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HIGH ENERGY SIGN-CHANGING SOLUTIONS FOR CORON’S PROBLEM

SHENGBING DENG AND MONICA MUSSO

Abstract: We study the existence of sign changing solutions to the following problem

Au+|ulfflu=0 in Qg
(0.1) {u =0 on O0f,

where p = Z—i‘% is the critical Sobolev exponent and 2. is a bounded smooth domain in R”,
n > 3, of the form Q. = Q\B(0,¢). Here Q is a smooth bounded domain containing the origin 0
and B(0,¢) denotes the ball centered at the origin with radius € > 0. We construct a new type
of sign-changing solutions with high energy to problem (0.1), when the parameter ¢ is small

enough.

1. INTRODUCTION

Let D be a smooth bounded domain in R”, with n > 3, and let p = Z—J_rg be the critical

Sobolev exponent, namely the exponent for which the Sobolev embedding H} (D) — LPTL(D)
ceases to be compact. A problem which has been widely studied in the last 30 years concerns
the existence, multiplicity, and qualitative properties for positive or sign-changing solutions to

p—1, — 3 .
(1.1) {Au+|u| u=0 in D;

u =0 on OD.

Solvability for problem (1.1) is not a trivial issue, since it strongly depends on the geometry of D.
Let us briefly summarize some classical results. A direct consequence of Pohozaev’s indentity [24]
is that problem (1.1) has no positive solutions when the domain D is strictly star-shaped. On
the other hand, if D is an annulus, then Kazdan and Warner [15] showed that solvability for
problem (1.1) is restored: a solution is found as critical point of the energy functional associated
to the problem, and the required compactness for the functional is obtained thanks to radial
symmetry. A surprising result by Coron showed later on that symmetry is not really needed
to have solvability: in his classical work [6] he proves the existence of a positive solution to
(1.1) in the case in which D has a small (not necessarily symmetric) hole. In literature, the
name Coron’s problem is referred to problem (1.1), when the domain D has a hole. The result
by Coron was then generalized by Bahri and Coron in [2], where the authors showed that,
under the assumption that some homology group of D with coefficients in Z5 is not trivial then
problem (1.1) has at least one positive solution. Multiplicity result for positive solutions to (1.1)
is obtained in [25], where the situation of a domain D with several holes is treated. On the other
hand, existence and multiplicity of positive solutions has been established also in contractible
domains, we refer to the works of Dancer [7], Ding [10], and Passaseo [22]- [23], among others.

The study of solutions for elliptic problems with critical nonlinearity which change sign has
received the interest of several authors in the last years, see for instance [3,4], [13,14], and
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2 SHENGBING DENG AND MONICA MUSSO

references therein. Here we focus our interest in existence and qualitative properties of sign-
changing solutions to (1.1) for domains D which have a hole, that is in the Coron’s setting.
The first result available in literature is the one contained in [18], where a large number of sign
changing solutions to (1.1) in the presence of a single small hole has been proved. To be more
precise, the authors assume that the domain D has the form D = Q\B(0,¢), where Q is a
smooth bounded domain containing the origin, and it is symmetric with respect to the origin,
while the hole is given by B(0,¢), a round ball with radius €. In this situation, they prove that,
for any given integer k there exist e > 0 so that, for any ¢ € (0,ex) a sign-changing solution
to (1.1) exists, and it has the shape of a superposition of exactly k& bubbles, centered at 0. A
bubble is the function

n—2
1 2 n—2
(1.2) U(y) = ay, <1+’y|2> , ap=[n(n—2)] T,
and it solves
(1.3) Au+u? =0, in R".

It is well known that all positive solutions to (1.3) are given by the function (1.2) and any
translation, and proper dilation of it, that is by
x

(1.4) Ulx —¢), for £€€R", and )\_"T_QU(X), for A >0,

see [1,21,26]. The solutions found in [18] are bubble-tower, with k bubbles of alternating sign,
which at main order look like
k ) .
. _n=2 T 2j—1
(1.5) ue(z) ~ Y (17N U<)\j>, Aj~e o

J=1

as € — 0T. The energy of these solutions has the asymptotic expansion

(1.6) e(us) = kS, + O (8%2> , as e&—0" where S,= (; - pj-1> </1Rn |VU]2dw> .

We recall the explicit definition of the energy e, given by

1 1
1. = - 2o - Pt
(17) cw =3 [ 1V~ — [ 1

Substantial improvement of this result was obtained in [12] where the assumption of symmetry
was removed. See also [17]. A different construction of sign-changing solutions for (1.1) on
a domain with a small hole has been obtained in [5]: in this case, solutions look like the
sum of a positive bubble centered inside the shrinking hole, and a number of sign-changing
bubbles centered inside the domain, far from the hole. A common feature of the constructions
in [5,12,17,18] above described is that the building blocks that constitute the core of the shape
of the solutions are given by the positive solutions to (1.3), which are completely classified by
the functions given by (1.2) and (1.4).

The aim of this work is to produce a new, different construction of sign-changing solutions to
problem (1.1), which are build upon a different limit profile. Indeed, we use as building blocks
for our construction an explicit sign-changing solution to

(1.8) Au+ ufPlu =0, in R"

In [8] it is proven the existence of a sequence of finite-energy, sign-changing solutions Q, to (1.8),
with a crown-like shape and energy of size (k+ 1)S,(1 + o(1)), as k — oo. For any k large, Qx
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is

(1.9) Qu(z) = Us(z) + é(x), Us(z) =U(z) =) Uj(x),

where ¢ is smaller than U,, in some sense that we precise later. The function U is given by (1.2)
and Uj are defined as

_n=2
Uj(z) =y, 2 Ul 'z = &),
For any integer k large, the k points §;, j = 1,...,k are vertices of a regular polygon of k edges,
contained in the (z1,z2)-plane, given by

2w(g —1
& = /1 — p3 (cosb;,sinb;,0) € R? x R"2, 0; = 7T(jk)

and the parameter puy is defined as

n—2

k
1 1
(1.10) [Z—H] w? =1+0(-), for k— oo,
=1 (1 —cosbj) = k

Observe that the previous definition gives

k2, if n>4,
PES k=2 log k|2, if n=3.

In other words, Q. is a crown-like function, with a central positive bubble, centered at the origin
in R™, and a large number of negative copies of bubbles, centered at the vertices of a regular
k-polygon sit in the (x1,x9,0,...,0)-plane, each one with a very sharp profile, as £ — oco. A
property of these solutions that is central for our construction to work is that they are non-
degenerate, as proved in [19]. In the class of bounded functions, the linearized operator around

Qk

(1.11)

L(¢) = A + p|Qx[P~' ¢
has a kernel of finite dimension, equals to 3n. Section 2 is devoted to give a precise description
of the main properties of these solutions, including their non-degeneracy.

In this paper, we construct sign changing solutions to problem (1.1) using the function Qj as
main building block, thus generating a new type of sign-changing solutions, different from the
ones already known in literature [5,12,17,18].

To state our result, we let 2 be a smooth bounded domain in R", ¢ > 0 and Q. = Q\B(0, ¢).
We consider the following problem

Au+ [uPlu=0 in Qg
u=20 on Jf)..

We have the validity of the following

(1.12)

Theorem 1.1. There exists a sequence of integers (km)m>1, with limy, oo km = 00, and a
sequence (€m)m>1, such that for any € € (0,&y,), Problem (1.12) has a sign changing solution
Ue, satisfying

n—2

wle) =T e P Qu (2 ) (o)

where o(1) — 0 uniformly as € — 0, and d. — dy with dy is a positive constant. Moreover

Je(ue):(km+1)Sn+O(5nT_2), as €— 07,
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where ) .
Je(ue) = /Q Vulds -~ /Q P+ dz,

Observe once more that the solutions predicted by Theorem 1.1 are new, and differ from the
bubble towers found in [12,18] and described in (1.5). Indeed, let k be an integer (large but
fixed) for which the solution predicted by Theorem 1.1 exist. Let us denote by u} such solution.
For the same integer k, a bubble tower exists, with the shape (1.5). Let us denote by u? this
solution. One has that

knf2 )
||U;HOO ~ Tho2 HU?HOO ~ m, while as & — 0.
E 4 g 2 2k

This paper is organized as follows. In Section 2 we recall the main properties of the functions
Qy, that are used in the rest of the paper. In Section 3, we define a first approximation to
problem (1.12). We give the expansion of the energy functional at the first approximation in
Section 4. The proof of Theorem 1.1 is contained in Section 5. Section 6 is devoted to solve a
linear problem, and Section 7 is devoted to solve a nonlinear problem. Further properties on
the functions @i, which are new, are reported in the Appendix A.

2. BUILDING BLOCKS: SIGN-CHANGING SOLUTIONS (J; IN R™

The solutions predicted by Theorem 1.1 are constructed as small perturbation of an initial
approximation. This initial approximation is build using the entire, finite energy, sign changing
solution @y for the problem (1.8), which are mentioned in the Introduction. The existence
of such solutions is proven in [8,9]: this is a sequence of solutions, defined for any integer k
sufficiently large. If we define the energy by

1 1
2.1 E(u) = - dy — —— prlq
(2.1) (w) 2/RH\WI Y p+1/Rn ulP" dy,

we have
(k+1)S, (1+O(k*™) ifn>4,
E(Qk) =
(k+1)S3 (1+ Ok logk|™") if n =3,
as k — oo, where S, is defined in (1.6). The solution @ = @ decays at infinity like the
fundamental solution, namely
(2.2) lim |y Qi(y) = Bn (1 + cx)
ly|—o0
where 3, is a positive number and ¢, = O(kn—l,g) if n > 4, while ¢, = O(|logk|™1), if n = 3, as
k — oo. Furthermore, the solution @ = Q) has a positive global non degenerate maximum at
y = 0. To be more precise we have

(2.3 Q) =l - 217 (1= "F20P + 00" s ol o

Another property for the solution Q@ = @y is that it is invariant under rotation of angle 2% in

the y1,y2 plane, namely

(24) Q(e%g7 y/) = Q(g7 y/)v g = (yl; y2)7 yl = (y37 s 7yn)-

It is even in the y;-coordinates, for any j =2,...,n

(2.5) QWis - Yjr- s Yn) = QW15 s —Yjse oy Un)y J=2,...,0.
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It respects invariance under Kelvin’s transform:
- Yy
(2.6) Qy) = |y\2 nQ(w)-

The function ¢ in (1.9) can be further decomposed. Let us introduce some cut-off functions G
to be defined as follows. Let ((s) be a smooth function such that {(s) =1 for s < 1 and {(s) =0
for s > 2. We also let (7 (s) = ((2s). Then we set

CChn Myl =21y — &lyl) 1) if [yl > 1,

CChntly=&l)  iflyl<1,
in such a way that that ¢;(y) = ¢;(y/|y|?). The function ¢ has the form

Gy) =

k
(2.7) ¢ = > ¢+

=1

In the decomposition (2.7) the functions gz;j, for j > 1, are defined in terms of ¢;

T (= 7 2=, _ .
(28) ¢’g(yay):¢1(€ k yay)7 .]Zlv,k
We have that
_n C
(2.9) [l <CE ™0 if n>4, [¢lna< g T =3
where ¢ > 5, and
(2.10) [¢lln—2 = | (1 + ") || oo n) -
On the other hand, if we rescale and translate the function ¢;
L_2 ~
(2.11) P1(y) =p 2 ¢1(&1+ py)
we have the validity of the following estimate for ¢;
_n C

The description of the solution @ in (1.9) is thus quite accurate. For later purpose, we observe
that the region where @ changes sign is well understood: there exists 0 < Ry < 1 < Rs, positive,
so that

(2.13) Q(y) >0, for |yl <Ry, |yl> Ro.

In [19], is was proved that for a sequence of integers k,, = k, these solutions are non degenerate.
That is, fix one solution Q = Q. of problem (1.8) and define the linearized equation around @
as follows

(2.14) L(¢) = Ad +p|QPP o,

The invariances (2.4), (2.5), (2.6), together with the natural invariance of any solution to (1.8)
under translation (if u solves (1.8) then also u(y + () solves (1.8) for any ¢ € R™) and under

dilation (if u solves (1.8) then )\_nT_Qu()\*ly) solves (1.8) for any A > 0) produce some natural
functions ¢ in the kernel of L, namely L(¢) = 0. These are the 3n linearly independent functions
we introduce next:

n—2

(2.15) 20(y) = —5—Qy) +VQ) v,
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(2.16) za(y) = 8yaQ( y), for a=1,...,n,

and

(2.17) o (8) = 12 QM) + 112 Qy)

(2.18) Zn2(y) = —2y120(y) + [WP21(y),  2nts(y) = —2y220(y) + [y|*22(y)
and, for Il =3,...,n

(2.19) Zngi+1(y) = —ma(y) +yiz(y),  zonpi—1(y) = —mz2(y) + vz (y).
One has

(2.20) L(zy) =0, forall a=0,1,...,3n—1.

To show (2.20), let us introduce the following operator: for any set of parameters A = (A, &, a,6) €
R x R™ x R? x R?"3 and for any function f:R™ — R, we define the following function

2-n [ Ry (55 —a|"EP?
as|o—¢ Je—g 0(
2.21 © )=\ "2 —a
\x EI A
Here and in what follows in the paper, with abuse of notation but with no ambiguity, we use the
notation a to denotes a vector in R?, a = (a1, az) € R?, as well as the vector in R”, whose first two

components are aj, ag, and all the other components are zero, namely a = (a1, ag,0,---,0) € R™.
When f = @Q = Q is the non-degenerate solution to problem (1.8), for simplicity we define
(2.22) O4(z) = 04[Q](z).

In [11] it is proven that for any choice of A, the function © 4 is still a solution of (1.8), namely
AO4 + |@A|p—1@A =0, in R™

Observe now that

0 0
(2.23) < © (z )> = —2z0(x), <® £0, (x)) =—zj(x), j=1,...,n
01,000 (& - 9¢; (1,6,0,0) o j
0 3}
(2.24) 78(11@(1,0@,0)(56) -, = Zpy2(7), 90y ©(1,0,0,0) (@) . = zn+3(7).

Identities (2.23) and (2.24) say that zo is related to the invariance of Problem (1.8) with respect
to dilation )\_HT_ZQ()\_ly), zi, 1 = 1,...,n, are related to the invariance of Problem (1.8) with
respect to translation Q(y + (), zn4+2 and z,43 defined in (2.18) are related to the invariance
of Problem (1.8) under Kelvin transformation (2.6). We shall see next that the function z,41
defined in (2.17) is related to the invariance of ) under rotation in the (y1,y2) plane, while the
functions defined in (2.19) are related to the invariance under rotation in the (y1,y;) plane and
in the (y2,v;) plane respectively.

Let us be more precise. Denote by O(n) the orthogonal group of n x n matrices P with real
coefficients, so that PT P = I, and by SO(n) C O(n) the special orthogonal group of all matrices
in O(n) with detP = 1. SO(n) is the group of all rotations in R", it is a compact group, which

can be identified with a compact set in R, Consider the sub group S of SO(n) generated
by rotations in the (x1,z2)-plane, in the (:c],a:a) plane, for any 7 = 1,2 and o = 3,...,n. We
have that S is compact and can be identified with a compact manifold of d1mens1on 2n — 3, with

—1)
no boundary. In other words, there exists a smooth injective map y : S = R so that X(S )
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is a compact manifold of dimension 2n — 3 with no boundary and y~! : X(S’ ) — S is a smooth
parametrization of S in a neighborhood of the Identity. Thus we write

(2.25) 6cO:=x(5), Ro=x16)

where O is a compact manifold of dimension 2n — 3 with no boundary and Ry denotes a rotation
inS. Let 0 = (012, (913, PN ,an, 923, ey ng), and we write

Ry = R12(012)R13(613) R14(614) - - - R1n(610) R23(623) R24(024) - - - Ron (62,
where R;;(0;;) is the Rotation in the (7, j)—plane,
1--- 0 0---0 0 ---0

0---cosbij0---0—sinf;;--- 0
O--- 0 1---0 0 ---0
Rij(0i)=1|:". =+ -t .|, i<y
0O--- 0 0---1 0 ---0
0---sin@;; 0--- 0 cosy; ---0

We set
Ry = (Cij)nxn-
By a direct calculation, we have
€11 = cos b1 cos B3 cos 014 - - - cos Oy,
ci1 = sinfy;cos by ;4108142 --cosbi,, 1=2,3,...,n,
and
c12 = —sinfa cosfaz cos by 4 - - - cos by,
— ¢0s 612 sin 013 sin O3 cos Oay - - - cos O,

— cos 12 cos 613 sin 014 sin B4 cos Oy5 - - - cos Oy,

— cosfigcosbizcosfiy---cosby 1 cosbi—1sinba,_1cosbsy,
— cos 1z cos 0y 3cos b4 - - - cos by 1 cos b 1 5in b1, sin Oay,,
and for i = 2,3,...,n,
iz = cos f1; sin fg; cos 02 ;11 cosbla ;49 - - - cos Oz,
— sin (912' sin (91,1'4_1 sin 02,1'4_1 COS 02,1'4_2 COS 02,1'4_2 <+ - COS Hgn
— sin ‘911' COS 917“_1 sin (917“_2 sin 6271'_’_2 COS 0271'4_3 COS 0271'4_2 <+ - COS 9271
— sin 6q; cos 01 ;41 cos 01 i42 - - - cosb ,—2sinby 18003 ,_1 cosbay,
— sin@q; cos 0y ;41 cos 01 i42 - - cosby 2 cos by ,—1sin by, sinbay,.

We have

0
(2.26) (86126(1’0’9’0) (@)9:0 = Znt1(x)
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and, for any [ = 3,...,n,

9 0
2.27 7@ X = Zn x), 7@ €T = zpri—1(z
(2.27) (5911 (1,0,6,0)( )>00 +ig1(z) (aezz (1,0,0.0)( )>00 o1 (2)

Thus we have the validity of (2.20) as direct consequence of (2.23), (2.24), (2.26), (2.27).
In [19] it is proven that there exists a sequence of solutions @ = @y, of the form (1.9) which
are non degenerate in the sense that

(2.28) Kernel(L) = Span{z, : « =0,1,2,...,3n — 1},

or equivalently, any bounded (or any solution in D'?) of L(p) = 0 is a linear combination of
the functions z,, a = 0,...,3n — 1. The non-degeneracy of ) is a crucial property for our
construction.

3. THE FIRST APPROXIMATION SOLUTION

Let n > 0 be a fixed and small number and let us introduce a set of parameters A =
(M€ a,0) € RT x R® x R x R?"3 with the properties that

1

(3.1) A =dye, with n<d< 5, for some fixed n > 0,
(3.2) E=AreR" with |7|<n

ai

a9 1
(3.3) a=|0 eB:{a:mh@ﬂwmeeN‘JM<2}

0
and
(3.4) 0 = (912,913,...,(9171,923,...,92“) cO

where O is a compact manifold of dimension 2n—3 with no boundary which was introduced in the
previous section. The elements in O represents the invariants of any solution to (1.8) generated
by rotations in the (1, z2)-plane, in the (x;, zo)-plane, for any j = 1,2 and o = 3,...,n.

For any set of parameters A = (), £,a,0) € RT x R® x R? x R?"~3 we now introduce the
function,

Qa(z) = ©a(Ry ' (z —€)),
where © 4 is defined in (2.22). More explicitly,
Vo Eomes )

z—¢ |z — ¢
1—2Rga - 55 + |al?| 552

n—2

(35)  Qalz)=A""=

— Rpa
|z — ¢ A

Observe that @4 solves the equation in (1.12), but it is far from satisfying the boundary con-
ditions. For this reason, we correct ()4, introducing its projection onto H&(QE). Let us define
P.Q4 to be

(3 6) _APEQA = |QA|p_1QA in QE?
: P.Qs=0 on 0.
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We next give the description of the asymptotic behavior of the projection P-Q 4 for x € ().,
as € — 0. To do so, we need to introduce Green’s function G(z,y) of the domain, namely G
satisfies

(3.7) G(z,y) = 0 x € 9Q,

where 0(x) denotes the Dirac mass at the origin, and its regular part H(x,y) := I'(x—y)—G(z, y),
where I' denotes the fundamental solution of the Laplacian,

(3.8) [(z) = o2,
It is direct to see that

{ _AIG($7y) = 5(3: - y) VS Q;

(3.9) H(z,y)=T(w—y)  zcoQ.

Furthermore, we introduce the function

0 (—# - R9a> 2" i T £ 0,

{—AmH(m,y):O x €

(3.10) F(r,a,0) :=
lim|zHo Q(Z) if 7 =0.

This is a smooth function in the set of parameters 7, a and 6 satisfying (3.2), (3.3), (3.4). We
have the validity of the following

Lemma 3.1. Let n > 0 be fized and assume that A = (X, €,a,0) € RT x R® x R? x R?"—3
satisfies (3.1)-(3.4), with the additional assumption that § = A1, and T # 0. Let

2,;.n—2

n—2 1
R(z) := P-Qa(z) — Qa(z) +7, '\ Q(—Rpa)H (z,£) + )\njF(T7a7 Q)W,
2
where F is defined in (3.10). Then there exists a positive constant ¢ such that for any x €
Q\ B(0,¢)

o ) <o [T o 1]
o ot < ex's* [T o S
o R e =l

o e

Proof. Let us introduce the scaled function R(y) = )FanQR(ey), defined for y € Q. = (Q) \

€

B(0,1). Thus —AR = 0 in €).. Furthermore, Q. — R"\ B(0,1) as ¢ — 0. Observe that, if

z= Ey/\_f, then

z

Quley) = AT 2P7Q (| _ Rga> |
For any y € 9B(0,1) we have that
R(y) = =A% Qaley) + 75 'Q(—Rpa) H ey, &) + N> " F(7,a,6).
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If { = A7, and 7 # 0, then z = —7 + Sy, and a direct Taylor expansion gives that

Qaley) =X"T'Q <—|:|2 - Rw) P (1 + O(%))

uniformly for points y € 9B(0,1). If 7 = 0, then

Qaley) =x~"7" <hm |z|2—”cz(|j|2)) (1+0(3)

|z]—0

2\ <lim Q(z)> (1 +0(§))

|z|—=0
Thus we get the estimates

1 ¢

(3.16) Ryl < 1+ 15)

uniformly for y € 9B(0,1).

Let us now take y € 0 (%), and we have

R(y) = =27 Qaley) !

+ WQ(R@G) + F(T, a, 0)

1
A\n—2 |y|n72 )

Since |z| = | =7+ §¢| = 00, as € — 0, we get
3 2 (E\yn—2 . Q
|IR(y)| < C(A\*+ (X) ) uniformly for y € 9 -

A comparison argument for harmonic functions implies that

14 et

Ry < C
|R(y)| < =

€
)\2 S\n—2 )
£ (]
This fact gives (3.11).
Let us now denote by Ry(x) = yR(x) and define Ru(y) = AfnT%R(sy). A direct computation
shows that
1 ¢

|RA(y)] < C(1 + WX) uniformly for y € 0B(0,1),
and
A 2, (E\n-2 . 0
|RA(y)] < C(A* + (X) ) uniformly for y € d -

This fact gives (3.12).
Finally, let R;(x) = 9r, R(z) and Ri(y) = A\~ 2 R;(cy). We get the following estimates

\Ri(y)] < C(1 + %) uniformly for y € dB(0,1),

and

8n72

Fily)| < COZ + 5

Q
) uniformly for y € 0 <> :
5

This fact gives (3.13). In a similar way, one gets estimates (3.14) and (3.15). O
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4. THE EXPANSION OF THE ENERGY

In this Section, we give the expansion of the energy function J.(P-Q 4) which defined by

1 1

We have the following result.
Proposition 4.1. Let n > 0 be fized, and A = (), &, a,0) € RT x R® x R? x R*~3 satisfies
(3.1)-(3.4). Then

2

1 ne
J-(PQa) = o1 + 5 (72 Q(=Rea) H(0,00d" 2 + —25 F(r,a,0)) ™

2 dn
(4.1) +11(d, 7, a,0) e
and
1/ _ . c n—2
v(d,T,a,G) JE(PEQA) = V(d,T,a,G) |:2 (’Yn QQ(_RGG)QH(Ov O)d 2 + dHQ_QF(Ta a, 9)>:| € 2
(4.2) VI, T, a,0) T

as € — 0, where Il denote a smooth function of its variables, which is uniformly bounded as
e = 0 for (N, & a,0) satisfying (3.1)-(3.4). Here F is the function introduced in (3.10), and c1

and co are the constants
1
= / QP dz, 2 —/ QP dz.
n Jrn Rn

Proof. We compute the energy
1 1
(4'3) JE(PEQA) = / ‘VPEQAde - / |P5QA|p+1d$'
2 Ja. p+1Ja.
Taking into the fact that —AP.Q4 = |QA[P7'Q4 in Q., and P.Q4 = 0 on 99, we have

/Q\VPaQA!QdUC:/Q Q4P 'QaP-Qadx

(4.4) - /Q Qe + /Q QAP QA(P-Qa — Q)da.

Moreover, by a Taylor expansion, for some t € (0, 1),

/ P.QaP de = / Qa+ (P-Qa — Q)P da
Qe Qe

- / QalPHdz + (p+ 1) / QP Qa(P-Qa — Qa)da
Qe Qe

p(p+1)
(4.5) +=

/ (tP.Qa+ (1 —1)Qa)" " (P-Qa — Qa)?dz,

Qe
From (4.3), (4.4) and (4.5), we get

L(P.Qa) = - [ 1QaP s =5 [ 1QaPQa(P.Qa — Qu)do

(4.6) —12)/ (tPgQA + (1 — t)QA)p_l (PEQA — QA)de.

€
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We will estimate each term in the following, and then the result in Proposition is a consequence
of the following Lemmas. O

Lemma 4.2. Letn > 0 be fized, and A = (), €, a,0) € RT xR? x R2x R?"~3 satisfies (3.1)-(3.4).
It holds
(4.7) [ 1@alrtias = [ j@rtt s+ i ra.0),

Qe R
where I1 is a smooth function of its variables, which is uniformly bounded as e — 0 for (A, &, a, )
satisfying (3.1)-(5.4).

Proof. We decompose it as

/ |QA|p+1d33:/ |QA|p+1dSU+/ QP da
c e<|z|<d |z|>6

for some 6 > 0 fixed and small. In the region ¢ < |z| < § we introduce the change of variables

y—ng)\ T, so that

/ ’Q |p+1 d / ’ | ' ‘Q| |y\2 — Rya p+1 ]
A T = T Ga Yy Ty D 19 Y,
e<|z|<d B | - R a’|2

\yl2
where B, := B(-T, %) \ B(—7,%). Since |w\2*”Q(#) = Q(w), and using the change of
variables z = ﬁ, we then have

p+1
[ earta= | [W "|Qr< . Rea)} dy
e<|z|<d Bi,e ‘ ’
p+1
=/ |y|2”[|c9!< 2—R9a>] dy
Bls | |

— / 1Q (= — Roa)" dz = / QPP Ldz + X"0(1),
B28 n

where By . := B(ﬁ, %) \ B(ﬁ, %) if 7 # 0, and Ba . := B(0, ) \ B(0, f) if 7 = 0. Thus, the
above estimate holds true for a generic function O(1) of the parameters (d, 7, a, §), which is uni-
formly bounded as ¢ — 0. On the other hand, in the set || > § we have that ‘flx\>6 QAP dz| <
CA"™. This concludes the proof of the Lemma. O
Lemma 4.3. Letn > 0 be fized, and A = (), €, a,0) € RT xR? x R?x R?"=3 satisfies (3.1)-(3.4).
It holds, as e — 0,

/Q QAP Qa(P-Qa — Qa)dx = —7,>Q(—Rga)*H(0,0)A" >

e

(4.8) - (X)HF(T, a,e)/ QP d= + TI(d, 7, 0, 0) "5,
RTL

where I1 is a smooth function of its variables, which is uniformly bounded as e — 0 for (A, &, a,0)
satisfying (3.1)-(3.4). Here F' is the function introduced in (3.10).

Proof. By Lemma 3.1, we have

/Q QAP Qu(P-QA — Qu)dr = —; AT Q(~Roa) /Q QalP ' QuH (. ¢)de
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8n—2

dx
——=F(7,qa, 9)/ QAP Qa5 +/ QAP 'QAR(x)dx
AT Q. |z| Q.
(4.9) =11+ I, + Is.
To estimate I, we write

/Q 1QaP Q. € = /

for some positive, small and fixed §. In the first region, the function H is smooth, and in
particular it has bounded derivatives. Thus, by Taylor expansions, we get

QAP QA H (2, €)da + / QAP QuH (x, €)da,

<|z|<d QN|z|>0

[ 1QaP T Qat (e,0)ds = H(0.,0) (/ rQA|p—1QAdx>
e<|z|<d e<|z|<d

+op/“ |@Aw-%aanx»+Aop/ﬁ QAP Qude).
e<|z|<d €

<lz|<d

Taking the change of variables y = fog, using the invariance of Q under Kelvin transform, and

using the change of variables z = ﬁ, we get

p
n—2
[ jaartQua=a | [!y\“!m <y2 - Rea)] dy
e<|z|<s Bi. |y
p
n—2
-3 | MMWD@<%mQ}@
Bi. |yl

N [ 10 - R ds
Ba,c ’z’n 2
1
re |2+ Rga|"—2
as e — 0. Here again By . := B(—7,2)\ B(-7, %), while By, := B(i 2)\ Bl 3), if 7 £ 0,
and Bs. := B(0,2)\ B(0,%) if 7 = 0. Recall now that

1
—Rga) =, | ——
Q=Fya) = /Rn |z + Rga|"—2

n—2
:A2

QP dz+0(\"7),

Q" dz
Thus we get

n+2

(4.10) / Qa1 Qade = 7 AT Q(—Rya) + O(NF).
e<|z|<d

On the other hand, using again the change of variables y = xT_f one finds directly that
flml<6 |QalP~'Qa4 |z|dz = O(A2). On the other hand, we observe that, in the region where
|z| > 0, one has

(4.11) Qa(z)] <CA'Z, forall z€Q, |z]>34,

where the constant C' is independent of €. Indeed, to prove (4.11), we start with the observation
that, in the region under consideration, one has

Qa(x)| < c|lQ4(x)|, where A= (\0,a,0),
for some constant ¢, independent of . Now, in the region under consideration |Q(z)| < CA"2.
Thus the validity of (4.11) follows, and we find
(4.12) I = =, 2A"2Q(—Rypa)>H(0,0) + O(A"1).
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Let us now estimate I5. We split the integral as follows

1
L@ @ ide= [ QM @ar et [ 1QalQar g
Qe |z| e<|z|<d || QN|z|>6 H

Using again (4.11), we see that an|a:|>5 |QA|p71QA|x‘%dx = O(AnTH)- Using the invariance of

. . . _z—¢ oy
) 9 - T - Jul2»
@ under Kelvin transform, and using the changes of variables, first y + and then z ol
we get
n—2 p 1
QuP Qe =% [ Wil (s o) |
/Qgﬁ|a:|<(5 ‘ ’ B ‘ ‘2 ’y‘n 2
P
n—2
=% [ il (e foa) |
Ble | ’
(4.13) AT Q (2 — Rpa)|Pdz = A" (/ QI dz= + O(/\2)> .
BQ’E Rn
Then
n—2
(4.14) I = —% <F(T, a, 9)/ QP dz + O(A2)> .
]Rn

We conclude with the estimate for I3. We use the result in Lemma 3.1, and in particular estimate
(3.11), to get

(4.15) 3] = |/Q QP QaR(z)dx| < ce2 (|L| + |L),

for some positive constant c¢. This concludes the proof of Lemma. O

Lemma 4.4. Under the same assumptions as in Proposition 4.1, it holds

(4.16) / (tP-Qa + (1 = )QA)" " (P-Q4 — Qa)2dx = 11(d, 7,a,0) "7

€

Proof. Using (4.6), we have

| (th-:QA + (1 - t)QA)p_l (PEQA - QA)2d$|

4.17 PrLEA2 4 SR d
( : ) / ‘QA‘ )\n 2 |l“2 €.
Direct computations give
(4.18) An-2 / QP lde = O(X2),
Qe

and

L 2(n—2)

p—

(4.19) i / QAP gy = O
Then (4.16) follows from (4.17) to (4.19). O

We conclude this section with the proof of (4.2). More precisely, we prove

—2

D4 J-(P-Q.) =04 B (7;2Q(—R9a)2H(O,O)d”’2 + d;ﬁzF(r, a, 9))} SR
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(4.20) +1(d, 7,a,0) T,

as € — 0, where II is a smooth function of the variables (d, 7, a, 8), which is uniformly bounded
as € — 0 for (\ &, a,0) satisfying (3.1)-(3.4). The estimates for the other derivatives can be
obtain in a similar way.

Proof of (4.20):

We have

1 1
adJE(PeQA) =04 <2/Q ’VPEQAFd:B — W/Q |P5QA|p+1dm)

— | VP.QuV@uPQ) - [ 1P.QsPOUP.Q)ds
Qe Qe
Since the function P.Q 4 satisfies (3.6), we find

04J:(P:Qa) = —/ [1P-QalP — Q4P Q4] 04(P-Q4)dx.

€

By a Taylor expansion, for some ¢ € (0, 1),

|P-QalP =|Qa + (P-Qa — Q)P = |QaP'Qa + p|QalP2Qa(P-Qa — Qa)

L=l (tP-Qa+ (1 - 1)Qa)" " (P-Qa — Qa)*.

2
Then
04 J-(P-Qa) = — /Q (PIQAP2QA(P-Qa — Qa)] 04(Qa + (P-Qa — Qa))dx
E D n.Qa (- 04 (PG — Qa0u(@a + (P04 - Qu) o
_ /Q DIQAP2QA(PQa — Q)] 04Qude
- / D1QuP2Qu(P-Qs — Q)] 04(P-Qa — Qa)da
- p(p; D / (tP-Qa+ (1 —1)Qa)" * (PeQa — Qa)*04(Qa + (P-Qa — Qa))dz
- /Q D1QaP2Qu(P-Qas — Q4)] 04Qads
+0 (/Q 1QalP2QA(P-Qa — QA)2d1?>
=— /Q 9a[|QAlP] (P-Qa — Qa)dx + O (/Q 1QalP2QA(P-Qa — QA)Zd?C)
=@(—/ @MWAQA—QOM)+/‘@m%maQA—Qmm
Q. Qe
(4.21) +0 </Q |QA|p72QA(PEQA — QA)2dl‘> .

From Lemma 4.3, we have that

o4 (— /Q QuP(P.Qa — QA>da:)
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=04 (2 *Q(~Roa) H(0, 0)d" + d"?

C2 n—1
(4.22) =(n—2)d~ ( *Q(~Rea)*H(0,0d" 2 = =25 F (., 9)) * 4 ul(d, T, a,0) "
Moreover, for the second term in (4.21), by Lemma 3.1, we have

/Q |QalPOa(P-Qa — Qa)dx

F(r, a,@))s 2 —|—8dH(d T a,0)e 7

\QA\pad [ lAnTizQ(—Rga) H(z,§) — i F(T a 9)|}L2 -I—R(:E)] dx

/ 1QulP0x |~ AT Q(— Rya) H(z,€) — = 2F(TM)#H%() 2 o
AT ’ DS N ] od

2
n—2

24 / QP [—vglx’?Q—lQ<—Rea>H<x,s>+ Firad) i 2]dw

;/ |QalPOrR(z)dzx
since \ = +/ed

. En72 1
[— AT Q(—Rya)H (x,&) + FF(T a 0)] dx

> |‘n2

+€2/ \QA\pa,\R(m)dm
Qe

n

N2 )4 eh / QA[PONR(z)dx
Qe

2
where I; and I are defined in (4.9), with

L—I=— (V;QQ(—Rga)zH(O,O)d"_Q - d?_QF(T a 0)) L I(d, 7, a,0) ¢

and from Lemma 3.1, we have |O\R(z)| < cA7!|R(z)], then by (4.15), we get

1

o [ 1QaPosntas] <oa e [ QupRGa)s = ed [ QapRG)e

1
<cez (L] + L2]).

Thus
| 1@arouP.0s - Qe
(4.23) =-" 5 241 (%;2Q(—Rga)2ﬂ(o, 0)d"2 — dfiZF(T,a, 9)) e +10(d, 7, a,0) e T
Lastly, using Lemma 3.1, as a computation in Lemma 4.3, we have
(4.24) 0 ( /Q Qa2 QA(P.Qa QA)%zx) — 11(d, 7, 0,0) "F

as € — 0, where II is a smooth function of the variables (d, 7, a, ), which is uniformly bounded
as € — 0 for (A&, a,0) satisfying (3.1)-(3.4).
Therefore, by (4.21), (4.22), (4.23) and (4.24), we obtain

-2 n— e
8aJ-(P-Q4) :an“ (752Q(—R9a)2H(0,0)d”’2 - d§32F(T, a, 9)) "5 4 9yll(d, 7,a,0) "
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1 n— n—
—0, [2 (%22 Q(=Roa)2H(0,0)d" 2 + 25 F(r,a,0)) sﬂ + 04l1(d, 7, 0,0) "% .

That is, (4.20) holds.

5. SCHEME OF THE PROOF

By the change of variable,

_1
(5.1) v(y) = P Tu(VEY).
Problem (1.12) has a solution u if and only if v solves the following problem
Av+ [v|P~lv =0, in Dg;
(5-2) {v =0, on 0D,,

where D, := % = %\B(O, VE).
In expanded variable, the solution that we are looking for looks like
_1
(5.3) v(y) =V(y) +¢(y),  where V(y) =er1PQa(Vey),
where P.Q) 4 is defined in (3.6). We observe that the function V' is nothing but the projection
1
onto Hg(D.) of the function e7-1Q4(1/y). We also observe that, if A = (), €, a,0), then

e71Qa(VEY) = Q4(y), with A = (ddr,a,0)

since A\ = d\/e and £ = A, where Q4 is given in (3.5).
Rewriting the result contained in Lemma 3.1, we see that as ¢ — 0,

(5.4) V) = Qi)+ (1 + ML)EA@),

uniformly on compact sets of D.. Here = ;(y) is a smooth function, which is uniformly bounded

for y € D., as € — 0, and for sets of parameters A satisfying (3.1)-(3.4).
In terms of ¢, problem (5.2) becomes

(5.5) L(¢)= —N(¢)— E, inD., ¢=0, ondD.,
where

(5.6) L(¢) = Ap+pVPlp, N(9) = (V +¢) — VP —pVP~lo,
and

(5.7) E=VP—|Q;P Q4 with A= (ddr,a,0).
Consider the following functions, for any j =0,1,2,...,3n — 1,

(5.5) Zi(y) =<7 Zi(Vey), ye Do Zyx) = Oalx](@)
where © 4 is the operator defined in (2.21). Observe that

(5.9) Z;(y) = 012)(y).

In order to solve problem (5.5), we first consider the linear problem. Let n > 0 be fixed as in
(3.1), and assume that the set of parameters A = (), &,a,0) € RT x R" x R? x R?"~3 satisfies
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(3.1)-(3.4). Given a function h, we consider the problem of finding a function ¢ and real numbers
¢, j=0,1,2,...,3n — 1 such that
L(¢) =h+ > ¢VP'Z;, in D
j=0,1,2,"..,3n—1
(5.10) ¢ =0, on 0D;
[p. VP ' Zjpdy =0, forall j=0,1,2,...,3n - 1.

In order to perform an invertibility theory for L subject to the above orthogonality conditions,
we introduce some proper weighted L°°-norms. We start with for

(5.11) [9]|xx = sup ||y ¥ (y)| + sup |(1+ [y|")v(y)],
yele y€O0;

where

(5.12) I..={ye Dyl <1}, O;:={ye€ D., |yl >1}.

This L* weighted norm, which allows singularity at 0, is suitable to estimate the right hand
side h in (5.10). The estimate of || E||.«, where E is the function defined in (5.7), is crucial for
our argument, as it will become clear later on. We claim that there exists a positive constant
C, independent of ¢, so that

(5.13) 1B < Ce"2.

Let us consider first y € D, with |y| > 1. Using the result in Lemma 3.1 and a Taylor expansion,
in combination with (5.8) and (2.2), we immediately see that
n—2

n—2 E 2
E <Cez |Q:i(ylPlt<c—.
| (y)|—C€ 2 ’ A(y)| _Cl+|y’4

Let us now consider the region y € D, and |y| < 1. In this region, the function E can be

estimated as follows
n—2 p n—2
g 2 g 2
EW)|<C|—= | <Ci—s,
|y 2 |y|m—2

since in the region we are considering one has |y| > /. With this, (5.13) is proven. We now
introduce an appropriate norm to estimate a solutions to (5.10). This norms depends on the
dimension of the space. For a function v defined on D,, we define

[9[lx = sup [|ly[*¥ ()| + |ly|*T Dy (y)|]
yele

(5.14) + sup [[(1+ |y ()] + (1 + 1y1* ) Do)l
y€O0:

where

n—4if n>5 2 if n>5
(5.15) a= B =

o if n=4" 2—0c if n=4
for some ¢ > 0, and

(5.16) 19l = sup [+ gD ()] + 1+ lyI*) Dy (y)l]

if n =3.
Equation (5.10) is solved in the following proposition, whose proof is postponed to Section 6.
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Proposition 5.1. Let n > 0 be fized as in (5.1), and assume that the set of parameters A =
(N € a,0) € RT x R x R? x R?"=3 satisfies (3.1)-(5.4). Then there are numbers eg > 0, C' > 0,
such that for all 0 < e < g9 and all h € C%(D,), problem (5.10) admits a unique solution
¢ :=T.(h). Moreover,

(5.17) ITe(P)]l« < Cllhllsss  lej| < O]l
and
(5.18) IV (d,r,a,6) @l < Ol

Based on the results in Proposition 5.1, a fixed point argument allows us to solve the nonlinear
problem of finding a function ¢ and constants c¢; solutions to
L(¢)=—-[N(@)+E|+ ¥  gVrlz, in D
§=0,1,...,3n—1
(5.19) ¢ =0, on 0D
In. VP=1Z:pdy =0, forall j=0,1,2,...,3n — 1.
The solvability of problem (5.19) is established in next Proposition, whose proof is postponed

to Section 7.

Proposition 5.2. Assume the conditions of Proposition 5.1 are satisfied. Then there are num-
bers eg > 0, C' > 0, such that for all 0 < € < e, there exists a unique solution ¢ = ¢(d,a,0) to
problem (5.19). Moreover, the map (d,T,a,0) — ¢(d,7,a,0) is of class C* for || - ||« norm, and

(5.20) loll. < C="2,
and

n—2
(521) ||vd,’r,a,0¢||* <ez2.

After problem (5.10) has been solved, we find a solution to problem (5.5), if we can find a
point (d, 7, a,f) such that coeflicients ¢; in (5.10) satisfy

(5.22) ¢;=0 forall j=0,1,2,...,3n— L.

For notational convenience, we introduce the set

(5.23)  A:={(d,7,a,0) : conditions (3.1)-(3.4) are satisfied} C RT x R™ x R? x R*"~3,
We now introduce the finite dimensional restriction F¢(d,7,a,6): A — R, given by

(5.24) Fe(d,7,0,0) = I (V(y) + () ,

with V defined by (5.3) and ¢ is the unique solution to problem (5.19) given by Proposition 5.2,
and I. is the energy functional associated to problem (5.2), given by

1 1
2 I.(v) == *dy — —— Py,
(5.25) )=y [ 1oty [ty

Lemma 5.3. If (d,7,a,0) is a critical point of Fr, then v(y) = V(y) + ¢(y) is a solution of
problem (5.2).

Proof. We claim that if (d,7,a,0) if a critical point for F., then We first differentiate F. with

respect to d, then we have

(5.26) DI€(V+¢)[§CZQA+0(1)]:O, Dlg(V-i-(Zﬁ)[aaQA—i—o(l)]:O, i=1,...,n,

T

DIS(V—i—(ﬁ)[aZQQA—i—o(l)]:O, ng(v+¢>[£j%+o(1)]:o, j=1,2,
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DIV +8)[5-Qi +o(1)] = 0. DLV + )

Let us assume the vahdlty of these equalities. From (5.19), we have

QA+0( )] 07 l:?),...,’n,.

(5.27) DI (V 4+ ¢)[Z; + o(1 ch/ VP Z:(Z; + o(1))dy
where
0 0
QA’ ija—T’LQA, i 1,...,71, Zn+1 0012QA
0 0
Znyo 3 Qi Zn+3 3 Q@

and, for I/ =3,...,n
0
Zn, =—Qi Zopti-1= Q3
1= F- Qi 2nti-1 = Fo Qi
Using (2.23), (2.24), (2.26), (2.27), a direct computation gives

Jan 1QIP1 ()22 (y)dy + O(e7-2) if i=j:
nQpil z Zn d +O€# lfl:L :n—|—27
VP2, Zudy = Jon 1QIP~H () 21 () 242 (y)dy + O( n) j
Pe Jgn 1QPP T (y)22(y) 2ns3(y)dy + O(e72) if i =2, j=n+3;
O(e w2 ) otherwise,

where the functions z; are the ones defined in (2.15), (2.16), (2.17), (2.18), (2.19). Therefore,
the condition V(4. 40 F:(d, 7, a,0) = 0 give the 3n conditions

DIL.(V+¢)[Z;] =0, j=0,....3n—1,

that give necessarily that ¢; = 0 for all j = 0,...,3n — 1. This concludes the proof of the
Lemma. We shall now prove (5.26). Since the arguments are similar, we prove the first formula
n (5.26). Observe that

0 0
%Fe(da’ryave) DI (V+¢)[ V+ QS]
From Lemma 3.1 and (5.8),
8 8 n—2 1
- -~ 0- 14— N

where © ;(y) is uniformly bounded as ¢ — 0. Now, observe that

2—n y—dr R9a|y—dr|2
d d
=0 1 2R y—dr 21y—dr 9 | °
- 0a - g + |a| | d |
Taking into account that ||%¢||* = o0(1), as € — 0, we get that %FE = DIE(V+¢)[%QA+0(1)],
as e — 0. U

0 B y—dr ly — dr|
@il =75 | L2 Ryl

Lemma 5.4. Assume the conditions of Proposition 5.1 are satisfied. Then we have the following

expansion
2

F.(d,7,a,0) — I(V) = o(c"2")®,

where © is C* uniformly bounded, independent of €.
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Proof. By a Taylor expansion and the fact that DI.(V + ¢)[¢] = 0, we have

Fe(d,7,0,0) = I(V) = I (V 4 ¢) — I(V) = /01 DLV +19) [, ¢]t dt

1
- /0 / (V6 — p(V + té)¢?] ¢ dr.

From (5.19), we have

F.(d,7,a,0) — // [(VP~L—(V 4+ t¢)P 1] ¢ + [N(¢) + E] ¢dy
<o [ Wrto (V4 opYe? dy + / ] || dy + / IN(@)| 6] dy
D. D D¢
(5.28) = o(e"7) O,

uniformly with respect to (d, 7,a,6) in the considered region, where © is uniformly bounded,
independent of €. Here we used the facts || E||, < Ce"7 and o]« < Ce"5.

By a similarly way, using the facts ||V 4 - .0 [« < Ce 3% and 10(d,7,0,0) @+ < Cce"s , We can
obtain
V(d,‘r,aﬂ) (Fa(da T,aQ, 9) - IE(V)) = 0(€T)@'

This ends the proof of Lemma. U

Proof of Theorem 1.1. By Lemma 5.3, we know that u(y/cy) = e (V(y) +o(y)) is a
solution to problem (1.12) if and only if (d, 7, a, @) is a critical point of F.(d, T, a,#). So we have
to prove the existence of the critical point of F.(d,T,a,f). We observe that, under the change
of variables (5.1), we have I.(v) = J-(u). From Lemma 5.4, Proposition 4.1, (4.1) and (4.2) we
find

(5.29) F.(d,7,a,0) = ¢; + U(d, ,a,0) 7 +0(€ 2 )@(d T,a,0),
where WV is defined as
U(d, 7,a,0) = = |772Q(—Rga)?H(0,0)d" 2 + dinF(T, a, e)} :

with F' given in (3.10) and © is a smooth function of its variables, which is uniformly bounded,
together with its first derivatives, as ¢ — 0 for (A, &, a, 0) satisfying (3.1)-(3.4). Thus our result
is proven provided we find a critical point, stable under C! perturbation, of the function W.

Recall that
A= (\Ea,0) eRT xR xR" x R 3 X\ =dy/z and € = )7,
with d, 7, a, 0 satisfying (3.1)-(3.4).
Firstly, we observe that
n—2 ¢
2 dn-1

04U (d,7,a,0) = "~ 20-2Q(— Rya)>H(0,0)d" — F(r,a,0).

1
We have that 0;¥(do, T, a,6) = 0 with dy = (7;2Q':(27Flg;a)le(o,o)> = and 3§d\11(d0,7',a, 0) > 0.

Thus ¥ has a unique non-degenerate minimum point dy with minimum value

(5.30) U(do, 7,a,0) = v, '\/caH(0,0)Q(—Rgpa)\/F(r,a,0).
From (2.3), we can fix r > 0 so that

1
(5.31) — < Q(x) < Q0), for all |z| < r,
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and Q(z) has a local maximum in B(0,r), attained at x = 0. By the definition of F' in (3.10),
for 7 # 0, we have

T —n
F(T,a,@) :Q <_|7_2 + R9a> ‘7_‘2
set y = —# + Rypa

=Q(y)|y — Roa|"?
=Q)|y"* — Qy)lyI"*yRea + O(lal).
Noting that |y| — oo when |7| — 0, thus from (2.2),
F(r,a,0) = Bp(1+ck) +o(la]) as 7—0,
where ¢ — 0 as k — oo. Moreover, for fix a and 6,

(5.32) M := max F(r,a,0) >0
T€B(0,n)

is attained at point in B(0,7). We define the following sets
1
A= (07" x B(0,n) x B(0,5) x O,

where 1 > 0 is fixed as in (3.1), and O is a compact manifold of dimension 2n — 3 with no
boundary, and the close connected subset of A given by

M
B = [2n, 2do] x {T € B(0,n) : F(r,a,0) > ?} x B(0,1/4) x O.
Let I' be the class of all continuous functions ¢ : B — A. Define the min-max value
5.33 c:= inf sup ¥(o(2)).
(5:33) inf sup ¥((2)
From (5.30), (5.31) and (5.32), we find that

&Vglmms ¢ < 9 Ve H(0,0)VMQ(0).

By construction, ¢ is a min-max value for ¥. This value is topologically non trivial, and it persists
small C! perturbation of the functional. This in particular implies that also the functional F.
defined in (5.29) admits a critical point and this concludes the proof of our result. O

6. THE LINEAR PROBLEM: PROOF OF PROPOSITION 5.1

Proof of Proposition 5.1: The first part of the proof consists in establishing the priori estimate
(5.17). We do it by contradiction: assume that there exists a sequence € = g; — 0 such that
there are functions ¢. and h. such that
L(¢€) =h. + Z Cij_le, in Dy
j=0,1,...,3n—1
(6.1) b =0, on 0D,;
In. VP Zipedy =0, forall j=0,1,2,...,3n—1,

for certain constants c;, depending on €, with ||hc|[«+ — 0 while ||¢c||« remains bounded away
from 0 as € — 0.
We first establish the slightly weaker assertion that

[¢ell, — 0
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with p > 0 a small fixed number, where

19l = sup [yl* Py (y)] + [ly|* TP Dy (y)|]
ycle

+ sup [|(1+ 7)) + 1+ ) DY)

if n >4, and

H¢Np==zi5§ [+ [y )] + 11+ [y*7*) Dy (y)]]

if n = 3. To do this, we assume the opposite, so that with no loss of generality we may take
I ellpy = 1.
We claim that
(6.2) c; —+0, as e—0.
Testing equation (6.4) against Z;, integrating by parts twice we get that

©3) e [ Vzzdy= [ 8zivpv Zlocdy~ [ Zo0.~ [ nezidy.
D D 0D, e

We claim that

Jon QL ()22 (y)dy + O(e72) if i =j;
QP ()21 (v) 2n dy + O(en2 if i=1, j=n+2;
64) [ vz, 2y - Jen QP (W) 21(y) 2012 (y)dy + O( L) j
De Jon QP (W) 22(y) 23 (y)dy + O(en=2) if i =2, j=n+3;
O (5# ) otherwise,
(6.5) / [AZi +pVP ™' Zi]ge = 0(1)||¢:]lp, and /D Zidy¢e = o(1)]|6: |,
(6.6) |/ heZi < Cllhalun.
D,

Thus, we conclude that

(6.7 651 < Cllhelle + o(DlI6c ]
from which (6.2) readily follows.

Proof of (6.4). From (5.8) and (5.9), we observe that

/ Vp_lszidy = /[; Q%_IGA[ZJ‘]@A[ZZ'] dy—i—O(gﬁ)7

where A = (d,dr,a,0). Using first the change of variable z = yjidT, and then the change of

variables n = |Zz‘2, we have

/D QY0 5(210 4z dy = / ‘,; — Ryalz|

= [

= / (prlzjzi) (n — Rga) dn

—2n 2
_ — Ryalz|
P12 2T walEl dz
(Q ) ) <||§| —Rga’ZHQ

—2n 2 — Roa
- [2]2 0
(Qp 1iji) < z‘ —RQCLP) dz

[ER

z
W—Rga
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= Qpilzjzi-FO(Eﬁ).
RTL

The last equality follows from Lemma 8.1 in the Appendix. This concludes the proof of (6.4).
Proof of (6.5). We start from the first estimate. Let g; = AZ; +pV?~1Z;. By definition of Z;,
we have g; = p (VP*1 — Qi’{l> Z;i. A close analysis of the functions z; in (2.15), (2.16), (2.17),
(2.18), (2.19) gives that, for some constant C,

y € R™

zi(y)] < ————,
5)| < T

From Lemma 3.1, we see that

n—2

2

Vi) = Qaly) =7 Q- Roa) H(VEp, ™% = F(7,0,0) s + R(y)

with o
IR(y)| < ™7 [82(@;2_%1) + N 4T
Thus we have the following estimate
1 o m2 | T
(6.8) [[AZ; +pVP~' Z]¢.| < CQY <€ 2+ W) | Zi e |.

To estimate [}, gi$, we estimate separately [; g;¢, and [, gi$. Consider first the case p > 2.
In dimensions 5 and 6, one has

/ AZ; 4+ pVP 1 26,

I

< ce"P |4, / 1y
I |y‘2n—6+p

<ce et tg, | —
a<lyl<1 Yl

g __

— L
< Cetm27z gl

Moreover,

/ [AZ; + pVP~1Z] ¢,

€

n—2 1 _P
<(Ce2 ||¢||p/o Wdy:ﬁ 2||oll,-

In analogous way, one has
27573 ¢|, if n=4;
<C
1 .
exllol, it n=3,

/ [AZ; +pVP~ 1 Zi|¢e
I.

and
elloll, if n=4;
<C

/ [AZ; + pVP~ Z] ¢,

€

e2oll, it n =3,
as € — 0, in dimensions 4 and 3. Similar estimates hold also in dimensions 4 and 3. Thus the

first estimate in (6.5) holds true in dimensions 3 to 6.
Let us consider now n > 7, that is p < 2. Define R, = {y € D. : |Q ;(y)| < €}. We have

[AZ; +pVP ' Z]¢e| < CeP™'Zj|¢e|, in R
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and -
[AZi +pVP ' Zilg:| < ClQ4P e} <a + @_2) | Zjel, in D\ R.
Thus, we get
[ so<ca el [ g0 <ol
and

_e_ n—4
< Cel 72 g, < Ce z |9,

/ gi® / 9i®
I.NRe 0.NRe

for some a > 0 small. Thus we get the validity of the first estimate in (6.5). Let us discuss now
the second estimate in (6.5). We write

D¢ 0¢ ¢
Zi— = Zi— + Zi——.
/305 v op.n. OV op.n0. OV

‘We observe that

8¢5‘ / 1 -
Zi S C (b EEr—— S Cg 2 ¢ ,
/8Dsm15 v el aB(0,v3) 1Y 111,

0 n-2 3—p _p
[ af|<ci, [ ePEF <ol
dDeNO- v dDeNOe

The second estimate in (6.5) is thus proven.

Proof of (6.6). We directly see that

dy / 1 >
/e ) ( L2 o, (U [yt 17 il

Let GG; denotes the Green’s function of D.. We have for x € D,

09) 6cw)=p [ GelopV? oy~ [ Gelwphedy=3e; [ VIIZGla ) dy
D D, j D

and

=31 =32 =g
We claim that
(6.10) |pe(z)| < C % if n=4; for |z]<1

[0cllp + [|hellax if - 72 =3,

and
el e i > 5
(6.11) [¢=(x)] < € ¢ Lcllatieles i 5y =45 for 2| > 1.

[ $ellptllhellsx —
2] if n=3,
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And similarly,

H%I‘Iﬁ% if n>5;
(6.12) On02(2)| < Cq Loltlibleip gy —y; for o] <1

[@ellp + Al if - 72 =3,

and
||¢s||1p_:r|:|t|‘fgell** if n>5:
(6.13) |0z ()] < C % if n=4; for |z|>1.

e + hE sk 2
¢ ||1,0+|£‘2 lex 56 4y = 3,
Assume for the moment the validity of these estimates. Since p is arbitrarily small and ||¢.||, = 1,
the estimates above imply that that ||¢c||ze(B(0,r,)\B(0,Rs)) > 7 for certain Ry > Ry > 0 and
v > 0 independent of e. Then local elliptic estimates and the bounds above yield that, up to a
subsequence, ¢. converges uniformly over compacts of R to a nontrivial solution ¢ of

(6.14) Ad+plQPo =0,
which besides satisfies
(6.15) |p(x)| < Clz|™, B=2, if n>5 f=2—0, if n=4

In dimension n = 3 this means |6(2)| < Clz|>™. In higher dimension, a bootstrap argument of
¢ solution of (6.14), using estimate (6.15), gives |¢(z)| < C|z|>~". Thanks to non degenerate

result in [19], this implies that ¢ is a linear combination of the functions z;, defined in (2.15),
(2.16), (2.17), (2.18) and (2.19). On the other hand, dominated convergence Theorem gives that
the orthogonality conditions |’ D. ngan_le = 0 pass to the limit, thus getting

/ \Q|p_1zj<5:0 forall j=0,1,...,3n—1.
Rn

Hence the only possibility is that qg = 0, which is a contradiction which yields the proof of
|¢cllp = 0. Moreover, we observe that

9=« < Cllhcllex + [ dell),
hence ||¢c ||« — 0.

We shall show the validity of (6.10) and (6.11). To get (6.12) and (6.13), one proceeds in a
similar way, using the fact the function ¢. is of class C! and

8x5¢5(x) = p/ astE(:I:,y)folgbgdy - / amsGa(xay)ha dy
D. D.
o ch/ VpileamsGs(%y) dy, x € De.
j €

Using the definitions of the norm in (5.11), we get that, for |z| <1,

1 1 1 1
g2(z)| < Cllh **</ — _dy+/ — dy)
= Clbellee J, o=y 0. lz —y" 2 1+ [yl
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e |l if n>5;

|x|n74
(6.16) <C % if n=4;
e |lsx if n =3,

as consequence of (8.9), in Lemma 8.3. Consider now |z| > 1. In this region we have

lhellee ¢ > 5,

1+]|z|?

(6.17) l92(2)] < €4 el i n = 4;
lhelles 3¢ g —
T[] if n=3,

as consequence of (8.10), in Lemma 8.3. Arguing similarly, and using (6.7), we see that, for
2| <1,

ldellotlbele i 1 s 4.

‘xln—4

(6.18) ch/ VP Z,Go(,y) dy| < C
T 1=l + [hellen if n =3,
and, for |z| > 1,
6ellp Al e '
e fnz=5;

(6.19) ZC]' 5 Vp_IZjGE(x,y) dy| <C % if n=4;
j €

[@ellotlIhellsx —
W lf n = 3,

In order to estimate g;, we consider first n > 5. For |z| < 1, we use (8.10) to get

1 dy 1 dy [ el
6.20 gi(z)| < Cllo (/ +/ >C’ P
( ) 91 ()] ¢l Lz — g2yt o. |z —y["2 1+ |y|6tr ||

and (8.9) to get, for |z| > 1

| pell o
21 <
(6.21) (o) < O,
In a similar way, we have, for |z| > 1,
(6.22) @l <l it n—i @) < Clod, it 0=
and
el . @ellp .
6.23 <C———L _ if =14 <C f = 3.
62)  In@I <O i =i ln@l<C{EE i

Collecting together estimates (6.16)—(6.23), we obtain the validity of (6.10) and (6.11).
Step 2: The existence of solution to (5.10). To do this, let us consider the space

H—{¢6H3(D€) VP 17,4 =0, Vj—O,l,...,3n—1}

|
D.
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endowed with the usual inner product [¢,¢] = [, p. VoV Problem (5.10) expressed in weak
form is equivalent to that of finding a ¢ € H such that

(6, 9] = /D (VP o—h) ¢ Vo eH.

With the aid of Riesz’s representation theorem, this equation gets rewritten in H in the opera-
tional form

(6.24) ¢ =Lc(¢) +h

with certain h € H which depends linearly in A and where L. is a compact operator in H.
Fredholm’s alternative guarantees unique solvability of this problem for any h provided that the
homogeneous equation ¢ = T.(¢) has only the zero solution in H. Assume it has a nontrivial
solution ¢ = ¢., which with no loss of generality may be taken so that ||¢.||« = 1. But for what
we proved before, necessarily ||¢¢||« — 0. This is certainly a contradiction that proves that this
equation only has the trivial solution in H. We conclude then that for each h, problem (5.10)
admits a unique solution. Standard arguments give then the validity of (5.17).

We next analysis the dependence of the solution ¢ to (5.10) on the parameters A’ = (d, 7, a, 6).
Let us define A" = (Ay, Ag, ..., Asy) the components of the vector A’. Let us differential ¢ with
respect to Ag, for some s = 1,...,3n. We set formally Z = aiAS(ﬁ. Then Z satisfies the following
equation

AZ +pVP T Z = —pda, (VP )¢+ > e;VP ' Zj + ¢;04,(VP' Z;) in D,
J
Here ej = da,c¢;. Besides, from differentiating the orthogonality condition || D. VPl Zipdy = 0,
we get

O, (VP~12;) gy + / VP12, Zdy — 0.

D, D,
Let us consider constants b; such that
(6.25) / VP22 =Y b | VPZZ =
€ i DE

These relations amount to

Zbi/ Vp—lzjzi:/ vrlz,z.
i D D

€

Since this system is diagonal dominant with uniformly bounded coefficients, we use it is uniquely
solvable and that b; = O(||@||+). Let us set n = Z—>";Z;, thus n € H}(D,) and fDe VPlZm =
i

0 for all j. On the other hand, we have that
(6.26) An+pVP Ty =f+> e;VP'Z; in D,
J

where e; = %cj and
(6.27) £ =2 bi(—(A+pVP)Zj + j0a (VP71 Z)) = pda, (VP 10),
J
Thus we have that = T.(f). Moreover, we easily see that ||¢pda,(VP™1)|lws < C|/¢]|+. On the

other hand |04, (VP~1Z;(x))| < Clxz|™"4, hence ||c;04, VP Z;i||lsx < C||h||sx since we have that
¢i = O(||h]|s+). We conclude that ||f|l.« < C| k||« Reciprocally, if we define Z = T.(f) +
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> e;VP~1Z;, with b; given by relations (6.25) and f by (6.27), we check that indeed Z = 94, 6.
In fact Z depends continuously on the parameters A" and h for the norm || ||, and || Z]|« < C||h]«x
for parameters in the considered region. In other words, we proved that (d,7,a,6) — T: is of
class C! in £(LS2, L) and, for instance,

(DaTo)(h) = T=(f) + )b 25,
where f is given by (6.27) and b; by (6.25). This concludes the proof. O

7. THE NON-LINEAR PROBLEM: PROOF OF PROPOSITION 5.2
Proof of Proposition 5.2: We write the equation in (5.19) as

Ap+pVPle=-N(¢)-E+> VP 'Z; in D,
J
where N(¢) and E are defined respectively by (5.6) and (5.7). We already showed in (5.13) that

| El < Ce"7". To estimate N (¢), it is convenient, and sufficient for our purposes, to assume
|o|l« < 1. Note that, if n < 6, then p > 2 and we can estimate

Wl i > 4;
IN(@)| < CIVIP2|6> and hence |N()|(z)<Cd © for |z <1,
lo2if n=3,
and )
LA if n>5;
IN(¢)|(z) < C 5_%% if n=4; for |z|>1,
2
el if n=3,

Assume now that n > 6. If |¢| > 3V we have

Ep‘ﬂﬂl_z if |z] < 1,
IN(¢)| < C|¢f°, and thus [N(¢)(z)| < C

er il if [o] > 1

Let us consider now the case |¢| < $V. In this case, we have that |N(¢)| < C|V[P71|¢|, for some
constant C. Thus, for |z| < 1, we get

& N6l _ . 16l

NI < Oyt = Sy
while for |z| > 1,
ol 9|
N < o1y < el
Combining these relations we get
C|lo|? ifn<6,n#4
(7.1) IN(@)|lss < { Ce72|@]2  if n=4

_n=4 9 .
Ce n=2]|¢||s if n > 6.
Now, we are in position to prove that problem (5.19) has a unique solution ¢ = 5 + 1;, with

(7.2) )= —To(E),
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with the required properties. Here T. denotes the linear operator defined by Proposition 5.1,
namely ¢ = T:(h) solves (5.10). We see that problem (5.19) is equivalent to solving a fixed point
problem. Indeed ¢ = ¢ + v is a solution of (5.19) if and only if

(Z) = _Ta(N(d; + 1;)) = Aa(d;)‘

We proceed to prove that the operator A, defined above is a contraction inside a properly chosen
n—2
region. Since ||E||. < Ce 2, the result of Proposition 5.2 gives that

19]lex < C™F
and
Clinl|? ifn<6,n#4
(7.3) [N (% +n) [l < Ca_i!ﬂ!\i if n=4
Ce n2 ||| if n > 6.
Call

n—2
F={neH;:|nl«<Rsz }.

From Proposition 5.2 and (7.3) we conclude that, for € sufficiently small and any n € F we have
n—2
[Ac(m)ll« < Ce =

If we choose R big enough in the definition of F', we get then that A. maps F in itself. Now we
will show that the map A. is a contraction, for any € small enough. That will imply that A,
has a unique fixed point in F' and hence problem (5.19) has a unique solution. For any 7y, 72 in
I we have

1A= () — Ac(n2) ||« < ClIN(® + 1) = Ne(@ + 02) |,

hence we just need to check that N is a contraction in its corresponding norms. By definition
of N

DgN:() = p[(V +7) " = VP,
Arguing as before, we get ¢ € (0,1) such that
IN (4 +m1) = N (@ +n2) [l < cllm — 12l

This concludes the proof of existence of ¢ solution to (5.19), and the first estimate in (5.20).
The regularity of the map (d, 7, a, ) — ¢ can be proved by standard arguments involving the
implicit function, and then we get the estimate (5.21), which can be seen in [19]. O

8. APPENDIX

Let
n—2 0
2o(y) = —5—Uy) +VU(@) -y, Zaly) = @U(y),
for a =1,2,--- ,n. We note that, by symmetry and (8.5) in [19], we have
(8.1) / U(y)P~" Zo(y)*dy = / U(y)P " Zaly)?dy = 2°% n(n - 2)2L%)2 =0
' n n “ (n+2) "

We have the following results.
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Lemma 8.1. Let the functions z; be defined in (2.15)-(2.19), and u = py be defined in (1.10)
and satisfies (1.11). It holds that,

(1—%)max{1,%} .
s [ Q(y)\p-lzxy)?dy:<k+1>e+{0<’f A

O(|log k|71), if n=3,
fori=0,1,2,--- ,3n —1, where § < q <n and ¢ is as in (8.1). Moreover, there exists C > 0
such that
1
8.3 ; <(C—— € R™
( ) ‘Zl(y)‘ =714+ |y|n—2’ fOT’ Yy

Proof. We will give the proof for the case i = 0 in (8.2), and the others can be obtained in the
same way. Moreover, (8.3) follows directly from the definition of z; and the results of Proposition
2.1 in [19]. We have

| 1@z ay
- [ Jewmr [t
R
- [ law)
R

" 200 + Vo) -y dy
)P [(nT_QU(y) +VU(y) - y)

n
n

k 9 )
=3 (M50 ) + VU ) y) +moly)] dy
j=1
= [ 1@r (") + VU@ ) dy
+Z/ 0 (P 205) + YU ) ) dy
+ [ 1@ moly) Py
vz |@<y>|ﬁ*1(”7‘2v<y> FVU() )
k
[-X (=

y) + VU;(y) - y) +7To(y)]dy

7j=1
-2 n—2
+23 [ 1w (M5 0w + VU ) (M5 U0 + YU ) - ) dy
i#j
(84) =A] + Ay + Az + Ay + As.

Next we estimate each term as follows. Let
Estimate of A1: We have

Alz/ Uy
R

k
- \P1+Z\U )P+ B + UGN U) + S0 Zo(w)dy
j=1

=S + )| (U520 +VUG) ) dy
j=1
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k
- [ 0w a3 [ 0p 2000

+ [ [dwr+we mZU )P Z0(y)%dy.
Since Z] LS UG ()P 20(y)?dy = O(kpf), and
[ owrt+ v MZU )+ b 2ot < o[ KT iz
olw)dy llogk|™, if n=3.
Thus

(1-2)2
(8.5) A =aq O wm=2), it n = 4,
O(|logk|™), if n=3.

Here ¢ is as in (8.1).
Estimate of As: We have

k o
Az = [ —ZUj(y)Jré(y)‘p 1( 22 j(y)+VUj(y)-y)2dy

=/[ \p1+Z|U WP +150)P + U ) mZU S|

x (”;2Uj<y>+vvj<y> ) dy

[ WP (50 + VU )

+Z/ v ("

+ [ e + ) MZU oI (2050 + VU ) ) dy.

2
Uily) + VU;(y) - y) dy

Observe that
2

)P ("5 2U5) + YU w) v) dy = 0 ),

Rn

Z/ v ("

-2 iy —&5)i
(n— ap+1z / Nk"”y 5] > 1732(9 &) dy
,Uk + |y — 5]’ )

2
Uily) + VU;(y) - y) dy

k 2 &
T+ zF=2>0  zi(z — 2L);
_ 9\2 p+1§ : i=1" Hre
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k L+ 22 = 2500 zi(z — 22);
—(n — 9)2 p+1z/ i=1 d
o PR (1+ 222 !

2 n &y
pHZ/ 1+|Z\ =237z — )i a
{l2l> 5 (1 + [2[2)+2
p+12 1-— Z|2 d —|—O( n+2)
(n—2)’e w (14 [22)nF2
=k¢+ O(p ”+2).
and
n—2 2
‘/ I+ UGy WZU yIP ] (2 5 i) + VU () -y) dy’
B L
T | |logk|™t, i n=3,
Therefore, we obtain
e A
(8.6) Ay =k 4§ O m2), it n >4,
O(|logk|™), if n=3.
Estimate of Az, A4, As: We have
21-2) e 1-n s
87) |Ag|<cd P ibnzd el iEmzd ke,
|log k| =2, if n =3, |log k|, if n=3,
Thus (8.2) holds for i = 0 follows from (8.4)-(8.7). O

Lemma 8.2. Let the functions z; be defined in (2.15)-(2.19), and p = p, be defined in (1.10)
and satisfies (1.11). It holds that, for i # j,

(8.8)
” 1_7 .
>
(k+1)é + O(k™ ), = i1 j=nto
0(|10gk¢| D, if n=3,
p—l f . d = ) >
/n|Q(y)| AWBWW = e JORTE, iz s
([logk|™"), if n=3,
O(MnT_Q), otherwise,

where q € (§,n) and ¢ is a positive constant, which is defined in (8.1).

Proof. We will only consider the case ¢ = 1,7 = n + 2, and the case i = 2,5 = n + 3 can be
proved in a similar way. Moreover, we omit the proof for the other cases, which can be obtained
easily by using the definition of z; and the symmetry. We have

[ 1Q@P szl dy
= [ 10wP (- 2m0() + v ) )dy

=2 [ 100 220 (" 2w+ vaw) w)ar+ [ e (P) gy
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:=L1 + Lo.
Direct computations give
1-2 .
=il /n(n B 2)20‘?1de " { gzﬁogg/jf—l), i = :
and
Ly =(k + 1)/ (n— 2)204’1“%@ + {0(7@1_2)» %f n >4,
n (1+ |y|2)m+2 O(|logk|™Y), if n=3.

Therefore, we obtain

[ 1Q@P sz dy

2 1-2 .
Ok ) if n>4
=(k+1 n—22aﬁ+1/ S S N , ;
(E+1)n-2) rr (14 [y[?)"+2 O(|logk|™Y), if n=3,

_ n-2 O(k'~4) if n>4
:k+1/Uplz 2dy + O(kp, > ) + ’ =
( ) [ UW)P 2i(y) dy + Oku* ) O(logk| 1), if n—3
1-z .
>
—(k+1)eq O )’_1 if m 24,
O(|logk|™), if n=23,
where Z;(y) = 8g$). O
Lemma 8.3. For any constant a > 0, there exists C' > 0 such that
1 1 C
8.9 / dz < ————.
(59 oo Ty — 22 )P S T
For any 0 < b < n, there exists a constant C > 0 such that
1 1 C
(810) / n—2 n—>b dz < n—2—b"
B(0,1) ly — 2| |2 Y|

Proof. Proof of (8.9). We just need to give the estimate for |y| > 2. Let d = 1]y|.
For z € B;4(0), we have |z| < d and |y — z| > |y| — |2| > d, then

1 1 C / 1
dz < dz
/Bd(O) ly =272 (L4 [2])>Fe " 7 d=2 Jp0) (14 [2])*
C C
<o drre< =
—dn—2 - do
For z € By(y), we have |y — z| < d and |z| = |y — (y — 2)| > |y| — |y — 2| > d, we then have

/ ! ! dz < / = dz <
2 <—— ——dz < —.
Bay) [y = 2"72 (L4 [2])?Fe " = d* Jp,) ly — 2|2 de
For z € R™\(B4(0) U By(y)), we have |z —y > 3|y| and |2| > L|y[. If [2| > 2|y|, we have
2=yl = |2 = [yl = 3]2|. Thus

1 1 C

8.11 < .
(&1 [y 2% (L4 P = 211 s
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If |z| < 2|y, then

(8.12)

1 1 < C < '
ly — 272 (L4 [2])>Fe 7 [yP=2 (L4 |2])?Fe 7 Jz[r 721+ |2])> e

From (8.11) and (8.12), we get that for z € R™\(By(0) U By(y)),

1 1 < c
ly —2["72 (T [2])>Fe = [z 2(1+ |2])* e

Then

/ L L g< / ¢ i< ¢
R\ (B4 (0)UBa(y)) 1V — 21772 (1 +121)2F% 7 = Jra\(By0)uBa(y)) 127721+ |2])2Fa 7 = do

Proof of (8.10). Assume y = ry, with r = |y|. Direct computation gives

1 1 1 1 1
_ ~|n—2 n—>b dz = n—2 S Z|In—2 n—>b dz
B(0,1) ly — 2| 2] r B(0,1) ] Z £
z

(w:;)

1 / 1 1 .. c
= — = A S y
2 g1y [§ —w[" 2 jw|n? lyl» 2"

1 1
where C = SUPecgn fRn W W dz. O
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