylindrical

shell: vibrating in the zero mode-solid lines, vibrating in the first mode-dash lines.

Let us suppose that a cylindrical transducer is composed of short rings (generally with
aspect ratio #/2a <0.5) made of PZT piezoceramics and it is long enough to be approximated
in terms of radiation by infinitely long cylindrical shell. The common equivalent electrome-
chanical circuit of a ring transducer that is loaded by the input impedance of the internal volume
may be represented as is shown in Figure 13.15. The input impedance per ring of height 4 is
denoted as

J,(k,a)

Z,=2 ,h=—j(pc), - 2rah .
h0 in0 j(p )1 J](kla)

(13.73)

E

Ceqv
l:in M, eqv ZacO

— @ Zio

_— 0

S
Cel

[e;

Figure 13.15: Equivalent electromechanical circuit of the ring transducer loaded with the input

impedance of the liquid filled internal volume of cylindrical shell.
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The wave size of a ring at the resonance frequency of the zero mode without reaction of the
internal volume is k a =~ 2.2 in case that it is made of PZT-4 ceramics (subscript w stays for
water). For the internal volume at the same frequency k,a=(c, /c,)(k,a). If for example, ¢,
= 1500 m/s, then k,a=2.2 and input impedance of internal volume is that of rigidity, as it
follows from the plot in Figure 13.14. Therefore, the resonance frequency of the transducer
with internal volume filled with liquid will go up. Besides, the presence of an additional rigidity
will result in some reducing the effective coupling coefficient of the transducer and notches in
its frequency response can be expected at antiresonance frequencies of the internal volume. At
low frequencies, at k,a >0, J,(k,a) >1 and J,(k,a) > ka/2 . Thus,

2
4P ] (13.74)

Z >
" Jo JoCy,

kja—0

where C,, =1/4xh(pc?), is the mechanical compliance of the internal volume of the ring that
is confined between two rigid planes. The acoustic compliance of the volume with vibrating
surface area S =2zah is

_ma’h V
(e (e,

C

' 0=Cpy-S? (13.75)

which coincides with relation (12.5) obtained in Chapter 12 for the small volumes.

13.4.1.2  The First Mode of Vibration
The first mode of vibration U(a,p)="U, cos¢ is typical for cylindrical transducers described
in Section7.2.3. In this case B (r,@) =4, J,(k;r) cos¢ . Using the boundary condition (13.65)

and remembering that

J!(kr)y= kI, (k1) = J (k) | 7 (13.76)

(see Appendix C) will be obtained

Jy(kr) U
J,(ka)—J, (ka)/ ka

R(r,p) = j(po), CosQ . (13.77)

After substituting B into relation (13.63) we obtain expression for the input impedance per

unit length of the shell in the form of
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J,(k,a)
Jy(ka)—J,(ka)! ka

Z,,=Jj(pc),a (13.78)

The resonance frequencies of the internal volume take place at Z,, =0, i.e,, at J,(k,a)=0.

Thus,

(ka), =0, 3.8, 7.0, .... (13.79)

The antiresonance frequencies (at Z,, =o0) take place at J,(k,a)—J,(ka)/ka=0, where

from

(ka), =18, 5.3, .... (13.80)

At low frequencies, at k,a — 0, the input impedance of internal volume per unit length of the

shell is

Z,, :ja)p,;m2 = joM,

inl 4

(13.81)

where M, is the mass of the liquid per unit length. Function -,Z,, is presented in Figure 13.14
by the dashed lines.
In this case the equivalent circuit of Figure 13.15 is applicable with replacement the sub-

script 0 by /. The loading impedance for a ring is

Jo(ka)
Jy(ka)y—J,(ka)/ ka

Zy =2, -h=j(pc),-wah (13.82)

The wave size of a ring made of PZT-4 ceramics at resonance frequency of the first mode of
vibration without reaction of the internal volume is & a ~3.1. This corresponds to the same
value k,a = 3.10f the wave size of the internal volume filled with liquid, for which ¢, = 1500
m/s. As it follows from the plot in Figure 13.14, the input impedance at this wave size is that of
rigidity, and the resonance frequency of the ring goes up, as well as for the ring vibrating in the
zero mode. Quantitatively the relation between the resonance frequencies of a ring for the zero
and first modes, whichis f,/ f, = V2, may change due to the additional loading by the imped-
ances of the internal volume. This may result in changing the frequency responses of transduc-

ers that employ 01 modes of ring vibration (see Section 7.2.4).
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13.4.1.3  The Second Mode of Vibration

The second mode of vibration U(a,®) = U, cos2¢ is typical for low frequency transducers that
employ flexural vibration of the complete rings that are described in Section 7.3.1. Using the
same procedure as in the previous cases, for this mode of vibration will be obtained expression
for the input impedance per unit length of the internal volume

J,(k,a)
J, (ka)-2J,(ka)/ ka

Z,, = Jj(pc)ma (13.83)

Resonances of the internal volume are at frequencies that correspond to J,(k,a) =0, where

from

ka=0, 5.13, ... (13.84)

The antiresonance frequencies obtained from condition J,(k,a)—2J,(k,a)/k,a =0 correspond

to

ka=0, 5.13, ... (13.85)

From analysis made in Chapter 7 follows that ratio of the resonance frequency of the flex-
ural (see formula (7.230)) and zero mode radial vibrations of a ring is (f,/ f,,,)=0.75(t/ a).
Assuming that maximum aspect ratio for the flexural ring may be #/a=1/5, this makes
JSu! fraa ®0.15. Thus, the value of ka at the resonance frequency of flexural vibration is
k,a =0.35, which is much below the first antiresonance frequency of the internal volume. At
small ka, J,(ka)=~(ka)/2,and Z,, = jop,za’ /2. In the equivalent circuit of Figure 13.15

for a single ring the inertia reactance must be introduced

Zyy =7,y h= joprah]2. (13.86)

This will result in some lowering of the resonance frequency of the transducer.

13.4.1.4  Liquid Filled Shell with Coaxial Rigid Cylindrical Post
The boundary conditions for the case that a rigid cylinder of radius » = b is coaxially installed

inside of the internal volume are

=0. (13.87)
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We will consider the zero mode of the shell vibration. From expression (13.64) at n =0,

P,(r) = A,J, (k) + ByN, (k) . (13.88)

Using the boundary conditions (13.87) we obtain expressions for the constants 4, and B, as

4=y U, D g — ooy u, DD (13.89)

where
A= J,(ka)N, (kb —J, (k )N, (ka) (13.90)

Thus,
P.(r) =—j(pe),U, i[J0 (kIN, (k,b) — N, (k,;r)J, (K b)]. (13.91)

After applying formula (13.63) we arrive at the expression for the input impedance per unit

length of the shell

lYl’; -

Zy = j(pC)lzﬂa%[Jo(k/d)Nl(k,b)—No(k,a)Jl(k/b)] (13.92)

Conditions for determining the resonance and antiresonance frequencies of the input impedance

are:

Jo(x)/ J,(mx) = N,(x)/ N, (mx) ; (13.93)

and

J (x)/ J,(mx) = N,(x)/ N,(mx) . (13.94)

Here x =k,a and m = b/a. Solutions for Eqs. (13.93) and (13.94) that correspond to the reso-

nance and antiresonance frequencies are presented in Table 13.2.

Table 13.2: Values of k,a at the resonance and antiresonance frequencies.

m 0 | 02|04 06| 08
(ka), | 240 | 257|311 434 821
(ka), | 383|424 539|793 | 15.74

At low frequencies (at k,a — 0 ) from expression (13.92) follows that the input impedance

per single ring of the height % is
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_Ard’h(pct), 1
W jw(a® -bY)  joC

1%

, (13.95)

i.e., that of the rigidity. After converting the mechanical compliance C,; to acoustic value, we

obtain

n(a* —sz)h _ szl ’ (13.96)
(pc?), (pc?),

_ A2 202
ChVac - ChV 47[ a h -
that is the common expression for the acoustic compliance of a small volume with vibrating

surface area S = 2xah , which is confined within rigid walls.

13.4.2 Input Impedance of Internal Volume of the Liquid Filled Finite Height Cy-
lindrical Transducer

Real cylindrical projectors are usually composed of rings with aspect ratio (%#/2a) < 0.5. At
number of rings in the transducer greater than two a nonuniform distribution of vibration over
the transducer height may take place due to acoustic interaction between the comprising rings
both in the external and internal acoustic fields, if special measures are not taken for their equal-
izing (for example, by the series connection of the rings). In this treatment we will assume that
distribution of velocity on the surface of transducer is uniform. One more assumption will be
made regarding accounting for losses in the internal acoustic field. For simplicity we will con-
sider equations for determining acoustic field inside the volume as lossless. And then, after
velocity distributions in the field become known, the viscose losses of energy due to shear in
the regions close to boundaries (in the boundary layers) will be introduced. This approach seems
to be appropriate, because the shear losses in the boundary layers contribute the most to dissi-
pation of energy inside the internal volume. We will assume further that the liquid filled volume
is closed at the ends by the floating disks that separate the internal volume from outside envi-
ronment, as shown in Figure 13.16. The axisymmetric rings vibration will be considered only.
Due to symmetry solution for the problem will be the same as for the half-length transducer
closed on the bottom by the absolutely rigid baffle, as shown in Figure 13.16 (b). We will
assume that velocities of vibration of the transducer and disks, U (r)|r:u =U,and
U (z)|::ﬂ =U, , are directed outside the volume to make impedance of the internal volume

compatible with radiation impedance of the transducer.
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The boundary conditions for the problem are formulated as follows:

—| =jwpU, (13.97)
ar r=a
at the internal surface of the transducer, and
oP
— = jopU, (13.98)
aZ z=%L

at the surfaces of the disks.

A7
Uq
3 .. a et
SEE Sk
Vor: 1o T
N P - = >
Us U=0 r
—Lr
I
e—— )
]
(b)

Figure 13.16: (a) Geometry of the finite height cylindrical transducer with internal volume filled
by a liquid and with floating disks at the ends. (b) The half-length transducer with imaginary rigid

foundation

I II

Figure 13.17: Illustration of superposition of the boundary conditions.

Solution to the problem can be represented as superposition of solutions 7 and /7 that cor-

respond to the following combinations of boundary conditions:

B~ epu,, B o, (13.99)
or Oz

r=a z=%L
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oy
aZ z=%L

L

OP
=jopU,, L =0. (13.100)
or

The superposition of boundary conditions is illustrated with Figure 13.17.

The set / of the boundary conditions is the same, as for the infinitely long cylindrical shell,

due to symmetry. Therefore,

Jo (k) U

B (r)=-j(pc 13.101
) (r)=—j(pe), 7k’ ( )
according to expression (13.69), and velocity U, (r) is
J (k
U,y =2&D (13.102)
J(ka)

Solution to the wave equation that corresponds to set /I of boundary conditions is (the
liquid is supposed to be ideal)
P,(z)=Dcoskz+Csinkz. (13.103)

Due to symmetry in respect to plane z =0 it should be C=0. Thus, P, = Dcoskz and after

applying boundary condition (13.100) at z = L will be obtained

. cosk z
Py (2) ==j(pc), ——U,, (13.104)
sink, L
sink,z
U = ! ) 13.105
11(Z) sink,L L ( )

Now the characteristics of the acoustic field in the internal volume can be represented as

. J,(k,r) coskz
P(r,z) = — )y (E8E G 13.106
(r,z) J(pe), J,(ka) 0 sink L L:| ( )
U(r)= S Uy, U(z)= S.mk’z U,. (13.107)
J,(k,a) sink,L

After the expressions for velocity distributions are obtained, the losses of energy due to
viscosity of the liquid can be considered. The conditions o0U(z)/0r =0U(r)/0z =0 hold.
Therefore, the viscous losses inside the volume do not exist under the approximations accepted.

The energy of losses and corresponding resistances that must be included into the equivalent
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circuit of the transducer may be attributed to dissipation of energy in the boundary layers near
the side surfaces of the cylinder and disks. The dissipation of energy in the boundary layer can
be introduced as follows (Ref. 19).

Due to finite viscosity of a real fluid, a thin layer exists near a boundary, in which the shear
stress can develop, if the tangential to the boundary movement of the fluid takes place, as it is
shown in Figure 13.18. The shear stress is defined as

ov
T, =u—, (13.108)
ox

where the coefficient x is called the coefficient of viscosity. Thickness /, of the boundary

layer is

1, =\2ul po . (13.109)

A —

ytn
Uue | Us
\
\ Iy
\ > { »

7

Uﬂmll Wd” X

Figure 13.18: The boundary layer and distribution of the tangential velocity.

The layer is very thin compared with acoustic wavelength. Thus (see Chapter 12), for water
#=10" Pas and [, =02-107 /\/E cm, for the castor oil w=1.0 Pas and
I, =6.0-107/ \/E cm. Within the boundary layer the propagating wave itself cannot fit the
boundary condition, and the shear wave in the tangential to the vibrating surface direction must
be considered also. This wave is dying down rapidly in the normal to the surface direction. In

=U,,,-U.)e" " where U

Twall Tac shear °

Figure 13.18 U, U, and U, are the velocity in

hear
the shear wave, velocity of vibration of the transducer surface in the tangential direction, and
the tangential component of the acoustic wave velocity, respectively. The shear wave does not
influence the propagating wave. Effect of the shear wave is in producing the loss of energy

within the boundary layer. The rate of energy loss per unit area of the transducer surface can be

estimated by formula (Ref. 19).
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2

v -U._|. (13.110)

Twall Tac

. 1
VVIOSS = Epwlb

According to this expression the energy of losses in the boundary layer on the inner surface of

the cylinder due to velocity distribution U(z) along the surface will be
L
= 1 2 ~ 772
W,., :Epla)lb27m“U(z)| dz=F,U?, (13.111)
-L
where 7, is the equivalent resistance of losses on the inner surface attributed to velocity U, ;

[, is the thickness of the boundary layer that is determined by formula (13.109). After integrat-

ing in expression (13.111) will be obtained that

1 I
7 = pwl dral? - - . 13.112
=P (Sinzle k,Ltanlej (3112

In the analogous way on the surface of the disk

o = %pzwlb 27 [|UG) rdr =705, (13.113)
0
and
F, =2 pola| 1- 2oL D) | (13.114)
2 J; (ka)

Vibration of the disks is generated by vibration of the transducer and is influenced by a
reaction of the outside sound field. Consider the movement of the disks under these actions
assuming that the disks vibrate in the piston like mode, and their thickness is much smaller than
wavelength in their material. In this case the input impedance of the disk itself can be repre-
sented as Z, = jwM , . The external reaction strictly speaking may be due to self-radiation of
the disk and due to interaction with radiation produced by the outer side surface of the trans-
ducer. Effect of the interaction may be neglected, if the height of the cylinder is not too small.

The self-impedance will be introduced as radiation impedance, Z

acd >

of the disk vibrating on
one side (see Section 6.3.3.7). Besides, the resistance of losses 7, related to velocity U, must
be included. Thus, the total input impedance of the disk will be

Z,,=joM,+Z, , +7,. (13.115)

acd
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The force acting on the surface of the disk that is produced by the internal acoustic field is

Fy=27[P(r,2)|_, rdr. (13.116)
0

After substituting expression (13.106) for P(r,z) and integrating will be obtained

2ra ma
F,=—j(pc), | —U, +—U, |. 13.117
¢ e )l{ k, 0 tank, L L} ( )

Using relation F, = Z, ,U, we arrive at

2ralk,
Z,q+j(pc),ma’ | tank,L

U, =—j(pc), U,. (13.118)

Note that at Z, , =0 (liquid filled cylinder with ends closed by imaginary thin films vibrating

in air)

U 2

L =—"tank,L. (13.119)

U, ka

At low frequencies (at @ — 0)

U 2L
L= (13.120)
U, a

The same result can be obtained from consideration that the volume of incompressible liquid

must remain constant during vibration, i.e., Uy4zral +U,za> =0 and U, /U, =-2L/a .
After substituting relation (13.118) for velocity U, in formulas (13.106) and (13.107) we

arrive at expressions for the field characteristics inside the volume attributed to velocity U, of

the transducer vibration:

P2y =—j(pe), | 2280 _ ey, 22 ! Coskz g (13.121)
J,(k,a) k, Z,,+j(pc),xa’ /tank,L sink,L
J,(k
Uy =20 (13.122)
J,(ka)
U(z) =—j(pc), 2ralk sinkz (13.123)

Z,,+j(pc),xa’ | tank,L sink,L

The resistance of losses 7, also must be recalculated to velocity U, . The transformed

value, which we denote 7, , will be found from equality 7, |U0|2 =7, |UL|2 as
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2
ra 1 | 1 !
r, = pol,dral|(pc), — ) - - (13.124
=P (o) k, Zind+j(PC)17[a2/tank1L| [Sinz kL letanleJ ( :

Now the input impedance of the internal volume per the entire transducer that must be

included in its equivalent circuit, as this is shown in Figure 13.15, can be determined from

relation

L
W,, =2xaU; | Pa,2)dz+(r, +27,)
-L

2

Ul =z, U, (13.125)

which represents the total energy spent by the transducer for generating acoustic field in the
internal volume. After performing the integration, the following expressions will be obtained
for the input impedance ant its components:

Z =2, (ka)+Z,, (kL), (13.126)

in ina i

(pc)lﬂ'az
ka-kL Z,, 6+ j(pc) za’ /tank,L

where Z, , (k,L)=—(pc), 47zaL{ :|+”1L , (13.127)

- Jy(ka) . pol, a1 Jy(ka)J,(ka)
Z,,q (kia)=—j(pc), 47[‘1L{J1 (ka) + (pc), 4L |:1 J2(ka) _:|} . (13.128)

The values of the impedances are average for the entire transducer, whereas input imped-
ances per comprising rings may be somewhat different, because the sound pressure inside the
volume is not uniform over the height.

Due to symmetry the solutions obtained are valid for the transducer design with internal
volume closed on the bottom by a rigid (theoretically absolutely rigid) element, as shown in
Figure 13.16 (b). In this case the impedances of the internal volume will have half value of
those determined for the full size transducer.

The reactions of the internal volume influence the operating characteristics of a cylindrical
transducer. The reactive loading for the transducer at frequencies around antiresonances are the
largest by magnitude and change signs. This may produce shift of the resonance frequency of
the transducer in case that it is close to the frequency of the antiresonance. Introducing large
impedances in the equivalent circuit of a transducer in vicinity of the antiresonance frequencies

may result in appearance of notches in frequency response of the transducer. Besides, the
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resistances of losses are introduced in the equivalent circuit that represent dissipation of energy
in the internal volume due to viscosity of the liquid. The combined effect of all the sources of
energy dissipation results in reducing the seemingly infinite values of the input impedances at
the antiresonance frequencies.

It must be admitted that calculations made for the frequency regions around the antireso-
nances of the input impedances should be considered as qualitative, because of the assumptions
made. For estimating the main features of the impedance of internal volume and its influence
on the operating characteristics of a transducer consider the following example. Suppose that
transducer vibrates in air, the liquid is lossless, and the internal volume is confined between
thin disks with negligible mass. In this case Z,, = 0. (Note that analogous problem was con-
sidered at such approximation in Ref. 0 in a different way).

Putting Z, , =0 and neglecting other losses related terms in formulas (13.127) and

(13.128), we obtain expressions for the input reactances:

) J,(ka)
7 =—j(pc) dral 2o 13.129
ina ](p )l J] (kla) ( )
8z’ tank,L
Z =] . 13.130
inlL ](pc)l le k]L ( )

Impedance Z,,, represents the impedance per unit length of the internal volume of the infinitely
long cylindrical shell multiplied by the length of the finite height cylinder 2. The correspond-

ing set of the antiresonance frequencies was obtained from condition J, (k,a) =0 at

ka=38; 7.0;.... (13.131)

The first antiresonance frequency that is close to the resonance frequency of the pulsating cy-

lindrical transducer (at k,a ~2.2)is

Jara #1714 (13.132)

in case that the sound speeds in the liquid is ¢, =1.5-10° m/s . As it was noted in Section
13.4.1.1, the input reactance Z,,, produces increase of the resonance frequency of the trans-

ducer. Another set of antiresonance frequencies will be obtained from condition tank,L = oo,

i.e., from
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le:%(Zm—l), m=1,2,... . (13.133)

This set of the antiresonance frequencies is

Jurr =:—ZL(2m—l), m=1,2,.... (13.134)

i.e., the set of resonance frequencies of longitudinal vibration of the column of liquid with free
ends having height 2. Being expressed in terms of the resonance frequency of the cylindrical

transducer, these frequencies are

aj

f,L=0-35%f;0<2m—1>, m=1,2,.. (13.135)

Thus, the number of the antiresonances below the resonance frequency of the transducer in-

creases with increase of aspect ratio L/a, the lowest antiresonance frequency being
a
St =0~352ﬁo- (13.136)

The input reactance Z,,, may produce notches in the frequency response of the transducer. It
is noteworthy that according to formula (13.112) the resistance of losses 7, increases with L.
This reduces the depths of the notches.

Internal volume has resonances. The resonance frequencies may be determined from con-
dition

Jm[Z ,1=JIm[Z

ina (kla)+Zi;zL(k1L)]:O' (13137)
Approximately this condition can be represented as

_tank L kaJy(ka) 0
kL 2 Jka)y

(13.138)

following the expressions (13.129) and (13.130) for the input impedances. At the resonance
frequencies only the resistances of losses are introduced in the equivalent circuit of the trans-
ducer. Their effect on the frequency response of the transducer is straightforward. At the same
time, a radiation from the transducer ends may increase due to raise of magnitude of vibration
inside the internal volume in axial direction.

Both the antiresonance and resonance frequencies can be changed to some extent by chang-

ing dimensions of the disks on the ends of the volume.
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In the general case of operating transducer in water the active energy of radiation from the
ends and its relation to the active energy radiated from the side surface of the transducer can be

estimated in the following way. The energy radiated by the disks is

2
2ralk, |

Re[I¥,,1=2R,
L acd Z., +j(pc)l7ra2 /tank1L|

Ul =2R,,|(pc), Ul (13.139)

The energy of radiation from the side surface of the transducer having radiation resistance R

actr
is

Ul

4

Re[ M] Rw (13.140)

If transducer is made of PZT-4 ceramics and operates in vicinity of its resonance frequency,
then ka ~2.2. Atthis value of ka R, ~(pc), wa’ . For the cylindrical transducer of the length
comparable with wavelength (approximately at (2L/A1)>0.8) the radiation resistance is
R, = (pc),4ral . (For the radiation resistances of the cylindrical transducer and disc radiat-
ing from one side see Sections 6.3.1.1 and 6.3.3.7). For the approximate estimation we assume

that (pc), = (pc), , and the mass of the disk, which can be considered as imaginary, is ne-

glected. With help of expressions (13. 139) and (13.140) will be obtained

Re
[ "‘”’] 9 tan* kL . (13.141)
Re[VI/aClr] ZL

Given that for this case kL =~ 27 , the radiation from the ends is negligible.

Although the above analysis was not intended for calculating acoustic field due to com-
bined radiation from the side surface and from the ends of the liquid filled transducer, this can
be done within the accepted approximations in the following way. Using relation (13.112) be-
tween velocities of the uniformly vibrating side surface and of the ends of transducer (or of the
one end, if another end rests on a rigid foundation), U, and U, , the sound pressure may be
found, as radiation of the finite size cylinder that is described in Section 6.3.1.3. The results that
can be obtained in this way may be less accurate for cylinders of small height, because the
acoustic interaction between radiations of the side and end surfaces was not considered when
determining relation between their velocities.

For rough estimation of peculiarities of the directional factor of the cylindrical transducer

the combined radiation from the side surface and from the ends can be represented as their
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superposition that is illustrated with Figure 13.19. The resulting expression for the sound pres-

sure in the far field is
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Figure 13.19: Liquid filled cylindrical projector radiating from the side and end surfaces.

P(0) = B (0)+2F,,[0 (7 / 2)], (13.142)

where according to expressions (2.67) and (6.327)

1 sin[(2kLsin 6) /2] e M
rweos H? (kacos®)  (2kLsin6)/2 R

P (0) =—(pc),2LU, , (13.143)
Py [0—(m/2)]=
ka® {2]1 (ka cos ) N 2

0.V e (13.144)
= c). _
P kacos @ (ka)

Z 2 F(ka)'E[ka,(H—ﬂ/Z)]]

The values of functions F(ka) and E(ka,d) can be found from Table 6.3 and expression
(6.315).

Note that some additional error in determining the combined acoustic field exists because
the acoustic centers of radiation of the cylinder (which is in the center of coordinates on the

axis of the cylinder) and of the disks do not coincide.

13.4.3 Flexural Type Projectors
Specifics of the flexural type projectors (rectangular benders, slotted rings) in comparison with
the above considered cylindrical transducers in terms of influencing the pressure equalization
arrangements on their operating characteristics is due to much greater compliance of their me-

chanical systems and smaller wave size. Their fluid filled internal volumes represent acoustic
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chambers with lumped acoustic parameters, and their influence on the transducer operation is
more pronounced. The acoustic properties of the fluid filled chambers are considered in Chapter
12. Requirements for properties of the pressure equalizing system differ depending on the fre-
quency response of a transducer. Regarding the hydrophones operating in a broad low fre-
quency range these issues are considered in Chapter 14.

Using the liquid filled internal volumes for hydrostatic pressure equalizing in low fre-
quency projectors that operate in vicinity of resonance frequency is more questionable. Imped-
ance of the internal volume may influence dramatically on the properties of the projector. The
related problems are discussed in Ref. 11. In particular, using compliant inserts (metal or plastic
tubes) into the liquid filled chamber is considered as one of the measures for reducing its rigid-
ity. But this restricts operating depth of projector by the strength of the insert. In terms of ex-
pending the range of pressure equalizing for the low frequency projectors, attractive looks idea
to use the internal volume as Helmholtz resonator having resonance frequency close to the res-
onance frequency of the projector. The problem in this case is that influencing parameters of
the resonator on the operating characteristics of the projector is not that obvious. In principle,
the operating characteristics of a projector with Helmholtz resonator may be investigated quan-
titively using the equivalent circuit presented in Figure 12.6. Execution of this task can be
greatly facilitated by a preliminary qualitative analysis of the main peculiarities of this ap-
proach. A detailed considering of related to the problem issues is out of scope of this treatment.
As to the approximate qualitative analysis, applying technique of the coupled vibration can be
recommended for this purpose. Employing this technique is illustrated in the following sections

with example of the slotted ring projector.

13.43.1 Coupled Vibration Analysis of the Pressure Equalizing System

Requirements for the pressure equalizing system of the low frequency projectors may be for-
mulated based on analysis of the equivalent circuit of a transducer operating in vicinity of its
resonance frequency that includes acoustic elements of this system. The corresponding electro-
mechano-acoustic equivalent circuit was introduced in Chapter 12 (Figure 12.6). The slightly

modified version of this circuit is shown in Figure 13.20.
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Figure 13.20: (a) Schematic representation and (b) equivalent electro-mechano-acoustic circuit of
a projector of the flexural type with hydrostatic pressure equalizing system in the shape of Helm-

holtz resonator.

Namely, a possible transformation of the volume velocity between the outer and inner surfaces
of a transducer with cylindrical mechanical system is introduced in the form of imaginary trans-
former with coefficient of transformation ny ==U;, /U, . Sign (-) indicates change of direc-
tion of the velocity, given that conditionally positive is the direction into the volume, in which
the radiation takes place. This is direction outside a projector. The conditionally positive direc-
tions of velocity in contours of the equivalent circuit are indicated by arrows pointing in the
clockwise direction (these are velocities U, and U, ). The electromechanical parameters of
the circuit are described in acoustic generalized coordinates, which are the volume displace-
ments. The volume displacement of the mechanical system is denoted &, =¢,S,, , where & is
displacement of the reference point and S, is the average surface of the mechanical system.

The corresponding acoustic values of the parameters are

n,=nlS,,C: =CES> M =M,, /82,

av?® “eqvac eqv—av? eqvac

R R , (13.145)
rmLac = I/;nL /Sav’Z.vac = Z.s' /Sav
. . ! E _E _ 4 —
For brevity they are marked by primes (n,. =n", C,,,. =Cp.s M. =M, , 1,1, =1y

> Zsac = Zs, )
The energies associated with vibration of the coupled mechano-acoustic system under volt-

age applied to the electrical input are
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A A - &
maer v ae, 2 Kt K = Kyt 5Ky (13146
M E M E
W;m — eqvé:yl + ace/ngn , (13147)
2 2
W, =Vn'é, . (13.148)

5, 1s the gen-

Here &, is the generalized displacement in the neck, &,, =&, ny and &;, —¢
eralized deformation of the internal volume of the resonator. Effects of losses and acoustic ra-
diation impedance are omitted (both for transducer and resonator) when considering the cou-
pled vibrations. The expressions for the potential and kinetic energies are analogous to expres-
sions (4.520) and (4.521) that characterize the coupled vibrations of two partial mechanical
systems. In our case one of the partial systems that remains, if to put £, =0, has combined
rigidity K'°

eqv

+n(2,ﬁ K, , mass M/, and its vibration is generated by voltage applied. Another
partial system that remains at &; =0 is the resonator with rigid walls that has rigidity K, and

mass M

wer - Coupling between the partial systems is due to the mutual rigidity K, = |nUl7 KV|

. Analysis of operating characteristics of this coupled system can be made using general proce-
dures of theory of coupled vibrations described in Section 4.6. The starting considerations al-
most do not differ from those presented by expressions (12.37) - (12.45).

Expressions for the partial resonance frequencies of the system, f;, for the transducer and

/>, for the resonator, are

1 Ke"i,+nlzjﬁK,7 1 K,
B T A , 13.149
yr 2 M., Sy 27\ M . ( )

and coefficient of the elastic coupling is

2 2
ny, K; 1

+ny KK, 14K /n) K,

2= 13.150
4 K ( )

eqv

Using expressions (13.136) - (13.138) the following Lagrange’s equations in complex form

may be obtained that describe free vibrations in this coupled system

[(KIE

eqv

+n; K;) =M WUy, —n, KU, =V, (13.151)

eqv 71

—n, KU, +(K; —0’M ..U, =0. (13.152)
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Due to relations |U i1 Suo

=|U;, /8.,

:Uo’

(13.153)

avo?

|nUV| = |Ul72 /UV1| =S../8

where S, and S, are the average inner and outer surface areas of the mechanical system of
a transducer.
Using expressions for the partial resonance frequencies and coefficient of coupling, the

frequency equation for determining resonance frequencies of the system will be obtained in the

form
=(f/ £, M=/ £,,)'1=7* =0. (13.154)
For convenience of the general analysis of the coupled vibrations in the system the detuning
factor,
B=h,1, (13.155)
and the normalized frequency factor,
Q:fz/f]i, (13.156)

will be introduced. Using these factors, Eq. (13.154) can be represented in the form

QO —[1+(1/ BHIQ+(1-y*)/ B =0. (13.157)

Two branches €, (f) and Q,(f) of normalized resonance frequencies of the coupled system
will be found as solutions for this equation. The convention will be used that Q, (5) <, (f).
We will assume further that parameters of the mechanical system of transducer do not change,
and all the changes of resonance frequencies of the coupled system are due to alternations of
the resonator. For further manipulations denote

”12/‘; K;

1E
Keqv

=y. (13.158)

Then parameters of the coupled system will be expressed as

1 |KZE
fy=ne e [Ty = T+w, (13.159)
eqv

=y /(+y), (13.160)
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B= ! LN+ =1+, B'=1, 11, (13.161)
Q=21 1+y). (13.162)

From Eq. (13.157) follows that

SR i PO Mk (e 0 R (13.163)
T2 a+5%)

After substituting expressions (13.160) and (13.161) for parameters y and £, we arrive at
equation for determining resonance frequencies of the coupled system, as functions of param-

cter B'=f,/f,, atdifferent values of constant y

Q]zzl/ﬂ’2+(l+l//) 1i\/1_% . (13.164)
’ 2(1+y) 1+ 47 1+y)]

After the values of €, are determined, ratios of the volume velocities (U U )i at resonance

frequencies of the system can be found from either of equations (13.151) or (13.152). For ex-
ample, from Eq. (13.152) we obtain
U; 1+
(—V] =n, L (1-Q)). (13.165)
V1 Ji=1,2 v
This quantity characterizes contribution of unintended radiation from the neck in comparison

with radiation from the transducer surface at corresponding resonance frequencies together with

corresponding radiation impedances.

- [ ?—}—}%;—;77 AT T
T

! [
e

@ (b)
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Figure 13.21: Geometry of the rectangular bender (a) and of the slotted ring (b) with resonators.



444 13 Projectors Designing Related Issues

Constant i depends on the geometry and elastic properties of the transducer mechanical
system and resonator. We will specify values of this quantity and subsequent calculations for
the rectangular bender and for the slotted ring projector. Their schematic representations with
Helmholtz resonator chambers are shown in Figure 13.21. Remember that the walls of the

chambers as partial systems are considered to be rigid.

13.4.3.2 Rectangular Benders with Helmholtz Resonator
Due to symmetry of the design one half of it can be considered under the condition that the
plane of symmetry is absolutely rigid. For the rectangular plate bender n, =-1.

Acoustic rigidities of the rectangular simply supported plate and of the chamber of resona-

tor are
4 3yvE
éi=”Wt3X~ 1 >, (13.166)
@748 (0.64wl)
(pc®), _ (pc?)
K, =L _ L (13.167)
7 0.64wiA
Thus,
n K, A
L i P i (13.168)

KrE : Y,E t4 A :

eqv

For approximate estimation we will assume that the internal volume is filled with liquid
having parameters of water, (pc’), = 2.25 GPa and the benders are made of piezoceramics
having parameters of PZT-4: ¥," =81 GPaand Y;” =64 GPa for the transverse and longitudinal
piezoeffect, respectively. Assuming that the maximum length to thickness ratio is I/t = 5, we

obtain

,,,zz.gi and (//z3.5§. (13.169)

For a particular value of ratio #/A (i.e., i ) and resonance frequency of the mechanical

system of transducer in air, f, , dependencies can be obtained of the frequency factor, Q , and

tr

of the “mode shape” coefficients, U, /U, , by formulas (13.158) and (13.159) from parameter

V12

B'=1,11,,. Calculating these quantities will be considered with example of a slotted ring.
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13.4.3.3  Slotted Ring Projector

The average inner surface of a slotted ring is following expression (7.289)

S i =134rha[l-(t/2a)], (13.170)
and coefficient of velocity transformation, is
1-(t/2
n, =—=(/2a) (13.171)
! 1+(t/2a)

The acoustic rigidies of a ring (after expressions (7.250) and (13.166)) and of a resonator are

e _ AChYS 1 (13.172)
" 20a  (1.34rha)[1-(t/2a)]
2
S (- T (13.173)
" madh[1-(t/2a)]
2 K. _ 2 2 3
yolule o120 [ (o) @ (13.174)
K 1+(t/2a) | YF ¢

Consider an example of slotted ring made of PZT-4 ceramics with more or less realistic
dimensions: a =3.5 cm, =2 cm, A =2 mm. Let it be filled with liquid having parameters of
water, i.e., ¢, =c, = 1500 m/s and (pc’), =2.25 GPa. Under these assumptions y = 0.46 for
the transverse and y = 0.58 for the longitudinal piezoeffect.

Using formulas for the resonance frequencies of the resonator ( f,, by formula (13.143))

and of the ring, f.

ring

=0.02(t/a’)c”, (¢’ is the sound speed in ceramics) the value of coeffi-
cient S’ will be obtained as
ﬂ,:@:mzi_l—(tﬂa)ﬁ. (13.175)
£ » C a A
Values of the coefficients 7, B and all the non-dimensional resonance frequencies for this
example are presented in Table 13.3. Note that relation holds between the resonance frequencies
of the coupled system and partial frequencies, f; < f,, < f,, < f,, that is known from the gen-
eral theory of the coupled vibrations (see Section 4.6).
Important characteristics of the coupled system are the relations between the volume ve-
locities of the transducer surface and surface of the neck (the “mode shape” coefficients),
(U ! Up, )l_ , which are determined from Eq. (13.165). Their values for the example considered

are presented in Table 13.3. As it follows from the data, at the low (operating) resonance
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frequency of the transducer the volume velocity of the neck is distractive (in antiphase) and
smaller than velocity of the ring surface. At high resonance frequency (resonance frequency of
the resonator operating as projector) it is in phase and larger. Noteworthy is that outside the

resonance frequency region U, and U, are in quadrature.

Table 13.3: Quantities that characterize the coupled ring-resonator system.

U,
v B Q Q| 1 Sy Sap [—J
f

Eq. [(13.174)| (13.175) | (13.164) (13.162) (13.159) |(13.161) (13.165)

Trans-

verse | 0.46 062 1055 22 (09 | 1-8f g | 1270 [1-670e | -0.80 2.2
effect

Longi-
tudinal| 0.58 055 |0.51] 2.6 |0-8f1g |20/ [ 126/, | 181000 | -0.64 1.2
effect

By changing parameters i and S’ that are related to properties of transducer and resona-
tor the most favorable characteristics of the coupled system can be determined. After this is
done, a detailed calculation of operating characteristics of the transducer must be produced
using the equivalent circuit of Figure 13.20, which includes radiation impedances and re-

sistances of losses for the transducer and for the resonator.
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CHAPTER 14

SENSORS DESIGNING RELATED ISSUES

14.1 Introduction

General characterization of properties of the sensors (hydrophones and accelerometers) as
members of a receive channel was produced in Section 3.3. Namely, their properties as a source
of signal and internal noise, and their immunity to unwanted actions were concerned. Methods
of analyses and results obtained for particular transducer types that allow calculating character-
istics of the sensors in detail were addressed in the related chapters of Part I1I. Here some gen-
eral properties of the sensors of different type that allow their comparison for operating under
real environmental conditions will be considered, and recommendations on improving these
properties will be discussed. The most widely used in the underwater applications are the hy-
drophones. Using the accelerometers per se is less common. Therefore, the main body of the
chapter is devoted to the hydrophones.

Requirements for the hydrophones can differ depending on their applications. Thus, for the
hydrophones intended for measuring characteristics of the acoustic fields (pressure and pressure
gradient) their immunity to unwanted actions may be especially important. Hydrophones in-
tended for populating arrays of passive sonars are the most demanding in terms of their sensi-
tivity under the operating environmental conditions. As to the reversible transducers that are
used interchangeably in the transmit and receive modes of operation, requirements for their
properties are usually dictated by the transmit mode and there is no need to consider them as
hydrophones.

Considerations regarding optimizing properties of the hydrophones operating in a broad
band under hydrostatic pressure are addressed in Section 14.3. Harmful effects of unwanted
actions on characteristics of hydrophones and some recommendations regarding improving
their immunity to the unwanted actions are considered in Section 14.4. Most of the results that
are presented in this chapter were reported in Ref. 1. More information regarding the first order

sensor designs and related literature can be found in Ref. 2 and Ref. 3.
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14.2 Zero and First Order Hydrophones

14.2.1 Ideal Zero Order (Pressure) and First Order (Pressure gradient) Hydro-
phones

Harmonic sound fields are characterized by the sound pressure P (a scalar quantity) and by the
particle velocity U , or by the pressure gradient VP (vector quantity). The velocity and pres-

sure are related by Euler’s equation

VP =—jwp,U . (14.1)

This is noteworthy that there is no real means for direct measuring of the velocity, if not con-
sider hypothetical mechanisms of converting movement of particles into electrical signals. All
the real devices (especially those employing piezoceramics) produce effect of measuring, be-
cause of deformation or motion of solid bodies under action of forces related to pressure gradi-
ent in the acoustic fields. Measurement of sound pressure and pressure gradient requires acous-
tic hydrophones of zero order (omnidirectional, or of the monopole type) and of the first order
(having figure of eight directionality, or of the dipole type).

An ideal sensor of zero order can be considered as a device with dimensions much smaller
than the acoustic wavelength 4 (D /A <1, where D is its maximum dimension of the hydro-
phone), and having electrical response that is omnidirectional and proportional to the sound
pressure only, as it is illustrated in Figure 14.1 (a). The ideal hydrophone must be insensitive to
motion regardless of its origin, especially if it is produced by acoustic field.

An ideal sensor of the first order or of the “dipole type” can be realized by a pair of identical
ideal monopoles closely spaced (at distance d, where d /A < 1) and electrically connected in
opposite phase, as illustrated in Figure 14.1 (b.1). Ideally the dipole possesses a figure of eight
directionality with the acoustic axis directed along the line connecting the monopoles. Zero
sensitivity in the lateral direction is equivalent to insensitivity of the dipole to the sound pres-
sure. In the case that the monopoles in Figure 14.1 (b.1) are identical (with equal sensitivities
%, =7, =7 ), the output of the dipole hydrophone in the incident plane wave with magnitude
P propagating in the direction of axis ¢ =0 is

P—-P
V=PRy,,—By, =yd=—

~yd-gradP, (14.2)
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and electrical output V' of the device is proportional to the pressure gradient only (is insensitive
to the sound pressure). For the wave propagating in direction of angle ¢ = 90° the output volt-

ageis V'=0.

(a.1) (b.1) (b.2) (b.3)

Figure 14.1: Various types of ideal hydrophones and their directivities: (a) ideal zero order (sound
pressure) hydrophone; (b) ideal first order (pressure gradient) hydrophones. Diffraction (fixed)
type pressure gradient hydrophones: dipole (b.1) and flexural plate (b.2). Motion type pressure

gradient hydrophone with an accelerometer (b.3).

Note that the ideal figure of eight directional response of the device with zero response at
@ =90° can be observed only under the assumption that there is no acoustic noise (or the signal
to noise ratio in the sound field is infinitely large) and the sensitivities of the monopoles are
infinitely large in order not to add electrical noise from the receiving system. Otherwise, the
“nulls” of the directional characteristic will be limited by the environmental and receiving sys-
tem noise.

Another example of the ideal first order hydrophone represents bimorph flexural plate sup-
ported on the circumference by foundation that does not move (massive enough), as is shown
in Figure 14.1 (b.2). Under the condition that force acting in plane of the plate (denoted as F;
) does not produce an output effect (halves of bimorph are identical) the output voltage of the
hydrophone is proportional to the force /', only. Assuming that dimensions of the plate are
much smaller than wavelength, in direction ¢ =0 of the wave propagation the output voltage

of the hydrophone will be

V=y(P,—R)=yt-gradP, (14.3)
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where ¥ is sensitivity of the bimorph plate. The approximation sign is used because in principle
a correction must be made due to diffraction of the sound wave on the plate despite its small
dimensions. The first order hydrophone of this kind will be conditionally referred to as the
diffraction type hydrophone.

An ideal hydrophone of the first order can also be realized with a small body containing an
accelerometer, which can move under the action of acoustic field in the direction of wave prop-
agation without any restriction, as shown in Figure 14.1 (b.3). We denote sensitivity of the
accelerometer to acceleration in the direction of motion as y,,_ , where U denotes the deriva-
tive of velocity or acceleration and the arrow denotes motion in the direction of acoustic wave
propagation. Likewise, sensitivity of the accelerometer to motion in the perpendicular direction
will be denoted as y,, . Ideally sensitivity to this motion must be zero, i.e., 7, =0. In this
case the device has the directional response of the first order, H(¢) = cos¢ . Hydrophone of
this kind will be referred to as the motion type hydrophone. The ideal device of this type must
be insensitive to deformations of the body under action of sound pressure. By the same reason,
as in the previous case of the dipole type hydrophone, the signal to noise ratio in the acoustic
field and the sensitivity of the accelerometer must be infinitely large in order to get an ideal
first order directional response of the device. Due to inherent directional figure of eight property
that allows ciple resolving direction of the wave propagation the first order hydrophones are
also called the vector hydrophones.

Thus, for obtaining the ideal responses of the zero and first order, the hydrophones must
meet certain unrealistic requirements. They must be immune to unwanted actions. In the case
of sound pressure hydrophones, they must be immune to the actions of the pressure gradient
that exists in the sound field, and in the case of pressure gradient hydrophones they must be
immune to sound pressure. The sound pressure hydrophones used in the dipole type device
must also be absolutely identical. Accelerometers used in the motion type hydrophones must
be insensitive to vibrations in the perpendicular direction. And lastly, the sensitivities of the
sound pressure hydrophones and accelerometers used for obtaining an ideal first order response
must be infinitely large. As these requirements cannot be completely met, the responses of ac-
tual hydrophones are not ideal and will always be compromised to some degree. Real hydro-

phones always have a finite sensitivity to signal and are sensitive to unwanted actions to some



452 14 Sensors Designing Related Issues

extent. The goal of rational designing is to keep these sensitivities within acceptable limits that

must be established for each sensor type and its intended application.

14.2.2 Real Zero and First Order Hydrophones

A real hydrophone placed in the acoustic field can be represented as an elastic body involving
a mechanism of mechano-electrical transduction (Figure 14.2 (a). The body with surface de-
noted ¥ vibrates under the action of sound wave. Related movement and/or deformation of the
body are transformed into electrical output. The motion of the body can be imagined as the
superposition of its vibration as a “clamped” body (as if it is rigid) allowed by the compliance
of the mounting conditions, and the elastic deformations of the body under consideration that

the body is held fixed (does not move). These conditions are illustrated in Figure 14.2.

(@ (b) (©)

Figure 14.2: Representation of motion of a real body (a) by superposition of its motion as the rigid

body (b) and elastic deformation of the body that is fixed (c).

For introducing the forces that generate these components of motion the concept of diffrac-
tion coefficients must be used (see Section 6.1.3.1.4). For this purpose, consider the mechanical
power W, delivered by the acoustic field that is associated with motion of a rigid body and
deformation of the body that does not move.

In the case of movement of the rigid body all the surface elements d 2. vibrate with the
same velocity U, in the direction of the wave propagation, as shown in Figure 14.3(a). As the
sound pressure is acting by the normal to a surface element, we have

W,, = [PG)U; cospds =F,,U; (14.4)
z

1

where (*) denotes the complex conjugate. The equivalent force F, = can be represented using

eqvm

definition for the diffraction coefficient &, , as



14.2 Zero and First Order Hydrophones 453

F, :P()Szkdgfm > (14.5)

eqvm

where F, is sound pressure in the free acoustic field at the point, where the acoustic center of

the body is located, S, is the total surface of the body and

1 _
Koy = ﬁjp(@)cow-dz. (14.6)

0~ 2

In formulas (14.4) and (14.6) P(7;) is the sound pressure on the “clamped” body surface. The

diffraction coefficient depends on configuration of the body and on the acoustic wavelength.

P(r) P(%) U(r)
@
1
D> d¥
(a) (b)

Figure 14.3: Surface elements vibrating with the same velocity u, : (a) in the direction of the wave

propagation, (b) under the action of sound pressure.

In the case of deformation of the body that does not move as a whole (Figure 14.2 (c)), we

have for the mechanical power

W,, = [ PG (7)dE, (14.7)

where U(7;) is the distribution of velocity of vibration in the normal direction over the body
surface (Figure 14.3 (b)) and P(7;) is the sound pressure on the surface determined under the
condition that the surface is “clamped” (the same sound pressure distribution, as in the previous
case). Under assumption that the body has single mechanical degree of freedom, which is usu-
ally the case in the frequency range below its first resonance frequency, distribution of velocity
may be represented in the form U(%) =U(7,)0(%,) , where U(7,) is the velocity of the refer-
ence point and (7 ) is the mode of vibration of the mechanical system. Thus, expression (14.7)
for the acoustomechanical power can be presented as VIT/M =F,, U (7). The equivalent force
F,,, that produces deformation of the body may be expressed in the form analogous to formula

(14.5), as
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F;qu = })()Szkdifd P (14.8)
the diffraction coefficient is
1 o
kura =—= | P(R)OGR)AE. . (14.9)
POSZ z

The hydrophones, in which output effect is associated with motion of their bodies, will be
referred to as the motion type hydrophones. The hydrophones, in which effect is associated with
deformation of their bodies, will be referred to as the diffraction (or fixed) type hydrophones.
In both cases the output effect is proportional to the same property of acoustic field through the
diffraction coefficients k,, and k., (the subscripts d and m in the diffraction coefficients are
introduced for distinguishing between the diffraction and motion type situations). For different
hydrophone types the coefficients may have the same values, as this is illustrated with examples

(b) and (c) shown in Figure 14.4 (in case (b) the mode shape is 8(%) =cos ).

H(p)=1 H(p) =cos¢ H(p)=cosg
_)
U
P P —
(a) (b) (©)

Figure 14.4: Examples of spherical mechanical systems of hydrophones of (a) zero order and of
(b) the first order hydrophones of diffraction and (c) motion types. In the cases (a) and (b) the
spherical shells do not move and realize the zero and first modes of deformation (diffraction type

hydrophones). In the case (c) the spherical body moves in direction of wave propagating.

Under the condition that wave size of the spherical shell is small the following values of
the diffraction coefficients will be obtained from expressions (14.6) and (14.9) for the hydro-
phone that realizes zero mode of deformation

ko =1 (14.10)

For the hydrophone of diffraction type that realizes the first mode of the spherical shell

deformation, and for the hydrophone of motion type that employs movement of spherical shell
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the diffraction coefficients have the same values. From expression (6.250) follows that value
of the diffraction coefficient for spheres of small wave size at ¢ =0 is k,, ~—jka/2.

Thus,

kg (9) = Ky () = —j(ka | 2)cOs 0. (14.11)

Given that in the plane wave propagating in direction r under angle ¢ relative to the horizontal
plane (to x axis) P = B/ ™*",

gradP = (—jkcosg)-P, (14.12)

i. e., the diffraction coefficients (14.11) are proportional to the pressure gradient in acoustic
field. With increase of the wave size of the hydrophones the values of diffraction coefficients
become frequency dependent by modulus and by phase (for hydrophones that employ the spher-
ical shells this is shown in Figure 14.5), and the correspondences between their outputs and
values of sound pressure and pressure gradient in the acoustic field become not accurate. Alt-
hough in terms of the directional characteristics the hydrophones remain being of the zero and

first order.

1 . . .
el 1N\ e L Lky,(deg) | 540
08 N0
........... Nt 360
0.6 ; : :
f 180
0.4 :
i 0
0.2 :
-180
0 :
0 1 2 3 4
ka

Figure 14.5: Diffraction coefficients for spherical hydrophones of the zero (solid lines) and first
(dashed lines) order. The plots for |kd;'[| are marked 0 and 1, the plots for arg kdl.f are marked 0’

and 1°.

The analogous situation exists regarding the hydrophones that employ cylindrical shells
vibrating in the zero and first modes. Dependence of the diffraction coefficients from ka for this

case is shown in Figure 14.6 by modulus and phase.
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For the oscillating cylinder of small wave diameter (at ka <0.3)

kg =—jka-cosg, (14.13)

as it follows from formula (6.119). For the oscillating disk of small wave size (at ka <0.5 as

follows from (6.322))

kdl.f:—jikwcosgo, (14.14)
3z

and its dependence on ka is presented in Figure 4.6 (after Figure 6.49).

1 - - 5
ey 5 5 D argh,,
< : 1
N N ~
0 ' : : 0
0 1 2 3 4

Figure 14.6: Diffraction coefficients for the cylindrical hydrophones of the zero (solid line) and
first (dash line) order. The plots for |k d[/| are marked 0 and 1, the plots for arg kdl./- are marked 0’
and 1.

The diffraction coefficients are the only quantities that correlate outputs of hydrophones
with properties of acoustic fields. All the rest characteristics of the hydrophones depend on
mechanisms of mechanoelectrical conversion employed and on the frequency responses of their
mechanical systems. They can be changed by a receive channel and presented in a form of the
frequency dependence that is convenient for a particular application. Thus, the output effect of
the first order hydrophone in plane harmonic wave can be presented in the units of the pressure
gradient, of velocity of vibration, of the displacement, and even in units of sound pressure pro-
ceeding from the fact that all these quantities are proportional to value of sound pressure.

The fact that the modulus and phase of diffraction coefficients deviate from their real val-
ues for the sound pressure and pressure gradient with increase of the hydrophones wave size
does not compromise ability of different calibration of the output, so far as the hydrophones are

used as the single units. But in the case of combined use of the zero and first order hydrophones
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(for example, for forming cardioid response, or measuring intensity of sound field) the addi-
tional magnitude and phase differences that arise from frequency dependences of the diffraction
coefficients (analogous to those shown in Figure 14.5 and Figure 14.6) must be taken into con-
sideration.

As result of the above discussion the following classification of the hydrophones that is
based on their directional characteristics and on actions that they experience in the acoustic
field may be considered as appropriate: all the hydrophones of zero order may be called “acous-
tic pressure hydrophones” and all the hydrophones of the first order may be called “pressure
gradient hydrophones” or “vector hydrophones.” The pressure gradient hydrophones may be
subcategorized as either of motion or fixed type. And further the fixed type hydrophones may
be characterized as either differential (dipole), or diffraction types. The pressure gradient hy-
drophones are often interchangeably called in literature as “velocity hydrophones”, though this
may produce a misleading impression that the corresponding hydrophones possess some mag-
ical acoustic field related properties other than the pressure gradient hydrophones have.

In reality the bodies of motion type hydrophones are subjected to deformation under action
of acoustic field, and bodies of the fixed type hydrophones move under unwanted action of the
structural vibrations of their supporting elements and under pressure gradient in acoustic field.
All the real hydrophones are sensitive to some extent to these unwanted actions, and output
effect produced by unwanted actions may compromise the zero and first order characteristics.
Distortions of the assumed characteristics depend on the environmental conditions, and they
may be very significant, as example considered in Section 3.2.4 shows. These issues will be
addressed in Sec. 14.4. Besides, the ideal zero and first order characteristics of the hydrophones
may be distorted due contribution of noise of the receive channel, if their sensitivity to the
intended signals is insufficient.

At first, we consider issues related to properties of hydrophones as converters of the in-

tended actions (signals).
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14.3 Hydrophone as Source of Signals

14.3.1 Parameters of Hydrophone as Source of Signals
It was noted in Section 14.1 that we are considering the low frequency broad band hydrophones.
As it has been established in Section 3.2.2, in a broad band below the first resonance frequency
a hydrophone can be represented as equivalent generator shown in Figure 14.57 with electro-
motive force E'=yF, and internal impedance Z, ~ joC,, , where according to expressions

(3.169) and (3.170)

C, =C>I(1-ky), (14.15)
CE
7(@) = ﬁ-nsxkd,f(a)) . (14.16)
Lf
Cy

Figure 14.7: Representation of a hydrophone as equivalent generator of signal for a preamplifier.

Together with these parameters, which fully characterize a hydrophone as source of energy

of signal, important characterization of the hydrophone is the specific sensitivity
Vo =7JCy - (14.17)

This figure of merit allows comparison of potential quality of the hydrophones having different
parameters y and C,, . It has to do with the rated power of a hydrophone as source of energy

by formula (see (3.182))

2
W :w]:;‘" P,

2
rt |

(14.18)

In case the surface occupied by the hydrophone in an array (that will be denoted as S, -
“dimensional area”) is limited, the more objective figure of merit may be helpful, which will

be called the “reduced sensitivity”, ¥,,,

Vot =V ! [Sy - (14.19)
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The reduced sensitivity has to do with efficiency of acoustoelectrical conversion of energy of

acoustic wave, W =|P.

wo

area. Namely,

w, 1 Ve 1 ,
L =—aw(pc =—w(pc . 14.20
T (pc),, s, 4 (PC), 74 ( )

After using relations (14.15) and (14.16) for y and C and definition for &

s (2.93), the

expression for y,, becomes

=k Ssky|Cr 1S, (14.21)
Considering that
1 -k
Cop = VI M” , (14.22)
a)r eqv a)mz eqv

where @, and @,, are the frequencies of the mechanical and electromechanical resonances of
a mechanical system, expression (14.21) may be presented in the form

SZ

— 14.23
47[2Meq‘S ( )

2
Yea Jom = kdz/ keff l_kej)" )
Given that in general, M, =S,tp, where t is the thickness of mechanical system, we

obtain the relation

2
Vea ™ Jom = kg kg \J1 =gy - 175 S S 3 \/_ (14.24)

eff

For all the hydrophones of the same transducer type the coefficient

Ff = S—z (14.25)

an’ Sy

which can be called the “form factor”, has approximately the same value. Therefore, the product
of the reduced sensitivity and bandwidth that is characterized by the first resonance frequency

can be estimated for a particular hydrophone transducer type, as

1
Ff -k, 4/1 K- ,/1 kg - . 14.26
Via* fem f eff \/7 \/E ( )
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14.3.2 Variants of the Sensor Designs

Designs of the pressure and pressure gradient hydrophones employ electromechanical trans-

ducers of different type. The most widely used of them are schematically depicted in Figure

14.8.
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Figure 14.8: Variants of the sensors and electromechanical transducers involved in their designs.
(a) Sound pressure hydrophones (1-cylindrical, 2-single plate bender, 3-double plate bender). (b)
Pressure gradient hydrophones. (c) Accelerometers for the pressure gradient hydrophones of the

motion type (c.1, ¢.2) and for measuring vibration of structures (c.3, c.4).

Accordingly, the issues will be considered related to designing: the sound pressure hydro-
phones, pressure gradient hydrophones of the dipole and diffraction type, and accelerometers
as a part of pressure gradient transducers of the motion type and for measuring vibration of

structures.

14.3.3 Sound Pressure Hydrophones

Data necessary for estimations by formula (14.26) for pressure hydrophone types that are shown
in Figure 14.8 (a) are presented in previous chapters. When using this formula for the pressure
hydrophones of the air-backed design that belong to group (a) in Figure 14.8, it must be verified

whether the thickness of their mechanical system insures sufficient strength at a required
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operating depth. Thus, the maximum static mechanical stress in the spherical and cylindrical

shells at fixed resonance frequency is

c. 1=k,
r-pi-p.l & _p LVl (14.27)
t t 2rnf, t 2xf,,

where ¢, =1/4/s/;p and k, =k;, for radial polled cylinder with aspect ratio (h/2a)<0.5;

¢, =N2/\st p(l—of) andk?, =k, for sphere.

From relation (14.27) follows that the minimal thickness of the shells may be expressed as

P Jl-k,
t:T—h~—ﬁ (14.28)
P

27[f;‘7)’! ’

where 7, is the value of stress in the piezoelement that is allowed from consideration of its
mechanical strength or of changing parameters under hydrostatic pressure according to the data
presented in Chapter 11. After substituting this value of the minimal thickness in formula

(14.26) we obtain expression
25
Vot NSow B =T, -Ff-ﬁ-k(ﬁ (=K, (14.29)

Analogous expression can be obtained for the circular flexural plate hydrophone. In the

case that the plate is simply supported,

2 c 1k
T ~125P, Gj =0.56P, %—ff (14.30)

B

and the minimal thickness is

P e J1-k
t=056-"1. N9

A (14.31)

Accordingly,

m'\/Ew/Fha/E-Ff‘%hﬂ-(l—kjff)”“, (14.32)

The inherent difference between variants of transducers of extensional type (formula

(14.29)) and flexural bimorph type (formula (14.32)) is that in the first case 7, is permissible
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compression stress, whereas in the second — permissible tensile stress that is significantly
smaller, so far as a fully active plate design is concerned.

Given that maximum operating frequency band of a hydrophone determined from the con-
dition of linearity of its frequency response may be estimated approximately as Af,, ~0.7f,,,
it follows from formulas (14.29) and (14.32) that requirements for a large sensitivity per some
restricted volume of the hydrophone, operating in a broad frequency range and at large depth
are contradictory. Product of quantities that characterize these properties of a hydrophone is
numerically constant for a given transducer type.

Thus, the broader operating frequency range and larger depth of operation, the smaller
sensitivity can be achieved per unit area occupied by the hydrophone by normal to direction of
wave propagation. Note that the spherical and cylindrical hydrophones have much higher reso-
nance frequency (much broader frequency range of operation) compared with the flexural plate
sensors of a comparable size. Therefore, they significantly exceed the plate sensors in the static
mechanical strength (operating depth), although they have smaller reduced sensitivity.

The factors that allow increasing this product for a particular transducer of air-backed de-
sign type are: increasing the effective coupling coefficient and/or increasing of permissible hy-
drostatic pressure. As the tensile strength of a circular piezoceramic plate is much less than the
compressive, the overall static strength of this transducer can be increased, if to replace the
internal half of ceramic plate by the one made of a metal. Though the increase of the static
strength in this case is achieved for expense of the reducing its effective coupling coefficient in
factor of about ~/2, this measure may result in increase of the sensitivity at great operating
depths.

In terms of a possible increase of the effective coupling coefficients it must be noted that
there is no means for increase of the coupling coefficients of the spherical and cylindrical hy-
drophones except for using an appropriate piezoceramic composition because of uniform dis-
tribution of dynamic stress in their mechanical systems. As to the flexural plate designs that has
essentially nonuniform distribution of stress, possibilities for optimizing the effective coupling

coefficients were considered in Chapter 9. Here a summary of the results obtained is presented.
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14.3.3.1 Regarding Optimizing the Effective Coupling Coefficient of the Flexural Plate
Hydrophon

In the case of a simply supported bilaminar circular plate the effective coupling coefficient is
k ~0.8k,. The effective coupling coefficient may be increased by combining active and pas-
sive materials in the flexural plate design as described in Section 9.3. The relative changes of
k,; vs. active circular plate dimensions are shown in Figure 14.9. It is assumed that the me-
chanical parameters of the active and passive portions of the plate are approximately the same.
As it follows from the Figure, the optimum thickness & of the active layeris & =¢/3, and the

gain of the coupling coefficient is approximately 20%.
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Figure 14.9: The effective coupling k‘,f/ as functions of (a) normalized thickness and (b) radius

of the active layer.

The optimum radius of the active layer appears to be 7 = 0.9a . As the gain of the coupling
coefficient k,; is insignificant, it seems to be more advantageous to reduce radius of the active
plate to 7 = 0.8a . While the specific sensitivity in this case remains approximately the same, it
is achieved with smaller capacitance, which makes matching with a preamplifier easier. Be-
sides, the boundary conditions in real designs may differ from the assumed simply supported,
and this measure may reduce a distractive effect of non-ideal boundary condition on the output
of transducer. The optimized version of the hydrophone with potentially higher sensitivity is
realized by reducing the volume of active material as is illustrated in Figure 14.10. However,
the major limitation of sensitivity of the flexural type hydrophone designs for underwater ap-
plications is due to hydrostatic pressure that produces compression on the outer surface and
tension on the inner surface of the plate. Ceramic materials fail under tensile stress of approxi-

mately 7, ~ 40 MPa whereas the permissible compression is 7, =350 MPa,
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as is adopted in Chapter 14. In different references and for different materials these values may
differ, but their relation remains about 7 /7, =10 . Thus, the operating depth may be increased
in this proportion for the same hydrophone dimensions if the inner ceramic half plate is replaced
by a metal. It can be, for example, titanium or an aluminum alloy. The modified hydrophone
design for deeper water operation is illustrated in Figure 14.11. The specific sensitivity of this
half passive design is smaller in factor of J2 compared with the original bimorph design due
to reducing the volume of active material. Therefore, the projected increase of the product in

formula (14.32) may be estimated approximately in factor of 2.5.
2a |

| 0.8-2a
l [ t/3

Figure 14.10: The hydrophone design with sensitivity optimized by using combination of active

and passive materials.
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Figure 14.11: Example of the “half passive” flexural plate hydrophone design for deep water

operation.

It must be kept in mind when using formulas (14.29) and (14.32) for estimating properties
of the hydrophones that parameters of piezoceramics can change under stress due to hydrostatic
pressure in both reversible and irreversible ways, as was described in Chapter 11. For a real
great operating depth, the changes may become not tolerable. To reduce effect of limiting the

operating depth by the hydrostatic pressure and to eliminate dependence of hydrophone
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parameters on the depth, the hydrostatic pressure compensation technique considered in Chap-

ter 12 can be employed in the hydrophone designs.

14.3.3.2 Hydrostatic Pressure Compensation in the Hydrophone Designs

Peculiarities of employing the hydrostatic pressure compensation will be illustrated with exam-
ple of the flexural plate hydrophones that are the most typical in this respect. The function of
compensator may be carried out in this case by the internal cavity that communicates with the
external environment through a cylindrical hole. The corresponding transducer design is shown
schematically in Figure 14.12 (a), and the equivalent circuit of the transducer is presented in

Figure 12.6 (b).
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Figure 14.12: Equivalent circuit and the frequency response of a hydrophone with a compensator

(solid and dashed lines) and without (dash-dotted line).

At very low frequencies the circuit in Figure 12.6 (b) can be simplified to the circuit in (b),

where C, M R/ are the parameters of the cavity with a hole that have to be

Vac ° ac eff > ac
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determined by formulae given in Section 12.2.1 and C;  =Cs S., n,=n/S, are the
equivalent acoustic parameters of the hydrophone. Frequency response of the hydrophone in
this range depends on the values of the resonance frequency of the compensator, f,, and on
the quality factor of the resonator formed by the cavity and the cylindrical hole. Qualitatively
the frequency response of the hydrophone is shown in Figure 14.12 (c) below frequency f; .

The dashed lines correspond to different values of quality factor of resonator. The resonance

frequency f, is determined by relation

f =1/27r\/(CVM +CL. M, = f, /1/1+éjm, /Cpoe s (14.33)

where C2 =CE (1- szf) is the acoustic compliance of the open circuited hydrophone, and

eqvac eqvac ¢

fy =1/27|C;, M, is the natural frequency of the resonator under the condition that the

mechanical system of the hydrophone is clamped. Generally, compensator is designed in such
a way, as to have the frequency f, below the lower frequency of operating range, f, . Besides,
the settling time for a compensator should be matched with the rate of changing the external
pressure. If the frequency f, is very low, these conditions may become contradictory. Regard-
ing the transient process in a resonator see Section 12.3.2.1.

In the operating range of the hydrophone at f,, > f > f, the equivalent circuit can be pre-

sented like it is shown in Figure 14.12 (c). If to denote

1+CE /C, =y, (14.34)

eqvac Vac
then the equivalent compliance of its mechanical system with the compensator will be
Ct =CE |x, (14.35)

eqvacc eqvac

and frequency of the electromechanical resonance of the sensor with compensator will be

Some =Jom 2 (14.36)
Following formula (14.23) for the reduced sensitivity y,,. , where Ce’j;v in the case with the
compensator must be replaced by é;wm , We obtain

}/rdc:yrd /Z (1437)

Thus, the sensitivity of the hydrophone with compensator decreases, while the resonance

frequency increases in the factor of y . This is shown in Figure 14.12 (d). The limitation
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imposed on the thickness of mechanical systems of the hydrophones by the hydrostatic pressure
now does not exist, and we have to return to formula (14.26) for determining the product of

sensitivity and bandwidth. As follows from relations (14.36) and (14.37),

Viae Jrae =Vea " Jra» (14.38)

and formula (14.26) can be rewritten in the form
1
Veae  Some = Ff ke J1=kiy ﬁ (14.39)
P

The thickness now can be reduced seemingly to its value that is determined by the technological
considerations, but its value may be limited since coefficient y depends on the thickness if the
liquid filled compensator is used. In this case the term ct / C;,. in formula (14.34) for y

eqvac

can be represented as

~E E 2
Ceqvac — Ceq: ’ SaV . (1 _ k2 ) — 4/ (1440)
C.. (/B o)A

Vac

(see formulas (12.37) for C*

egvac ?

(12.5) for C;, , and relation pc’ =B, where B is the bulk

modulus of liquid used). With this notation introduced the expression (14.34) becomes

x=Al+x". (14.41)

Values of coefficient y' for the hydrophones of different type are presented in Table 14.1.
and of effective coupling coefficients for the spherical, cylindrical and circular flexural plate

hydrophones are presented in Table 14.1.

Table 14.1 Coefficients ' for hydrophones of different type.

Sphere Cylinder Circular plate
7' | 22107 (a/t) | 4.4-107%(alt) 1.4-107%(a* /1 £A)

ke k, ks 0.68k, / \1-0.54k

The calculations in the Table are produced for the hydrophones made of PZT-4 (Y," = 81
GPa, o =0.33, ky, =0.33, k, =0.58) with internal volume filled with Mineral 0il ISO 32 (B

= 1.8 GPa). (Note that the bulk moduli of the usable liquids have close values, as shown in
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Table 12.2.) In the variant of the flexural circular double plate hydrophone with separation A
between the plates the total compliance of transducer must be used that equals to doubled com-
pliance per one plate. The maximum practical radius to thickness ratio of the mechanical sys-
tems may be estimated as a/t~5.

The data show that the low frequency sensitivity and the resonance frequency of the spher-
ical and cylindrical hydrophones practically do not depend on the compensation. Parameters of
hydrophones of the flexural type are especially vulnerable to the liquid compensation. Even at
maximum value of ratio a/¢ =5 the coefficient y becomes y = V+a/A according to for-
mula (14.41) and without an unreasonable increase of separation between the plates change of
hydrophone parameters is hardly acceptable. For achieving a large sensitivity of the flexural
type hydrophones intended for operation at great hydrostatic pressures the air compensation is

the option though its employment encounter significant technical complications.

14.3.4 Pressure Gradient Hydrophones

14.3.4.1 Requirements for Sensitivity of the First Order Hydrophones

A2
d =0
Pre-amp
Pre-amp (Sz>/<n2>

()
(a) (b)
Figure 14.13: Tllustration of two hydrophone systems: (a) with a single preamplifier, (b) with sep-

arate preamplifiers.

In determining required sensitivities for the hydrophones produced in Section 3.2.2 they were
assumed to be omnidirectional or of the zero order. In the case of the first order hydrophones

their directional (actually, super directional) property must be considered. The difference in the
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signal to noise situation, which arises in the super directional system, and the typical approach
to its analysis, may be illustrated with example of the dipole hydrophone.

In considering the dipole type pressure gradient receiving systems made of two closely
spaced zero order hydrophones connected in opposite phase two options exist that are illustrated
in Figure 14.13.

In the variant (a) the two hydrophones are connected prior to amplification. In the variant (b)
the preamplifiers are incorporated with the hydrophones and the receiving channels are con-
nected in opposite phase after amplification.

The average signal to noise power ratio at the output of the system in Figure 14.13 (a) can

be represented as follows

(s°)] (Pa=pa))
|

= . (14.42)
<(pnl _p;12)2 > : }/2 + 2<ex2n > + <e§mp >

Here p,,, ps» and Pw P, arethe sound pressures of signal and noise accordingly in the points

1 and 2 of acoustic field, brackets < > indicate the mean square value per 1 Hz bandwidth. The

total amplifier noise, <€2 >,is

amp

(e, )=(er)+ (), (14.43)

where (see Section 3.2.3) e represents the noise voltage of the amplifier with input short-
circuited, and e, is the voltage of thermal noise of equivalent input resistance of the amplifier.

It is considered that sources of internal (self) noise of the hydrophones, e, are incoherent and

their energies add independently.
The signal to noise power ratio in acoustic field related to the receiving dipole system input

is

() {(Pa-pa))
| S a-pr) (1449

In this relation,
(Pa=po) ) =(P3)-20p po)+(P2). (14.45)

(Pu=p.a) )= (P2)=2{ a)+(P0) - (14.46)
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When considering the right-hand part of the relation (14.44), the effects of the signal and noise
coherence that depend on the statistical structure of the fields of signal and noise, must be taken
into account for the particular operating conditions. We will assume that field of the acoustic
noise is isotropic, and the signal is a sound pressure in the plane wave propagating in direction
of the dipole acoustic axis ¢=0.

In the isotropic noise field
(ph)=(ph)=(p]). (14.47)

(P Po) = £ @) (P})- () = P )-(P}) (14.48)

where p, (d) is the spatial correlation coefficient between the noise pressure in the points sep-

arated by length d. It is known (see, for example, Ref. 4) that in the isotropic noise field

p,(d)= Sh]z‘fd : (14.49)
Thus, according to relations (14.47) - (14.49) the expression (14.46) becomes
<(pn1—pn2)2>:2<p:>~(1—sinkd/kd). (14.50)
In the plane wave of signal we have
(pi)=(ph)=(p}). (14.51)
(pa-po)=pk-d)-{(p2)-(pL) = p,Gk-d)-(p]), (14.52)

where p (k-d) is the spatial correlation coefficient between the sound pressure in the points
separated by segment d , k is the wave vector directed along the direction of wave propaga-

tion, and k -d = kd cos¢ (see Figure 14.13). Thus, in case of the plane wave we have

px(l;-g):cos(kdcosw). (14.53)

For the wave propagating in direction ¢ =0 it simplifies to

p,(k-d)=coskd . (14.54)

After substituting the corresponding terms from relations (14.51) - (14.53) into relation (14.45)

, we obtain
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<( P Por )2> =2(p?)-[1-cos(kd cos p)]. (14.55)

Now the relation (14.44) for the signal to noise ratio at the dipole system input becomes

<52>| _ <P52> 1 —cos(kd cos @)
(p?) 1-sinkd /kd

()]

The first factor in the right-hand side of the expression is the signal to noise power ratio meas-

(14.56)

ured by the omnidirectional hydrophone. For the dipole pressure gradient system condition

kd <1 holds. Considering that at this condition

2 2 2
i kd _
sin kd zl—(kd) ,cos(kdcosgo)zl—( ) cos’ @ 1—cos(kd cos @)

, : ~3cos’ ¢, (14.57)
kd 6 2 1—sinkd / kd

the relation (14.56) becomes

()
(o)

In fact, this approximation is valid to a sufficient accuracy at kd < 0.3.

=3cos’ @-

(14.58)

If to assume that the smallest signal to noise ratio, at which a signal still can be detected,
is that at the input of omnidirectional hydrophone, then it follows from relation (14.58) that in
the isotropic noise field the dipole hydrophone cannot detect signals beyond the sector of an-
gles, in which 3cos® @ >1 thatis | @ |< 55° (see Figure 14.13 (a)). Improving the dipole hydro-
phone or system design cannot change this fact. The gain in the input signal to noise power
ratio of dipole in the sector |g0| <55° by comparison with a single hydrophone is due to di-
rectivity of the dipole. In the isotropic noise field, the gain in the direction ¢ =0 is equal to the
directivity factor of the dipole in this direction, which is known to be 3. The directivity index
is 10log3 or 4.8 dB. The sector, in which the minimum signal can be detected, increases only
in the case that the signal to noise ratio in the sound field increases as measured by an omnidi-
rectional hydrophone.

Taking into account the relations (14.50), (14.54) and (14.55) for the direction ¢ =0, the

relation (14.42) may be transformed to
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(p?) 1
=3 - (14.59)

(p2)7’ (kdy’

In order to realize the gain due to the directivity, the same decrease of the signal to noise
ratio as in the case of a single omnidirectional hydrophone must be allowed. And thus, by anal-
ogy with Equations (3.196) and (3.197) the condition

2’ <es2n > + <ea2mp >
3—F——~< 14.60
(p2) 7’ (kdy / (1460

should be fulfilled. Thus, the minimum required sensitivity, 7, , will be found as
6 ()
k) p{n)

In the variant that the preamplifiers are integrated with hydrophones, as shown in Figure

(14.61)

14.13 (b), the evaluation procedure for the output signal to noise ratio is almost the same as in
the preceding case. The only difference is that in the starting relation (14.42) the amplifier noise
power (e’ ) has to be doubled, because the noise of the amplifiers is incoherent. Thus, the

amp

signal to noise ratio and minimum sensitivity required will be determined as follows

<S2>| :3<1’32> 21 — (14.62)
()], (o) () +{etn)
(p2)7’ (kdy’

=6 {e)rle) (14.63)

(kdy  B(p)

Compare the minimum required sensitivities of a hydrophone integrated with preamplifier
in the case that it is intended to be used as a single omnidirectional unit (denote this sensitivity
as y,) and in the case that it is intended to be used in the dipole system (denote this sensitivity

as 7, ). Considering formulas (3.197) and (14.63) we obtain

ﬁyo. (14.64)

>
7 id

If f, and f,, are the lowest and highest frequencies of the operating frequency range, then

condition (kd), < 0.3 must be fulfilled at the highest frequency of the range, and at the lowest
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frequency it will be (kd), =0.3f, / f,,. Given that required sensitivity of the zero order hydro-
phone should be determined at the lowest frequency and remains linear in the operating range
(7, = const) , the maximum sensitivity y, of the hydrophone intended for the dipole system
should be

7 >8J;—”;/O. (14.65)

Strictly speaking, this sensitivity should be determined under the angle @ =55°, if the dipole
system is used for detecting signals at small signal to noise ratios in the broadest possible sector
of forward view.

Comparison between the required sensitivities y, in the variants of a single amplifier and

two individual amplifiers shown in Figure 14.13 (a) and (b), respectively, leads to relation

(14.66)

Thus, using the combined hydrophone-amplifier units requires some increase in hydrophone
sensitivity compared with the case of the direct connection of the hydrophones and a single
amplifier. But the variant (b) is preferable anyway because it allows optimal matching of the
hydrophones with preamplifiers without loss of sensitivity on the connecting cables. This is
especially advantages in view of the harsh requirements formulated by relation (14.65).

The above analysis shows that requirements for sensitivity of the zero order hydrophones
comprising the dipole pressure gradient system intended to be used in arrays for detecting sig-
nals at small signal to noise ratios are extremely demanding especially at low frequencies and
at significant depths. The dipoles can be successfully used for operating with strong signals, in
particular, for measuring properties of acoustic fields, for short distance navigation and so on.

Remember that the above results are obtained under the assumption that field of the acous-
tic noise is isotropic. Considerations regarding using dipoles and vector hydrophones in receiv-

ing arrays under assumption of different noise models can be found in Ref. 4.

14.3.4.2  Pressure Gradient Hydrophones of the Fixed Diffraction Type

The pressure gradient hydrophone of the diffraction type can be realized as the bimorph flexural

disk with simply supported edge, or as rectangular plate with simply supported opposite edges,



474 14 Sensors Designing Related Issues

as shown in Figure 14.14. The edge-supporting boundary conditions can be provided by foun-
dations in the form of a metal ring, or of two bars in the case of the rectangular plate. It is
assumed that the foundations are heavy enough for considering that they do not move under
action of acoustic wave. It may seem that this assumption is not very real. At least it must be
estimated, what “heavy enough” is. This will be done in Section 14.3.5.1, where it will be shown

that this assumption is not very demanding.

.
.

(©)

Figure 14.14: Examples of the diffraction type hydrophones: (a) edge-supported disk, (b) side

view of the edge-supported disk (rectangular plates) and (c) the edge-supported rectangular plates.

The same considerations on the sensitivity calculation and optimizing as in the case that
the plates comprise the sound pressure hydrophone are relevant, except that the corresponding
diffraction coefficient must be used in the expression for the equivalent force and form factor
in formula (14.25).

Important inherent advantage of the diffraction type hydrophones is that the plates experi-
ence action of all around static pressure and the mechanical stresses in piezoelectric material
do not exceed the hydrostatic pressure itself, that is the strength of ceramics is no longer a
limiting factor. The diffraction type hydrophones can be used to full ocean depth practically
without change of their properties. Because of this, expression (14.26) for estimating product
V. f.n Of the reduced sensitivity and bandwidth of the hydrophone is valid without restrictions
on value of the thickness that can be imposed by mechanical strength or by changing ceramic
parameters at operating depth. Thus, the optimized fully active bimorph or trilaminar plates
shown in Figure 14.10 may be used. In the last variant the substrate can be made of a dielectric
plastic material, which makes it easier to manipulate the electrode segmentation to change par-
allel and series connections for increasing sensitivity and amplifier matching. In order to in-

crease the specific sensitivity, the resonance frequency of a single transducer unit can be shifted
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as close to an operating frequency range as is acceptable with respect to specifications of the
frequency response. However, operating close to the resonance frequency can result in the ad-
ditional noise contributions and therefore a reduction in the dynamic range. For diminishing
this effect, damping the resonance to an acceptable level without significant loss of the sensi-
tivity in the operating frequency range can be used (although an added internal noise due to

damping also must be considered).

Another consequence of independence of the hydrostatic pressure is that the rectangular
plates can be used as well as circular disks for realizing the diffraction type hydrophone.
Whereas it is hard to employ the rectangular plates for pressure hydrophone designs because of
necessity of sealing their free edges. In the case of the diffraction type operation, a single plate
is used, and there is no internal volume to be sealed. The same considerations on the optimizing
the rectangular plates as for the circular disks are valid. The optimum length of the active part
of a rectangular plate is/, =0.75/ . It is of note that at /, = 0.5/ the specific sensitivity remains
the same as in the case that the active plate is of the full size, as can be seen from Figure 14.9.
The comparison of the specific sensitivities of hydrophones based on the circular and rectangu-
lar plates with transverse polarization under the conditions of equal surfaces and resonance
frequencies shows a slight advantage for the rectangular plates. It is of note, that it is possible
and advantageous to use the tangential polarization of rectangular plates, in which case the
coupling coefficient is proportional to ky;,; (see Section 7.2.2.1.14) instead of k;, . Thus, the
additional increase of the hydrophone sensitivity can be achieved. Approximately the same es-
timation can be used for the diffraction coefficient of the rectangular plates (especially, when

their assembly has the square shape), as for the circular disk with similar dimensions.

The equivalent force acting on the circular disk is

eqv

=—j%k§cos¢'2Sp,Pn, (14.67)

where D is diameter of the foundation and S, = za” . (Remember that the formula is accurate
at (kD/2) <0.5 , as noted regarding (14.14)) The expression for sensitivity y of the pressure

gradient hydrophone at frequencies significantly below the resonance is

. 4 nS]JlCLf]v
7/((/))=—]3—ch05(/)-—, (14.68)
T

Ly

instead of the expression by formula (14.16) at k,, =1 for sensitivity of the double circular
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plate sound pressure hydrophone, y, . Thus, the sensitivity of the pressure gradient hydrophone

in the direction @ =0 may be represented as
S Ct 4

pl "eqv .
- =-J

0 =—j* .
=T e, 37

kD-y,. (14.69)

Therefore, all the expressions for the specific sensitivity of a double flexural disk hydrophone
must be multiplied by the diffraction constant k, =—;4kD /37 to obtain sensitivity of the
pressure gradient hydrophone of diffraction type that employs the same disk.

It must be noted that in calculating the low frequency sensitivities effect of radiation im-
pedance of the oscillating disk is neglected for simplicity, as it results in some shift of resonance
frequency only. This effect will be taken into consideration in Section 14.3.5.12, where more

accurate calculating the diffraction type hydrophone will be considered.

14.3.4.3  Pressure gradient Hydrophones of the Motion Type

Although motion type hydrophones may employ accelerometers of different kind (some of their
configurations are shown in Figure 14.7( d), in this section we will assume for illustration that
this is a uniform flexural disk mounted inside of a spherical shell, as shown schematically in

Figure 14.15.

Figure 14.15: Illustration of the pressure gradient hydrophone of the motion type.

The alternative variants of accelerometers that can be used for this purpose will be considered
in Section 14.3.5. In Figure 14.15 Z,,, is impedance of a mounting structure that supports the
shell, Z,,, is impedance of the flexural disk mounted to the case. We assume that the resonances
of the mechanical system of the hydrophone itself are above the operating frequency range. The

motion of the system can be represented as superposition of motion as a rigid body with velocity
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U, under action of the acoustic wave with equivalent force £, ,, and vibration of the mechan-

ical system of the accelerometer under the action of inertial forces. Thus, the velocity U, is

F; vl
U = - i R (14.70)
Zyn—joMy+Z,

where M, is the total mass of the system (it includes the mass of piezoelement) and Z__ is the

radiation impedance. For the oscillating sphere the acoustic mass M is

M, =§ﬂpwa3 , (14.71)

where p, is the density of water. This equates to one half the mass of a water filled sphere of
the same volume. Note that the impedance of mounting can depend on the direction of motion,
i.e.,in general Z,,, = Z,, (¢) . Inthis case the modulus of velocity U, will be angular dependent
and the directional factor will be distorted from the ideal figure of eight response in spite of the
spherical symmetry of the body. For simplicity we will assume that the mounting impedance is

the reactance Z,,, = j/ wC,,,. Thus,

F;’qvl
U =— (14.72)

(M, +M,)

M1

The velocity U, as a function of frequency is qualitatively shown in Figure 14.16.
U A

U ~=+=-——=F== ———

Ju S f

Figure 14.16: Typical velocity frequency response of the compliant mounted hydrophone body.
Above the frequency f; velocity of vibration of the body in direction of wave propagation is

frequency independent.
In the frequency range well above the resonance frequency f, .,

foy =1/27C, (M, + M), (14.73)

the system is mass controlled and velocity U, is frequency independent. At these frequencies

impedance Z,,, = j/ wC,,, may be neglected in relation (14.72) and we arrive at expression
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F
U= (14.74)
—joM;+M,.)

For the spherical shell of small wave size (at ka < 0.3 ) the equivalent force atp =0 is

F

eqvl

——j %z, (14.75)

and the acoustic mass M, is given by formula (14.71). Upon substituting £, and M, into

expression (14.74) we arrive at

27a’P
U = 7a L . (14.76)

cw (MZ + % ﬂ-a}pw)

Here and further the value of velocity of vibration in direction ¢ =0 will be considered only.

If the hydrophone has neutral buoyancy, i.e.,

M, = gmf Do (14.77)
the velocity is
P
U=—"=—. (14.78)
(po),

Thus, in this case the shell vibrates as the volume of water in the shape of the shell vibrates in
the plane wave.
The distributed inertia forces acting over the mechanical system of an accelerometer

mounted inside the shell are
fry) = p(ry)-U,, (14.79)

where p(ry) is the density distribution in the mechanical system. If the mechanical system has
one degree of freedom characterized by the mode of vibration &(r;), then the equivalent force

acting on its mechanical input is

F,, =U,[ p(re)0(ry)av (14.80)

where V is the volume of the mechanical system. In our case of a uniform bimorph plate the

density p(ry)=p and dV =t-d¥ . Thus, the equivalent force is
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F_ =8, ptU,. (14.81)

eqv

Using this expression for F, , we obtain the open circuit output voltage of the motion type

eqv

hydrophone at frequencies much below its resonance as

anI‘,SW .
=—"—— ptU,. (14.82)

E{)L‘
Cy

In the general case expressions (14.72) or (14.74) for U, have to be used for calculating the
output voltage. For the motion type hydrophone with the spherical shell the sensitivity in terms

of sound pressure in harmonic plane wave will be obtained using expression (14.76) for U, in

the form,
Eor . 27Z'a3 nCeLc;vSav f
7pg = =—jo -pt =
£, c, [Mz +§7m3 pw) Cy
, (14.83)
. 27a’
A VPt
c, [MZ + 37za3pw]
where
an]VSm,
Y, = —C (14.84)

Lf
is the open circuit sensitivity per one plate of the double plate sound pressure hydrophone made
of the same bimorph plates (see (14.16) at &, =1).

In the variant of neutrally buoyant, the sensitivity of the pressure gradient motion hydro-

phone may be expressed as

nCE §
Y pe =—jk‘£~ﬂ~t. (14.85)
pw CLf

Alternatively, by using expression (14.82) we obtain that the sensitivity of the hydrophone

to acceleration is

E

E nCeqvSm
= e _ pt=y -pt, 14.86
Yy U c, pL=y, - p ( )

Obviously, the same relation exists between the specific sensitivities by Vv = Vepp  PL- Ifto
use formula (14.17) for y,,, remembering that M, = ptS,; , we obtain expression for the spe-

cific sensitivity of a motion hydrophone to acceleration as
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av eqv
Vv =k < —— (14.87)

where @, is the resonance frequency of the flexural disk. Formula (14.87) shows that the spe-
cific sensitivity of accelerometer can be increased by increasing the equivalent mass of its me-
chanical system and lowering the resonance frequency. Thus, one of the possible effective ways
to increase sensitivity of accelerometer is to attach an additional mass M, to its mechanical

system as is shown in Figure 14.17. If M, is attached to the reference point on the

~< -

Figure 14.17: Illustration of a mass loaded accelerometer.

. M =M, +M
plate surface, the equivalent mass of the plate becomes =~ “” e add

’

, and the spe-

. T 2 @'
cific sensitivity * Y and resonance frequency ~ " become

Voo =V NV Mot I My (14.88)
o =0, | I+M /M, . (14.89)

(Related explanations see in the next section). The downside of this way of increasing sensitiv-
ity of the accelerometer is that adding mass to the mechanical system of piezoelement makes it
more vulnerable to the action of shocks.

The depth limitation of a hydrophone of the motion type can be imposed due to a limited
strength of the enclosing accelerometer case under the action of hydrostatic pressure. Increasing
the strength usually tends to increase of the mass of the case and thus to decreasing the sensi-
tivity 7, -

Correlation between sensitivities of the motion type pressure gradient hydrophone in terms

of the sound pressure in plane wave, 7, , and as an accelerometer, y, , is based on the relation
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(14.1), or U =— joP /(pc), . Therefore, the following correlation between the sensitivities

may be used

7, [uV/Pa]=4.2-10° fi,, -7, [mV/g], (14.90)

where f,,, is the frequency measured in kHz. Thus, for example, if the sensitivity of motion
type hydrophone as an accelerometer is y,,, =400 mV/g, then the corresponding sensitivity as

the pressure gradient hydrophone in terms of the sound pressure is y,, =170 f,,, uV/Pa.

14.3.4.4 Comparison of Sensitivities of the Motion and Fixed Type Hydrophones
It is informative to compare sensitivities of the pressure gradient hydrophones of the motion
(Figure 14.15) and fixed diffraction (Figure 14.1(b)) types that employ the same simply sup-
ported circular bimorph disk under the assumption that the spherical shell and foundation of the
fixed type hydrophone have the same diameter.

In the most favorable case that the motion type hydrophone is neutrally buoyant its sensi-
tivity, 7., - is given by formula (14.85) and the sensitivity of the fixed type hydrophone, 7, ,

, is given by formula (14.69). Thus, the ratio of the sensitivities is

. S
Toer o & Py Ow 20 648 (14.91)

3z p S, ¢t t

For the quantitative estimation in relation (14.91) coefficient iy = D/ 2a is introduced that char-
acterizes size of the plate supporting elements. It is assumed that a reasonable estimate for its
value is y =1.6. Besides, the ratio of the densities of piezoelectric ceramics and water,
plp,~75,and S, =0.45S, are used. Practical low frequency transducer designs usually
have the radius to thickness ratio a/t > 5. For example, a simply supported circular plate with
thickness ¢ = 3 mm and diameter 2a = 30 mm made of PZT-4 has resonance frequency f. ~10
kHz. The lower the operating frequency range, the larger the ratio a/t must be. Thus, the pres-
sure gradient hydrophones of the diffraction type may have some advantage in terms of sensi-
tivity over the hydrophones of the motion type having the same cross-section area. Their fre-
quency responses may be similar, if to avoid complications due to mounting conditions of the
motion type hydrophone. Though, the resonance frequency of diffraction type hydrophone may

be lower because the flexural disk is exposed to acoustic medium and experiences reactive
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loading. Also, being potted in polyurethane the hydrophone will have lower O due to a higher
damping.

The conclusion regarding comparison of the hydrophone types is not that straightforward
for practical transducer designs. For example, the assumption of the neutral buoyancy of the
motion type hydrophone may contradict requirements for its operating depth, which may result
in reducing the hydrophone sensitivity. On the other hand, the value of coefficient v may be
overestimated. The mass of supporting element itself can be smaller for the motion type hydro-

phone, because the mass of the shell adds up to it.

14.3.5 Accelerometers as Parts of the Motion Type Pressure Gradient Hydro-
phones

Although in the context of this Chapter the accelerometers are considered as a part of the motion
type pressure gradient hydrophones, the analysis of their properties is applicable to the accel-
erometers as separate devices for general applications. Several variants of accelerometer de-
signs are presented in Figure 14.8 (c).

As acceleration is a vector, it may be necessary to measure all its three components. In this
case the accelerometer that measures any of them must be insensitive to the others, for which
purpose special measures must be taken in the accelerometer design. Some of the measures will
be discussed in Section 14.4. Here we will assume that accelerometer is intended for measuring
the component of acceleration that is normal to the accelerometers’ base plane, and it should
not react to the components that are acting in the plane. Under this condition the accelerometer
has figure of eight directivity relative to the acceleration vector with sensitivity y,, in the di-
rection of its maximum.

In order not to distort a mode of vibration of the object (source of vibration) accelerometer

is installed on, the condition should be fulfilled

Zm

<|Z,,,|, where Z, is the input impedance

of the accelerometer at its area of contact, and Z

n

is the internal mechanical impedance of the
object. Under this condition the source of vibration can be considered as the “current generator”
with respect to the accelerometer, and result of measuring acceleration does not depend on the

accelerometer properties.
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Low frequency accelerometer designs mainly employ the flexural circular plate or rectan-
gular beam (plates composed out of the beams) piezoelements (Figure 14.8 (c.1), (c.2)). For
frequencies that are below about 10 kHz they allow achieving an acceptable sensitivity at suf-
ficiently small mass. For higher frequencies the length expander piezoelements with additional
masses are almost exclusively used for accelerometer designs (Figure 14.8 (c.3), (c.4)). Con-

sider the typical versions of these two design types.

14.3.5.1  Accelerometers of the Flexural Type

Example of calculating sensitivity of the accelerometer employing the rectangular bimorph
plate or beam is considered in Section 2.6.2. In the more general case, a concentrated mass can
be applied to the plate for increasing sensitivity of the accelerometer, as it is shown in Figure
14.8 (c.1) and 14.17. Besides, the input mechanical impedance of the accelerometer must be
calculated. We will perform a general analysis of this variant of design. Moreover, that the
procedure and results of the analysis will be valid for all the designs involving flexural beams
and plates after straightforward substituting appropriate equivalent parameters of piezoelements

of different configuration in the finite formulas.

0 / l
7 X
M, =—=—__ >

u] _ o’ \? Mo
1 3 U,

Figure 14.18: Cantilever accelerometer of a general type: 1- foundation having mass M 1 2-

piezoceramic beam, 3- additional mass M, .

Consider accelerometer made as the cantilever flexural bimorph beam that is clamped on
one end to foundation having mass M , and loaded on the other end by an additional lamped
mass M, (Figure 14.18).

The foundation makes the mechanical input of the accelerometer. In the frequency range
up to the first resonance, the motion of the mechanical system of the accelerometer may be
represented as superposition of its vibration as a whole with velocity U, and vibration of the

beam relative to the foundation. Namely,



484 14 Sensors Designing Related Issues

Ux)=U, +U,0(x) . (14.92)

Here 6(x) is the mode of the static deformation of the beam. For the case that one end of the
beam is clamped, while the other end is under the action of a concentrated force
O(x)=(x*/21*)(3—x/1) (see (4.494)).

The equivalent parameters of the cantilever beam in its vibration relative to the foundation

are (see (2.131)):

3

E wt
Meqv = 022M, Keqv = 027?’ Sav = 0'38Spl7
" (14.93)
* wdt S, * T 2
' =03305 oS gl (1-k2 w1,

sll
Here n* and C>" are given for a half-beam, S, =wl . Note that the equivalent parameters,
which are determined using the mode of the static deformation under action of force on the end
and under the action of a distributed load (2.129), differ insignificantly. The latter case corre-
sponds to a greater extent to the design version with M, =0.
To obtain equations of the accelerometer motion in the generalized velocities U, and U,
(in the generalized displacements &, and & ), expressions for the kinetic and potential energies

of the system must be considered.
1
W =M, U} 124 M, (U, +U) 12+ 222 (U, +U, 0007 ds =
0

=(M,+M ,+ M, )U; /2+(ptS,, +M, )UU +(M,,+M,)U} /2= (14.94)
=MU;/2+M,U,U +MU;} /2.

In this expression M, = piS,, is the mass of the beam (in general, mass of plate made of

beams), ptS,, =(S,, /S,)M, ,and the following notations are introduced for brevity:

pl>

Ml =(Mf+Mp/)+Mad’ M2 =Meqv+Mad’ M12 =(Sav/Spl)Mp/ +Mad' (1495)

The potential energy W,f;, possesses only the deformed beam, and

wt =K’

pot eqv

& 2. (14.96)

The force that is applied to the foundation at the area of contact with an object of measurement
and generates velocity of vibration, U o will be denoted as F Py
Finally, the Euler’s equations of general type (5. 222) for the case under consideration will

be obtained in the following form that is typical for a coupled system,
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joMU, + joM U, =F, (14.97)

joM LU, + joM,(1~@?, | @*)U, =0, (14.98)

em

K, +n’/C) 1
D,y = =0, F————. (14.99)
M, JI+M, /M,

Here ,,, is the frequency of electromechanical resonance of the beam at M, =0.

where

The equivalent circuit that corresponds to equations (14.97) and (14.98) along with the

equation of type (5.229) for the electrical coordinate V,_ is presented in Figure 14.19 (a).

(b)

Figure 14.19: (a) Equivalent circuit of the accelerometer as a coupled system, (b) single contour

representation of the equivalent circuit.

The equation for the electrical coordinate (output of the transducer) in this case has the
form

V. =nU,/ joC>. (14.100)

Values of the electromechanical transformation coefficient and capacitance in the expressions

(14.99) and (14.100) depend on the electrical connection of the halves of the beam. For their

parallel connection n=2n", C =2C%"; for the series connection n=n", C>' =C>" /2.
The input mechanical impedance of the accelerometer, Z, , is the impedance between the

points 1, 1 in the equivalent circuit. Upon determining from equation (14.98) velocity U, as
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U =-M,U, | M,(1-, /o), (14.101)

and after substituting this value into equation (14.97), we arrive at

Z,=F, /U, = joM[1-M}, | MM,(1-a, | &)]. (14.102)

The mechanical system of the accelerometer can be considered as a coupled system with
two degrees of freedom (see Section 4.6), for which the partial systems are the foundation with
the beam vibrating as a whole and the beam with mass M, at the end that vibrates relative to
the foundation. In this case in accordance with formula (4.528), M, / \J/M,M, is the coefficient

¥, of the inertial coupling between the partial systems. Thus,

Z, =joM -y /(1-a, |@")]. (14.103)

The frequency dependence of the input impedance is qualitatively the same, as for the input
impedance on the contour of a circular disc (see Figure 4.55). It is shown in Figure 14.20. At
frequency f,, = f,, the input impedance Z, — . At frequency f, =f, / N the input
impedanceis Z, =0.

The equivalent circuit of the accelerometer for calculating its sensitivity can be represented
as shown in Figure 14.19 (b). The equivalent force in this circuit is due to inertia coupling with

the first partial system, F,

eqv

=M 12U_ ;- The sensitivity of the accelerometer at frequencies be-
low the frequency of electromechanical resonance will be found as

Vo nU, nM,,
M,C*

U, joCU,  4rf

em

Yy = =y, (+ M, | piS,). (14.104)

/

S f

ﬁrr

Figure 14.20: Input impedance of the accelerometer.

The sign minus indicates that the measured acceleration and voltage at accelerometer output

are in antiphase. As can be seen, in this frequency range the sensitivity in terms of acceleration
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does not depend on frequency. Namely by this reason the sensor of this kind is called an accel-
erometer, although, by virtue of the relations U =U,ljo==¢,/ @, the result of the meas-
urements could be attributed to velocity of vibration and to the displacement. The inconven-
ience due to the frequency dependence of the values y,, = joy,, 7. = -’ 7, can be avoided
by performing operations of integration in a receiving channel. In terms of measuring the dis-
placements, the major drawback of this design is that its sensitivity sharply decreases with fre-
quency. Therefore, for measuring the slowly changing displacements a different sensor design
is usually used that will be discussed below.

The equivalent circuits in Figure 14.19 and formula (14.104) for the sensitivity are valid
for all the accelerometer designs involving beams and plates that experience flexural defor-
mation, if to use appropriate equivalent parameters of the piezoelements in the above expres-
sions. So far as the additional mass M, does not change noticeably the mode of vibration
being applied at the reference point on the surface of a piezoelement (which is usually the case),
the values of the equivalent parameters can be used that are determined without the mass. In
this case M, can be just added to the equivalent mass of the piezoelement. Thus, for the simply
supported on a foundation circular plate and rectangular beam the equivalent parameters are:

for circular plates

M, =03M,, Kf{\, =2t la’sh(1-s5 1s77), S, =0457a>, (14.105)
n' =0.75xtdy, [ (sh+sh), C* =2ra’el(1-k2)/ 1, '

for rectangular beams (plates made of the beams) supported on the opposite ends
M, =05M,, K. =4wr /s, S, =0064S,,

(14.106)
n =wtdy, /sil, C* =2wlel(1-ki)/t.

It is noteworthy that in the variant of rectangular beam the stripe-electroded (tangentially
polarized) piezoelements can be employed. In this case the corresponding equivalent electro-

mechanical parameters (see Section 7.2.2.1.2) dy,,; , sj; o 5;39,]. and k;,,, must be used in

33ef

formulas (14.106). Ability of employing the close to longitudinal piezoeffect is to advantage of

designs with rectangular vs. circular plates.
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14.3.5.2  Effects of Foundation Vibration on the Fixed Diffraction Type Hydrophones
The pressure gradient hydrophones of the fixed diffraction type were considered under the as-
sumption that their foundation does not move, e.g., it has the infinite mass. In the real designs
the mass of foundation has a finite value. It is interesting to estimate, how this may influence
parameters of the hydrophone, and how big the mass must be to minimize this influence.

The logic of considering these issues among the sections related to accelerometers is due
to the fact that analysis performed in the preceding Section can be almost completely applied
to calculating characteristics of the hydrophone of the fixed diffraction type without assumption
that its foundation does not move. The calculations will be produced for a circular plate piezo-
element, given that analogous results for the rectangular beam (plate) can be obtained in a

straightforward way.

o —
N
8

Zi U) () Fegn

Figure 14.21: Equivalent acoustomechanical generator that produces oscillation of a rigid disk.
Z,, is the input impedance of the mechanical system that is subjected to action of the acoustic

field.

The peculiarity of this case is that the source of the force that is acting between terminals
1, 1 of the equivalent circuit in Figure 14.19 ( a) and produces oscillating motion of the first
partial system, i.e., of the rigid disk having diameter of the foundation, D, is acoustic field. This
source can be represented by the equivalent acoustomechanical generator shown in Figure
14.21 (previously was introduced by Eq. (1.63) and by Figure 1.8). The force acting between
terminals 1,1 is

K, =F

L1 = eqvl -

zZ U (14.107)

acl

f ’
where

F

egvl

=_j%kD3.po, (14.108)
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following formula (14.67) at ¢ =0, and Z_, is the radiation impedance of the oscillating disk.
According to expressions (6.311), for the oscillating disk of small wave size (practically up to
kD <0.6) Z,., = jom,, , where

acl >

ac

m,, =éD3pw. (14.109)

In this case the acoustic field is acting also on the second partial system (bimorph plate), and
the acoustomechanical generator that has the corresponding parameters £, , and Z,, must be
included between points 2, 2 of the equivalent circuit in Figure 14.19.(a). The equivalent force

is given by general formula (14.67). For the simply supported circular plate at ¢ =0
F, ,=—jl3-ka’D-P,. (14.110)

eqv2

The radiation impedance (inertia reactance due to small wave size), Z,, = jom,.,, was ne-
glected when considering the diffraction type sensor in Section 14.3.4.2. The equivalent acous-
tic mass in this case can be estimated by formula analogous to (14.109). Taking into account

the nonuniform distribution of velocity over the surface it is

m,, =0.6dp, . (14.111)

Equations (14.97) and (14.98) for the diffraction type hydrophone become with these ad-
ditions

JoM,+m, U, + joM,,U, =F,

o eqvl °

(14.112)

acl

IM)(1-a,,. /&)U, =F

emac eqv2 *

JoM LU, + joM,[1+(m (14.113)

ac2

Here velocity U, isreplaced by U, - velocity of the reference point at the center of the circular
plate, and

0)2 :(KE

emac eqv

+n* /CHY/ M,(1+m,, | M,). (14.114)

Eq. (14.100) for output voltage V, remains the same.

We will further assume that no additional mass is attached to the plate, and hence M, =0
in expressions (14.95) for M,, M,, and M, . Our goal is in estimating validity of approxima-
tions made in Section 14.4.2.2 in course of calculating sensitivity of the hydrophone. Namely,

in determining the value of the relative mass of foundation, M, /M, , that is sufficient for

pl>
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neglecting effect of vibrating foundation of hydrophone. Another goal is in estimating contri-
bution of the acoustic mass that is associated with oscillating the piezoelement.

When considering effect of finite value of the mass of foundation on vibration of a circular
plate, it must be remembered that expression of type (14.92) for velocity distribution over sur-
face of the circular plate will be used, in which U, is replaced by U, and the expression for

the mode shape is approximated by formula for static deflection

9(r/a)z[1—éj[l—r—22j. (14.115)
a 4a

It is interesting to estimate an accuracy of the results obtained by employing this approximation
by comparing with results of exact solutions in case that they are known. Thus, it is known (see
Section 4.4.3) that the resonance frequency of a passive circular plate with free boundary, 1,
, is related to the resonance frequency of the same plate simply supported, f, ,as f;, =1.82f
, and the radius of the nodal circle of the free plate is 7, = 0.68a . In the case under considera-
tion the free plate conditions are fulfilled at M , = 0. Likewise, when the mass of foundation
is increased up to M, — oo, the conditions for simply supported plate are achieved.

The resonance frequency of the plate with a finite mass of foundation, f,,, -, can be derived
from the condition that determinant of the system of Equations (14.112) and (14.113) for the
=F

case of free vibration of the plate in air (at F, o =0 and m,, =m,, =0) must be zero.

qvl
And the values for the relative radius of the nodal line 7, /a can be found using expression
(14.92) from the equation

U, +U, 00, | a)=0, (14.116)

where the ratio U, /U, may be determined from Eq. (14.112) as U, /U, =-M,, / M, . After
some manipulations the following equations for calculating the resonance frequency and radius

of the nodal circle will be obtained as

1+(M, /M)
Fou, =S|l (14.117)
g 03+(M,/M,)

0.46
o la)=— 22 14.118
(r, /@) 1+(M, /M) ( )
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For the plate with free boundary (at M, =0) from these equations will be found that
S =1.826 1 and r,, =0.69a, i.e., nearly the exact values predicted for these quantities. The
plot for the relative resonance frequency vs. relative mass of foundation is shown in Figure
14.22. Thus, the minimal value of ratio M, /M , , at which a circular plate can be considered

as simply supported, may be estimated as about 6~7.

1.8
1.6
1.4
1.2

1
0.6
0.4
0.2

0

Figure 14.22: Plots of the functions: [, / f, , (solid line), r,, / a (dash line) vs. value of ratio

mass of the foundation to mass of the plate, M , / M , .

Shift of the resonance frequency of the hydrophone due to contribution of the acousticmass
can be significant. Besides, the movement of the foundation affects the sensitivity of the hydro-
phone. For approximate numerical estimations of effect of the finite mass of foundation on
sensitivity of the hydrophones we will assume that coefficient 7 = D/2a is 1.6, as it was pre-
viously suggested, and the radius to thickness ratio for the plate is a /¢ = 5. These assumptions
seem to be reasonable for practical design. Moreover, we pursue approximate estimations, and
effect of different dimensions can be considered in the same way.

After representing

M
My +myy =M, | 14— 14 D | (14.119)
1M M

S 2

and estimating m,,, / M, with help of relation (14.109) as

acl

Mt 2 02.2210, (14.120)
M

2 t

we obtain
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Ml
M, +m,, =M, | 1+2—=|. (14.121)
M,
The term (m,,/M,)=(m,,/M,,) in Equations (14.113) and (14.114) can be repre-
sented as
My 012 (14.122)
M t

eqv

According to expression (14.114) the ratio of value of the resonance frequency determined with

acoustic mass taken into account, @

emac >

to the resonance frequency of the plate itself is

Pomac ____ 1 (14.123)
®,,  J1+0.1(a/1)
At a/t =35 the shift of resonance frequency is about 20%. This effect reduces operating range,
in which response of the hydrophone is described by formula (14.68) that was obtained under
the condition that A, — oo, though this shift does not change the formula itself.
For estimating the relative mass of foundation required for validity of this relation determine
the low frequency sensitivity considering that mass of the foundation is finite. After substituting
U, from Eq. (14.112) into Eq. (14.113) and taking into account expressions (14.119) and
(14.121) (the latter at a/t = 5) will be obtained that

0.45ct, @, 0.45c,
Jj@-0.45M 1=z | |u, = LF —F (14.124)

1+ 2a, @ ©14+2a, MY

where it is denoted for brevity a, =M, /M, .

Output of the sensor, V,_, at low frequencies (at © < ,

mac

) is proportional to velocity U,
by formula (14.100). Compare values of the velocity from Eq. (14.119) for the cases that M ,
Eq. (14.124) be-

0% emac

is finite (will be denoted Uy, )and M, — o (denoted U, ). At © < @,

comes
iw-0.45M Cines U 045, (14.125)
]0)' . ! 2 : 0: ) el ~ Leqv2 0 °
" w 1+2a, “ e

where from
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U, a, F,
M —1-045—L . et (14.126)
U, 1+2a, F,,

Following expressions (14.108) and (14.110)

F, 2
ﬂ:l.l[ﬂj ) (14.127)
FquZ 2(1
Under the assumption that D/2a =1.6 thisratiois F,, /F,,, =2.8,and
U, a, 08+M, /M,

~1-

(14.128)

0%

1+2a, 2+M,/M,

Thus, at M, /M, =6 the loss of sensitivity in comparison with the situation that the hydro-
phone does not move (M, — o) is about 15%.
Equating expression in the brackets in Eq. (14.124) to zero results in some increase of the

resonance frequency of the plate supported by the finite mass up to @, M, namely,

r

1+2¢, M, /M, +2
a)rM = a)emac P ——— a)emac s o Asr 1z " (14 129)
/ 1+1.55, M, /M, +155

At M, /M, =6 the frequency increases less than by 3%.

The following example may illustrate design configuration of a real fixed diffraction type
pressure gradient hydrophone. Bimorph piezoelement: circular plate made of PZT-4, 2a = 30
mm, ¢ =3 mm, a/t = 5. Foundation: ring made of brass ( o = 8500 kg/m®), D/2a = 1.6, t, =10

mm. Thus, M, /M , ~ 6 and all the above estimations of parameters are valid.

14.3.5.3  Accelerometers of the Length Expander Type

Accelerometers of this type are shown in Figure 14.8 (c.3) and (c.4). They can be considered
based on the general equivalent circuit for the length expander transducer presented in Figure
10.7. In the case of accelerometer of the type (c.3) this circuit can be modified as shown in
Figure 14.23.

In the circuit F, and Z; between terminals 1, 1" belong to a source of vibration (structure under
investigation) that generates vibration of the end with velocity U, . (In the case of calibration

F, and Z, are the electromotive force and internal impedance of a shaker-table).
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M/)2
Voc

2

Figure 14.23: (a) Schematic representation of the length expander accelerometer: 1-piezoelement,

2-passive block ( M). (b) The equivalent electromechanical circuit of the accelerometer.
Another end of the piezoelement is loaded by a passive block. We assume that in the operating
range of an accelerometer, which is significantly lower than frequency of its electromechanical
resonance, the size of accelerometer is small compared with the wavelength, i.e. kt <1 and
kt, <1, where tand ¢, are the thicknesses of the piezoelement and of the passive block. There-
fore, the piezoelement can be represented by its lamped parameters and the passive block by its
mass M, as this is shown in Figure 14.23, and expressions for the parameters in the circuit are

(see Section 10.2.3.2.3):

Cl=ts,/S

cs

N, =d,,S, | sit, C =Cl(1-kjy) = C, (1-k3) . (14.130)

For determining the input mechanical impedance of the accelerometer it must be suggested
that force F, is applied between terminals 1, 1" of the equivalent circuit. Then, Z, = F, /U,

may be calculated. This will result in

F 1+M/2M
Z,=—= joM, M 1+ — | (14.131)
Uf 2M1 1—6() /a)em
where
@, =1/Co(l—ky,) (M, +M /2), (14.132)

The output voltage of the accelerometer is
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JjoC»  joC* 1-a, |

V.

oc

(14.133)

At frequencies, for which @’ /@], <1, after some manipulations that involve expression

(14.132) for w,, will be obtained

N,CE, ,
Ve = “M,(1+M /2M))-U,, (14.134)
Lf
Z, = jo(M,+M). (14.135)
Thus, the sensitivity
. N,CE
Vg =V, lU, =——=-M (1+M /2M)) (14.136)

f
Lf

does not depend on frequency. We can see that with increase of mass M, the sensitivity of
accelerometer increases, but the operating bandwidth reduces. This is the same tendency as in
the previous case of the flexural type accelerometer.

The design shown in Figure 14.8 (c.4) is symmetrical relative to element that mounts the
accelerometer to an enclosing case. Due to the symmetry the halves of the design can be calcu-
lated independently with the above results. Electrically they must be connected in antiphase in
respect to the signs of polarization. This will result in summarizing effects of acceleration, U r
, and increasing the specific sensitivity of the device in factor of V2 . But the main advantage
of the symmetrical design is that it must be not sensitive to possible deformations of the inclos-
ing case under unwanted action of the sound pressure under the condition that the halves are

electromechanically identical.

14.4 Response of Sensors to Unwanted Actions

14.4.1 Notations for Sensitivities to Unwanted Actions
The general formulation of problem of hydrophones sensitivity to unwanted actions was made
in Section 3.2.4. Concept of the noise immunity (N/) was introduced therein and illustrated with
example of a single plate vs. symmetrical double plate bimorph transducer. Here some harmful

effects that may be produced by unwanted actions on characteristics of the hydrophones and
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recommendations on reducing these effects will be considered. In particular, the sensitivity of
hydrophones of the zero and first order to unwanted actions may be the main cause for distortion
of their expected ideal directional factors. Effects of the unwanted actions on characteristics of
accelerometers will be addressed as well.

At first the notations for sensitivities of the sensors to the most likely unwanted actions
must be introduced. The real hydrophones and accelerometers both move and deform in the
acoustic field, which can lead to unwanted electrical outpust. For example, in case of the zero
order (sound pressure) hydrophone the output voltage caused by its motion or deformation due
to the pressure gradient in the sound field is unwanted. We will denote this voltage by subscript
that indicates the useful effect and by the superscript that indicates the unwanted action, as

follows

VY =y VP, (14.137)

where ;/:P is the sensitivity of the sound pressure hydrophone to the unwanted action of the
pressure gradient.

For the first order (pressure gradient) hydrophone the output voltage caused by defor-
mations due to the action of the sound pressure is unwanted. Similarly, we will denote this

voltage as

Vap =70p - P, (14.138)

where y7, is the sensitivity of the pressure gradient hydrophone to the unwanted action of the
sound pressure.

For the motion type pressure gradient hydrophone the output voltage caused by movement
in the perpendicular to the acoustic axis of the hydrophone direction is also unwanted. This

unwanted voltage can be denoted as
U. U y
V" =y, U, (14.139)
where 757 is the sensitivity of an accelerometer in the direction that is perpendicular to the

acoustic axis (the acceleration and sensitivity in direction of acoustic axis will be denoted as

U, and Yo )
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Acceleration of a hydrophone due to structural vibration propagating directly through its
mounting elements also produces an unwanted action. We will denote the voltage output due

to actions of structural vibration born acceleration as

vi=y"-U (14.140)

and
Vr =vep-U (14.141)

for the sound pressure and pressure gradient hydrophones accordingly, where ]/g and ;/gp are
the sensitivities to acceleration due to structural vibration. The effect of structural vibration on
a hydrophone is of the same physical nature as the effect due to its movement in the acoustic
field, therefore hydrophones of the motion type are especially vulnerable to an unwanted action
of this kind.

In order to quantitatively characterize vulnerability of a sensor to unwanted actions the
notion of the Noise Immunity factors, (N/), can be introduced that are analogous to those pre-

sented by relation (3.205) in Section 3.2.4. Namely, the factors

NI =y, /) and NIY =y, /Y (14.142)

characterize the noise immunity of the pressure hydrophone to action of the pressure gradient
and acceleration, respectively. Analogous notations will be used for other combinations of the
measured and unwanted actions. Quantity that is opposite to the Noise Immunity can be called
the Noise Susceptibility, NS. Thus, for example,

1
1P _ NS 14.143
N];’P }/P v ( )

is the susceptibility of the pressure gradient hydrophone to the sound pressure.

The same effect as caused by unwanted actions in the acoustic field can be produced by
the electrical crosstalk between receiving channels in the case of combined several first order
hydrophones or combined zero and first order hydrophones incorporated in one small unit.
Even small spurious electrical coupling between channels can lead to large distortions of the
channel outputs or directional characteristics in case that signal in one of the channels is much

larger than in another.
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14.4.2 Immunity of Sensors to Unwanted Actions
Immunity of the hydrophones to unwanted actions can be increased by a proper hydrophone
designing and precise manufacturing. Some practical considerations on this issue can be illus-

trated with examples of typical hydrophone designs.

14.42.1 Sound Pressure hydrophone

The sound pressure hydrophone of the double plate flexural type that is shown in Figure 14.24
was considered in Section 3.2.4 as an example of the hydrophone that may be insensitive to
action of acceleration under the ideal condition that the plates are identical and have equal sen-
sitivities to sound pressure, i.e., 7,, =7,, =7, -

L U
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Figure 14.24: Tllustrations of: (a) sound pressure hydrophone of the double plate flexural type, (b)
the symmetric mode of the plates vibration under action of sound pressure, (c) the anti-symmetric

mode of vibration under action of unwanted acceleration.

In reality this condition can be fulfilled only to some degree of accuracy, and the hydrophone
is characterized by a finite value of the noise immunity factor, NIY . Here we consider situation
regarding a real design, in which case the sensitivities may be not equal, y, # y,. We will as-
sume that the dimensions of the hydrophone are small in comparison with wavelength, and the
mounting elements are located within the plane of symmetry of the hydrophone design. The

sound pressure on the surfaces of plates can be represented as

P =P+AP, P,=P—AP, (14.144)
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Where

P=(BR+P)/2, AP=(P-P)/2. (14.145)
For the incident plane wave we have

AP=k -P=—j4?ﬂ-kaCOS¢~P. (14.146)

dif

Let the piezoceramic plates be connected electrically in series and in such a way that their out-
puts due to the plate deformation in the symmetrical mode are in phase, as shown in Figure
14.24 (b). Then the total output voltage is

V, =V, +V, =(P+AP)y, + (P~ AP)y, =

o o (14.147)
=+ 7)P+ (=7 )AP =V, + V" =V, [1+(1/ NI, )]
Considering relation (14.46), expression for the Noise Immunity factor, NI," , is
+
NI == kacosp T2 (14.148)
3 Nn="r

The last term in brackets of expression (14.147) determines quantitatively the distortions of the
omnidirectional sound pressure output by unwanted contribution due to the pressure gradient.
At y, =y, the noise immunity is absolute ( NI;” — o).

In general, the hydrophone may experience acceleration U due to its movement in the
sound field and/or due to a structural vibration transmitted through a mounting of the hydro-
phone. If the mounting elements are located within the plane of symmetry of the hydrophone
design, the acceleration of the plates is the same. The inertial forces due to the acceleration,
F, =m, .U , are uniformly distributed assuming that the specific mass of the plate, m_, is uni-
form. They generate deformation of plates in the asymmetrical mode (Figure 14.24 (c)). Elec-
trical outputs of the plates are in phase opposition, the total output voltage due to the accelera-

tion in case that y, # y, is

V,f]ZV;,{—VZ;{ZFU(j/l—j/z)me(j/l—j/z)-U, (14.149)

and the unwanted contribution of acceleration to the hydrophone output is characterized bythe

term
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o 3 .
VL:mSM.Z. (14.150)
Ve n+r, P

By the definition (14.142)

+ N
_NEh Ny (14.151)

mx(;/l _7/2)

Thus, under the conditions that the mounting elements are located within the plane of sym-
metry and the plates are identical ( y, = y, ) the hydrophone is insensitive to acceleration.

The immunity of a pressure hydrophone to acceleration as well as to pressure gradient can
be increased by equalizing sensitivities of the plates. A possible procedure of equalizing sensi-
tivities of the plates to a uniformly distributed force may be accomplished by external tuning,

as illustrated in Figure 14.25.

z&T / /) Tu ‘ T Hi

Shaker table

(a) (b)

Figure 14.25: Illustration of method of equalizing the sensitivities of individual plates by external

capacitive tuning.

By changing the capacitance C,, connected in parallel to the plate having larger sensitiv-
ity, the output voltage can be reduced theoretically to zero (and practically to the noise level of

instrumentation used). This will be reached at
Cu=Cn=1)/n- (14.152)

Note that contribution of acceleration by formula (14.150) depends on the relation between
acceleration and total sound pressure generated by different sources including structural vibra-
tion. If the ratio U/ P is small enough, the acceleration canceling feature may not be required.
For example, if we assume that the hydrophone is mounted on a plane surface vibrating uni-

formly, then the sound field generated by the vibration is P=U(pc),/®, and
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U/P=w/(pc), =4-10" f,, . Under this condition acceleration canceling obviously does not
make sense.

It is noteworthy that sensitivity to acceleration can be a reason for distortion of direction-
ality of small compared to wavelength sound pressure hydrophones that otherwise should be
omnidirectional. Thus, if the spherical or cylindrical piezoelement has a nonuniformity (in-
creased or reduced density) in some part of the shell, as is shown schematically in Figure 14.256
(a), the hydrophone becomes sensitive to vibration under action of the pressure gradient with
maximum sensitivity in direction of location of the nonuniformity. This will result in distorting
the presumable omnidirectionality of the hydrophone by contribution of figure of eight re-

sponse, as is illustrated in the Figure 14.26 (b).

Figure 14.26: Illustration of distortion of omnidirectionality of a hydrophone (1) due to nonuni-
formity of density (2) of the comprising piezoelement. Projected omnidirectional pattern-dashed

line, real pattern distorted by contribution of the pressure gradient response -solid line.

This contribution may change by magnitude over a frequency range. This circumstance
must be taken into consideration when calibrating the measurement hydrophones, which are
theoretically assumed to be omnidirectional due to their small wave size. In order to increase
accuracy of measurement with a real hydrophone, its directional pattern must be measured,
direction of maximum sensitivity has to be marked. Calibration of the hydrophone must be

performed in this direction that further must be used for reference.

14.4.2.2  Pressure gradient Hydrophones of the Fixed Diffraction Type
If the halves of a bimorph flexural disk hydrophone are electromechanically identical, then an

output under the action of the acoustic field is proportional to the pressure gradient only,
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because effects of in-phase deformations of the comprising half plates due to the action of sound
pressure, V,, and V,,, cancel each other. In the case that the plates are not identical, the output
due to sound pressure is Vi, =V,, —V,, # 0. This output can be reduced by using the above
considered procedure of equalizing sensitivities of the half plates.

However, the major unwanted action for hydrophones of this kind is an acceleration U,
due to a structural vibration in direction of acoustic axis. (Note that uniform circular plates must
be insensitive to vibration in plane due to symmetry. Though, precautions must be taken for a
uniform mounting the boundary of the plate.) Contribution of the structural acceleration in-

duced output to the total output of the hydrophone in this case is

v, F. s D P’

eqv

(14.153)

where p, and ¢ are the average specific density of the flexural plate and its thickness, and D is
the diameter of foundation in the case that the plate is circular, or the equivalent dimension in
the case of a rectangular plate. Except for manipulating the parameter p, ¢/ D to some extent

the sensitivity to structural vibration can be reduced only by using vibration isolation.

14.4.2.3  Pressure gradient Hydrophones of the Differential Dipole Type
Provided that the individual sound pressure hydrophones are identical, the electrical output of
the pressure gradient differential hydrophone is proportional to the pressure gradient only, and
for the plane wave we have,

Vop =ypd VP = jkdy,-P (14.154)
If the sensitivities are not identical, 717 *V2p (let Ve > Vap ), then for the output voltage of the

dipole we will obtain

out

:W%d-vmvw—m)p (14.155)

The second term in this relation is the unwanted contribution, V", , of the sound pressure to the
first order hydrophone output. Thus, the measure of the first order dipole type hydrophone sen-

sitivity to sound pressure in the plane wave is

Voo ;2 hw=tor (14.156)
VVP kd}’]P—'_yZP
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Usually d <4, /4 where A4, is the wavelength at the higher frequency of the operating range,
and formula (14.156) can be transformed to

Ez_jifi7lp_7zp

, (14.157)
VVP T f ylPJr]/ZP

From this expression follows that contribution of the sound pressure to the first order hydro-
phone output can be significant at low frequencies even in the case that the difference between
sensitivities of comprising dipole hydrophones is not that large. For example, if the difference
is about 5% and f;, = 10 kHz, then
Vv[jv . 1
VVP - j ﬂ’ﬂHz .

(14.158)

This means that the omnidirectional output of relative magnitude 1/ 7 f,,. should be added in
quadrature to the directional figure of eight output. To increase the immunity of the first order
hydrophone of the dipole type to sound pressure, the same procedure of sensitivity equalization
as in the previous case can be used. In particular, this can be done by minimizing output of the
dipole in direction @ =7 /2 in the course of the sensitivities equalizing. p =7 /2

Sensitivity of the dipole type hydrophone to acceleration depends on the sensitivity to ac-
celeration of the individual hydrophones that is considered in the previous section. However,
the requirements for immunity to acceleration of the hydrophones intended to be used in a di-
pole are higher than for zero order hydrophone. Indeed, the output of a dipole due to accelera-
tion is

Vep SV +V, =20, (14.159)

B

because the phase between VPKI] and VPf/ is unknown (it cannot be predicted beforehand due to
a spurious nature of sensitivity with respect to acceleration). The output due to pressure gradient
is Vg, = jkd -V, . Therefore, measure of contribution of acceleration to the total output,

Var

VVP

2

< , 14.160
kd V, ( )

is 2/kd times larger than in the case of the zero order hydrophone.
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Figure 14.27: Illustration of the procedure for increasing the immunity of the dipole hydrophone

to acceleration.

The immunity to acceleration of the dipole design can be increased by using the following
procedure based on the idea of compensation of unwanted effects. This is illustrated with Figure
14.27. At first the sensitivities of the comprising hydrophones to acceleration must be meas-
ured, and the polarity of a hydrophone regarding the acceleration has to be indicated on the
hydrophone surface.

The hydrophones must be symmetrically mounted on a rigid platform in such a way that
the hydrophone outputs that are due to the common acceleration are in phase opposition. In this
case the negative sign must appear in the formula (14.159) and the contributions due to the
acceleration will be reduced. Theoretically very deep acceleration canceling can be achieved
iin this case by equalizing sensitivities of the comprising hydrophones to acceleration. The sen-
sitivity of a hydrophone to acceleration can be changed independently of its sensitivity to sound
pressure by applying an additional mass to its surface. Thus, sensitivities of the hydrophones to
acceleration can be equalized, if to apply a proper mass to the surface of the hydrophone that

has the smaller sensitivity to acceleration.

14.4.2.4  Pressure gradient Hydrophones of the Motion Type

Sensitivity of the pressure gradient hydrophone to sound pressure can be caused by defor-
mations of the inclosing case that may be transformed into motion of accelerometer. The sen-
sitivity to sound pressure can be reduced if to use the symmetry considerations, when mounting

the accelerometer inside the case, as illustrated in Figure 14.8 (c.4).
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However, the main possible source of unwanted action for a hydrophone of the motion type

is the structural vibration born motion of its body. Obviously, in this case

v
Vor U, (14.161)
VVP UVP

where U, is unwanted acceleration due to structural vibration and Uy, is the acceleration in
the sound field proportional to the pressure gradient. Under the condition of neutral buoyancy

va =—jwP/(pc), ,and it follows that

Ver _ .(p0), U, (14.162)

Vop o P’

This quantity does not depend on the hydrophone design unless the buoyancy becomes nega-
tive. The only way to reduce the unwanted contribution of acceleration U, is to use vibration
isolation. Comparison between expressions (14.153) and (14.162) for the fixed and motion type

hydrophones at the same environmental conditions (U, / P = const) results in the relation

Vo Vi),
Wor Verdwat _p sPu L oL (14.163)
D "D

(VV[;/VVP)moIion pW
if to assume that the plate is fully made of ceramics ant p, =7.6p, . In the case that D/t >20,
which is very likely for low frequency hydrophone designs, and the density p, is decreased
due to optimization of the flexural plate, then the fixed type hydrophone can be slightly more

favorable than the motion hydrophone in terms of immunity to the sound pressure.

14.4.2.5 Regarding Deepness of Nulls in Directional factor of the First Order Hydrophones

Insufficient immunity of the first order hydrophones to sound pressure is the most probable
reason for distortions of their directional factor, which ideally would be H (@) =cos¢ . It was
shown in Section 14.3.4.1 that the first order hydrophone cannot be used for detecting extremely
small signals (on the threshold of noise) beyond the sector of angles |§0| < 54°, because its out-
put signal/noise ratio becomes smaller than it is for the omnidirectional sound pressure hydro-
phone. In this sense it does not matter how the directional factor behaves in the vicinity of
“nulls”, as the signal to noise is greatly reduced. Moreover, the actual values of directional

factors of ideal hydrophone at the angles close to @ = 7/2 may be measured only by using the
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strong signals compared with the electrical and environmental noise levels. The greater the
signal/noise ratio the lower levels of directional factor are attainable. And theoretically the in-
finitely large signal/noise ratio should exist for approaching value H(z/2) =0 . But this situ-
ation is not realistic due to a finite unwanted sensitivity of the first order hydrophone to the
sound pressure, and the actual minimum level of the directional factor (so called “deepness of
nulls”) depends on this sensitivity. The “deepness of nulls”, which may be measured by using
correspondingly strong signals, characterizes the immunity of the first order hydrophone to
sound pressure.

The lack of immunity to sound pressure also deteriorates the signal/noise ratio at the hy-
drophone output in the operating sector (at ¢ =0 in particular). Thus, the “deepness of nulls”
although not practically important for actual operation may be important in terms of character-
ization of the immunity of the first order hydrophone to sound pressure, which in turn affects
the signal/noise ratio at the output of the hydrophone in the operating sector of directional fac-
tor. To evaluate the deterioration of the signal/noise ratio due to insufficient immunity to sound
pressure (insufficient “deepness of nulls” measured in a strong sound field) we will consider
the dipole hydrophone as a typical example of the first order hydrophone.

Let the dipole hydrophone is made of two ideal sound pressure hydrophones having differ-
ent sensitivities, namely, ¥ and (1+ )y . We will call such a dipole hydrophone “real” to dis-
tinguish it from an “ideal” dipole with identical pressure hydrophones. We assume that o <<1
and therefore the directional factor outside vicinity of @ =0 does not change in a frequency
range, so far as the wave size of the dipole remains sufficiently small. (Note that for validity of
relation (14.58) it must be approximately kd <0.3.)

Sensitivity of the dipole to the sound pressure is due to the difference in sensitivities of the

comprising pressure hydrophones. Output of the hydrophone can be represented as

U, (@) ~ j2sin[(kd / 2) cos ]+ e’ /22 (14.164)

At small kd,

Us(@) ~ jkd cosp+a = jkd-Us(p), (14.165)

where
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a
Ul(p)~cosp—j— 14.166
() e ( )

is the directional function of the real dipole, which at & =0 becomes directional function of
the ideal dipole, Uy () ~ cos¢ . Moduli of both functions that are proportional to the direc-
tional factors qualitatively are presented in Figure 14.28. The value of 1/ |U£ (z/ 2)| that follows
from relation (14.166) can be called the “Deepness of Null” (DN). Thus,

DN=kd/a. (14.167)

It is important to estimate an acceptable deepness of null from the point of view of reducing the
signal/noise by the real pressure gradient hydrophone vs. ideal one, when formulating require-
ments for the hydrophones intended for populating arrays that operate in a real signal to noise
situation. With this goal let us evaluate the time averaged signal to noise power ratio at the
output of the real hydrophone in the same way as it was done for the ideal hydrophone in Section

14.3.4.1.

[

Us(9)

Figure 14.28: Qualitative distortions of the directional factor of ideal dipole hydrophone,
|H (qo)| = |cos (0| (dashed line), in case that a “real” dipole is composed of the pressure hydro-

phones having different sensitivities (solid line). The sensitivities of the pressure hydrophones are

7 and y, =(1+a)y,.

For a real hydrophone we have

() (. -0+2)p, 1) (14168
(w) lpn-(+a)p, ) '

real
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We may assume that the noise field is isotropic, and the signal field is that of the plane wave
propagating in the direction of dipole axis @ =0. In this case Eq. (14.168) may be represented

after manipulations analogous to those made in Section 14.3.4.1 as

] [ B (YR N, (14.169)
()], ()], T o] ka3 -

As it was also shown in Section 14.3.4.1, for the ideal hydrophone (at @ = 0) we have

&) L0
-— =3 (14.170)
M (2,
Thus, we arrive at the relation
) s 1410+ 00/ 01 ()’ .

3+[(+a)/a*]-(kd)*

(7))

The degradation of signal/noise by the real hydrophone in comparison with the ideal hydro-

ideal

phone will be denoted as

(1) g =70 07)
(%) ()

g (14.172)

ideal
From Eq. (14.171) follows that

B 2

3+[(1+a)/ a’]-(kd)’

(14.173)

Thus, for each value of permissible degradation £ of signal/noise the tolerance for sensitivity
of the hydrophones comprising the dipole, « , and the corresponding “deepness of nulls”,
DN =kd / « , may be found. Conversely, if DN is determined, then for each kd the resulting
degradation of the signal/noise may be found. If the permissible signal/noise degradation is
prescribed and it is achieved at the highest frequency of an operating range, f, , then the lowest
frequency, f, , depends on the tolerance for the pressure hydrophones sensitivity. The closer
the tolerance the broader the attainable frequency range. Ratio f,, / f, can be obtained from

Eq. (14.173) as

(fu ! 1) =[B! Q2=3B))[DN;; +(kd),, DN, ] . (14.174)
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To achieve a broader frequency range, value of the spacing related term at the highest fre-
quency, (kd), , must be chosen as large as possible. According to our assumption, it is
(kd), =0.3.

For example, in the case that f=0.1 and the deepness of nulls at the high frequency is
DN,, =10 (20 dB), the frequency ratio becomes f,, / f, =2.6. To get a broader operating
range, the deepness of nulls at the high frequency must be increased. Thus, at f,, / f, =10 it
should be DN,, =40 (32 dB). Correspondingly, at the lowest frequency of the operating range
the acceptable in terms of the signal to noise ratio “deepness of nulls” in this case will be ac-
cording to formula (14.167) DN, = DN,, /10 =4 (12 dB). But at the low frequencies of oper-
ating range the directional factor of the hydrophone becomes significantly corrupted due to
contribution of the omnidirectional term in expression (14. 166).

Considering this example it must be remembered that for achieving value DN,, =40 dif-
ference between sensitivities of the pressure hydrophones must be according to formula
(14.167) less than 1% under the condition that (kd),, = 0.3. Thus, requirement for the pressure
hydrophones identity is very demanding.

As it follows from comparison of formulas (14.167) and (14.156), the coefficients DN and

noise immunity, NI, , are proportional, i. e., DN ~ NI, . Therefore, the results of this section

VP >
are applicable to the first order hydrophones of different type, if to use these coefficients inter-
changeably. The conclusion can be made that a tradeoff exists between value of the noise im-
munity factor, NI.,, and operating frequency range, f, / f, . Achieving a broad frequency

range requires very careful pressure gradient designing and manufacturing in terms of the noise

immunity.
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CHAPTER 15

COMBINING FINITE ELEMENT ANALYSIS WITH ANALYTICAL
METHOD

15.1 Introduction

Application of the energy method for solving electroacoustic transducer problems demonstrated
in the preceding content assumed that boundary conditions for the transducer mechanical sys-
tems are ideal and their modes of vibration can be found analytically, or the modes of static
deformation of the mechanical systems are known, or the direct methods can be used for deter-
mining the modes of vibration by choosing appropriate systems of the trial functions. The ana-
lytical solutions obtained for the considered transducer types and realized in practical designs
showed good enough agreement with experimental verifications. But in some cases, the bound-
ary conditions for the mechanical systems may be inherently not ideal and vibrations of the
system hardly can be satisfactory approximated by convenient for analytical treatment func-
tions. Such, for example, are vibrations of mechanical systems of the flextensional transducers,
which represent passive shells of various configuration, generated by the piezoceramic drivers.
In this and in more general cases the problems of vibration of complicated mechanical systems
can be solved using Finite Element Analysis (FEA). Powerful computer-based technologies
allow simulating virtually any well-defined linear system (not only mechanical, but electrome-
chanical and acoustic as well) and obtaining its natural frequencies, modes of vibration and
responses without using analytical treatment. Though the result thus obtained will be purely
numerical, and a physical insight into the nature of the solutions anyway is required through
theoretical considerations, possibilities of using FEA for calculating the overall performance of
the electroacoustic transducers may seem attractive. However, the following reasoning regard-
ing this issue deserves to be considered. While calculating parameters of a transducer of a given
configuration (solving the direct problem for the transducer) using FEA is more or less straight-
forward, solving the reverse problem of designing the transducer that meets certain require-
ments under real environmental conditions is problematic. Moreover, as it was articulated in

Chapter 11, properties of piezoelectric ceramics are not known to a great accuracy and subject



512 15 Combining Finite Element Analysis with Analytical Method

to changing under operating environmental conditions. Therefore, it would be advantageous to
obtain results of analyzing a transducer in a form with parameters of the ceramics explicitly
presented. This can be achieved by combining the FEA technique and the analytical energy
method for calculating transducers. The goal of this Chapter is to illustrate, how this can be
done.

The most crucial and necessary for application of the energy method step in the vibration
analysis of the mechanical systems of the transducers with complex boundary conditions is in
determining vibrational mode shape of a passive mechanical system having the same configu-
ration This part of the problem can be especially successfully resolved by the FEA. After this
is done, the energy method can be used for calculating transducer parameters in the straightfor-
ward way. Using FEA in such capacity regarding electroacoustic transducers was noted in Ref.
3: “Computer programs are very useful for looking in detail at components of the transducer.
Thus, one might use them advantageously to find the natural vibrational modes of the transducer
and its housing, or to investigate an unusual hinge structure” (read “boundary conditions”, the
Author’s remark).

We will consider the proposed approach with example, in which the flextensional trans-
ducer of Class IV is involved. The flextensional transducers are one of the types of low fre-
quency transducers. Theoretical treatments, practical designing and applications of the flexten-
sional underwater transducers have a long history (see Refs. 1 and 2) and are widely discussed
in literature. Typical of the flextensional mechanism is generating flexural vibrations of shells
made of passive materials by extensionally vibrating piezoelements. Analyzing the flexten-
sional transducer types per se is out of scope of this chapter. The flextensional transducer that
realizes flexural vibration of a passive oval shell (Class I'V transducer) will be only considered.
The goal is in comparing its operating characteristics with those of the low frequency bender
transducer previously described in Chapter 9 and of the transducer that employs direct electro-
mechanical conversion in the oval shells by building them from piezoceramic elements (so
called oval flexural transducer). The comparison will be made under the condition that all the
transducers have approximately the same geometry and amounts of piezoceramic materials
used. This comparison makes sense because, supposedly, the hydrostatic and dynamical

strength of the oval shells must be greater than for analogous benders utilizing vibration of
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plates due to transformation of hydrostatic pressure into compression stress in circumferential
direction of the shells.

Calculations of operating characteristics of the flextensional transducers were made in lit-
erature, predominantly, by using FEA. Therefore, it is logical to apply the same approach for
achieving the intended goal of comparing the traditional flextensional transducer with trans-
ducer that employs electromechanically active shell having the same geometry as the passive
shell of the flextensional transducer has. In distinction from the previous works the FEA mod-
eling is used for determining the natural frequencies and modes of vibration of the oval shells
only. After this is done, the equivalent parameters of the transducers are calculated from con-
sidering energies associated with electromechanical conversion in the corresponding transduc-
ers, and equivalent circuits are presented that allow further analysis of operating characteristics
and their comparison. Brief description of this approach was previously reported in Ref. 4.

In order to make the approach to calculations more physically clear, and in order to be able
to verify results of calculations at least for one particular case, prototypes of the transducers
were built (courtesy of BTech Acoustics), and FEA was done for these particular cases. Note
that according to expert recommendation on application of FEA (Ref. 5): “Modeling requires
that the physical action of the problem be understood well enough to choose suitable kinds of
analysis. Once the results have been calculated, we must check them to see, if they are reason-
able. Checking is very important, because it is very easy to make mistakes when we rely upon
FEA software to solve complicated problems.”

Formulating problem for calculating free vibration of a prototype oval mechanical system
is done in Section 15.2. The general case of the combined FEA and single degree of freedom
equivalent circuit involving treatment of Class IV flextensional transducer and analogous oval
shell bender transducer is performed in Sections 15.3 and 15.4. This could be possible under
the condition that results of FEA can be scaled for a range of values that characterize geometry
of the shell. Verification of this possibility is done in Section 15.33.1, and further the equivalent
parameters of the equivalent circuits are determined. Comparison of the operating characteris-
tics of the flextensional, oval bender transducers, and rectangular plate bender transduces is

made in Section 5.5
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15.2 Determining Mode Shapes of Prototypes Vibration

15.2.1 Formulating the Problem
Flextensional transducers of Class IV employ mechanical systems in shape of oval shells. Usu-
ally, the mechanical system of entire column like transducer is composed of several single oval
(elliptical) shell units that have height, 4, relatively small compared with their meridional cir-
cumference. Therefore, the shell unit can be considered as a ring. This makes the problem of a
shell unit vibration one dimensional. Another assumption will be made that the elliptical con-
figuration will be approximated by segments of a circular ring like it is shown in Figure 15.1.

L =0
e,

bp=0 1

Figure 15.1: (a) Geometry of the mechanical system of a flextensional transducer with oval ring

replaced by segments of a circular ring: 1 — segments of a circular ring, 2 — additional parts, 3 —
extensionally vibrating piezoceramic driver. (b) Mechanical system of the oval bender. (¢c) Geom-

etry of the additional part 2.

Practical justification for replacing the elliptical ring by combination of segments of the circular
ring is in the fact that it is easier to build out of piezoelements in case of manufacturing the oval
bender transducer, in which case the shell is active. Besides, this simplifies treatment of the
problem without losing its essence. The radius, a, and opening angle, [, of the replacement

segments are related to the major, 25, and minor, 2¢, axes and their ratio m of the original
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elliptical shell. From the geometry considerations following from Figure 15.1 (a) these relations
are:
c _l-cosp p

m=— tan—, b=asin g, 15.1
b sing y» b=asing (15.1)

Outer radius of the additional part in Figure 15.1 (c) is

r=(w/2sin f)+t, (15.2)

where w is the width of the driver, and ¢ is the thickness of the shell. To keep amount of the
ceramic material in the flextensional and analogous active oval shell transducer the same, we
will assume that w = 1.5¢. Thus, the outer radius of the additional part will be

r=z[9'75 +1]. (15.3)

sin

The symmetrical forces, F),, that are generated by the driver on the ends can be decom-
posed into two components: F,_, , which is tangent to its middle line, and F,, which is normal

ext ? S

to the middle line of the ring. The force F,

ext

=F, cos B produces predominantly extensional
deformation of the ring segments, whereas the force £, = F, sin # produces predominantly
their flexure. Conditions, under which vibrations of the rings are predominantly flexural or ex-
tensional, are considered in Ref. 6 and in Section 4.4.4. The resonance frequencies of the ex-
tensional (membrane) and flexural vibrations of an incomplete ring may differ practically by
an order of magnitude (this will be illustrated below). Therefore, they can be treated separately
as independent vibrations, and their effects on performance of the flextensional transducers can
be superposed in final result. It must be noted that except for the first symmetrical flexural mode
of vibration, which is the intended operating mode, the next symmetrical flexural mode of the
segment of a circular ring is also generated. The resonance frequency of this mode is about
three times higher than that of the first mode (by analogy with the straight beams at different
ideal boundary conditions), besides this mode of vibration is not suited for effective radiation,
because it has multiple nodes.

Therefore, its contribution to operating characteristics in vicinity of the first resonance fre-
quency is negligible. But the input mechanical impedance related to this mode below its reso-
nance frequency may have some effect on vibration of the driver rod. Although the main atten-

tion in calculations will be given to the range of operation around the resonance frequency of
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the first flexural mode, the contributions of the next flexural and extensional modes of the shell

vibration will be also considered.

15.2.2 Results of Calculations and Experimental Verification.

Prior to performing general analysis of the problem, calculating was performed by FEA param-
eters of vibration of the prototypes that imitated structures of real transducer designs. This was
done for experimental verification of results of calculations. Two transducer prototypes were
built that corresponded to configurations of transducers shown in Figure 15.1 (a) and (b). The
curved parts 1 were built as bilaminar structures out of segments of rings made of aluminum
(outer layer) and radially polarized piezoceramics (inner layer). This allowed generating the
flexural and extensional vibrations of the segments using direct “internal” electromechanical
conversion. Extensionally vibrating transversely polarized bar was used as the driver 3 of the
flextensional prototype. The designated opening angle (which is in fact half of full opening
angle) of the segments £ =7 /4; mean radius of the segments a = 54.5 mm; thicknesses of the
aluminum and piezoceramic layers 7, =¢. = 3.5 mm.

Finite element model was performed for analyzing the structural vibration of the flexten-
sional transducer and oval bender. The “Piezoelectric Device” under “Structural Mechanics
Module” in COMSOL was used for the modeling. A frequency domain solver was used for
calculating resonance frequencies, mode shapes, potential and kinetic energies for the trans-
ducer from 100 Hz up to 25 kHz. A static solver was used for calculating the displacements and
stress inside the mechanical systems under the hydrostatic pressure.

Results of calculations made for the prototypes were compared with results of measuring
the following characteristics of both prototypes: resonance frequencies, mode shapes at the res-
onance frequencies (radial components of the displacements), ratios of radial displacement of
the reference point and of the ends, &, / &, . Results of measuring and calculating the resonance
frequencies of the oval segments of the flextensional and oval driver prototypes are summarized
in Table 15.1. Results of measuring and calculating the mode shapes of the first and second
flexural, and the first extensional modes of vibration are presented in Figure 15.2 - Figure 15.4

for the oval driver prototype.
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Table 15.1. Measured and calculate values of the resonance frequencies and &, /&, ratios for dif-

ferent modes of oval segments vibration

Ist Flexural | S0/ & | 2nd Flexural | $r0/%: | st Extensional Sl G

Measured 3 kHz 2.4 14.3 kHz 4.2 20 kHz 0.78
Calculated 2.9 kHz 2.1 142 kHz 43 19.4 kHz 0.75
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Figure 15.2: Oval driver prototype. Calculated mode shapes of the first flexural mode (1 — radial,

2 — circumferential) and results of measuring (squares).
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Figure 15.3: Oval driver prototype. Calculated mode shapes of the second flexural mode (1 —

radial, 2 — circumferential) and results of measuring (diamonds).
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Figure 15.4: Oval driver prototype. Calculated mode shapes of the extensional mode (1 — radial,

2 — circumferential) and results of measuring (diamonds).
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Figure 15.5: Flextensional prototype, the driver is active. Calculated mode shapes of the first flex-
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Figure 15.6: Flextensional prototype, the driver is active. Calculated mode shapes of the exten-
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The first flexural and extensional modes of vibration for the flextensional prototype with
driver active and the oval segments short circuited are presented in Figure 15.5 and Figure 15.6.
The second flexural mode practically can’t be generated by the extensional driver, and as result
is not visible both in calculating and measuring. Note that the modes of vibration of the oval
shell with and without the extensional driver are close.

The essential quantities, values of which is necessary to know for determining the input
impedances of the oval segments, are the ratios & /& . Calculated and measured values of
these ratios are presented in Table 15.1. The calculations showed that deformation in the cir-

cumferential direction for the 1st flexural mode of vibration,

2
S¢,<¢)=—§(‘;j; +§,], (15.4
has zero points at @ ~=+30°. At these points the electromechanically generated moment
changes sign, and hence the full-size electrodes don’t produce maximum possible effect. Ex-
periment confirmed this prediction. After the electrodes were split at ¢ ==£30°, and their end
parts were connected in antiphase with the central part of the electrodes (by using their series
connection), the magnitude of the radial displacement & ; increased in factor of 6.5 compared
with effect of the full size electrodes (with these parts connected in parallel) at the same electric
field in the ceramics (see results of calculating the electromechanical transformation coeffi-
cients for such connections in Table 15.5, where from follows that this ratio calculated is 7).
Thus, the conclusion can be made from the results of comparison presented in this Section

that calculated by FEA and measured characteristics of the prototypes are in a good agreement.

15.3 Equivalent Circuit of the Oval Transducer

15.3.1 About Scaling Results Obtained by FEA.

It is essential to make sure whether results of FEA obtained for a certain configuration of the
mechanical system of a transducer can be scaled, i.e., can be used for the mechanical systems
of the same configuration that have different size. In fact, it is advantageous to have configura-

tions of the vibrating shells scalable even from consideration of manufacturing transducers of
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a particular type. In the case under consideration the ratio of minor to major axes, m, and open-
ing angle S of the oval shell are related by Eq. (15.1). Under the assumption that width of the
driver, w, is in a certain relation with thickness of the oval segment, ¢, (for example, w=1.5¢)
all the geometry of the oval ring is determined by values of the radius and thickness. Thus, it is
possible to express equivalent parameters of the flextensional and oval driver transducers for

each value of angle £ in a general form as functions of radius a and thickness z.
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Figure 15.7: Deviations of the 1st flexural mode shapes calculated for the range of changing values
of the radius and thickness of the oval segments at £ =7 /4 (1 — radial, 2 — circumferential)

presented in Table 15.2.

Results of calculating by FEA can be considered scalable, if to make sure that the mode shapes
of vibration do not change (to a certain accuracy), when radius and/or thickness change within
margins required for practical transducer designing, and the ratio #a remains within range of
applicability the thin shell theory. This assertion is due to the fact that all the equivalent param-
eters of transducers can be calculated using expressions for the mode shapes of vibration. With
this goal FEA calculations were undertaken of the mode shapes for =7 /4 and the values of
dimensions that are presented in Table 15.2. Based on the results of calculations it may be
concluded that the mode shapes of vibration remain virtually unchanged within the range of
dimensions presented in Table 15.2. Example of deviation of the 1st flexural mode shapes cal-

culated between the marginal values of dimensions from the Table are shown in Figure 15.7.
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Table 15.2. Dimensions of the oval segments at = 77/ 4, for which the mode shapes of vibration

were calculated.

a, mm 50 50 50 100 100 100 150 150 150
¢, mm 2.5 5.0 7.5 5.0 10 15 7.5 15 22.5

tla 0.05 0.10 0.15 0.05 0.10 0.15 0.05 0.10 0.15

The analogous procedure can be used regarding the different values of angle f . After the
mode shapes are determined, all the equivalent parameters that correspond to calculated modes
of vibration can be obtained in the general forms that depends on the thickness and radius of
the ring only and on the properties of materials, of which they are built. This will be done within

this Chapter for f =7z/4 and predominantly for #/a = 0.1.

15.3.2 Equivalent Mechanical Parameters of the Oval Shells for g=7/4

The equivalent mechanical parameters of an oval segment (per one side of the double-sided

structure) may be obtained from the following expressions for the potential and kinetic energies

/2 B
pr‘ :lha J‘ J‘Sng(pd(ﬂdZ b (155)
—t/2-p
1 Lo, 1 »
W, :EhtapJ‘ (& +5))dg+ME (15.6)
=B

Here M, represents the mass of the end part 2 of the shell in Figure 15.1 (c). From geometry
of the part and formula (15.3) follows that V, ~ (z/4)’h and M, = p,V, (it is assumed that
w=1.5¢ and f=7/4).

After introducing the mode shapes of vibration by formulas

, () (@)
0,9) =200 g () =@ (157)
fr (O) §r0 51‘0
the expressions for strain will be represented as (see Section 4.4.4)
0 00
s =1 ﬂ+§, _n[ e g (15.8)
” al op a \ Op

for the extensional mode, and
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z (% zE, [ 0°6,

for the flexural mode. It must be remembered that expressions for the displacement distributions
and mode shapes differ for different modes of vibration, though they are not marked by corre-
sponding subscripts for brevity.

The expressions (15.5) for the potential energy now can be represented as follows.

For the extensional mode

4000 ’
1 ,?Ozh—ty —240, dgozlffoKe. (15.10)
2 a 3\ op 2

1 ﬁ
W, = hta¥ [ S2.de=
-B

Here K, is the equivalent rigidity for the extensional mode that will be represented as

K, =K -Q.(B), (15.11)
where
K; =2htY, (15.12)
a
200, Y
Qu(B)=[| =2+6, | do. (15.13)
0 op

For the flexural mode

1 £ 1, 'Y §( 8%
W, = hta¥ [s2dp==&=—]
-8

2
1
E " 6a agpz +‘9;\J d(DZEé:rzoK,/" (15.14)

0

The equivalent rigidity K, for the flexural mode will be represented as

Keq\{/' :Ke:qvf QKj(ﬂ) El (1515)
where
, ht’Y
Keqvf =_6a3 s (15.16)
and

Bl A2 2
QK/-(ﬂ)=j(%+H,j do. (15.17)
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Expressions for the kinetic energy and equivalent masses are

Lh 1,
Wi =5 hiap [ (& +E)dp+2 EM, =
-B

. (15.18)
1 1 2, n2\? 1 1 é:xz
=5§,Ozhmpj(9, +67) dop+- &M, = &) Meqv+M2§.—2
0 r0
Here the equivalent mass M, is
M, =M, Q, 0, (15.19)
where
M., =2htap (15.20)
and
A 2
Q,(B)=[(0’+6) dp. (15.21)
0

Factors Q,,(f) have different values for the flexural and extensional modes, due to different
dependencies 6, (¢) and 6,(p) . They will be distinguished for these modes of vibration as
Q,,, and Q,, respectively. Values of all the factors Q,, and Q, are presented in Table 15.3
and Table 15.4.

It has to be noted that expressions (15.16) for K and (15.20) for M/, are accurate so far
as the thin shell theory is applicable. With increase of the ratio #/a some correction factors have
to be introduced in these expressions that are responsible for shear deformations and rotary
inertia in course of the shell flexural vibration. Such factors named y(¢#/a) are included in
Table 15.3 for the flexural modes.

Expressions for the equivalent parameters depend on how position of the reference point
is chosen. These points can be @ =0 or ¢ = depending on whether the radiation problem or
determining the input impedances of the shell are the issues. The reference point is chosen at
»=0,and & =&, ), respectively, for calculating factors in Table 15.3 and Table 15.4, and
will remain the same until it is noted otherwise. Important quantity for recalculating equivalent
parameters between the reference points at ¢ =0 and at the end of the oval segment is ratio

&,/ &, that will be denoted for brevity as
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(§0/8)=Q;. (15.22)

We will denote Q. for the first flexural mode as €, ,, for the second flexural mode as Q,, ,

and for the extensional mode as €., . One more quantity, which is important for determining
radiation resistance of a projector having small wave dimensions (as in the case under consid-

eration), is the volume velocity,
ﬂ . . ﬁ .
U, =2ha[é(p)dp=E,-2ha[0.(p)dp=E,S,, . (15.23)
0 0
The average surface area S, will be denoted as

S =2haQ, (15.24)

where
B
Q, = [0,(p)dg. (15.25)
0

Factors Q. and Qgare presented in Table 15.3 and Table 15.4 for corresponding modes of

vibrationat f=7/4.

Table 15.3. Factors for calculating the equivalent parameters for the flexural mode at f=7/4.

da | Qs | Qept | Qupn | 7@/ a) | Qepy | Qua | 7t/ a@) | Qi | (] a) | Qg y(t/a)

0.05 2.28 1.00 3.06 1.00 | 30.20 1.00 |1162.40| 1.00
0.1]0.32| 2.13 | 0.33 1.06 312 | 046 | 1.12 0.87 0.85
0.15 2.0 1.11 8.62 1.89 0.76 0.74

Table 15.4. Factors for calculating the equivalent parameters for the extensional mode.

tla Sav Qﬁe QM@ QKe

0.05 0.23 491 | 0.26 0.80
0.1 0.35 0.78 | 0.65 2.57

0.15 0.14 0.87 | 0.46 1.88

15.3.3 Electromechanical Conversion in the Oval Shells Made of Piezoceramics

If to assume that the oval segments are made from piezoceramic elements designed to produce

a bending moment (bimorph or bilaminar piezoelements that employ the transverse or
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longitudinal effect) then the electromechanical transformation coefficients that characterize the
electromechanical energy conversion must be determined vs. opening angle. So far as the oval
segments represent parts of a circular ring, all the treatment in terms of electromechanical con-
version may be performed in the way analogous to those used for considering the circular ring
flexural transducer in Section 7.3.1. The main difference is that in the current case the modes
of vibration are different. For convenience of reading some parts of this section will be repeated
here.
Status of an oval segment that is made of piezoelectric ceramics is governed by the piezo-
electric equations
S, =s.T +d,E,, (15.26)
D, =d,T +&LE,, (15.27)
where i = 1, 3 for the case that ceramics is polarized in the radial or circumferential directions;
S, =8, and T, =T, . It follows from Equations (15.26) and (15.27) that
TF =(1/s))S, =Y"S,, Dy =(d,, /s.)S,, & =eL(1-k;). (15.28)
Thus, in all the above expressions for mechanical equivalent parameters Young’s modulus Y

must be replaced by Y* =(1/s;) . The general formula (9.7) for the electromechanical energy

associated with the flexural vibration will be specified in this case as

1, &7 1 ahd,, £ '¢ 1
W =—ha DfE dzdp==—12 S Edzdp==VE& n. 15.29
em 2 :[{7;[2 33 gD 2 Si[f :[ﬁit/z of 3 (0 2 ro ( )

The variants of configurations of piezoelements that may produce the flexural deformation, out

of which segments of fully active oval rings can be build, are shown in Figure 15.8.

Figure 15.8: Configuration of piezoelements that produce the flexural deformations, and variants
of electrodes connections: (a) transverse piezoeffect, parallel connection of electrodes; (b) trans-

verse piezoeffect, series connection of electrodes; (c) longitudinal piezoeffect.
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Also widely used are the half passive (bilaminar) designs of the rings, in which case one of the
layers is made of passive material. Peculiarities of calculations for all these possible variants of
piezoelements are the same as were considered in Chapter 7 regarding cylindrical transducers
of the flexural type. Peculiarity of the oval type transducers is in the special mode shape con-
figuration that is determined with help of FEA. Here we will consider the variant of employing
the transverse piezoeffect with parallel connection of the layers (Figure 15.8 (a)).

The electric field in the oval segment that is comprised of two layers of ceramics may be rep-

resented in general form as

Ey(z,0) =2V 1)z, 9), (15.30)

where V' is the voltage applied and Q(z,¢p) =Q,(2)Q,(¢,) is the function that depends on
configuration and on the way of connection of electrodes located in the volume of the ring:
Q,(z) - through the thickness (Q,(z)=1 atz>0, ,(z)=-1 atz<0), Q,(¢,) - along the
circumference. After substituting function (15.30), expression for the electromechanical energy

becomes

4d,h ‘¢ 0’6
/4 :lyg s I Q (z)deJ‘Q (¢,) [aq)r +Hr)d(p:%V§rOn. (15.31)

em
2 Sllat i

Here will be denoted:

n=n"-Q (), (15.32)
t/2
w = 3l [ )2z = s th (15.33)
Sllat —t/2 Slla

in the variant of parallel connection of ceramic layers (variant shown in Figure 15.5 (a)), and it
is twice smaller for the half passive design; and

2

Q (B) = jQ (0.) (a % 10 qu). (15.34)

Coefficient n' depends on the dimensions of the mechanical system, parameters of materials
and on the design of the piezoelement. Coefficient Q, () depends on the angle S (on the
mode shape of vibration) and on the status of the electrodes. Factor Q,(¢,)=1 at the angles,

at which the electrodes have a basic polarity; Q,(¢,)=—1 at the angles, at which polarity of
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the electrodes have opposite sign; and €, (¢,,) = 0at the angles, at which electrodes don’t exist.
Decision on how to divide and electrically connect the electrodes depends on how the function

looks
0’0,
o +60, |~ T (p). (15.35)

At the angles, at which the stress in circumferential direction changes sign, the electrodes must
be split, and the obtained parts of electrodes may be connected in antiphase in order to realize
the maximum possible value of the electromechanical transformation coefficient. For the first
flexural mode 7, =0 at ¢ ~+30°. Values of factor Q, determined for the variants that elec-
trodes have full size, when they are split at angles @ ==230° and the central part of the elec-
trodes is used while the remaining parts are short circuited, and when the end parts are con-

nected to the central part in series in opposite polarity are presented in Table 15.5.

Table 15.5. Electromechanical transformation coefficients for different electrode configurations.

Full Electrode | Central Electrode End Parts are Connected in
Opposite to Central

Q, 0.5 2.0 3.5

15.3.4 Equivalent Circuit of the Oval Bender Transducer
In the context of this Chapter that is devoted to combining FEA and energy method technique
the results related to the oval transducers are obtained as a “byproduct” of analysis intended for
the flextensional transducers of Class IV, for which vibrating (and radiating) mechanical system
has the same configuration. For the oval bender transducers per se it is not necessary in principle
to have the central rod, as shown in Figure 15.1 (b), although the variant of design with passive
central rod may also have sense, if increase of static strength of the transducer is needed. In this
section the basic design of the oval bender transducer without the central rod will be considered.
All the equivalent electromechanical parameters for the first flexural mode will be determined.
This mode can be considered as isolated, because the resonance frequency of the next flexural
mode is higher approximately in factor of 4 (see Table 15.1 and expressions for M, . and

K., ;). Therefore, the common one dimensional equivalent circuit shown in Figure 15.9 is
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representative, where expressions for the parameters are given by above formulas, and the nu-
merical values of the corresponding coefficients  are determined for the opening angle
B =m/4 per one half of the oval mechanical system.

The note must be made regarding value of the radiation impedance Z, introduced in the
equivalent circuit. The wave size of the oval transducers is comparable with the wave size of
the rectangular benders having approximately the same operating resonance frequencies. The
related results that are presented in Section 9.4 are applicable for the oval transducers. Predom-
inantly the transducers behave like three or two dimensional simple sources, in which case their
radiation characteristics depend on the volume velocity U, = S, & ,where S, isexpressed by

formula (15.24). For the case that the opening angleis f=7/4 S, =0.64ha

CE
l:n ﬁ’vf . M., Ponr
/\4
V - Cj ] U"O Zac
o

Figure 15.9: The equivalent electromechanical circuit of the oval driver transducer per one half of

the mechanical system, CfM. =1/ KfM .

For different values of the opening angles S new values of the parameters must be calculated.
Although the value f=7/4 seems to be close to optimum by the following considerations.
Because of symmetry the boundary conditions for the half oval segment at angles £/ are

dé, 0,
do

o=tf

Q

E(EB)~0, (15.36)

as is illustrated in Figure 15.10 (a). At f— 7 /2 these conditions correspond to the circular
ring transducer undergoing flexural vibrations that is considered in detail in Section 7.3.1. Thus,
with increase of angle £ the mode shape tendsto & =& cos2¢, S, — 0, and the transducer
becomes not efficient projector. In the limiting case at  — 0 configuration of the oval trans-

ducer tends to become rectangular bender made of beams with clamped ends. Properties of such
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transducers are considered in Chapter 9, where it is shown that they have no advantages com-

pared with the benders with simply supported ends.

¢=0

~

©

Figure 15.10: Illustration of geometries of the oval benders at limiting values of the opening angle:
(a) arbitrary angle S ; (b) f— & /2, circular ring, £, =& _cos2¢; (c) S —>0 rectangular

bender with ends clamped.

It is noteworthy that transducer analogous by configuration to the oval transducer was con-
sidered in Ref. 7 under the title “A Conformal Driving Class IV Flextensional Transducer.” In
our notation this transducer presents a particular variant of the oval flexural transducer with half
passive piezoelements employing transverse piezoeffect. Treating the transducer is produced in
Ref. 7 by the FEA in full in contrast to the current approach. As the result, the information
presented is of a qualitative nature and cannot be used without repeating procedures of FEA for
designing transducers that employ different variants of the piezoelements or/and meet certain
requirements. This example clearly illustrates advantages of the adopted combined FEA and

the energy method technique.

15.4 Equivalent Circuit of the Flextensional Transducer

Equivalent circuit of the flextensional Class IV transducer can be represented as the equivalent
circuit of piezoceramic extensionally vibrating rod loaded on the ends by the input impedances
of the oval shell. Therefore, at first the input impedances of the oval shell at the area of contact

between the rod and the shell must be determined.
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15.4.1 Input Impedance of the Oval Shell

For determining the input impedances of the oval shell, we assume that force F'is applied to the
shell in x direction, as shown in Figure 15.10 (a). As the first step, the reference point that was
previously used for determining equivalent parameters of the oval shell must be placed at the
point, to which the force F is applied, and displacement of this point in the x direction must be
expressed through the displacement of the previous reference point, i.e., through &, . The ratio
of the displacements is known as relation (15.22), i.e., (&, / &) = €, for each mode of vibra-
tion. Here and further we will use numerical notations for the modes of vibration for brevity as
follows: the first flexural mode — 1, the second flexural mode — 2, the extensional mode — 3.
The values of €2, are given in Table 15.3 for the flexural and Table 15.4 for the extensional
modes.

Thus, the total displacement in x direction can be represented as
3 3
é:x :Zé:xi :Z(é‘oi/gi) . (1537)
i=1 i=l1

The energy that is delivered by an external source of force F to vibrating oval segment (per one

end) is
3
W, =F&=F) (50 /9. (15.38)
im1

The equivalent mechanical parameters that were determined regarding the reference point at
@ =0 and the corresponding generalized coordinates &, must be recalculated to the new ref-
erence point and to the generalized coordinates &.. As the total values of the potential and
kinetic energies should not change at this transformation, the equivalent rigidities and masses
K, and M, per one end of the segment may be found from the equalities 2K, (x)&; = K, &5,
and 2M & =M, & as

K, =0.5K,,,Q and M, =0.5M, . (15.39)

eqi eqvi

From the Lagrange’s equations regarding the independent generalized coordinates &

xi

4
d aw_/km W _ W, Li=1,2.3. (15.40)
| o¢, | 0&, OF,
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after substituting expressions for the energies involved, we arrive at the set of equations in the

complex form
K, .
(ja)M,. +'_J§X[ =F,i=1,2,3. (15.41)
jo

With the mechanical losses and losses on the acoustic radiation included by observation it will

be obtained that

K, .
[ja)Mi +j—6‘0+rm“ +Z“_,.j§x,. =F. (15.42)

Here the values of the radiation impedances, Z_., must be recalculated from the radiation im-

aci ®

pedances Z . related to the reference point at ¢ =0 in the same way as the mechanical equiv-

ac oi

alent parameters, namely, Z . =0.5-Z Qz

aci acoi

The input impedance per one end of the oval segment for each mode of vibration will be

found from Eq. (15.42) as

Zm:i_]M+K +r,+Z,., (15.43)
Sei Jjo
o — o T
S
F Zl Zz :CZ ::C3
o
(a)
o T o—|
Cl Ml mL
Z, -
o
©

Figure 15.11: The equivalent circuits of the input impedance per one end of an oval segment: (a)
for a broad frequency range, (b) for the frequency range around the resonance frequency of the

1st flexural mode, (c) with 2nd flexural mode neglected, (d) to the first approximation.

Considering the expression (15.37) for the total vibration velocity of the end and relation

E.=F/Z

ini>

the total input impedance will be found as the impedance of the parallel connec-

tion of the partial impedances Z;, and its equivalent circuit for a broad frequency range can be
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represented as shown in Figure 15.11 (a). The general representation of the input impedance
may be simplified depending on the operating frequency range. Thus, in the frequency range
around the resonance frequency of the 1st flexural mode the impedances of the 2nd flexural and
extensional modes are governed by their rigidities, and the equivalent circuit of the input im-
pedance can be represented, as shown in Figure 15.11 (b). Comparing rigidities K, and K,
that can be made by using data presented in Table 15.3 and Table 15.4 results in

5. i(ijz —Q’“'ZQEZ 12, (15.44)

K, 12\a) Q,Q
Thus, the contribution of impedance of the 2nd flexural mode can be neglected, and the equiv-
alent circuit of the input impedance can be presented as shown in Figure 15.11 (c). Comparing
the rigidities K, and K, results in their ratio

2 2

%:é(éj —Zilf%: ~0.07. (15.45)
Thus, contribution of the extensional mode to the input impedance can be also neglected to the
first approximation, though it has tendency of increasing with raising the thickness to radius
ratio. The equivalent circuit of the input impedance to the first approximation is presented in
Figure 15.11 (d).

This analysis shows that there is no need in calculating parameters of the second flexural
and extensional modes of the oval segment to a great accuracy, as far as the frequency range
around and below the resonance frequency of the first flexural mode is of interest, which is
usually the case. For practical transducers designing their influence even can be neglected, and
the equivalent circuit of the input impedance per one end of the oval segment shown in Figure

15.11 (d) can be used to the first approximation.

15.4.2 Equivalent Circuits of the Extensionally Vibrating Piezoceramic Bar
The well-known and widely used equivalent T- network circuit representation of longitudinally
vibrating piezoceramic bar having two mechanical ports and electrical port that is described in
Sections 5.8.3 and 10.2.3 is the most appropriate for use in the case under consideration. The

circuit, as shown in Figure 15.12, is valid for both variants of the piezoceramic bar design: side
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electroded and segmented that realize the transverse and longitudinal piezoeffect under the as-

sumption that number of segments comprising the bar is more than 6 or its wavelength is small.

I
zl] T &7 |z
1: N,
v C

Figure 15.12: The equivalent circuit representation of longitudinally vibrating piezoceramic bar

loaded at the ends by the impedances Z, .

All the impedances for both cases have the same expressions for the values, namely,

ZF =—jpctS, Isinkll, ZF = jpc!S,, tan(k[1/2). (15.46)

Here S, is cross section area of the bar; / is the length of the bar; cf = «/Y,.E /p,i=13 for
the transverse and longitudinal piezoeffect, respectively. Parameters on the electrical side and
electromechanical transformation coefficients differ and have the following values. For the

transverse piezoeffect (assuming that electrodes are applied to the surfaces having width w)

N, =N, =wd, /s, CO=C» =gl (1-k;)wl/h, (15.47)

and for the longitudinal piezoeffect of a segmented bar at parallel connection of the segments

(under condition that number of segments is more than six)

N, =N, =whd,, /55,5, C*' =C> =gl ,(1-kj,))wlh/ 5", (15.48)

where 6 =1/ Ny, and N, is number of the segments.

15.4.3 Equivalent Electromechanical Circuit of the Flextensional Transducer

In the case that piezoceramic bar is used as a driver of the flextensional transducer its ends must
be loaded by the input impedances of the oval segments that were determined in Section 15.4.1
(impedances of two symmetrical segments for each end of the bar). Thus, in the circuit shown
in Figure 15.12 the impedance Z, must be replaced by 2Z, and velocity fL by fx , Where

in

Z,, is the input impedance on the end of the shell that must be determined from one of the

[}
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circuits in Figure 15.11 depending on the approximation accepted. After this is done, the circuit

in Figure 15.12 can be represented as shown in Figure 15.13

1I:N Z;
o 1 O
—>
G oK 26, Z,
" o

Figure 15.13: The one-dimensional representation of equivalent circuit of flextensional transducer

for determining velocity f_fx .
due to symmetry. In this variant of the equivalent circuit

E
Eg
7E = j PP 15.49
o =7 tan(k”1) (13.49)

At kI <1, (which is usually the case for the flextensional transducers),

Z8 =K' | jo+ joM, |4, (15.50)

where Ki =Y’S_ /I is the static rigidity of the bar and M, = pwhl . At @ —> 0

Zh =K./ jo. (15.51)

After velocity fx is found from the equivalent circuit of Figure 15.13, all the operating
parameters of the flextensional transducer can be calculated so far as the mechanical equivalent
and radiation related parameters of the oval segment reduced to the displacement &, are already
known. Distribution of radial velocity of the oval shell vibration is known as & (@) = &,,0.(9)

,where £, =& Q. , thus all the data needed for calculating the acoustic field radiated by the

[

vibrating shell are available.

15.5 Example of Comparing the Operational Characteristics

With the equivalent electromechanical circuits known a comparison can be made between op-
erating characteristics of the flextensional and oval bender transducers that use the vibrating
systems of the same geometry. The goal of this Section is to illustrate, how a physical clear

information regarding important properties of the transducers can be obtained, as result of
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calculating mode shapes of vibration by FEA in combination with energy method approach.
The comparison will be made by the effective coupling coefficients, resonance frequencies and
by the mechanical strength limited maximum operating depth of the transducers.

The calculations in this Section will be made using prototype examples of the transducers
with only purpose to illustrate, how the combined technique can be practically applied. The
numerical results obtained must be considered as illustration of tendencies rather than charac-
terization of real transducer designs. According to assumptions made regarding the prototypes
geometry the following set of their relative dimensions will be used: f=7x/4, w/t=1.5,

t/a=0.1,1/a=A2.

15.5.1 The Effective Coupling Coefficients
The general definition for the effective coupling coefficient (2.88),

2 _ cnergy stored in mechanical form at the working mode of vibration
eff

. . (15.52)
total input energy

can be directly used for estimating the effective coupling coefficients of the flextensional and

analogous oval bender transducers at @ — 0.

N C,
[
!
Vv o =CS 25, JC]
O

Figure 15.14: Equivalent electromechanical circuit of the flextensional transducer at @ — 0.

CE=1/KE, C =1/K,.

The Flextensional Transducer

The equivalent circuit of a flextensional transducer in Figure 15.13 simplifiers at @ — 0 to the
circuit in Figure 15.14. According to expression (15.43) Z, — K,/ jw , where K, is deter-
mined as (15.39), and Z" — K’ / jw by expression (15.51).

The total input energy supplied to the transducer can be presented using this circuit as

w,

total

W

em 2

(15.53)

where
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wS :%Vij and W, =%(2§xwvi). (15.54)

em

On the other hand

w, =W

em mech

- %(2;)2(&5 +K)= %(zwvi)- (15.55)

where K[ is the static rigidity of the driving bar (15.51), and K, is the rigidity of the oval
segment per one end from Eq. (15.39) (after the input impedance of the segment is reduced to
impedance of the first flexural mode only, there is no need in subscript 1 in &, ). From this

equation follows that

2. N
The total energy supplied to the transducer is
Wi =5 1V°CE +QEV(KE 4K, (15.57)

where the energy stored in the mode of vibration of the oval segment (the working mode of
vibration) is

1
W, =5(2<§x)21<1- (15.58)

After substituting expressions (15.56) - (15.58) into expression(15.52) for kesz , it becomes

1 1
k2. = : :
T(KECS IN?)-(1+K, 1 KE)+1 1+ KE /K,

(15.59)

Summary of parameters involved in formula (15.59) for k_, is: K. =Y,"wh/I from (15.51);

off
N, =wdy, /s, C¥ =C» =gl (1-k;)wl/ h from (15.47); K, =0.5(h’Y / 6a*)Q, oQél from
(15.15) and (15.39); €, =302, Q, =20 from Table 153. Note that
(KECY /| N})y=(1-k;,)/ Kk}, . For PZT-4 ceramics k,;, =0.33.
After substituting the above expressions for the parameters into formula (15.59). we arrive
at expression for the effective coupling coefficient
2 _ k321

Kk, o=—23L 15.60
I 781262 (15.60)

where from k,;, ~ 0.36k;, =0.12.
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The Oval Transducer

Expressions for the energies involved in the definition (15.52) for the oval transducer may be
obtained from the equivalent circuit in Figure 15.9. (Though the circuit is presented for one
oval segment, the result will be the same as for the entire transducer, as all the energies in this

case double due to symmetry). Namely,

1
I/mel ZE(VZCE‘ +§r2{zKebr;vi)a (1561)
1, . 1
W =Woer == &K ogi ==V E,1. (15.62)
2 2
From the last equality follows that
K-
VB (15.63)
§m n

After substituting expressions for the energies into (15.52), the effective coupling coefficient

will be obtained as

2 Kfvicj’ B
k=)~ (15.64)
- n

Note that n* / K .C¥ = a,, and (15.64) is the common expression (2.93) for &

eqvi e off of one degree

of freedom piezoceramic transducer. Parameters involved in formula (15.64) are:

KE

eqvl

=30.2ht / 6s/:a’ from (15.15) and Table 15.3; n=(d, th/ s/ a)Q, from (15.32). If the
electrodes are divided at angles ¢ ==30° and the end parts are connected in antiphase to the
central part, from Table 15.5 follows that Q =3.5. In this case C =&l (1-kj)zah/t.

After substituting expressions for the parameters into formula (15.64) we obtain
2 k321

L | R 15.65
I 1.3-0.3k3 (15.63)

where from k,;, ~ 0.89;, =0.29.

It is noteworthy that with replacing the transverse poled piezoelements by longitudinally
poled segmented piezoelements (common for the bar, and such as shown in Figure 15.8 (¢) for
the oval segments) the effective coupling coefficients can be calculated from formulas (15.60)

and (15.65) by changing k;, to ki, with negligible error.
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The difference in the effective coupling coefficients of the flextensional and oval transduc-
ers is partially due to the fact that in case of the flextensional transducer the active piezoelement
is shunted by the passive shell. The difference may change to some extent, if in the flextensional
transducer the ratio w/t is increased. Besides the amount of active material of the driver in the
flextensional transducer can be increased in comparison with the oval segments in practical
designs. But the main inaccuracy of the comparison made is that the transducers have different
strength under hydrostatic pressure. Advantage of the flextensional transducer is that its shell
can withstand greater hydrostatic pressure due to reinforcing function of the driver bar (putting
aside that the shell can be made of a material stronger than ceramics). Introducing the reinforc-
ing central passive bar into the oval transducer for achieving comparable static strength condi-
tions will result in significant drop of the effective coupling coefficient of the oval transducer.
As it will be shown in Section 15.5.3, instead of k,,, =0.29 for the oval transducer without
reinforcing bar by formula (15.65) it will be k,,;, =0.17 with the reinforcing bar having the

same rigidity as the driver of flextensional transducer has.

15.5.2 The Resonance Frequencies

The resonance frequencies of the oval and flextensional transducers can be determined using

the equivalent circuits in Figure 15.9 and Figure 15.13. Thus, for the oval transducer

1 KeE(;Vi
T (15.66)

eqvi

f;“(}

When determining the resonance frequency of the flextensional transducer, the impedance Z
in Figure 15.13 must be used in the form of expression (15.50). This will result in

K +K. K, [1+K:/K
f;f:L 1+ dr :L eq + dr/ 1 . (1567)
T 2g\M, v M, /4 2x\(M, \1+M, /4M,

eqw

Note that the equivalent rigidity and mass in formula (15.66) are for the piezoceramics and
in formula (15.67) K, and M, are for the passive material, of which the oval segments are
made. At the same dimensions of the oval shell

Iy _ Yf{pr“KdEV/K‘ (15.68)
7.\ e, 1+, /4M,
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where subscript p stays for “passive”. Given that for PZT-4 ceramics, ¥,* =81 GPaand p, =
7500 kg/m?, and for aluminum, Y, =70 GPaand p, =2700 kg/m?, in the example considered

this ratio is

Jy=321,. (15.69)

The flextensional transducer has higher resonance frequency than oval transducer having
the same dimensions partially because its shell is made of the lighter material, but mainly due
to increase of the potential energy of its mechanical system due to additional rigidity of the
driver bar.

The above estimations do not mean that the practical designs of the oval transducers may
have advantages over the flextensional transducers in underwater applications, because no real
environmental and operating conditions were taken into consideration. The most challenging
among these conditions is the hydrostatic pressure and related issues of the static mechanical
strength of the transducer designs. The low frequency transducers of flextensional type were
introduced as alternative to the flexural plate drivers, which are extremely vulnerable to the
hydrostatic pressure, as it was articulated in Chapter 14. The oval driver transducers may be
considered as possible improvement of the rectangular benders (see the considerations related
to Figure 15.10), if they can withstand greater hydrostatic pressures, and remain sufficiently
electromechanical effective. But a fair comparison between the flextensional and oval trans-

ducers must be produced with accounting for their strength under the hydrostatic pressure.

15.5.3 Mechanical Strength of the Transducers Under the Hydrostatic Pressure

The static strain in the oval shell can be determined by formula (4.221) presented for the circular

ring in Section 4.4.4,

s :l[ai%}_iz(az%%r} (15.70)
? al\ op a’\ 0

or

1(06,, 2 (0°6,
S, =%, " 20 +0, = o +0., ||= S0+, (15.71)
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Here 6,, and 6,, are the distributions of displacements under the hydrostatic pressure in the

radial and tangential directions normalized to displacement &, of the reference point; S, and

S, are the strains that correspond to the extensional and flexural deformations, respectively.
¢ The corresponding stresses are,
Y (06, Y
Twe(ﬂ,(ﬂ):é—( . +9,ﬂhJ=§]—Qhe(ﬂ,¢) (15.72)
a\ Op a
and
zY(0°6, zY
T, (B.p)=¢, 7£a—q);+9,h] =4, 50, (P0). (15.73)

Here the functions Q ,(8,¢) and Q ,(f,¢) are introduced for brevity.

The distributions of static displacement were determined by FEA for =7z /4 and for the
range of ratios #/a = 0.05 to 0.15. Their plots are presented in Figure 15.15. As within this range
of thickness to radius ratio the distributions do not deviate noticeably from those at #/a = 0.1,
the further analysis will be restricted to this ratio. Thus, the functions in (15.71) and (15.72)
will depend on the angle ¢ only.

It is noteworthy that the mode of static deflection practically coincides with the first flex-
ural dynamic mode of vibration that is shown in Figure 15.7 (just in different scale). This is in
line with the rule that the mode shapes of vibration at different boundary conditions can be
determined as static deflections under uniform load (hydrostatic pressure in particular).

Distribution of displacements in the same oval shell are shown in Figure 15.16 for the case
that a central bar is installed into the shell analogous to the driver of flextensional transducer
with goal of reducing stress in the shell. In this case it is assumed that the shell is made of
aluminum and the bar is made of steel. The distributions of displacement changed to some
extent, but what is more important the normalizing coefficient in the case with the central bar
is reduced in factor of six, which means that the stresses in the shell are reduced accordingly.

The corresponding distributions of stress in the circumferential direction are shown in Fig-
ure 15.17 and Figure 15.18 for the oval driver transducer without and with the central bar,
respectively, at thickness to radius ratio #/a = 0.1. Remember that according to adopted rule of

signs the tension is positive, and compression is negative.
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Figure 15.15: Deviations of the normalized displacements in radial and tangential direction for
oval shells with #/a ranging between 0.05 and 0.15. Normalizing coefficient for #a=0.11is &,, =

0.11 mm per 1 Pa of hydrostatic pressure.
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Figure 15.16: Normalized displacement in radial (1) and tangential (2) direction for the oval shell
made of aluminum at #/a = 0.1 with the steel central bar. The normalizing coefficients is &,, =

0.016 mm per 1 Pa of the hydrostatic pressure.

Thus, the central bar has a significant influence on the magnitude and distribution of the
static stress in the shell. Quantitatively this effect depends on the rigidity of the bar, which is
proportional to Young’s modulus of material used. The plots in Figure 15.18 are obtained for
the extreme case that bar is made of steel with ¥ = 210 GPa to clearly illustrate the tendency.
In reality choosing the material for the strengthening bar is a tradeoff, because its effect does
not come for free. Introducing the central bar results in increase of the resonance frequency and

reducing the effective coupling of the oval transducer.
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Figure 15.17: Stress developing in the oval transducers without central bar per 1 Pa of hydrostatic
pressure: (a) flexural stress (top half (1) and bottom half (2)) and extensional stress (3); (b) sum

of the flexural and extensional stress (top half (1) and bottom half (2)).
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Figure 15.18: Stress developing in the oval shell with a central bar per 1 Pa of hydrostatic pressure:
flexural stress (top half (1) and bottom half (2)) and extensional stress(3); (b) sum of the flexural

and extensional stress (top half (1) and bottom half (2)).

Both effects are due to appearance of an additional potential energy of deformation of the
electromechanically passive bar. This can be illustrated with the example considered in Section
0 with help of the equivalent circuit of the oval transducer shown in Figure 15.9. We will as-
sume that the bar has the same rigidity as the piezoceramic bar of the flextensional transducer
(Y = 81 GPa). The additional rigidity, K ,, must be introduced into the equivalent circuit to

account for the potential energy of deformation of the bar, which is

1 2 lKar 2 1 2
Wow =5 Kb =3 (;’2 & =5 Kuss - (15.74)

Here K, =K, /Q} , K, =YS, /1 is the static rigidity of the bar and Q, =2.13 from Table

ar

15.3.
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The effective coupling coefficient of the oval transducer with the additional rigidity of the

central bar, k'

. » can be calculated by formula that may be obtained by including the additional

passive rigidity into expression (15.64) in the following way,

. ! - ke (15.75)
TKECH I+ Ky I KE )T 14Ky | KL=k, '

. ”2 2 2
In the example that we consider K, /K, =2.3 and k., =k, / (3.3 _2‘3k¢tﬁ) .

Thus, instead of £

s =0.29 for the oval transducer without reinforcing bar (formula

(15.65)) it will be k) =0.17 with the bar, i.e., the drop of effective coupling is dramatic.

So much attention to distribution and magnitude of stress in the volume of the oval trans-
ducers is justified, because they can be considered as an alternative to the rectangular benders,
in which ceramics is especially vulnerable to tension that is developing under the hydrostatic
pressure in half of their volume. As it was previously mentioned and illustrated with Figure
15.15, configuration of the rectangular bender can be imagined as extreme case of the oval shell
at  — 0. Another extreme case of the oval shell at  — o0 being circular ring vibrating in
flexure along the circumference. The case at f=7x/4 can be regarded as intermediate and
close to optimal in terms of its electroacoustic parameters. The worst in terms of the static
strength is the rectangular bender (at  — 0), in which case half of the volume experiences
tension. The best is the flexural ring transducer, in which case all the volume is under compres-
sion. And the oval transducer at = 7/4 is somewhere in the middle. Given that the flexural
cylindrical transducer without baffling parts of the surface vibrating in opposite phase is not
effective low frequency projector (with S, =0), the oval transducer at =7 /4 may be con-
sidered as a real alternative to the rectangular bender for underwater applications that require
operating at a moderate depth. It is remarkable that all the volume of the oval shell except for
the segments of upper half beyond the angles ¢ =£30° does not experience tension under the
hydrostatic pressure, as it follows from plots in Figures 15.17 (b) and 15.18 (b). Moreover, in
the variant with the central bar all this volume is under compression.

In addition to the distrbutions of stress formulas for the maximum values of the stress at
the center of oval segment (at ¢ =0) must be provided. For the designs without central bar
theycan be obtained from expressions (15.72) and (15.73). Dependence of the maximum com-

pression stress in the extensional mode, 7,,(0) , is
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T.(8,0)=p, %Q,,e(ﬂ,()) : (15.76)

where p, is the hydrostatic pressure, and coefficient Q, (f3,0) at f=7x/4is QQ,, =5.

Expression for the stress 7, ,(0) can be obtained in the following way. As it was noted,
the mode of displacement under the hydrostatic pressure may be approximated by the first res-
onance mode of the flexural vibration. Therefore, the displacement &, under the hydrostatic
pressure can be found as

§r0 = p/zSuvl /Keqvl s (1577)

where K, and S, are determined by formulas (15.15) and (15.24). After substituting this

expression for & into (15.73), we arrive at the formula for the maximum stress at z = #/2,

P Q
R

Q. (8,0). (15.78)

By calculation from the flexural mode shape at f=7/4, Q, (7 /4,0)=8.3 . From Table 15.3
follows that Q (7/4)=0.32 and Q,, =30.2. Therefore,

2

a
T (0) = —0-5t—2ph. (15.79)

Now all the information needed for estimating effects of hydrostatic pressure on parameters
of an oval transducer, and for taking decision regarding rational configuration of active parts of
its mechanical system is available. Together with the equivalent electromechanical circuits and
expressions for the equivalent parameters of the oval and flextensional transducers derived
above this makes possible analytical designing the transducers that meet certain operating re-
quirements. Detailed analyzing properties of transducers of these types can be performed in the
same way, as it was illustrated with numerous examples in the preceding chapters.

Summarizing the results presented in this chapter it may be concluded that combining the
FEA technique for calculating mode shapes of vibration of mechanical systems and energy
method of analysis the transducer properties based on using the obtained mode shapes may

provide a physical clear analytical approach to designing the transducers.
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AFTERWORD

The energy methods used throughout this treatment are inherently approximate. Real distribu-
tions of displacements in the mechanical systems of the transducers (the mode shapes) are rep-
resented as modes of displacements under static loads, or as expansions in a finite series of
supporting functions. This allows simplifying the problems and achieving physical clear results
by relatively elementary means. But this simplicity does not come for free. The question arises
regarding accuracy of the finite results of calculations. To answer this question and to estimate
an acceptable accuracy of the approximations it must be known first, what values of parameters
of transducers under consideration may be considered as accurate. In fact, the accurate (true)
values of parameters are not known a priory and it must be established, what values may be
regarded as such. The most convincing and close to the true values may be considered those
obtained as result of physical experimental verification. But results of an experimenting are not
accurate themselves. Thus, by estimations made in the book of R Bobber, Underwater Electro-
acoustic Measurement, accuracy of measurements of acoustic parameters may be on the order
of (5-10) %. Probably, the most accurate may be results of measuring the resonance frequencies
of the mechanical systems in air. Results of calculating this very important characteristic is the
most vulnerable to not appropriate approximations made. Other widely used “true values” of
parameters are those obtained analytically under ideal assumptions regarding dimensional as-
pect ratios for the mechanical systems: ¢// <1 for longitudinally vibrating rods; ¢/a <1 (
t/1 <« 1) for flexural vibration of plates (beams) according the elementary theory of bending.
Numerous data thus obtained for the mechanical systems under different boundary conditions
can be found in literature, for example, in the book of Leissa, Vibration of Plates, though no
estimations are provided on how small this aspect ratios must be for considering the results to
be sufficiently accurate. Real mechanical systems have finite aspect ratios, and one must be
very cautious using this data, moreover, that in the most cases they are presented for several
high modes of vibration. Thus, for example, in Table 2.3 of referred book values of the reso-
nance frequency related parameter A° = a)az\/p/_D are given for the first three consecutive

modes of vibration of the simply supported circular plate as 4.977, 13.94, 25.65 without
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presenting information on how small the aspect ratio for the plate must be to insure four-digit
accuracy of the results. At the same time, if to consider corrections due to rotary inertia and
shear deformations presented in Section 9.4.3 for plate with finite aspect ratio to results of the

elementary theory, f

r

, the valuer of resonance frequency for the first mode of vibration, f’,

must be calculated by formula

£ 1-05[(1+0)/ -0t/ a)’
£ 140.5(¢/ a) '

(See formula (9.268), where for passive elastic materials ¥ =Y /(1-0”) and s, must
bereplacedby 1/ 4 =2(1+0)/Y ). For fairly thin plate at #/a = 0.2 theratio is 0.97. To ensure
the same level of accuracy of approximation to results of the elementary theory for the higher
modes of vibration, the thickness to radius aspect ratio must be reduced roughly in number of
the mode times (see S. P. Timoshenko, Vibration Problems in Engineering.) Thus, for the sec-
ond and third modes for circular plate ¢/ a must be less than 0.01 and 0.05, respectively. Such
thin plates are hardly practical. This example shows that in case of the simply supported plates
presenting four-digit accurate values for the resonance frequencies related parameter is mis-
leading, moreover that no restrictions on the aspect ratio of the plates are imposed. Analogous
reasonings are applicable for results of calculations that are based on elementary theory of lon-
gitudinal vibration. Extent of the aspect ratios, to which the results can be considered accurate
enough, can be estimated using data regarding the coupled vibrations in the corresponding sys-
tems that are presented in Section 4.6.

Besides of the systematic errors due to not appropriate aspect ratios of the vibrating bodies
it must be remembered that parameters of materials used in the transducer designs are deter-
mined in experimental way and their values as a rule are presented in specifications with not
more than three-digit accuracy.

In summary, it can be concluded that the upper level of accuracy in determining transducer
related quantities may not be more than three-digits. Presenting results of calculating with big-

ger precision does not make sense and even may be misleading.



LIST OF SYMBOLS

Symbol Description

A radius

B bulk modulus

c,c,c, sound speed, peed of sound in ceramic composition and in water

ct elastic stiffness of a piezoceramics at constant electric field

c C f capacitance, capacitance of blocked transducer

C C ;V compliance, equivalent compliance of a mechanical system at con-
stant electric field

dd, separation, distance; piezoelectric constant

D diameter, flexural rigidity D =Yk’ /12(1-07)

D, Df charge density, charge density at constant electric field

el piezoelectric constant, e, =d, ¢ ,j=1...6

E,E, E, electric field, operating field, permissible field

Ef effectiveness

[ Lo fur O frequency, resonance frequency, antiresonance frequency, deviation
of frequency

S partial resonance frequencies of a coupled system

F, F,, force, equivalent force

G torsional rigidity
height

H(0,p) directional factor

1 current

I, , 1., 1, current through inductance, current through capacitance, motional
current

J J, moment of inertia, polar moment of inertia

ki k., Ky kyy

wave number k = @/ ¢ ; electromechanical coupling coefficient, ef-

fective coupling coefficient; diffraction coefficient

kE’ kT

reserves of the electrical and mechanical strength coefficients

K, KE K,

eqv’

rigidity, equivalent rigidity of a mechanical system, mutual rigidity
of coupled systems
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Symbol Description

AK additional rigidity term that characterizes electrical interaction be-
tween elements in nonuniformly deformed piezoelectric body

Ltw length, thickness, width

L; L, L, Lagrangian, inductance; parallel and series inductances

ms,, Mismatch coefficient, ms, =7, /7,

ms; mode shape coefficient

M; M, 6 M, Moment, total mass; equivalent mass, mutual mass of coupled sys-
tems

n turns ratio, electromechanical transformation coefficient,

N, N, Number of segments in segmented mechanical system, electrome-
chanical transformation coefficients, i =1,3.

) subscript that denotes a reference point

P, P P sound pressure, sound pressure of simple source; hydrostatic pres-
sure

0,0, 0, quality factor, OQ =W, /W, ; electrical and mechanical quality
factors

ror distance, radius vector

r, ., T, r.

ac’ " opt

resistance, resistance of mechanical loss; radiation resistance, opti-
mal value of the radiation resistance

R R, resistance, resistance of electrical loss

sk elastic compliance of piezoceramics at constant electric field

S,S,, S deformation, tensor of deformation (i,k =1,2,3) , tensor of defor-
mation (i =1,..,6)

Ss, S0 S surface area, average surface area, effective surface area

T, 7T, T stress, stress tensor (i,k =1,2,3), stress tensor (i =1,..,6)

T, T, operating stress, permissible stress

u, U, U, U, Velocity; velocity of reference point, velocity of reference point in
i" mode of vibration

U; volume velocity

vV voltage

v volume

W W, W, W, width, energy density; densities of the internal, electrical, mechani-

w cal, and electromechanical energies

energy, energy flux (power), complex power
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Symbol Description
w,, ws total electrical energy, electrical energy stored in a blocked piezoel-
ement
Wor W, W,,,,W,. | internal, mechanical, electromechanical, and acoustic energies
w... WpEo . kinetic energy, potential energy at constant electrical field
w,, W. energies of electrical and mechanical loss
Wm P WmT maximum power electric field limited and mechanical stress limited
AW additional energy term that characterizes electrical interaction be-
tween elements in nonuniformly deformed piezoelectric body
X X, coordinate; reactance of acoustic radiation
v, y=90/t coordinate; ratio of thickness of active layer to total thickness of
mechanical system
Y, KE =1/ Sf Young’s modulus, Young’s modulus of piezoceramics (i =1, 3)
YF, Y, Young’s moduli of active and passive materials
Y, Y, =Y/(-0%)
zZ; z, Coordinate; mutual impedance between modes of vibration
Z Z,=z,U,1U, impedance, introduced impedance
Z ,Z = Z, mechanical impedance, impedance at constant electric field, input
impedance
Z, radiation impedance
o, nondimensional coefficients of the radiation resistance
a, = nZCf / Ces coefficient related to effective coupling coefficient,
kj[, =a. /(l+a,)
P.. nondimensional coefficient of the radiation reactance
B=1,1, detuning factor between partial frequencies of a coupled system
Vo Vur Vi coefficient of coupling between partial systems, coefficients of in-
ertial and elastic coupling
Yy Yy = Yp / YaE
7, Yo =P, P,
75 o> Mwar Mea efficiency; electromechanical, mechanoacoustic, electroacoustic ef-
ficiencies
o separation between electrodes,
S, 6, angles of dielectric and mechanical losses, tano, =1/0,,

tano, =1/0,
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Symbol Description

£; €, & dielectric constant; tensors of dielectric constants of piezoceramics
at free and clamped conditions

6; 6(r) angle, mode shape

A wavelength, Lame constant

H Lame constant (share modulus)

g, ¢, displacement, displacement of reference point

P Par Py density, density of the active and passive materials

o, o-[E Poisson’s ratio; Poisson’s ratio of piezoceramics, 0'1E = —SIE2 / le1 ,
oy =-s, /5%

> surface in general

@ angle

V4 diffraction function

0, 0,0, angular frequency, resonance and antiresonance frequencies

Q=1*/ fli nondimensional frequency factor

Q=2Af/f. normalized bandwidth

1. Vectors are displayed in bold letters.

2. Low case letters denoting the time dependent quantities indicate instantaneous values;

the capital letters are values in rms.

3. An overbar on a capital letter denotes a complex quantity.




APPENDIX A.  Properties of Passive Materials

Table A.1: Elastic properties of the passive materials 0

Material Y (GPa) o p 107 (kg/md) | ¢ (m/s) pc 107
(kg/m?s)
Aluminum 71 0.33 2.7 5130 13.5
Alumina 300 0.21 3.7 9000 333
Beryllia, BeO 345 0.26 3.0 10,700 32.1
Beryllium Cu 125 0.30 8.2 3900 32,0
Brass 97 0.31 8.5 3400 29.0
Corprene 0.23 0.43 1.1 460 0.51
Glass 62 0.24 23 5200 12
G-10 24 0.14 1.8 3600 6,6
Invar 148 0.3 8.0 4300 34
Lead 16.5 0.44 11,3 1200 13.6
Macor 67 0.29 2.5 5180 13
Pyrex 64 0.24 2.3 5300 12
Stainless steel 193 0.28 7.9 4940 39
Tin 50 0.36 7.3 2600 19
Titanium 104 0.36 4.5 4810 21.6

* Bulk modulus B =Y /3(1—20). Shear modulus x =Y /2(1+0)

Table A.2: Properties of the fluids at room conditions

. Hydraulic | Sili-
. Castor | Motor oil .
Liquid Air Water | Seawater . fluid ISO con
oil SAE-30 .
32 oil
B,GPa | 142:107 2.15 2.34 2.1 15 1.8 2.1
-10° _
P 1.2-10° 1.0 1.02 0.96 0.88 0.86 0.97
kg/m3
¢, m/s 340 1500 1500 1470 1300 1450 1500
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Table A.3: Properties of the polyurethanes

Property P kg/m3 c, m/s B, GPa G, MPa
4°C 1650 2.9 6
PR1547 1.05
34°C 1500 2.3 4
GS960PU, 20°C 1.08 1700 33 1.2
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APPENDIX B.

Table B.1: Piezoelectric constants

Properties of Piezoelectric Ceramics

property PZT-4 PZT-5A PZT-8 PZT-5H
Type I Type II Type III Type VI
sy, 10712 m?/N 12.3 16.4 115 17.7
533 15.5 18.8 13.5 219
A 531 722 438 -
515 -4.05 574 3.7 5.7
S 39.0 475 31.9 -
s 10.9 14.4 10.1 15.5
5 7.9 9.46 8.5 10.5
sis 2.1 298 25 -
S5 —5.42 77 45 7.6
St 19.3 252 2.6 -
So 32.7 443 30.4 48.5
¢y 101 N/m? 13.9 12.1 14.9 -
<5 115 1.1 13.2 -
¢y 7.43 7.52 8.11 -
¢ 7.78 7.54 8.11 -
ch 2.56 2.11 3.13 -
¢ 14.5 12.6 15.2 -
5 15.9 14.7 16.9 -
¢ 6.09 6.52 7.03 -
¢ 8.39 8.09 8.41 -
Ch 5.18 3.97 4.46 -
Coo 3.06 2.26 3.40 -
ds; 289 374 225 620
di; 496 584 330 -
e, Cm? -5.2 -5.4 4.1 -
ey 15.1 15.8 14.0 -
e;s 12.7 123 10.3
K 730 916 900 -
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property PZT-4 PZT-5A PZT-8 PZT-5H
Type 1 Type 1 Type 111 Type VI
K, 635 830 600 -
K, 1475 1730 1290 -
K, 1300 1700 1000 -
ks, 0.334 0.344 0.30 0.35
ks 0.7 0.705 0.64 0.72
ks 0.71 0.685 0.55 -
k, 0.58 0.60 0.51 0.60
k, 0.513 0.486 0.48 0.50
p 10 kg/m’® 75 7.75 7.6 7.4
tang,, " 0.005 0.015 - 0.018
tand,, 0.01 0.08 - -
0,07 500 75 1000 65
O.r 140 20 - -
AK, 2 0.1 0.3 - -
Ad;, | d;, 0.12 0.06 - -

D tand,,, tanJ,, are the tand, in weak field and at £=1 kV/cm.
Q.0 O, arethe O values at low stress and at 7= 10 MPa.

3) The parameter change at temperatures 0-60°C.
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APPENDIX C.  Special Functions

In the Appendix some data regarding the properties of special functions that are required for
treating the radiation and vibration problems related to the cylindrical and spherical transducers
are summarized. More details regarding properties of the functions and their numerical values
can be found [1, 2], which are the primary sources of the information and where these functions
are tabulated. Some of the integral relations that include the special functions are presented

from a source [3] where much more particular useful relations can be found.
C.1 Cylindrical Bessel Functions

Definition
Cylindrical functions Z, (x) are the solutions to Bessel equation

2 2
dZ"+1dZ"+[1—”—]:0. (C.1)

dx*  x dx x*

Partial solutions to this equation are the Bessel functions (cylindrical functions of the first
kind) J,(x), Neumann functions (cylindrical functions of the second kind) N, (x), and Hankel
functions (cylindrical functions of the third kind) H ,El) (x) and H ,52) (x), where
H"(x)=J,(x)+ jN,(x) and H? (x)=J,(x)— jN,(x) . The functions H."(x) or H*(x)

/™ or e’” (the later is accepted in

are used alternatively according to the time dependence e
our treatment). In course of this treatment it will be assumed that # is the natural integer number
and for the cylindrical coordinates x = k7. Thus, it will be used form of

H® (kr)y=J,(kr)— jN, (kr). (C2)

Properties

HE)(x)=J_,(x)= JN_,(x), (C3)

-n

where

J, () =D, (0, N () =(EDN, (x). (C.4)
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Series representation

1 x 2 1 n+2 1 x n+4
Jn(x)z—(—j ——(fj +—(—j - (C.5)
0!n!\ 2 (n+1DI\ 2 21(n+2)!1\ 2
x2 x4 x6
Jo(x)=1—2—2+22'42 _+22~42~62 —.. (C.6)
2x° 3x’
J)=2-E % (C.7)

Approximations at small argument x <1 (low frequency approximations at x =kr < 1)

2
xx3

X
S =l-—, J()=7-—, C38
0(x) 2 1 (%) T (C.8)
N, zg(lnx—ml), : z—z-l, (C.9)
T T X

x .2 , )
HP ()~ =+j—, H”(x)~—j——. (C.10)

2 T omx 7(x)

At large arguments x>>1 (high frequency approximation, large distances from a cylinder at
X=kr - o)

H® (x) > 2 A5 : (C.11)
X
2 nwow
J,(x) >, ]—cos| x———— |, (C.12)
X 2 4
2 . nw 7w
N, (x)—>,|—sin| x————|. (C.13)
X 2 4
Functional equations
2n
anl (x) + Zn+1 ('x) = Zn (x) (C 14)
X
2
Zvnfl']n _Nn"]nfl = (Cls)
X
Differential formulas
az
_”:_EZW +Zn71 :ﬁzn _Zn+1 :l(anl _Zn+l) (C16)
X X 2
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7l =-27,, Z/=Z,——Z
X

Integral formulas

[x ™2, (0dx =2, (), [x"Z,(x)dx=x"'Z,,(x)

[Z,(0dx==Z,(x), [ x2,(x)dx = xZ,()
[ 72 o)t =’;—2[J: @)=, (), ()]

Integral representation
1 2z ) )
J, 0= [ e edgp
27"

/2

Jy(x)= %je’“"“’d(o = %J‘cos(x sinp)dp = % I cos(xsin@)d e
0 0

0

(C.17)

(C.18)

(C.19)

(C.20)

(C.21)

(C.22)

Also tabulated are functions Struve that are solutions to one of variations of the Bessel equation

[1,2]:
/2

Sy (x) = 2 I sin(xcos@)d g,
T 0
/2

S (x)= 4 j sin(x cos @)sin” pdg .
7 0

There series representations are

2 X’ x’
S =—|x~5=+5—F=5— |,
o) 72{ 7.3 1235 }

20 x° x* x°
S (x)== - + -l
) ;zLQ-s ’.3°.5 17.3.5.7

j xS, (x)dx = xS, (x) .

(C.23)

(C.24)

(C.25)

(C.26)

(C.27)

Modified Bessel functions (Bessel functions of imaginary values of argument), 1 (x) and

K, (x)

The modified functions are the partial solutions to the equation (Compare with Eq. (C.1))
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d*Z dz 2
2y L "—(1+"—j=0. (C.28)

dx>  x dx x°

The modified functions are defined by equations:

1,(x)=j"J,(=jx) (C.29)
for the first kind,
K, =-2E 2 P (€30)
for the second kind, with
Ky (x) =—j7ﬂHéz)(—jX), K, (x) =—%Hf2)(—jX)- (C.31)

The properties of these functions can be obtained from formulations of the corresponding
properties of functions J, (x) and H.(x) by replacing x — —jx and introducing the factors

from Eqgs. (C.24) and (C.25). In particular
I, (x)=1,(x), K, (x)=K,(x), (C.32)

Kl (x) =K, (x). (C.33)

C.2 Spherical Bessel Functions
The partial solutions to equation

2
d f+zd—R+ 1——m(m2+1) R=0,
dz® z dz

z

(C.34)

where z = kr, are the spherical Bessel functions (or Besse! functions for the spherical coordi-

nates). Spherical Bessel functions of order m of the first kind are defined as

Jn(2)=N7/227,,,,(2); (C.35)

of the second kind (spherical Neumann functions) as

y,(2)=~N7m/2zN,,,,,(2); (C.36)

and of the third kind (spherical Hankel functions) as 4, (z) . For outgoing wave

n(2)=j, (D)= v, (2)=Nm/2zH7 ,(2) . (C.37)
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In particular,

. sinz cosz
J,(2)= s Yo(2)=— ;
z z
. sinz cosz sinz cosz
]I(Z): 5 H yl(z):___ 2 5 (C38)
z z z
. 3 1) 3 3. 3 1
J,(2)=| 5 ——|sinz——=cosz, y,(z)=——sinz—|———|cosz.
z oz z z zZ z
Functions j, and y, are tabulated [1)at z<0.3 as
. z)" 1-3-5---(2m—1
Jm(Z)z#, ym(Z)z—+,
1-3-5---2m+1) (2)
(C.39)
(R I A PR Py S
3 (2) 3 (2)
and at z —>
. 1 m+1 1 . m+1
Jj.(z2) > —cos| z— 3 7|, y,(z2)>—sin| z— 3 T,
oo ‘ (C.40)
h(Z)_>leij(277”)
m z >
ym—l(Z)jm(Z)_ym(z)jm—l(z):Ziz' (C'41)

The following properties are the same for the functions j, , y, and A, that will be collec-

tively denoted as f, .

Recurrent relations

(D) + fora(2) = @A)z £, (2) (C42)
D)=+ £, () = G+ D4 £, () (C43)
W (@)= 1 ()20 2)] (C.44)
L @I =2 @ L@ =2 ) (C.45)
Integral formulas

[£@dz==1f2), [£(27dz=2£(2) (C.46)
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[ 117 =11 = £, (D) )] (C47)

C.3 Legendre Polynomials

The partial solutions to Legendre equation
d’P
ax’

i[(l—xz)d—P}rm(mH)P:oor(xz—l) +2xd—P—m(m+1)P=0. (C.48)
dx dx dx

at m integer and x =cosé are the Legendre polynomials of the order m

1 dm

B0 =S (x* =", (C.49)
In particular,
F(x)=1,
P(x)=x=cosd,
P (x)= %(3x2 ~1)= i(3 cos20+1), (C.50)
P(x)= %(sz -3z)= é(s cos36+3cos0).

B, (=x)=(D"F,(x), B,(x)=P.(x) (C.51)
Recurrent relation
P =" p, (- " ©52)
m
Differential formulas
mP, (x) = xP,(x) ~ P, (x) (C.53)
d
Cm+1)P, (x)= % [P (x)=P, _ (x)] (C.54)
Orthogonality
_I[P WP, () =1° nrm (C.55)
Jom 2/@m+1) n=m '

(Any function of x in the range from x=1 to x=—1 can be expanded in terms of series of

these functions.)
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Useful integrals with Legendre polynomials

1/2m+1) men
0.5(m+n+1)
[PRax={ 2 nen
0 m!n!
(m+n)(m+n+1){[(m/2)[(n-1)/2]1} (m—n) even
0 m even,
n odd

(=1)(=3) -+ (=2m+1)
(2m+2)-2m-(2m—1)

1 1
[, (=0, [P, (x)dx=
0 0
1
bePm(x)dx =0atb<m
-1

LB (P = mm+1)

1

[ =3B (Fdv = 2m(m +1)
1 2m+1
1 i ~ 932
ykm B = —=—
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