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Transient analysis of a current driven full wave AC/DC converter for indirect characterisation of
piezoelectric devices during energy harvesting
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(1) Department of Mechanical Engineering, (2) Department of Electrical Engineering
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Nomenclature:

Gy internal capacitance of piezoelectric device; [F]

w Angular frequency (w = 2n/T or w = 2nf); [rad/s]

f Frequency of the exciting signal; [Hz]

T Time period (1/f); [s]

t Time; [s]

n Cycle number

loAmplitude of generated by piezoelectric device, where I, = I, sin wt; [A]

R. Load resistance (resistance of the ac-dc converter); [Q]

C: Load capacitance of the ac-dc converter; [F]

A This is a constant 4-f-CpR,

Vout Voltage at the output of the circuit, measured across load resistance (R.); [V]
Vout(n); V,, Voltage at the output of the circuit at cycle n; [V]

Vi () Voltage in the steady state region; [V]

V, Voltage derived from the average value of the current in a half cycle of a sinusoid, %IO, and the load resistance
R:.

g» Sum of the geometric sequence Y/~ 1t

r Common ratio of the geometric sequence

Abstract

This paper provides a new approach to extract piezoelectric energy harvester properties, namely
capacitance and current, from the increase of voltage with time on a storage capacitor after full wave
rectification. The work provides a derivation of a more complete expression for the development of
the output voltage with time, from which the equilibrium expression employed in earlier publications
appears as a limiting case. This new formulation enables an accurate estimate of the sinusoidal driving
current and the shunt capacitance to be made without recourse to direct measurement. Using the
analysis with both simulated and experimental data, a four-step procedure is proposed that requires
only the measurement of the initial slope of the voltage-time profile and the final settling value. This
approach allows the much studied method of converting the piezoelectric output into charge stored
on a capacitor to provide a unique indirect measurement method of the driving current and device
capacitance while the piezoelectric energy harvester operates at a variety of conditions, such as
frequency, temperature, stress and strain.
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1. Introduction

Energy harvesting using piezoelectric materials provides a means to produce power, typically in the
LW to mW range, by conversion of mechanical vibrations or strain into electrical power using inertial
or kinematic energy harvesting approaches [1]. Applications for piezoelectric energy harvesting
include the provision of autonomous, low-maintenance and self-powered systems, such as wireless
sensor networks, structural health monitoring and medical devices and biomedical monitoring with a
reduced reliance on batteries or electric cables [2][3][4][5][6][7]. Since the charge created by a
piezoelectric device during the application of alternating mechanical load is related to its change in
polarisation under tensile or compressive stresses, an alternating current is generated. As a result,
methods such as full-wave rectification are used to covert the ac output to dc and the resulting
electrical energy is stored on a capacitor. Dell’ Anna has provided a detailed overview of the range of
power management circuits currently available for piezoelectric energy harvesting [8]. Significant
attention has been placed on the optimisation of the load resistance [9],[10] along with improvements
using synchronous switching [11] or peak detection [12]. There is also effort on the use of a double
stage AC/DC architecture to optimise the DC voltage at the output of the diode bridge rectifier by
means of a DC/DC converter equipped with Maximum Power Point Tracking and connected to a
battery [13].

In this paper the output of a piezoelectric device when it is driven by a sinusoidal mechanical excitation
and terminated in a rectifier-filter-type full wave bridge ac-dc converter is considered. As a result of
its simplicity in terms of manufacture and use, it is a highly convenient and much studied method of
harvesting the energy output of a piezoelectric device by storing the charge generated on a capacitor.
The rectifier is typically a diode bridge and the filter the parallel combination of the load resistance
and a capacitor providing a time constant sufficiently large that any residual ripple on the DC output
voltage can be ignored. In addition, we consider here the case of low electromechanical coupling (LEC),
as defined in [13], although in principle the method can be extended to cases for both weakly and
non-weakly electromechanical coupled systems [14]. Following Ottman et al. [15] the device is
modelled as the parallel combination of a sinusoidal current source and a capacitor (the diodes are
treated as ideal devices). The output voltage, and hence the power dissipation in the load, increases
with time and it is shown that the resulting profile falls into two phases: an initial phase where the
voltage increases rapidly followed by a steady state phase when the energy supplied per cycle is in
equilibrium with the energy dissipated in the load in the same period.

Previous studies have focussed on optimising the power output of such systems in the steady-state
phase of the response. Specifically, Ottman et al. [15] assumed that the vibration amplitude is not
affected by the load resistance, while Guyomar et al. [16] hypothesized that the periodic external
excitation and the speed of mass are in phase. More recently, these methods were developed by Shu
et al. [17], taking into account the global behaviour of the electromechanical system.

In the current paper we present a more detailed analysis of the transient behaviour of the state
variables of the circuit at each stage of the rectification and filtering process than has been reported
previously. This provides a more complete analytic expression for the output voltage as a function of
time than in earlier work and the extra information thus obtained forms the basis of the
characterisation method described in section 3.2. This method is presented as a four-step procedure
that requires only the measurement of the initial slope of the voltage-time profile and the final settling
value of the output voltage. We consider the influence of each of the embedded components on the



rectification process and equations in a simple and understandable form are provided. The proposed
method could be of significant benefit for researchers in the process of designing and improving the
materials used for energy harvesting and also for electronics engineers responsible for the circuit
design of piezoelectric-based, self-powered devices.

The work presented in this paper provides a quick and efficient tool for material characterisation and
allows easy performance comparison since it enables accurate estimates of the sinusoidal driving
current and the shunt capacitance to be made without recourse to complicated direct measurement
and expensive high input impedance electrometers or impedance analysers by simply monitoring the
voltage on the storage capacitor with time. What is more important and has not yet been reported in
literature to date is that it enables the piezoelectric device to be characterised under the conditions
of frequency, temperature, stress and strain experienced by the energy harvester during operation.
This is of interest since piezoelectric and dielectric properties of the material, and the device, can
change with time, frequency, electric field, temperature and stress.

2. Rectification Model

2.1 Model development

A vibrating piezoelectric element is modelled as a sinusoidal current source /, in parallel with its
internal electrode capacitance C,. This model was proposed in by Ottman et al. [15] for the particular
case of low electromechanical coupling (LEC) and can be applied also to the analysis of devices such
pyroelectric generators [18]. The magnitude of the polarization current /, varies with the mechanical
excitation level of the piezoelectric element. Such a device generates an ac current and is therefore
the first stage in an energy harvesting circuit is an ac — dc converter, typically a full-wave rectifier and
a smoothing capacitor, C;, as shown in Fig. 1. The driving current is of the form I, = I, sin wt, where w
= 2m/T and T is the period of the vibration source and the dc load is represented by R;.

Vour (Vn)

Figure 1. Circuit schematic showing the equivalent circuit of a piezoelectric generator (on the left) connected to
a diode bridge ac-dc converter. I, = I, sin wt.

The operation of this circuit has been described in a variety of references [15]-[17]. However, these
references focussed on the steady state behaviour of the voltage output, ignoring the initial transient
performance of the state variables. The following analysis begins with the transient behaviour from
which the steady state response is derived as a limiting case. For completeness, a brief qualitative
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description of the operation of the circuit is given; a more detailed analysis of the full wave bridge
rectifier voltage- and current-driven modes are provided in supplemental materials S1.

Referring to Fig 1, in the first half cycle of operation, assuming a boundary condition that all voltages
in the circuit are zero at t = 0, Ip charges the parallel combination of Cp, C; and R, the diodes D; and D3
being forward biased and ON. This phase continues until /, passes through zero (at the end of the first
half cycle, at which point D; and D; become reverse biased and switch OFF) and subsequently reverses.
However, although the driving current now begins to increase negatively and the other pair of bridge
diodes D, and D, are available to conduct in this direction, they cannot do so because the remaining
positive voltage on C, causes them to be reverse biased. D, and D, remain blocked in this way until
the voltage on G, is discharged by /,. The effect of this voltage is to make the diodes conduct during
part of the duty cycle only, which significantly modifies the circuit behaviour compared to the case
where Cpr= (i.e. capacitor not connected) and the circuit operation becomes linear. These two phases
of operation are described by the two equivalent half circuits shown in Fig 2, and Fig S4.

\Dﬁ\ CT /] Tvm v/d{ o= Rl [vn

(a) (b)

Figure 2. Equivalent half circuits of the circuit of Fig 1. Fig 2(a) describes the operation of the circuit in the half

cycles where I, = I, sin wt is driving positively and Fig 2(b) for the negative half cycles. Fig 2(b) also indicates the
blocking effect of the charge on G, in the negative half cycles.

The duration of the blocking or commutation phase increases progressively as Vo,: increases, reducing
the energy transfer from the piezoelectric device to the load, see Fig 3(a). V,u: rises stepwise
monotonically and eventually reaches a limiting (steady state) value, V;; (o), at which point the
energy input is in equilibrium with the energy dissipated in the load, as shown in Fig 3(b). An example
of the corresponding current waveform is given in Fig 4; these can be compared with in more detailed
views of the corresponding current waveforms in supplement S1.

In addition to the sinusoidal nature of the driving current, the following model assumptions are made:

The diodes are ideal and act as ideal switches with no series resistance or dc offset voltage.
Ri(C, + Ci) >> T so that the time constant R,(C, + C;) is much longer than the period of the
exciting sinusoid, T. This assumption enables the exponential expression for P to be simplified
and, crucially, ensures that the sequence describing the development of the output voltage
with time, converges. Note that in general we can also state that C, << C; since this will be the
case in most practical situations. Note however that the value of C, cannot be increased
without limit as this also increases the time to convergence of the process and can render it
impractical to use, as discussed in more detail below.
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Figure 3. Development of the output voltage (Vour) with time of the circuit of Fig 1 and the voltage across Cp
with time. (a) shows the first few half cycles and the appearance of the blocked phase in the second half
cycle, of duration t; (marked with the red vertical block). (b) shows the same pair of voltages at steady state

(equilibrium) when Vour has reached a constant value except for a small residual ripple.
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Figure 4. One half cycle of the sinusoidal current I, showing the part of the cycle where conduction occurs, i.e.
in the range 1<t < T/2. (a) shows the conduction phase during first few half cycles (b) shows the same pair of
currents at steady state (equilibrium) when Vour has reached a constant value and experiences short
rechargeable pulses to counteract the residual ripple.



2.2. Model analysis
In the first half cycle of operation, termed phase zero: 0 < t < T/2, as already described, C,, C; and R,,

are charged by the full positive phase of /,. For this half cycle the circuit behaves in a linear manner
and the first assumption above allows us to calculate Vo at t; = T/2, which we call V;:

Vi(1) = PV (1)

where P is the transient response of an RC circuit [19].

P=1-— e_(g)/(cp"'CL)RL (2)
and:
2
VO = EIORL (3)

where I, is an average voltage derived from the average value of the current in a half cycle of a
sinusoid. The term P is a constant depending on physical parameters of piezoelectric device and
embedded circuit. Note that using Assumption 2, Ri(C, + C;) >>T, a simplified expression for P can be
derived:

T
p=—
2(Cy, + C)R, (4)

For the next half cycle, i.e. T/2 < t < T, having passed the peak of the sinusoid, the voltage generated
by the piezoelectric declines and current flow through the diodes is blocked by the residual positive
voltage, leaving V; constant, subject to some leakage through R,, as indicated in Fig 3(a). This phase
lasts until C, discharges and is subsequently recharged negatively to -V;, so that D, and D, are turned
ON. The time taken for Ve to traverse the region between V; and -V; defines the part of the duty cycle
of duration t; when the diode bridge is not conducting. This can be seen in the simplified current
waveforms in Fig 4, and in more detail in Fig. S5.

The time taken for this to occur is calculated by analysing the charging behaviour of a capacitor G,
from a sinusoidal source /,,

dVy

which after integrating across a half sinusoid from t, to T/2 can be expressed, for the n" half-cycle, as

20C
Py

L, "

(6)

coswt, =1-—



The average value of the transferred current (/,,) in a partially blocked half cycle (see Fig 4), where
the length of the commutation cycle is <t,,, T/2> is given by:

2 (T2 1
I, =1, T sinwytdt = I E(l + cos wyTy,) (7)
Tn

where as T, 2 0, l.v = 2Ip/m as expected for the ideal, non-blocking case (see Eqn 3). Substituting for
cos wty from Eqn (6), the average value of the current in a partially blocked half sinusoid is:

2,/
=012 8
IaU T (1 VO A) ( )

where the constant A is given by,

A =4fC,R, 9)

and f = w/2m. This can be normalised to the ideal case where there is no blocking:

F=(1 —%A) (10)

The dimensionless, normalised factor F given in Eqn (10) is a measure of the square root of the energy
transmitted to the load normalised to the maximum possible value, i.e. when there is no blocking. In
practice, as we have seen, no blocking occurs only in the first half cycle of operation. Using this
information, we can now show how the sequence progresses. The output voltage after the next half
cycle is therefore:

%
Vo=V, + P(V, = V) (1 - V—1A> (11)
0
Substituting for V, from Eqn (1):
V, =V,[1+ (1 —-P)(1—AP)] (12)

Assumption 2 ensures that P << 1 and therefore the terms in P? and above can be neglected. The
expression for V> can therefore be rewritten:

VZ == V1[1 + T'] (13)

where:

r=1-P(1+A4) (14)



where ris the common ratio of the sequence.

Similarly, proceeding as in (Egn (11)), the expression for the next iteration follows immediately:

V@A+r)
0
After rearrangement and neglecting terms in P? and above, this can be written:
V3 = V1(1 +7r+ T'Z) (16)

Using this approach, it can be shown that the sum of the sequence after n iterations is given by the

expression:
n—-1

o= Vi ) 1l =Vi gy (17)

i=0

Where the sequence g, is a geometric progression and the sum to n terms of such a sequence is given
by the expression:

Gn=Yrori=1+r+7r2+-+r"1

1—r" (18)

C1-r
And hence eqgn (17) becomes:
1—r"
1-r

Vi=Vi-an=";

Where V; and r are given by eqns (1) and (14), respectively.

Crucially, an examination of the expression for r (Eqn (14)) shows that applying Assumption 2,0<r <
1 and so the sequence g, converges. As a result, in the limit as n = o=, Eqn (17) becomes:

Vi
Vn(n—)oo) = 1—r (19)
Substituting for r and Vi:
Vo
Vn(n—)oo) = 1+ A (20)

Eqns (17) and (18) therefore describe the development of the transient output voltage with time,
while Eqn (20) is the steady state value of the output voltage and has been reported elsewhere in the
literature [15]. It is significant that the final setting value of the output voltage is independent on load
capacitance (C.). Note also that the speed of convergence of the process can be deduced from eqgn
(18). As r = 1, the time to convergence, namely the point in the sequence when V,, approaches its



final value as determined by eqns (19) and (20), tends to infinity. Since from eqn (14) the common
ratio r depends on the parameter P and hence the load time constant, the load capacitor C; cannot be
increased without limit, and indicated in section 2.1.

3 RESULTS AND DISCUSSION
3.1 Model validation using circuit simulation

In order to validate the model, a number of examples were simulated in LTspice (Analog Devices) [20]
using a standard pn silicon signal diode model (1N4148) and the results compared to Eqns (17) and
(20). As discussed, a parallel combination of a sinusoidal current source and a capacitor was used to
model the piezoelectric energy harvester, see Fig 1. The parameters of the simulations are related to
fixed values of C» = 150 nF, C;, = 10 uF, R, = 100 kQ, f = 10 Hz and five values of peak driving current /,:
100 pA, 200 pA, 300 pA, 400 pA, and 500 pA, as shown in Fig. 1.

The results of the comparison are given in Fig 5. In all cases a high level of agreement between the
model equations and the LTspice output is evident in both the initial transient voltage with time and
the steady state regions of operation. Note that the model outputs are consistently greater than the
LTspice values, since the model does not allow for the ON voltage of the diodes. This is not a problem
where the final value of the output is a few volts or more; as in the examples shown in Fig. 5. In cases
where this voltage is lower, the inclusion of a diode model will be necessary. Finally, it should be noted
that the LTspice output voltage contains a small residual ripple voltage due to the finite value of the
time constant R, C;. Since this does not contribute to the information intended to be gathered by the
proposed method, no corresponding model of ripple was included.

200 WWWWWWWVWWWVWVWWVWWWWWVWWWW\I
18.0
16.0 |-
VWV
14.0
>
~120 |
> WwavWVVV\NWWWVWVVVVVVWVVWWWVWWWVW
—
3100 |
(]
[*)]
S
£ 80 - v
>
6.0 |
a0 |
20t
0.0 ‘ : -
0.0 0.5 1.0 1.5 2.0 2.5 3.0 35 4.0 45 5.0

Time [s]

Figure 5. Comparison of model (solid, red traces) with circuit simulation (black traces with ripple) based on
parameters given in section 3.1. Beginning at the top the traces shows the results for /[, = 500 pA, 400 pA, 300
MA, 200 pA and 100 pA. Cp = 150 nF, C; = 10 pF, R, = 100 kQ and f = 10Hz.



3.2 Application of the SPICE model to extract I, and C, from the voltage-time data

The proposed model is successful in calculating the development of the voltage on the storage
capacitor C; with time. We will now show that the model Eqns (17) and (20) provide a method to
estimate directly the two unknown parameters of the working piezoelectric energy harvester, Iy and
Cr using simply the initial slope and final value of the voltage-time profile. This is possible since the
development of Vo, with time falls into two distinct phases, namely the transient (Eqn (17)) and steady
state (Eqn (20)), each with its own characteristic equation shown in Fig. 6. Beginning with the
sequence in Egn (17), it can be shown that:

Vn(n—)OO) - Vl

IR

r (21)

Vn(n—)oo)

Furthermore, combining the expression for r (Eqn (14)) with the simplified form of P Eqn (4), the
following expression for C, can be derived:

_Z'RL'CL'(l_r)_T

Co, =
PT2.R,-r—1)+4-Ry

(22)

Finally, inverting Eqn (20):

T Votnoowoy - (1+4-f+Cp - Ry)

R (23)

IO=

where Iy is the amplitude of the driving sinusoid, /,.

Using these equations, a four-step parameter extraction procedure can be derived. This is illustrated
schematically in Figure 6. The procedure is as follows:

Record the steady state value of the output voltage on C. (Vi (n-00));
Calculate r from the charging curve on the voltage-time profile using Eqn (21);
Calculate G, using Eqn (22), r and other known constant parameters (R, and C,);

Eall A

Calculate Io using Eqn (23), Vy,(n-o0), Calculated value of G, (Eqn (22)) and other known
parameters (R, and f).
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Figure 6. lllustration of the development of the output voltage (voltage on capacitor C;) with time, showing the

transient and steady state regions.

In order to validate the proposed method, Table 1 and Fig 7 compare the values for C, and /o obtained
using the four-step extraction procedure with the data presented in Fig 5 that is based on the known
values used in the simulations. The resulting values for lp and C, indicate that the proposed procedure
provides a good level of accuracy for both these key parameters.

For clarity the data in Table 1 is repeated in Fig 7(a). It should be noted that the data presented in
Table 1 are calculated for the ‘RC to T ratio equal to 10.15, which was chosen as a lowest condition
for this parameter in the described case. For ‘RC to T ratio higher than 20 the resulting Cr calculation
error is lower than 1.7 % and resulting /Iy error less than 2.0 %. This is because Assumption 2, namely
Ri(Co + C1) >>T, becomes more valid, thereby improving the accuracy of the approximate expression
for P, Eqn (4). Figure 7(b) is a plot of the extracted values of C, and Ip as a function of increasing ‘RC to
T ratio from Assumption 2.

Table 1. Extraction of Cr and I, based on data in Fig 5 (f = 10 Hz). Percentage error values in
parenthesis. Last row in table for I = 1 mA is added to show a limiting case.

Io set [uA] V; (SPICE) Vin->e0) r extracted C, extracted lp extracted

(vl (SPICE)[V] | (Eaqn(21)) | [nF](Eqn(22)) | [uA](Eqn (23))
100 0.296 3.754 0.921 149.80 (0.136%) | 94.30 (5.70 %)
200 0.601 7.751 0.922 143.49 (4.34 %) | 191.62 (4.19 %)
300 0.907 11.752 0.923 141.38 (5.75 %) | 288.99 (3.67 %)
400 1.212 15.756 0.923 140.31 (6.46 %) | 386.39 (3.40 %)
500 1.518 19.760 0.923 139.66 (6.89 %) | 483.79 (3.24 %)
1000 3.048 39.791 0.923 138.34 (7.78 %) | 970.90 (2.91 %)
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Figure 7. (a) Ip (solid line) and C, (dashed line) extracted from (data in Fig. 5 at 10Hz) vs I, simulated
in the extended range for up to 1 mA. (b) shows the accuracy of the extracted values of Iy (solid line)
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500 pA, C, =150 nF, G, =10 pF, R, from 100 kQ to 5 MQ.
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3.3 Application of method to real experimental data.

We now apply the approach described in the previous sections to a real piezoelectric energy
harvesting configuration and extract /p and C, from experimental data. A commercially available
Macro Fibre Composite (MFC) patch (MFC2414-P2) [21] with an active area of 24mm by 14mm was
mounted on a carbon reinforced fibre matrix (CRFM) cantilever beam of dimensions (300 mm length,
60 mm wide and 0.5 mm thick) using epoxy resin (ARALDITE Standard). The manufacturing process of
the beam is described in detail by Harris et al. [22]. The beam was clamped in a holder constructed
from two metal plates (29 mm wide, 88 mm length and 2.6 mm thick) and mounted on an
electrodynamic shaker (LDS V455) in the same manner as described by Harris [22]. The shaker was
driven by the signal generated by a Keysight 33210A function generator amplified by the LDS PA1000
amplifier. Initially the voltage output from the beam was scanned in the frequency sweep mode from
5-50 Hz at a constant acceleration of 0.5 g (4.9 m/s?) to find the mechanical resonance frequency, at
which the energy produced by the MFC patch is maximum. The first resonance mode was found at 6.5
Hz, followed by a second mode at 35 Hz. As the first resonance frequency results in the highest output
signal, experiments were carried out using this mode. The combination of a relatively large area
piezoelectric element and mechanical oscillation at the resonance frequency of the structure leads to
a relatively large piezoelectric charge with short circuit currents in excess of 100 pA and open circuit
voltages in excess of 40V; this experimental configuration was selected to minimise any errors due the
resulting voltage drop introduced by the diodes in the rectifying circuit. The unclamped capacitance
(constant stress capacitance) of MFC2414-P2 patch was measured with an impedance-phase analyser
(Solartron 1260) with a dielectric interface (Solartron 1296) with 0.1 Vrus signal at 6.5 Hz and was 32.0
nF. Capacitance measured with a standard LCR meter (HP 4263B with 1 Vgys signal at 100 Hz) was 31.3
nF. The claimed functionality of a piezoelectric generator modelled and simulated as a constant
current source was proven with various load resistances and is described in detail in supplement S2.

The piezoelectric harvester was connected to a full wave bridge rectifier constructed from four
1N4148 (NXP Semiconductors) diodes with ¢, = 10 puF (Rubycon radial aluminium electrolytic LLE
series, 200V capacitance measured with LCR meter at 100 Hz was 9.99 uF) and R; = 500 kQ (PeakTech
3265 resistance decade) as in the circuit schematic presented in Fig. 4. Since the piezoelectric charge
Q generated is proportional to stress (and strain) and therefore the amplitude of the piezoelectric
current (/o) should be proportional to the excitation level the cantilever was driven with increasingly
large accelerations of amplitude 0.2g, 0.5g, 0.8g and 1g, which correspond to short circuit currents lo
of 30 YA, 66 pA, 103 pA and 124 pA (Table 2); further detail is shown in supplement S3. The voltage
on C; capacitor was measured as a function of time with an electrometer’s (Keithley 6517B) analogue
output connected to oscilloscope (Agilent DSO-X 2024A), responsible for recording of the charging
curve. Initially the C, capacitance and intrinsic piezoelectric capacitance Cp were discharged and then
short-circuited to ensure no residual charge was stored in those capacitances. Then full charging cycle,
for given excitation was repeated 3 to 5 times.

From the recorded signal, the values of C, and /, were calculated and results are presented in Table 2
and Fig 8.
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Table 2. Extraction of Cr and /, based on experimental data in Fig 9. Measurement error values in

parenthesis are standard deviations.

Excitation acceleration Measured Ip [HA] Calculated G, [nF] Calculated Iy [pA]
(g] (Ean (22)) (Eqn (23))
0.2 30.32 (+/- 0.53) 42.5 (+/- 3.8) 29.47 (+/- 0.58)
0.5 66.12 (+/- 1.09) 43.6 (+/-2.9) 61.32 (+/- 1.67)
0.8 102.70 (+/- 1.63) 46.1 (+/- 2.0) 92.68 (+/- 1.30)
1.0 124.39 +/-2.30 43.1 (+/- 2.0) 106.49 (+/- 1.20)
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Figure 8. Comparison with measured |, and calculated short circuit current and capacitance. Error
bars represent standard deviations.

The capacitance (Cp) extracted from the experimental data using the 4-step procedure described
above with the use of equation (22) is a stable value, relatively independent of the level of excitation
(average Cp = 44.2 nF) applied to the piezoelectric device.

The amplitude of the current I, was similarly calculated and compared to the short circuit current
produced by the device. Calculated current values (using Eqn (23)) increase with amplitude of
excitation due to the increase in strain and therefore charge generation, as expected and are within
10 % of the values obtained by direct measurement. The accuracy of /» current extraction could be
increased by calculating the P value with the previously extracted C, (Eqn (22)) value using Eqn (2) and
substituting this value into the inverted Eqn (3) to solve for I,.
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Figure 9 is a plot of the measured output voltage as a function of time for the four values of
acceleration used in the experiment, compared to the output of the proposed model calculated for
the extracted values of I, and averaged value of Cp (44.2 nF).
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Figure 9. Comparison of model (solid, red traces) with experimental data (black traces with ripple) based on
parameters presented in Table 2. Beginning at the top the red traces shows the results for /o = 106.49 pA, 92.68
MA, 61.32 pA and 29.47 pA. C, = 44.2 nF, C, = 10 puF, R, = 500 kQ and f = 6.5 Hz.

The above case was also simulated with LTspice with the initial values of Cp = 32.0 nF and (measured
short circuit currents) lp of 30.32 pA, 66.12 pA, 102.70 pA and 124.39 pA. The averaged value of
retrieved Cp was 31.5 nF and retrieved values of I are calculated with error smaller than 2 %. Further
detailed analysis is shown in supplement S6. Note that given the values of C;, R, and the extracted
value of C,, the ‘RC to T’ ratio from Assumption 2 is 32.6.

However, the value of C, extracted from experimental data is larger (44.2 nF) than the measured
capacitance under zero excitation (32.0 nF). The greater values of capacitance calculated using Eqn
(23) in comparison with the low signal measurement performed with an LCR meter are thought to be
a result of electromechanical damping [23]-[26]. The origin of losses of energy harvesting system is
in dielectric, piezoelectric, electrical and mechanical change of device’s parameters under the
influence of operating conditions. This can include dielectric dissipation, permittivity, friction, a
stiffness change of the cantilever and piezo-ceramic, electrical losses transformed into heat or wasted
during energy conversion. Due to the complex and nonlinear behaviour of these parameters an
estimation of all of the above damping sources is a complex task. Damping effects of the system could
be replaced by an equivalent Cx capacitance placed in parallel to the Cp intrinsic capacitance, where
value of the introduced capacitance is the difference between experimentally measured value and
low signal piezoelectric capacitance; in this case Cx = 12.2 nF. The introduced additional capacitance
(Cx) would represent the damping ratios due to the electromechanical losses experienced by an active
piezo-device during energy-harvesting.
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In summary we present simple yet effective method to estimate electromechanical losses of the
operated energy harvester in a simple equivalent form of an additional capacitance, easily calculated
from the simple experiment with a basic circuit based on full wave bridge rectifier. Interestingly the
majority of piezoelectric characterisation is undertaken using direct methods, such as an LCR meter
or impedance analyser is only possible with the piezoelectric element at steady (not stressed)
conditions and at low electric field. However, the indirect approach presented here provides
opportunities to characterise the properties of a piezoelectric energy harvesting device at the
operating of conditions at high excitation levels, and high stress/strain levels without need to complex
characterisation methods; this can be particularly attractive at excitation levels where there is
potential for non-linear behaviour in mechanical and/or electrical properties of the harvester [26].
The approach is also valid for sinusoidal thermal fluctuations such as those applied during pyroelectric
coefficient characterisation or pyroelectric thermal harvesting where similar rectification methods are
employed [11] [18].

6. Conclusions

The present work provides the derivation of a new, complete expression for the development of the
output voltage with time of a vibrating piezoelectric energy harvester for the case of low
electromechanical coupling (LEC), from which the equilibrium expression employed in several earlier
publications appears as a limiting case. This more complete formulation of the problem enables
accurate estimates of the sinusoidal driving current (effectively the short circuit current of the
harvesting) and the shunt capacitance (effectively the device capacitance) to be made without
recourse to direct measurement.

This provides a novel approach to measure indirectly the driving current (which is related to the
piezoelectric coefficient of the piezoelectric) and device capacitance (which is related to material
permittivity) under the conditions of frequency, temperature, stress and strain experienced by the
piezoelectric energy harvester during operation. This enables a more detailed understanding of the
behaviour of a piezoelectric energy harvesting device under its driving conditions without need to
complex characterisation tools or methods. This is of interest since the piezoelectric and dielectric
properties of the harvesting device can change while the harvester is operating at a range of
conditions; which include time, frequency, electric field, temperature and stress. There is potential to
include a diode model and resulting voltage drop to improve the accuracy of predicted Cp and Ip values
and apply it to more sophisticated rectifying circuits, such as switching inductors.
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