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Abstract

To scavenge vibrational energy from ultra-low frequency vibrations with low excitation levels,
this paper presents a novel quasi-zero stiffness electromagnetic energy harvester (QZS-EMEH) by
exploiting a rolling magnet system. By calculating the nonlinear restoring force exerted on the
moving magnet, the parameter region that results in conditions of quasi-zero stiffness is determined,
and a theoretical model of the QZS-EMEH is established. Based on the method of harmonic balance,
the analytical solution of the QZS-EMEH is derived, and the influence of system parameters on the

response characteristics and energy harvesting performance is discussed. Numerical and theoretical
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results indicate that the QZS-EMEH can efficiently harness energy in a wide frequency range under
low-level excitations. Furthermore, the nonlinear dynamics of the QZS-EMEH are investigated
based on the bifurcation diagram, phase orbit, Poincaré map, and basin of attraction, demonstrating
that appropriate initial conditions can lead to the high-energy orbit oscillation. Finally, realistic
ambient vibration accelerations from a bus and a human body are applied to excite the QZS-EMEH,
and the results illustrate that the QZS-EMEH can generate considerable electrical output power and

has excellent application prospects.
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1. Introduction

Recently, the rapid development of the technology of communication and microelectronics has
witnessed the widespread adoption of low-power consumption wireless sensors and portable
electronics[1]. These devices are typically powered by conventional battery technologies which
require regular replacement or recharging to sustain the steady power demand of devices[2]. The
technology of vibrational energy harvesting, which aims to convert ambient vibrational energy into
useful electrical energy, has been viewed as a promising strategy to supply electricity for low-power
consumption devices[3]. Currently, there are three typical energy conversion mechanisms applied to
scavenge vibrational and mechanical kinetic energy, namely the piezoelectric[4], electromagnetic[5],
and electrostatic[6] effects. Among them, electromagnetic energy harvesters (EMEHS) have been
considered as a promising method to harness vibrational energy due to their small internal impedance
and large output current[7]. Previously, a variety of EMEHSs have been designed and optimized based
on linear resonance mechanisms[8, 9]. However, linear EMEHS only perform well at their resonance
frequencies and a small change in the vibration frequency can therefore greatly degrade the energy
harvesting performance[10].

To overcome the narrow band issues of linear EMEHS, a number of nonlinear EMEHSs based on
mechanical and nonlinear mechanisms have been proposed and investigated numerically,
theoretically, and experimentally to harness energy in a wide frequency range and improve output
performance[11]. By utilizing the structure of the cantilever beam, Barton et al.[12] presented a
nonlinear EMEH through a particular arrangement of magnets in conjunction with an iron-cored
stator; their experimental data indicated that the response frequency range was broadened. By

modifying the multi-stable structure proposed by Zhou et al.[13], Deng and Wang[14] proposed a



multi-stable EMEH where the external magnets were positioned along a concave surface that was
parallel to the motion trajectory of the cantilever tip. Experimental results demonstrated that a
significant broadband response was obtained with a maximum RMS power output of 40.2 mW at an
excitation of 0.45g. Liu et al.[15] proposed a nonlinear wideband EMEH by clamping a cantilever
beam generator with a curved fixture and their experiments demonstrated that the proposed
mechanism could effectively extend the operational bandwidth and provide high power performance.
More recently, Foong et al.[16] introduced an anti-phase motion between the coil and the magnets at
resonance to enhance the performance of a cantilever beam-based electromagnetic harvester, and
experiments indicated that the proposed method led to a great increase in power compared to the
conventional method. Furthermore, Foong et al.[17] presented several considerations to be made
when optimizing the structural aspects of a single-degree-of-freedom electromagnetic harvester.

An alternative type of EMEH that has attracted significant attention has been based on
magnetic-spring configurations, in which an arrangement of magnets led to moving magnets
experiencing a repulsive force with respect to the fixed magnets. For the configurations applied in
vertical conditions, the structures with only a bottom fixed magnet were preferred. As an example,
Zhang et al.[18] proposed a hand-held EMEH that was composed of a magnet array that was aligned
to a coil array, and was suspended by a magnetic spring with a bottom magnet. Theoretical analysis
was undertaken to explore the performance under the influence of vibrations with low frequency and
large amplitude; the experimental results determined under human motion excitation demonstrated
the potential application prospect. For an EMEH consisting of one or more spaced magnets that were
suspended by a bottom fixed magnet, Struwig et al.[19] developed an electrical and mechanical

model and optimized the parameters such as the number of coils, coil height, coil spacing, and the



number of magnets. Under vertical excitation with large levels and horizontal excitation, the moving
magnets in magnetic-spring-based EMEHSs containing only a bottom magnet will be out of range and
the structure will fail to scavenge energy.

To address this challenge, a larger number of magnetic-spring-based configurations with
symmetrically fixed magnets have attracted attention. In 2008, Saha et al.[20] reported on a
magnetic-spring-based EMEH which levitated a moving magnet using two fixed magnets; the
performance of the system under human motion excitation during walking and slow running was
evaluated. Mann et al.[21] developed the governing equations of the system concerning the
mechanical and electrical domains, and their theoretical and experimental investigations indicated
that the presence of nonlinear phenomena improved the effectiveness of the EMEH. Based on a
similar configuration, Wang et al.[22] optimized the moving magnetic stack and investigated the
output performance of the EMEH under human motion excitation. Masoumi and Wang[23] provided
a parametric, numerical, and experimental investigation into a repulsive electromagnetic harvester
with a specific arrangement of stacked magnets, which was able to produce a large magnetic field
compared to attractive magnetic counterparts. To harness the vibrational energy in a wider frequency
range, Mann and Owens[24] developed a bistable EMEH by arranging four magnets around the
midpoint of the tube in the device in Ref. [21]. The theoretical and experimental results indicated that
the potential well escape phenomenon can be applied to broaden the response frequency range.
Nguyen et al.[25] developed analytical models describing the interaction between the magnets and
conducted a comparative study between both monostable and bistable systems. They concluded that
the application of thin peripheral magnets around the tube led the bistable harvester to move towards

monostability. In addition, Gao et al.[26] illustrated a multistable EMEH by arranging additional



magnets around the tube with magnetic levitation oscillation. Tristable and quad-stable
configurations were obtained experimentally and analyzed utilizing phase portraits, Poincaré section,
largest Lyapunov exponent, and bifurcation diagram.

Although multistable configurations exhibiting complex dynamic behaviors can collect energy
in a wider frequency range, the vibration level of the external excitation should be sufficiently large
to overcome the local potential barriers to achieving the large-amplitude interwell oscillation. To
harvest energy in a very low-frequency region and at a very low excitation level, an EMEH with a
flat, or almost flat potential function is preferred. Such a potential function is characterized by a
configuration with quasi-zero stiffness characteristic, which provides an opportunity to scavenge
energy at very low frequencies. Recently, Liu et al.[27] proposed a quasi-zero stiffness device
capable of vibration isolation and energy harvesting, and their results demonstrated that the proposed
system could achieve a high output power and low operating frequencies. Margielewicz et al.[28]
investigated the nonlinear dynamics of a quasi-zero stiffness energy harvesting system and indicated
that the harvester had an improved ability to scavenge energy in the low range of values of excitation
frequencies. Furthermore, Wang et al.[29] introduced the quasi-zero stiffness mechanism to a
triboelectric nanogenerator and found that the generator exhibited excellent performance in the
ultralow frequency region.

To harvest energy from ultra-low frequency vibrations with low excitation levels, a novel
QZS-EMEH is proposed here by utilizing a rolling magnet system. Due to the small mechanical
damping, the rolling magnet system has been applied in the area of energy harvesting. For example,
Liu et al.[30] reported on a non-resonant rotational EMEH for scavenging energy from irregular

human motion and indicated that the device exhibited outstanding output performance. Kuang et



al.[31, 32] investigated the output performance of a magnetic rolling pendulum EMEH under both
base and parametric excitation and showed that the presence of subharmonic resonance could
broaden the response bandwidth. Although EMEHSs based on rolling magnet systems have been
studied theoretically and experimentally, the investigation has not focused on the presence of
quasi-zero stiffness characteristics.

Therefore, a novel QZS-EMEH is proposed in this paper based on the rolling magnet system to
harvest energy from ultra-low frequency vibrations with low excitation levels. The design approach
of the QZS-EMEH is illustrated and the parameter region for quasi-zero stiffness characteristics is
examined in detail. The nonlinear dynamics and energy harvesting performance of the QZS-EMEH
are analyzed theoretically and numerically under harmonic excitations, and the response under
realistic ambient vibrations is also evaluated. The remainder of the paper is organized as follows:
Section 2 illustrates the configuration of the QZS-EMEH and provides the corresponding dynamic
model; in Section 3, the harmonic balance method is applied to theoretically analyze the response,
and the nonlinear dynamic behavior is highlighted. Furthermore, the vibrational signals from a bus
and a human body are applied to excite the QZS-EMEH in Section 4 and the potential application
prospect is demonstrated. Finally, conclusions are drawn in Section 5.

2. Description and modeling of the QZS-EMEH

Figure 1 illustrates the schematic diagram of the QZS-EMEH that is based on a rolling magnet
system. The system is composed of two coils, a single rectangular magnet (A), and four cylindrical
magnets (B, C, D, and E). All magnets have the type of N35 (Magnetization: 8.9X10° A/m) and a
thickness of 10 mm. In addition, the cylindrical magnets have a radius of 5 mm (r1). The polarization

directions of the magnets are arranged axially so that magnet D is repelled by magnets B, C, and E



and attracted by magnet A. In this configuration, magnets A, B, C, E, and the coils are fixed to the
base, while magnet D is free to vibrate. Due to the constraint induced by the magnetic attraction
force between magnets A and D, the oscillation of the moving magnet D is rolling on the surface of
the magnet A. Magnets B and C are fixed to the edges of the end of magnet A, as shown in Fig. 1 and
the distance between them is assumed to be 2d:. The repulsive force between magnets B, C, and D
keeps the vibration of moving magnet D within a certain range. Furthermore, magnet E is positioned
perpendicular to the surface of magnet A. When magnet D is at the position having a distance of di to
magnet B, the distance between magnets D and E is represented by d.. By adjusting the parameters
d: and do, the system could exhibit the characteristic of quasi-zero stiffness. When an external
excitation is applied to the base, magnet D will roll along the surface of magnet A back and forth due
to the repulsive force from magnets B, C, and E. On this occasion, the magnetic flux through the two
coils positioned below the track of moving magnet D will change, thus generating an electrical
current. To be noted, the above description illustrates the concept of the QZS-EMEH. In realistic

application, a proper supporting structure can be designed to fix the magnets and coils.
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Fig. 1 Schematic diagram of the quasi-zero stiffness electromagnetic energy harvester (QZS-EMEH).

In the configuration described above, the nonlinear oscillation of the moving magnet D is mainly
the result of the magnetic force from magnets B, C, and E. The magnetic attractive force between
magnets A and D does not affect the characteristic of motion and can be neglected. Therefore,
different nonlinear restoring forces exerted on magnet D can be achieved by adjusting the parameters
d: and d2. Due to the same size of magnets B, C, D, and E, the magnetic repulsive force between two
cylindrical magnets is calculated and the overall nonlinear restoring force exerted on magnet D is
computed according to the geometrical parameters of the configuration. Herein, the Ansys Maxwell
software is applied to calculate the magnetic repulsive force between two cylindrical magnets with
different distances. The blue circles in Fig. 2 (a) describe the simulation results from Ansoft Maxwell

and are fitted with a red line which can be expressed as a polynomial form as shown in Eq. (1).

Fm=_zn:and‘ (1)
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where d is the distance between two cylindrical magnets and a, is the coefficient of the polynomial.
Regarding the configuration with the parameters of di and da, the nonlinear restoring forces exerted
on magnet D can be calculated as Eq. (2) when the displacement of the rolling magnet D relative to
the base is x (Xx=yp-Xb). For the convenience of subsequent calculations, the nonlinear restoring force

is fitted as a cubic polynomial as in Eq. (3), where k1 and k3 are the coefficients of the polynomial.

Fmt:izi‘o:ai (dl—X)i _izi):ai (d1+X)i _ganﬁ( /d22+xz )i (2)

F. =k, +k X (3)
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Fig. 2 (a) Magnetic force between two cylindrical magnets with different distances; (b) parameter
region: yellow-monostable, blue-bistable.

The potential energy function is a useful tool to analyze the characteristics of nonlinear systems.
By integrating the nonlinear restoring force described by Eq. (3) to displacement X, the potential
energy function of the system can be achieved. According to the number of stable equilibrium points
in the potential energy function, the configuration proposed in this paper can achieve both
monostable and bistable systems when with different values of d: and d.. Fig. 2 (b) illustrates the

parameter region of the system in which the yellow data represents the parameters that lead to a
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monostable system, while blue data indicates a bistable configuration. By adjusting the parameters of

d; and d, the QZS-EMEHSs can be obtained at the border between the two basins.
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Fig. 3 (a) Potential energy functions for d1 = 30 mm when with different values of d»; (b) potential
energy function for QZS-EMEHSs with d: equaling 25 mm, 30 mm, and 35 mm.

As an example, Fig. 3 (a) illustrates the variation of the potential energy function with the value
of d>when d: = 30 mm. When d2 is small, the configuration exhibits the characteristic of a bistable
system. With an increase in d, the potential energy function gradually becomes flat and then appears
to be a monostable configuration. When d> =19.55 mm, the configuration has a very flat potential

energy function, as shown by the blue line in Fig. 3 (b), and exhibits the characteristic of a quasi-zero
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stiffness system. In addition, Fig. 3 (b) illustrates the potential energy functions of the QZS-EMEHS
when d2 = 25 mm and d> = 35 mm. It can be seen from Fig. 3(b) that the potential energy function
has a wider zone, in which it is close to zero, with an increase in the value of the parameter d;.

For the configuration described above, we assume that the displacement of the rolling magnet D
is represented by yp, under a base displacement excitation with an expression of Xy. In this condition,
the displacement of the rolling magnet D relative to the base can be expressed as x=yp-X». Then, the
kinetic energy and potential energy[33] of the rolling magnet D can be respectively expressed as

T:%m()§4+>&2+%lﬂg‘ (4)
U=[Fdx (5)

where m is the mass of the rolling magnet. In Eq. (4), I is the rotational inertia of the rolling magnet

1 . . . P
expressed as Emrl2 and & is the angular velocity of rotation calculated by —. Based on the
h

Lagrange equation[34], the dynamic model of the QZS-EMEHSs can be expressed as follows.

gm& C & F = —mik (6)
where cq is the damping which is expressed as the sum of the mechanical damping cm and electric
damping ce. When a load resistance is connected with the coils[21], the electric damping ce can be
calculated as Eq. (7).

2
(24

c,=——— @)
’ Rint + RIoad
Furthermore, the voltage across the load resistance can be expressed as
vV ax ®)

=— " R
load (R + R|0ad ) load

int

where Rint is the internal impedance of the coil, Ricad IS the external load resistance, and o is the

electromechanical coupling coefficient. In this paper, the parameters applied in the following
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theoretical and numerical investigations are set as m = 0.0059 kg, ¢m = 0.01 N/m, Rint= 190 Q, Rioad =
1 MQ, a = 2.15 N/A unless other values are assigned. Regarding the coefficients of the polynomial,
they are shown in Table. 1 for different values of the parameter d.

Table. 1 Coefficient of the fitted polynomial.

di=25mm di=30mm di=35mm

ks (N/m?3) 2.8089x10°  7.4986x10° 2.9332x10°

ki (N/m)  0.8898 0.1342 0.4432

3. Nonlinear dynamic analysis
3.1 Theoretical solution

To theoretically investigate the response of the QZS-EMEHSs under harmonic excitation, the
harmonic balance method is applied[35]. If the base harmonic excitation is expressed as

X, =Acos(«t ), the dynamic model described by Eq. (6) can be rewritten as

g)& 280, 8 .2 X+ BX° = F cos ot 9)
where
C k
=,k /m, E&=—9— F=@?A p=—=2 10
o=l fm =5 b FraA e (10

According to the harmonic balance method, the displacement response in Eg. (9) can be
assumed as
x = asin(wt) + b cos(wt) (11)
By substituting the assumed solution into Eqg. (9), neglecting the time derivative terms and
balancing the terms multiplied by sin(wt) and cos(wt), the following equations are obtained:

—gaa)z —2§a)na)b+a)n2a+% pa(a’+b*)=0 (12)
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—gba)z +2§a)na)a+a)n2b+§ pb(a® +b*)=F (13)
The amplitude of the displacement response expressed as r =+/a”+b? can be calculated as
_E 2 2 § 2 ’ 2 2.2 _ 2
SO T, +4ﬁr r’+(2w,w) r* =F (14)

Regarding the voltage across the load resistance, its theoretical expression is as follows.

alrw
vV  =——R
load (R + R|0ad ) load

int

(15)

When the excitation level is 1 m/s?, the numerical displacement and voltage response of the
three QZS-EMEHs with di = 25 mm, d1 =30 mm, and d: = 35 mm under up and down-sweep
frequency excitations is illustrated in Fig. 4 (a), (b), and (c), along with the theoretical results
calculated from Eqg. (14) and (15). Under up-sweep frequency excitation, the displacement response
of the QZS-EMEH with di = 25 mm first increases with an increase in the excitation frequency and
then jumps down at 15.1 Hz, with a maximum displacement of 6 mm obtained. For the down-sweep
frequency excitation, the jump-up frequency is 4.8 Hz and the maximum displacement response is
2.8 mm. In the frequency range between the jump-up (4.8 Hz) and jump-down (15.1 Hz) frequencies,
there exist multiple solutions respectively on the high and low-energy orbits. For the voltage
response, it exhibits the same variation trend as the displacement response, and the maximum voltage

under up and down-sweep frequency are respectively 1.0 V and 0.22 V.
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Fig. 4 Numerical and theoretical displacement and voltage response of the QZS-EMEHSs under
sweep frequency excitation with a excitation of 1 m/s?: (a) di= 25 mm; (b) di= 30 mm; (c) d1= 35
mm.

With an increase in the value of di, the variation trend of the displacement and voltage is not
influenced. For the case of di = 30 mm, the maximum displacement and voltage under up-sweep
frequency excitation are respectively 8.5 mm and 1.0 V at the jump-down frequency of 10.9 Hz,

while they are 4.3 mm and 0.26 V at the frequency of 3.53 Hz under down-sweep frequency
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excitation, as in Fig. 4 (b). With the increase of d, it is observed that the jump frequency decreases,
while the peak displacement exhibits an increase. The reason for this phenomenon is due to that the
potential energy function has a wider zone in which it is close to zero for a larger value of di, as
illustrated in Fig. 3 (b). As di increases to 35 mm, the jump frequencies in Fig. 4 (c) under up and
down-sweep frequency excitations are 8.65 Hz and 3.1 Hz, and the peak displacements are
respectively 10.7 mm and 5.7 mm, along with the peak voltages of 1.0 V and 0.3 V. It should be
noted that the theoretical displacement responses are in good agreement with the numerical
simulations, while the analytical voltage response exhibits a slightly larger value than the numerical

simulation.
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Fig. 5 Numerical and theoretical displacement and voltage response of the QZS-EMEH with d; = 30
mm under sweep acceleration excitation with a frequency of 8 Hz.
In addition to the response under sweep frequency excitation, the output under different
acceleration levels is also investigated to compare with the analytical results. Fig. 5 shows the

displacement and voltage response of the QZS-EMEH when d; = 30 mm under up and down-sweep
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acceleration excitation for a frequency of 8 Hz from simulation and theoretical analysis. During
up-sweep acceleration excitation, the displacement and voltage both increase with an increase in the
excitation level and then jumps to a high-energy orbit at an acceleration of 9.45 m/s?, showing a
good agreement with the theoretical outcomes. However, for down-sweep acceleration excitation, the

QZS-EMEH are always oscillating on the high-energy orbit.
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Fig. 6 Influence of excitation level and mechanical damping on displacement and voltage response.
Based on the theoretical solutions from the harmonic balance method, the influence of the
system parameters on the energy harvesting performance of the QZS-EMEHSs is now discussed. Fig.
6 (a) and (b) illustrate the influence of excitation level on the displacement and voltage response. It is
seen that the increase in excitation level not only has a positive effect on the peak displacement and
voltage but also increases the jump frequencies. For the excitation levels of 0.1 m/s?, 0.5 m/s?, and 1

m/s?, the jump down frequencies are 3.4 Hz, 7.7 Hz, and 10.9 Hz, respectively, along with peak
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voltages of 0.12 V, 0.63 V, and 1.26 V. Therefore, the output performance of the QZS-EMEH can be
greatly enhanced by increasing the excitation level. Concerning the mechanical damping, Fig. 6 (c)
and (d) show its influence on the displacement and voltage response under excitation with a level of
1 m/s?. Clearly, with a decrease in the mechanical damping, the peak displacement and voltage of the
QZS-EMEH increase significantly. In addition, the influence of external load resistance and
electromechanical coupling coefficient on the response characteristics are also examined, and the
results are shown in Fig. 7 (a) ~ (d). By decreasing the external load resistance, the electrical
damping is increased as seen in Eqg. (7), thus decreasing the peak displacement, voltage, and jump
frequencies. Regarding the electromechanical coupling coefficient, its increase has almost no effect
on the electrical damping for the QZS-EMEH with large internal resistance. Therefore, the
displacement response is almost not affected, while in contrast, the output voltage is enhanced,

according to Eg. (15), with an increase in electromechanical coupling coefficient.
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Fig. 7 Influence of external load resistance and electromechanical coupling coefficient on
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displacement and voltage response.
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Fig. 8 Influence of load resistance on the displacement response and maximum output power under
harmonic excitation of 1 m/s? and 6 Hz.

Under harmonic excitation with a level of 1 m/s?> and a frequency of 6 Hz, the displacement
response of the QZS-EMEH with d1 = 30 mm for varying external load resistance is shown in Fig. 8
(a), where the blue line represents the oscillation on the high-energy orbit, while the red line is the
low-energy orbit. It is seen that an increase in the external load resistance leads to an increase in the
displacement, and this phenomenon is due to that the external load resistance has a negative
influence on the electrical damping. Regarding the output power in Fig. 8 (b), it initially increases
and then decreases with an increase in external load resistance, and achieves the maximum power
when the external load resistance equals the internal resistance, namely Rioad = Rint = 190 Q. To be

noted, the maximum power obtained in the high-energy orbit is 0.2 mW, while it is about 0.002 mW
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in the low-energy orbit. With the optimum resistance (190 Q) connected, the output power of the
three QZS-EMEHSs with di = 25 mm, d: = 30 mm, and d1 = 35 mm under up and down-sweep
frequency excitation with a level of 1 m/s? are shown in Fig. 9 (a), (b) and (c) respectively. The
maximum output powers of the three QZS-EMEHSs under up-sweep frequency excitation are all
approximately 0.31 mW, while the jump down frequencies are respectively 10.35 Hz, 7.4 Hz, and
5.94 Hz for di = 25 mm, 30 mm, and 35 mm. For down-sweep frequency excitation, the maximum
output powers of the three QZS-EMEHSs are 0.05 mW at 4.72 Hz, 0.07 mW at 3.53 Hz, and 0.09 mW

at 3.1 Hz respectively.
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Fig. 9 Numerical output power of the QZS-EMEHSs under sweep frequency excitation with an
excitation of 1 m/s?: (a) d1 = 25 mm; (b) d1 =30 mm; (c) d1 = 35 mm.
3.2 Multiple solutions identification
As illustrated in Section 3.1, multiple solutions exist for the QZS-EMEHs under certain

excitation conditions. However, the theoretical results from harmonic balance only consider the
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periodic-1 vibration, which has the same frequency as the excitation. For the QZS-EMEHES, it may
exhibit more complex nonlinear dynamic characteristics, such as subharmonic and superharmonic
oscillation. As a result, we focus on the nonlinear dynamics of the QZS-EMEHEs, in this section, in

particular the multiple solutions characteristics.

—
SN

Displacement [mm]

S N B O

0 5 10 15 20 25 30

—
W

(b) 1

(e

(en]
03
9 5
2
)
<
@
2
%
L 2
. .

D
s

Displacement [mm]

0 3 10 15 20 23 30

3]
)

—
W

Displacement [mm)]
=

W
{‘:

0 5 10 15 20 25 30
Frequency [Hz]
Fig. 10 Bifurcation diagram of peak displacement to frequency under an excitation of 3 m/s2: (a) d1=

25 mm; (b) d1 =30 mm; (c) di = 35 mm. Note that, the simulation at each frequency is carried out 30
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times with the initial position fixed at the static equilibrium position (xo = 0) while the initial velocity
is a random number selected from -1.5 m/s to 1.5 m/s.

In Fig. 10 (a), (b), and (c), the bifurcation diagrams of the peak displacement to excitation
frequency at an excitation of 3 m/s? are illustrated for the QZS-EMEHSs with di = 25 mm, d; = 30
mm, and d; = 35 mm. It should be noted that the numerical simulations are carried out 30 times at
each frequency with the initial position at the static equilibrium position (xo = 0) while the initial
velocity is a random number selected from —1.5 m/s to 1.5 m/s. From the diagram, three main
branches are observed, along with several scattered points. These branches make it possible to
approximately distinguish the oscillations on different orbits.

For the QZS-EMEH with di = 30 mm, it is seen from Fig. 10 (b) that the system can achieve a
relatively large displacement, even at very low frequencies. With an increase in the excitation
frequency, the peak displacement response on the high-energy orbit exhibits an increasing trend, and
the high-energy orbit oscillation continues until a frequency of 19.2 Hz. Starting from 5.6 Hz, the
QZS-EMEH begins to oscillate in the low-energy and middle-energy orbits. The peak displacement
decreases with an increase in the excitation frequency when the oscillation is in the low-energy orbit,
while it exhibits the peak displacement increasing with frequency in the middle-energy orbit. In
particular, the cut-off frequency for the middle-energy orbit oscillation is approximately 20.4 Hz.
Another point to note is that some scattered points are distributed around a frequency of 9 Hz,
indicating more complex dynamic behavior.

To further understand the nonlinear dynamic behavior, the response characteristics of the
QZS-EMEH with d; = 30 mm under several specific excitation frequencies are examined in more

detail. When the excitation frequency is 2.5 Hz, the displacement, voltage, phase orbit, Poincaré map,
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and frequency spectrum of the voltage, of two possible solutions of the QZS-EMEH are shown in
Fig. 11 (a) and (b). From the displacement response and phase orbit, the two possible solutions
exhibiting different peak displacements can be identified. However, the different displacement
responses do not influence the output voltage and a peak voltage of 0.22 V is achieved. In the
frequency spectrum of the voltage, the energy not only distributes at the main frequency of 2.5 Hz,
which equals the excitation frequency, but also can be observed at the multiple of the excitation

frequency, such as 5.0 Hz, 7.5 Hz, 10.0 Hz, and 12.5 Hz.

El El b
E 5 (i) 0.5 § 5 (,_) 0.5
= > = =
5 S - S
< = & o
&5 ” 05 g-5 ” 05
a 119 1195 120 119 1195 120 a 119 1195 120 119  119.5 120
Time [s] Time [s] Time [s] Time [s]
= 0.2 o = 0.2 o
> <O
2 0 g ) =
= [=¥ T (=
g = | I g g
= < - <
> 0.2 0 Illa. > _0.2 o 4 I_.LI___‘__
-5 0 5 0 10 20 30 -5 0 5 0 10 20 30
Displacement [mm] Frequency [Hz] Displacement [mm] Frequency [Hz]

Fig. 11 Displacement, voltage, phase orbit, Poincaré map, and frequency spectrum of the

QZS-EMEH with d1 = 30 mm at an excitation of 3 m/s? and 2.5 Hz.
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Fig. 12 Displacement, voltage, phase orbit, Poincaré map, and frequency spectrum of the

QZS-EMEH with di = 30 mm on the high-energy orbit at an excitation of 3 m/s? and 12 Hz.
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Fig. 13 Displacement, voltage, phase orbit, Poincaré map, and frequency spectrum of the

QZS-EMEH with di = 30 mm on the middle-energy orbit at an excitation of 3 m/s? and 12 Hz.
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Fig. 14 Displacement, voltage, phase orbit, Poincaré map, and frequency spectrum of the
QZS-EMEH with di = 30 mm on the low-energy orbit at an excitation of 3 m/s? and 12 Hz.

As the excitation frequency increases to 12 Hz, the displacement, voltage, phase orbit, Poincaré
map, and frequency spectrum of the voltage, of the QZS-EMEH on the high-energy orbit are shown
in Fig. 12. The phase orbit identifies the high-energy orbit oscillation of the QZS-EMEH, and the
isolated point in the Poincaré map and the single spectrum line in the frequency spectrum indicates a
single-period oscillation. On this occasion, the obtained peak displacement and voltage responses are
9.83 mm and 1.32 V, respectively. When the initial velocity changes, a different oscillation type is
obtained on the middle-energy orbit, and the displacement, voltage, phase orbit, Poincaré map, and
frequency spectrum of the voltage are shown in Fig. 13. A peak voltage of 0.22 V is obtained along
with a maximum displacement of 3 mm. From the frequency spectrum, it is seen that the main
frequency component of the voltage is at 4 Hz, indicating that it is a 1/3 order subharmonic response
originating from the nonlinearity. Furthermore, three isolated points are observed in the Poincaré
map. In addition, different initial velocities lead to the oscillation of the QZS-EMEH on the

low-energy orbit, and the corresponding numerical results are shown in Fig. 14. The single periodic
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oscillation on the low-energy orbit results in a response frequency equaling the excitation frequency
and the obtained peak voltage is only 0.06 V. In addition to the oscillations on the three main orbits,
the scattered points in Fig. 10 (b) that are distributed around 9 Hz between high and middle-energy
orbits are also clarified and the results indicate that they represent two oscillation types, similar to
that shown in Fig. 11 (a) and (b).

For the QZS-EMEHSs with d1 = 25 mm and d: =35 mm, the bifurcation diagrams of the peak
displacement to excitation frequency under excitation of 3 m/s? are shown in Fig. 10 (a) and (c)
respectively, and they exhibit the same characteristics as the QZS-EMEH with d; = 30 mm. For a
QZS-EMEH with d; = 25 mm, the cut-off frequencies for the oscillation on high and middle-energy
orbits are 25.9 Hz and 28.2 Hz respectively, while the starting frequency for low-energy orbit
oscillation is approximately 7.3 Hz. As d: increases to 35 mm, the numerical results shown in Fig. 10
(c) indicate that the three critical frequencies are 14.6 Hz, 16.1 Hz, and 5.0 Hz respectively. By
comparing the results in Fig. 10 (a), (b), and (c), it can be seen that an increase of d; decreases the
cut-off frequencies for the oscillation on high and middle-energy orbits, and also decreases the
starting frequency for low-energy orbit oscillation. This phenomenon may be due to that the potential

energy function has a wider zone in which it is close to zero for a larger value of d.
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Fig. 15 Basin of attraction for the QZS-EMEH with di1 = 30 mm under excitation of 3 m/s? and 8.9
Hz.

To investigate the influence of initial conditions on the response, basins of attraction are applied
to illustrate the multiple solutions characteristics and sensitivity of the QZS-EMEHSs. For the
QZS-EMEH with di = 30 mm, Fig. 15 (a) illustrates the basin of attraction when the excitation is
with a level of 3 m/s? and a frequency of 8.9 Hz. In particular, the enlarged view in the range of
[-0.005, 0.007, -0.3, 0.3] is emphasized in Fig. 15 (b). In the figure, the yellow area occupying
66.49% represents the oscillation with a final state in the high-energy orbits. This indicated that the
QZS-EMEH has a larger probability to achieve large-amplitude motion to generate considerable
outpower under excitation of 3 m/s?> and 8.9 Hz. Regarding the oscillation on the middle and
low-energy orbits, the light blue area and the dark blue area respectively indicate that the
QZS-EMEH has the probability of 18.28 % and 8.98% to achieve the final states. In addition to the
oscillations on the three main orbits, the QZS-EMEH has the same probability of 3.12% to achieve
the two final states (green and orange area) illustrated in Fig. 11 (a) and (b), which are represented by

scattered points in Fig. 10 (b).
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Fig. 16 Basins of attraction for the QZS-EMEH with d1 = 30 mm under excitation of 3 m/s? (a) 2.5
Hz; (b) 12 Hz; (c) 15 Hz; (d) 18 Hz.

In addition, Fig. 16 (a) describes the basin of attraction of the QZS-EMEH with d; = 30 mm
under excitation of 3 m/s? and 2.5 Hz. On this occasion, only two final states illustrated in Fig. 11 (a)
and (b) are obtained and the basin of attraction shows the probabilities are all 50%. As the frequency
increases to 12 Hz, three final states shown in Fig. 12~14 are achieved and they are respectively
represented by yellow, green, and dark blue areas, as shown in Fig. 16 (b), with the probabilities of
39.22%, 28.32%, and 32.46%. When the frequency is increased to 15 Hz, the probability to oscillate
on the high and middle-energy orbits decreases to 19.31% and 19.9%, while a probability of 60.79%
is obtained for achieving low-energy orbit vibration, as shown in Fig. 16 (c). As the frequency

continues to increase to 18 Hz, the basin of attraction shown in Fig. 16 (d) illustrates the probabilities
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to oscillate in the high and middle-energy orbits are only 4.35% and 8.5%, while the final state on
the low-energy orbit is represented by a larger probability of 87.15%. Furthermore, the influence of
excitation level on the sensitivity of the QZS-EMEHSs is considered and the basins of attraction under
excitation of 12 Hz are depicted in Fig. 17 (a) and (b) for the excitation levels of 2 m/s? and 4 m/s. It
is observed that the excitation level has a significant influence on the final oscillation states of the
QZS-EMEH. When the excitation level is 2 m/s?, the probabilities to achieve high and middle-energy
orbits are decreased to 23.50% and 20.47%, while larger probabilities of 49.31% and 28.52% are
obtained for the larger excitation level of 4 m/s?. Therefore, increasing the excitation level
significantly increases the probability of the QZS-EMEH achieving large-amplitude oscillation to

generate large output power.
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Fig. 17 Basins of attraction for the QZS-EMEH with d: = 30 mm under an excitation at a frequency
of 12 Hz: (a) 2 m/s?; (b) 4 m/s?.

4. Response under realistic ambient vibrations
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Fig. 18 Energy harvesting from the window of a bus: (a) position of acceleration measurement; (b)
measured acceleration under driving conditions; (c) frequency spectrum. Displacement, voltage, and
power response of the QZS-EMEHSs: (d) di = 25 mm; (e) d1= 30 mm; (f) dz = 35 mm.

In this section, we examine the energy harvesting performance of the QZS-EMEHSs under
realistic ambient vibrations, such as a bus and the human body. During the acceleration measurement
of the bus, an acceleration sensor is attached at the lower edge of the window, as shown in Fig. 18 (a).

When the bus rides smoothly, the obtained acceleration and corresponding frequency spectrum are
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illustrated in Fig. 18 (b) and (c) respectively. It is seen that the acceleration fluctuates within a certain
range with a peak value of approximately 4 m/s?. From the frequency spectrum, it is identified that
the main vibration frequencies are concentrated below 5 Hz, while there is little energy distributed at
other frequencies. When the acceleration is applied to excite the QZS-EMEH with d; = 25 mm, the
displacement, voltage, and output power response are shown in Fig. 18 (d). The QZS-EMEH can
oscillate in a certain range of displacement and the peak displacement is 2.73 mm. Regarding the
energy harvesting performance, the obtained maximum voltage is about 0.9 V, along with a peak
power of 0.04 mW and average power of 0.003 mW. As d; increases to 30 mm, the QZS-EMEH
oscillates in a larger displacement range with a peak displacement of 4.8 mm due to the variation in
the potential energy function. On this occasion, the generated maximum voltage and output power
are respectively 0.143 V and 0.12 mW, while the average power is 0.0065 mW. When the
QZS-EMEH has d1 = 35 mm, although the peak voltage is not enhanced, the average output power

increases to 0.0093 mW.
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Fig. 20 Displacement, voltage, and power response of the QZS-EMEHSs excited by acceleration from
forearm: (a) d1 =25 mm; (b) d1 =30 mm; (c) d1= 35 mm.

In addition, the energy harvesting performance of the QZS-EMEHSs under realistic human
motion excitations is investigated. For the vibration signals of the human body, they are measured
from the swing motion of the forearm and shank at a walking state, as shown in Fig. 19 (a). Fig. 19
(b) illustrates the measured acceleration from the forearm and the corresponding frequency spectrum.
The peak acceleration is approximately 5.34 m/s? and it is observed from the frequency spectrum that
the energy is distributed not only at the fundamental frequency (0.93 Hz) of human motion but also
at 1.8 Hz and 2.7 Hz. When the acceleration is measured from the shank, the maximum acceleration
obtained in Fig. 19 (c) is approximately 27 m/s?, which is larger than that from the forearm because
of the impact between the human leg and the ground.

When the acceleration from the forearm is applied as the input signals, the displacement, voltage,

and power response of the QZS-EMEHSs with di = 25 mm, 30 mm, and 35 mm are shown in Fig. 20
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(@), (b), and (c) respectively. The peak displacements of 3.45 mm, 5.1 mm, and 7.8 mm are
respectively obtained for the three QZS-EMEHSs, along with the maximum output voltages of 0.14 V,
0.15V, and 0.22 V. Concerning the average output power, they are respectively 0.0093 mW, 0.0153
mW, and 0.0224 mW for the QZS-EMEHSs with d1 = 25 mm, 30 mm, and 35 mm. When the larger
acceleration measured from the shank is applied to excite the QZS-EMEHSs, the displacement,
voltage, and power response shown in Fig. 21 indicate that the QZS-EMEHSs could oscillate with
larger displacement and generate a larger output voltage. The average output powers of the

QZS-EMEHSs with d1 = 25 mm, 30 mm, and 35 mm are respectively 0.25 mW, 0.48 mW, and 0.26

mW.
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Fig. 21 Displacement, voltage, and power response of the QZS-EMEHSs excited by acceleration from
shank: (a) d1= 25 mm; (b) d2 =30 mm; (c) d1=35 mm.

5. Conclusion
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In this paper, a quasi-zero stiffness electromagnetic energy harvester (QZS-EMEH) utilizing a
rolling magnet system is reported for energy harvesting from ultra-low frequency vibrations at low
excitation levels. The QZS-EMEH is designed to exhibit small mechanical damping due to the
rolling motion of a magnetically levitated magnet. Nonlinear restoring force exerted on the moving
magnet is calculated according to Ansys Maxwell software and geometrical parameter relation, and
the parameter region to achieve quasi-zero stiffness characteristics is emphasized. A dynamic model
of the QZS-EMEH is established to predict the output and the theoretical solution is derived based on
the method of harmonic balance. Numerical simulations under different excitation conditions verify
the effectiveness of the theoretical solution and the influence of system parameters on the output
performance of the QZS-EMEHs is investigated analytically. Our results indicate that an increase in
excitation level and electromechanical coupling coefficient has a positive influence on the output,
while the increase in mechanical damping degrades the performance. Concerning the external load
resistance, an increase can broaden the response band, while there exists an optimum value to
maximize the power for a given excitation frequency.

To understand the characteristics of multiple solutions, bifurcation diagrams and basins of
attraction are applied to investigate the influence of initial conditions on the stable-state response of
the QZS-EMEHSs. The numerical outcomes illustrate that there are three main oscillation orbits for
the QZS-EMEHSs, and appropriate initial conditions allow the harvester to achieve large-amplitude
oscillation, thus generating more electrical power. Finally, realistic ambient vibration signals are
measured from a bus and a human body and subsequently applied to excite the QZS-EMEHSs. The
considerable output performance demonstrates the positive application prospect of QZS-EMEH:S,

and experimental investigations will be presented in future work.
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