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to investigate separation flow characteristics in this paper. And the experimental results at the near
stall point in Reference [12] are shown in the following section to verify the phenomenon shown in
numerical studies.

4.2. Identification of Separation Position

Time-averaged wall shear stress distribution on the rotor blade surface at working point A is
shown in Figure 9. The separation position on the suction side was identified where the wall shear
stress on the suction side switched from positive to negative. At working point A, the flow on the
suction side separated at 43.5% of the chord length from the leading edge. Figure 10 shows the variation
of separation positions to the mass-flow coefficients. The y-axis label of the separation position was the
chordwise of the blade. The vortices separated almost at the trailing edge of the blade in the large flow
rate. The separation on the suction-side separation emerged distinctly when the mass-flow coefficient
was less than 0.42. And the separation position moved towards the leading edge with the decrease of
the mass-flow coefficient because of the increase in the blade attack angle.

Figure 9. Wall shear stress distribution on the rotor blade surface.

Figure 10. Variation of the separation position with mass flow.

To investigate the loss generated by separation flow quantitatively, 21 monitor points of total
pressure were distributed uniformly in the circumferential direction at the middle span of rotor exit.
With the decrease of the mass-flow coefficient, the area of total pressure loss was in expansion with the
increase of the minimum amplitude of the pressure coefficient, as shown in Figure 11. The phenomenon
was consistent with conclusions from previous studies that the loss generated by separation flow
increased with the decrease of the mass-flow coefficient. In the next section, the changes of loss in
distribution under unsteady excitations will be presented.
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Figure 11. Pressure distribution at pitchwise to different mass-flow coefficients.

4.3. Selection of Parameters of Excitation

Unsteady excitations can cause an influence on mass-flow rate as well as pressure raise and
efficiency, which makes it difficult to make a comparison between the effects under different excitation
frequencies. To make a quantitative comparison, separation position on the suction side was chosen as
the characteristic parameter for evaluating the effectiveness of separation control. Excitation, which
had positive effects on stage performance, would translocate the separation position to the trailing
edge. It meant that the separated flow was restructured, and delayed. Total pressure distributions
of the blade downstream and vorticity contours were also presented to analyze the transformation
of pressure loss regions. Investigations in this section were all carried at working point A, and all
excitation frequencies were set as integral multiples of RF.

According to previous studies [9–13], excitation at the vortex shedding frequency had a remarkable
effect on control of the flow field. Therefore, excitations with different amplitudes at the same frequency
of 36 times the RF were first investigated to analyze the effect of excitation amplitude Am on the control
of the flow field.

As indicated in Figure 12, the separation position kept moving to the trailing edge with the
increase in excitation amplitude Am. And the efficiency under different excitations were all increased.
Based on the results, the positive influence on the separation control and efficiency enhancement can
be obtained at excitations with computed amplitudes. But there existed a peak efficiency point that
indicated the maximum benefit was gained for the performance by the excitation condition. In the
following research, 400 Pa was chosen as the amplitude of unsteady excitation because of the maximum
efficiency improvement in this condition.

Figure 12. Influence of excitation amplitude on efficiency and separation position.

Then the frequency of excitation was varied from 0 to 50 times the RF, which contained 27
quantities. And the effects of these frequencies on the control of separation vortex structure are shown
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in Figure 13. From the figure, it was concluded that the positive effects on the vortex shedding were
obtained when the frequencies of excitation were closed to harmonic frequencies of Fshed (marked
by the black line) and harmonic frequencies of Fps (marked by the blue line). Excitations with the
frequencies near Fss and its harmonic frequencies (marked by the red lines) could cause a dominant
negative effect on the separation control. These phenomena can be verified by experimental results
on the variation of relative efficiency at the near stall point [12]. For the difference of frequencies and
effects between the experimental and computed results, there were two possible causes. Because of the
limitation of CFD in simulating the turbulent flow, the predicted structure of vortices still had a little
discrepancy in the experiment. Under excitation, the response of the flow field had also made a certain
change. Corresponding to the relative efficiency involved in the experiment, the separation position
change was used to represent the positive and negative effects in numerical simulation. Compared
with the description of efficiency gain, this method may be better in characterizing the changes of
flow-field structure. Despite these inaccuracies, the curves calculated were overall a close match to the
shape of the experimental data.

Corresponding to excitations with frequencies of three harmonics, the influences of unsteady
excitations on vortex shedding flow were divided into three different types: Vortex-shedding control
(SVS), suction-side separation vortex control (SSVS), and pressure-side separation vortex control
(PSVS). The three types of separation flow control methods would be discussed separately in the
following section.

Figure 13. Effect of unsteady excitation at near stall point.

4.4. Response of Separation Flow under Unsteady Excitations

For the traditional method to control the separation of flow field, it was common to excite the
separated flow with the frequency of shedding vortices. Under this condition the working range
and total performance of the stage also had been improved, which had been widely investigated
by researchers [9–13]. In this section, the excitation by the frequency of shedding vortices on the
separation flow was also conducted. As Figure 13 indicated, positive effects were indeed obtained on
the control of separation flow at a range of ±12.5% around Fshed.

As shown in Figure 14, the structure of the vortex under excitation was similar to the initial
state, which was presented in Figure 6 without excitation. From the total pressure distribution in
Figure 15, the separation zone and total pressure loss were all reduced with the unsteady excitation at
the frequency of 36 times the RF. The mechanism of this phenomenon was that periodic excitation
rectified the separation flow and injected energy into the vortex shedding flow. While increasing the
strength of shedding vortices, the separation flow on the suction side of blade was suppressed. Then
the pressure loss was also reduced. Inhabitations of the suction-side separation and rectification of the
vortex shedding structure under SVC had been optimized. But along with the variation of flow rate,
the characteristic frequency of wake shedding vortices also changed. It was very difficult to accurately
excite the flow field with the frequency of wake shedding vortices at all operating points.
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Figure 14. Instantaneous vorticity contour with excitation at 36 times the RF.

Figure 15. Pressure loss comparison with and without excitations.

For the suppression of suction-side separated flow, the effectiveness of the excitations with the
frequency of suction-side separation vortices was checked as the next step. The vortex frequency of
the suction surface was not the dominant frequency of the flow field, as indicated in Figure 7. The
vorticity of the suction-side separation vortex was about an order magnitude lower than the vorticity
of shedding vortices. However, after the excitation at ±5% of the range around the harmonics of Fss,
it was shown as a remarkable negative separation control effect, as expressed in Figure 13. In order
to investigate the mechanism for the negative effect, the computation example with the excitation at
the frequency of seven times of the RF was analyzed here. The instantaneous vorticity contour under
excitation was presented in Figure 16. With the excitation, the vortex on the suction side separated
forward to the leading edge of blade. And the structure of the vortices became disordered, and the
flow field deteriorated markedly. The separation flow increased the flow instability and could even
cause stall flow in the cascade. Loss distribution in Figure 15 showed that the pressure coefficient at
the cascade exit dropped sharply, and the average pressure loss downstream of the blade increased
significantly. Excitation that coincided with the eigenfrequency of suction-side separation transfused
energy to the separation flow and thus led the separation position forward. This could cause the
reduction of the working range and increase the loss in the flow field.

For the analysis above, it was concluded that the method with activating the flow field may not
always have a positive effect. The effectiveness depended on the response of the separation flow field
to excitations. Next, the excitations with the frequency of pressure side separation vortices (28 times the
RF) were conducted to check whether it worked or not. From Figure 13, it could be seen that unsteady
excitations at frequencies around the Fps ± 7.5% range had a magnificent effect on the separation
control. Instantaneous separation vortex structure under PSVC (Figure 17) was very different from
its inherent structure (Figure 6). The separation region of suction side vortices had been decreased,
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and the strength of the shedding vortices also had been weakened. The comparisons of total pressure
distribution with and without excitations in Figure 15 indicated that the core area of pressure loss
moved to the pressure side of the blade, while the loss zone on the suction side decreases significantly
with the unsteady excitation. With input of the excitation energy, the strength of the pressure-side
separation vortices increased under the excitation. And because of the weak influence of the suction
separation flow on the vortex shedding, the flow field deviated the vortex shedding to the pressure
side and accelerated the shedding procedure under the increasing vorticity in pressure-side separation.
As a result, the suction-side separation flow was restrained with a reduction of pressure loss. Even with
the relative increase of pressure loss in the pressure side, the stage performance was still enhanced.

 

 

Figure 16. Instantaneous vorticity contour with excitation at 7 times the RF.

 

 

Figure 17. Instantaneous vorticity contour with excitation at 28 times the RF.

5. Discussion on the Application of PSVC

It could be pointed out that the maximum efficiency enhancement was obtained under the
excitation with the frequency of shedding vortex from Figure 13. However, the frequency of unsteady
excitation must be altered along with mass-flow coefficients to achieve the positive effects under
vortex shedding control. As indicated in Figure 8, the vortex shedding frequency was sensitive to
the mass-flow rate. The traditional separation control method, which was based on VSC, demanded
the variation of frequency at excitation, altering with the working points. The effect of separation
control was mainly dependent on the frequency of excitation. So, it was very difficult to apply in an
industry application, which required alternating the frequency of wake shedding vortices needed at all
operating points.

Meanwhile, the variations of the other two vortex separation flow frequencies Fps and Fss were
relatively much smaller than the variation of the vortex shedding frequency to the change of working
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conditions, as shown in Figure 6. Though the effective range of PSVC was less than that of VSC, it was
highly possible to obtain a performance enhancement at the whole working range under a certain
excitation frequency that equaled the effect under excitation of frequency Fps.

To verify this conjecture, the computations with the excitation at the frequency of 28 times the RF
were conducted with DES. And the effects on the stage performance under excitation were presented in
Figure 18. It was shown that under the type of separation control of PSVC, separation positions on the
suction side of blade were delayed almost in the whole working range. And the cascade performance
was also enhanced. As a less investigated kind of separation control method, the PSVC was indeed
able to obtain stage performance improvement at the whole working range with a certain frequency.
This result turned out to be a case that it was easier to apply in industries by the PSVC than that of the
traditional unsteady separation control method.

  

Figure 18. Variation of separation position on the suction side (left) and total performance (right)
under pressure-side vortex control (PSVC).

6. Conclusions

In this paper, the control of the vortex shedding structure in a low-speed axial compressor model
was analyzed using the DES method. Three different types of vortex control methods under unsteady
excitations were classified by numerical results and previous experimental data.

The transformation of separation vortices in this test case indicated that, besides the traditional
unsteady separation control method, excitation at other inherent separation frequencies could also have
remarkable effects on the control of separation flow. The classifications of SSVC and PSVC effectively
had been complementary to the separation control theory and demonstrated the potential capability
on control of an unsteady vortex structure with neglected eigen frequencies. Specifically, unsteady
excitations at frequencies around Fps had a significant separation control effect, while excitations at
frequencies around Fss reduced the stability of separation flow.

The performance improvement obtained by the traditional unsteady control required the alteration
of excitation frequencies at different working points, because the vortex shedding frequency was
sensitive to the mass-flow rate. Meanwhile, the stage performance enhancement by PSVC, which had
not been widely studied before, could be achieved at the whole working range by excitation at a certain
frequency in the compressor test case.
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The following abbreviations are used in this manuscript:
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Am amplitude of unsteady excitation
CDESΔ local mesh spacing
Dk

DES dissipation rate in the equation for the turbulent kinetic energy in DES model
F frequency of unsteady excitation
Fps frequency of pressure side vortex shedding
Fshed frequency of trailing edge vortex shedding
Fss frequency of suction side vortex shedding
Pinlet total pressure at the stage inlet boundary
lk−ω local turbulent length scale in the SST k−ω turbulence model
lDES local turbulent length scale in DES model
k turbulent kinetic energy
t physical time during the unsteady simulation
β SST Closure Constant
ρ density
Ψ mass-flow coefficient
ω specific rate of dissipation
Δp pressure raise
Um rotational speed at midspan
ΔCp pressure coefficient, Δp/( 1

2ρU2
m)

Δ averaged wall shear stress
Cδ shear stress coefficient, δ/( 1

2ρU2
m)
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Abstract: Thin-walled gears, designed for aeronautical applications, have shown very rich dynamics
that must be investigated in advance of the design phase. One of the signatures of their dynamics
is coupling due to the meshing teeth which stand-alone gear models cannot capture. This paper
aims to investigate the dynamics of thin-walled gears considering time-varying coupling due to the
gear meshing. Each gear is modelled with lumped parameters according to a local rotating reference
system and the coupling is modelled by a traveling meshing stiffness. The set of equations of motion
is solved by the non-linear Method of Multiple-Time-Scales (MMTS). MMTS is a very powerful
technique that is widely used to solve perturbation problems in many fields of mathematic and
physics. In the analyzed numerical test case, the relevance of gear coupling is demonstrated as well as
the capability of the MMTS to capture the fundamental features of the system dynamics. In this study
the analytical methodology, which uses MMTS, allows for the calculation of the forced response of
the system made of two meshing gears despite the presence of a parametric quantity, i.e., the mesh
stiffness. The calculation is performed in the frequency domain using modal coordinates, which
ensures a fast computation. The result is compared with time domain analysis for validation purposes.

Keywords: dynamics; mesh stiffness; forced response; time-variant parameters; Method of Multiple
Time-Scales; cyclic-symmetric systems dynamics; lumped parameters model

1. Introduction

The need to identify a non-linear methodology for a dynamic study of two meshing gears moves
from the evidence of some critical resonances occurring during operations, which cannot be investigated
by analyzing a single gear considered as a stand-alone component, but it requires the analysis of the
overall system which can be made of two or more than two meshing gears (planetary system), where
time-varying parameters and non-linearities appear in the equations of motion. In practice, it is
experimentally verified that one gear can influence the dynamics of the other meshing gears, under
certain conditions, causing unexpected resonances, which are dangerous for the overall system. Then,
a dynamic coupling is established between the meshing gears. This phenomenon is mainly due to
the fluctuation of the mesh stiffness at the meshing teeth, which varies because of the different mesh
conditions and contact points during meshing. Fluctuations of the mesh stiffness can induce severe
instability conditions and affect also the resonances of the system. The phenomenon of dynamic
coupling can be experimentally verified in industrial applications, in particular for aeronautical
applications where the gears, having specific mechanical characteristics and working at critical speed
regimes, show mutual interactions, which largely affect the forced response of the system. In more
detail, the dynamic coupling causes critical resonances on a gear, which are induced by the excitation of
the mode shapes of the meshing gear. The presence of these mutual interactions among the components
leads to a different study of the system, which must include all the gears involved in the interactions.
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The dynamic coupling is a direct consequence of the variations of tooth flexibility (mesh stiffness)
because of the different contact conditions during rotation, but also because of the variations of the
contact ratio. Thus, time-varying mesh stiffness causes the system to be non-linear. It is worth
remembering that here the term “non-linear” is adopted to highlight the fact that the system is not
the usual Linear Time-Invariant System (LTIS), but a Linear Time-Variant System (LTVS). Being the
system of the type LTVS, it is not possible to compute the forced response by inverting the dynamic
stiffness matrix as for a LTIS, since the latter is a time-variant parameter inside the equation of motion.
Nevertheless, the dependent variable of the equation of motion does not show elevation to powers or
other non-linearities (e.g., Duffing equation). Then, the superimposition effect principle is valid for such
a system and it will be used in the following discussion. As a consequence, the adoption of a “non-linear”
method is needed to compute the forced response of the system. The dynamics of gear systems have
been extensively studied by researchers for decades and still represent an important matter of interest
for the understanding of phenomena affecting the dynamics of such systems. The evaluation of the
mesh stiffness variations and the related non-linear aspects have a primary importance for researchers
who provide several modelling solutions of the phenomenon [1] for mathematical definition. According
to the different types of modelling of the mesh stiffness, many works provided different methodologies
for the computation of the response of the system, according to different levels of complexity. Most of
the works focused on the combined effect of mesh stiffness variation and backlash between the meshing
teeth, which affects largely the response of the meshing gears, developing non-linear methodologies for
the iterative and numerical computation of the response [2–9]. Other studies focused on the analysis
of the instability conditions, which can be caused by the fluctuations of the mesh stiffness involving
sometimes wide operational speed ranges of the gears and can lead to failures. Works on instability
provide an analytical solution, using perturbation methods (e.g., method of multiple time-scales, MMTS)
to establish relations between the analyzed instability conditions and the entity of the mesh stiffness
fluctuations [10]. Recently, instability analyses and forced response studies were extended to more
complex systems like planetary gear systems [11–14]. Most of the cited works analyze the dynamics of
a gear system by considering the gears as rigid bodies connected by the mesh stiffness and introducing
the transmission error between two meshing gears, which consider the fluctuations of an equivalent
tooth compliance that excites the system.

In this paper, the aim is to consider the gears as compliant bodies and compute analytically the
forced response of the system excited both parametrically and externally. The backlash phenomenon is
not considered at this stage in order to focus the attention on the phenomenon of the dynamic coupling
and on the method to be developed to study the phenomenon without the nonlinearity introduced by
intermitting contacts during meshing. Here, transmission error cannot be used anymore since the gear
bodies are considered as compliant. The gears, which constitute the overall system, are linked together by
means of a time-variant mesh stiffness, which acts on the nodes of the teeth, where the contact takes place.
In other words, the system sees both a parametric excitation and an external force exciting the system.
The methodology developed here applies the Method of Multiple-Time-Scale (MMTS) to compute the
frequency response of a single mesh gear pair, modelled with lumped parameters, and investigate the
dynamic coupling, which is established between the gears, verifying the mutual interactions and resonances
induced by the phenomenon. MMTS allows a good approximation to the solution of the problem by
introducing “scales” variables, which will substitute the independent variable of the problem. The solution
of the problem passes through the elimination of the so-called “secular terms”. This procedure represents
a necessary solvability conditions for the solution of the problem. In this paper, numerical examples of
forced response are reported, based on test cases. Upon these test-case analyses, the methodology is finally
validated by means of direct time integration (DTI) of the non-linear equations of motion.

2. Model of the System

The system under analysis is made of two meshing gears (Gear-1 or G1, and Gear-2 or G2, Figure 1).
For each gear, a local reference system rotating with the gear itself is defined. Each gear is divided
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into sectors (Z1 for Gear-1, and Z2 for Gear-2), one per each tooth (Figure 2). A gear ratio η can be
defined for the system under analysis as the ratio between Z1 and Z2. Each sector is modelled as a
lumped parameter model with two degrees of freedom (dof), or nodes, one for the tooth and one for
the gear sector wheel (Figure 3). The rotation of each gear around its own axis is allowed (no radial or
axial displacement are allowed, only tangential displacement is allowed). The latter assumption is
reasonable for the case of thin walled spur gears where radial and axial displacements can be assumed
as negligible. The sectors are then coupled together. The periodic coupling between the teeth of the
two gears is modelled by a time-variant mesh stiffness KM(t), described in more detail in Section 3.

Figure 1. System of two meshing gears.

Figure 2. Representation of the sectors of the gears.

Figure 3. Lumped parameters model of the sectors of the gears Gear-1 and Gear-2.

As shown in Figure 3, the two gears are constrained to ground by means of the stiffness elements
ka,1 and ka,2 respectively. The mechanical characteristics of mass mb,1 and mb,2, and stiffness kb,1
and kb,2 are associated to the teeth of the gears, whose displacement coordinates are xG1,t and xG2,t
(respectively for the teeth of G1 and the teeth of G2). The mechanical characteristics of mass mc,1 and
mc,2, and stiffness kc,1 and kc,2 are associated to the gear sector wheel, whose displacement coordinates
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are xG1,c and xG2,c (respectively for the sector wheel of G1 and the sector wheel of G2). In Figure 3,
a force acting on the meshing teeth dof (equal but with opposite direction for the tooth of G1 and
the tooth of G2) is shown, which represents the force establishing between them when the meshing
couple is in contact. Obviously, when the couple is not meshing, no forces are exchanged. Then,
the force travels along the circumference of each gear as the system rotates. The excitation force will be
discussed more in detail in Section 5.

The physical displacement vector (with the corresponding size) is:

{x} =
{{

xG1

}T ,
{

xG2

}T
}T

1xN , (1)

where, {
xG1

}T
=
{{

xG1,c
}T ,

{
xG1,t

}T
}T

1 x 2Z1 , (2)

{
xG2

}T
=
{{

xG2,c
}T ,

{
xG2,t

}T
}T

1 x 2Z2 , (3)

with N = 2 Z1 + 2 Z2. {x} including Gear-1 displacement coordinates, xG1, subdivided into xG1,c which
indicates the displacement of the nodes of the gear wheel, and xG1,t indicating the displacement of the teeth.
The same holds for xG2 of Gear-2. The equation of motion, in matrix form, can be written in general as:

M
..
x + Ĉ

.
x + K̂(t) x = F̂(t), (4)

where M is the mass matrix; Ĉ is the damping matrix; K̂(t) is the stiffness matrix which includes
time-variant parameters, corresponding to the mesh stiffness KM(t) used to couple the two gears;
F̂(t) is the force vector containing non-zero values for the teeth dof. As anticipated before, F̂(t) is a
time-variant vector since the mesh force passes from one tooth to another as the system rotates. Then,
each tooth is periodically subjected to a force excitation due to the meshing, where the period is equal
to the rotation period of the gear. In the next section, the mesh stiffness will be discussed, then the
assembly of the matrices will be presented in Section 4.

3. Definition of Mesh Stiffness

During meshing, many factors can induce fluctuations of the stiffness characteristics of the
teeth. As explained before, the fluctuations of the mesh stiffness can be due to different contact
conditions given by different contact ratios and contact positions along the tooth face. Hertzian contact
phenomena can also influence the stiffness of the teeth. The combined effect of all these fluctuation
sources produces a time history of the mesh stiffness acting on a single tooth. In this paper the time
history of the mesh stiffness is not investigated in detail and it is approximated to a rectangular
waveform traveling from one tooth to another one. In more detail, the mesh stiffness, which couples
the nth tooth pair, is assumed to have a constant value kt when the nth tooth pair is in contact and
a null value when the contact is missing. Within the meshing time interval, the constant value, kt,
assumed by the mesh stiffness can represent an equivalent mean value of a real trend during meshing.
Since rotating reference systems are used, in each gear the mesh stiffness rotates with the same speed
as the gear but in the opposite direction. In Figure 4 the time history of a generic mesh stiffness KM(t)
is shown with equivalent value kt and unitary contact ratio, acting on a single tooth of a gear, with Z
sectors (teeth) rotating at certain speed with revolution period T. In this qualitative example of mesh
stiffness, one can distinguish between the meshing time interval, when the tooth is in contact, from the
rest of the time history when the tooth is not in contact and the mesh stiffness assumes a null value.
Once a full revolution is performed, so after a period T, the tooth experiences again the mesh stiffness.

The rectangular waveform can be translated into a sum of harmonics by developing the Fourier
Series of time trend:

KM(t) = Kc + ∑∞
s=1[K

s
Va cos(sΩt) + Ks

Vb sin(sΩt)], (5)
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where Kc is the mean value of the function, s is the harmonic index, Ω is the speed of the gear
(T = 2π/Ω), while Ks

Va and Ks
Vb are the coefficients of the “cosine” harmonics and the “sine” harmonics,

respectively. The expression of the Fourier series can be further manipulated by means of the Euler
formula, to redefine Equation (5) as the real-valued form of the complex notation of the Fourier Series
which will be used in the following discussion (Equation (6)).

KM(t) = Kc + KV(t) = Kc + ∑∞
s=1

[
Ks

Vei sΩ t + Ks
V e−i sΩ t

]
, (6)

where:
Ks

V =
1
2
(Ks

Va − iKs
Vb); Ks

V , complex conjugate of Ks
V . (7)

Figure 4. Qualitative time history of the mesh stiffness over one revolution period.

In Figure 5a,b a numerical example is shown (with Z1 = 10, Z2 = 20 and kt = 106 N/m ) where T1

and T2 are the revolution periods of Gear-1 and Gear-2 respectively, and they are different from one
another since Z1 �= Z2.

By looking at the previous example, it is easy to note that the periodic time history of the mesh
stiffness of the two gears is different. As a matter of fact, the rectangular waveform is the same, but its
period differs in the two gears, being T1 for Gear-1 and T2 for Gear-2. Here, this concept is clarified with
an example. Let us consider the previous system with Z1 = 10 teeth and Z2 = 20 teeth. In Figure 6a the
couple 1-1 (tooth-1 of G1—tooth-1 of G2) starts meshing for an angle θ1 = 0◦ of G1. After a full revolution
of G1 (Figure 6e) tooth-1 of G1 meshes again but now with tooth-11 of G2. The same is for the other
couples 2-2 and 2-12 (Figure 6b–f) and so on. Thus, a certain couple (i-j) meshes with a base period that is
twice the base period T1. Of course, the latter relation changes for systems with different number of teeth.

(a) 

Figure 5. Cont.
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(b) 

Figure 5. (a) Mesh Stiffness traveling on G1. (b) Mesh Stiffness traveling on G2.

 
(a) (b) 

 
(c) (d) 

 
(e) (f) 

Figure 6. (a) Mesh couple for θ1 = 0◦; (b) Mesh couple for θ1 = 36◦; (c) Mesh couple for θ1 = 72◦;
(d) Mesh couple for θ1 = 180◦; (e) Mesh couple for θ1 = 360◦; (f) Mesh couple for θ1 = 1 round+36◦.

4. Equations of Motion and Construction of the Matrices

Having adopted a lumped parameters model, it is convenient to write, for clarity’s sake,
an equation of motion (considering at this stage the un-damped unforced system) of one dof connected
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to the ith tooth of Gear-1. Then, let us consider the previous example of a system constituted by one
gear (Gear-1) having 10 teeth (Z1) and a second gear (Gear-2) having 20 teeth (Z2). Let us write the
equation of motion of tooth-1 of Gear-1. By looking at Figure 7 below, neglecting at this stage the
presence of damping and excitation force, the resulting equation of motion is:

mb
..
xt1,1 + kb

(
xt1,1 − xc1,1

)
+ KM1,1(t)

(
xt1,1 − xt2,1

)
+ KM1,11(t)

(
xt1,1 − xt2,11

)
= 0, (8)

where mb refers to mass of the teeth; kb, nominal stiffness of the teeth; KM1,1(t) and KM1,11(t) mesh
stiffness coupling the 1-1 teeth pair and 1-11 teeth pair respectively.

 

Figure 7. Linearized system showing meshing stiffnesses involving tooth-1 of G1. The gears are
constrained to the ground by means of the stiffness ka.

It is possible to write the latter equation in a clearer form as follows:

mb
..
xt1,1 + kbxt1,1 +

(
KM1,1(t) + KM1,11(t)

)
xt1,1 − KM1,1(t) xt2,1 − KM1,11(t) xt2,11 − kbxc1,1 = 0. (9)

In Equation (9), two types of time-variant stiffness can be highlighted. The first type includes
KM1,1(t) and KM1,11(t). The two terms refer to a specific teeth pair that meshes during operation. They
are characterized by a rectangular waveform having a period Tpair that is strictly dependent on the
number of teeth of the two gears. It is easy to derive Tpair and to relate it to the revolution periods of
the two gears, T1 and T2 respectively. In general, Tpair is a multiple of both the periods T1 and T2. It is
convenient to write the latter relation in a mathematical form:

Tpair = nT1 T1 = nT2 T2 (10)

where the coefficients nT1 and nT2 define the multiple of the respective revolution periods. In the
example analyzed here it is easy to note that nT1 = 2 and nT2 = 1. In other words, a specific pair
meshes after two revolution of the Gear-1 as well as after one revolution of Gear-2. The other type
of variable stiffness term which appears into Equation (9) is the term KM1,1(t) + KM1,11(t). This sum
creates a rectangular waveform different from the previous one. As a matter of fact, KM1,1(t) +KM1,11(t)
is a waveform with the same constant value kt but with a period exactly equal to the revolution period
T1, as shown in Figure 8.

Then, for all the equations of motion of the dof belonging to Gear-1, two different sets of harmonics
appear into the equation. The fundamental frequencies, which describe the two sets, are respectively:

Ω1 =
2π

T1
, (11)
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Ω3 =
2π

Tpair
(12)

Figure 8. Time history of the time-variant terms that appear into the equation of motion Equation (9).

Following the same approach, it is possible to write the equations of motion for the dof belonging
to Gear-2. For those equations, still two types of variable stiffness can be distinguished into the
resulting equation (here the equation of motion is not reported because is similar to Equation (9).
The first type is again the rectangular waveform of the single pair of teeth described by the period
Tpair, so by the fundamental frequency Ω3. The second type of time-variant stiffness term is the sum of
all the other pair waveforms involved into the equation, but now the resulting rectangular waveform
has a base period equal to the revolution period of Gear-2, i.e., T2. Therefore, another set of harmonics
appears in the equations of motion of the system and it is described by the fundamental frequency Ω2,
which is the speed of Gear-2

Ω2 =
2π

T2
(13)

Finally, the construction of the stiffness matrix K̂(t) allows to write the full stiffness matrix in the
next form (Equation (14)), by properly distinguishing between the terms referred to the three different
sets of harmonics, having fundamental frequencies Ω1, Ω2 and Ω3:

K̂(t) =
(
Kc + ˆKV1(t) + ˆKV2(t) + ˆKV3(t)

)
, (14)

ˆKV1(t) = ∑∞
s1=1[K

s1
V1eis1Ω1t + Ks1

V1e−is1Ω1t], (15)

ˆKV2(t) = ∑∞
s2=1[K

s2
V2eis2Ω2t + Ks2

V2e−is2Ω2t], (16)

ˆKV3(t) = ∑∞
s3=1[K

s3
V3eis3Ω3t + Ks3

V3e−is3Ω3t]. (17)
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The mass matrix M and the stiffness matrix K̂(t) are obtained by writing the equation of motion
for each dof of the system as shown in Equation (9) according to the matrix notation. The damping
matrix Ĉ will be defined later in Section 6.1 assuming a modal damping ratio ς to the mode shapes of
the system.

5. Excitation Force

A mesh force applied to two meshing teeth excites the system. The mesh force F(t) of Figure 3
corresponds to a torque (for example applied on G1) and a resistant torque (applied on G2) acting on
the system. Since the mesh force rotates along the gears as the system rotates, each tooth of a gear
undergoes periodically the same mesh force, with a period that is equal to the rotation period of the
gear itself (T1 for teeth of G1 and T2 for the teeth of G2) each tooth is subjected to the same force with a
time delay. During meshing, the value of the mesh force is assumed to be constant. Then, considering
the generic ith tooth of a gear, the mesh force FGi(t) acting on it will have the same trend of the mesh
stiffness in the time domain (rectangular waveform, Figure 4). As a consequence, the force vector
F̂(t) in the equation of motion Equation (4) contains, in correspondence to the teeth dof, the mesh
force trends FGi(t), properly phased in the time domain according to the position of the tooth which is
considered (e.g., if tooth-1 of G1 undergoes F11(t), tooth-2 of G1 undergoes F12(t) = F11(t + ΔT), being
ΔT the meshing time interval). Finally, the force vector F̂(t) can be represented as

F̂(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{0}Z1×1⎧⎪⎪⎨
⎪⎪⎩

F11
...

F12Z1

⎫⎪⎪⎬
⎪⎪⎭

Z1×1
{0}Z2×1⎧⎪⎪⎨

⎪⎪⎩
F21
...

F22Z2

⎫⎪⎪⎬
⎪⎪⎭

Z2×1

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

N×1

(18)

As for the mesh stiffness, it is convenient to express the mesh force as a Fourier series, since it is
periodic in the time domain. This will be advantageous for the computation of the forced response
(Section 6), since each harmonic will be considered separately, computing the overall response as
a superimposition of the effects due to each harmonic. As a matter of fact, the system is a linear
time-variant system whereby the superimposition principle is valid. Then, let us write the expression
of the force function, in the Fourier series. It is convenient to distinguish between the force acting
on the teeth nodes of Gear-1 from the force acting on the teeth nodes of Gear-2. The two force sets,
expressed in Fourier Series, have fundamental frequencies that are the speed of the Gear-1 (Ω1) for the
excitation force terms acting on the teeth nodes of Gear-1 and the speed of Gear-2 (Ω2) for the excitation
force terms acting on the teeth nodes of Gear-2. As a consequence, let us write the general expression
of the force acting on the ith tooth of G1 and the force acting on the jth tooth of G2 respectively in
Equations (19) and (20):

F1i (t) = F1i ,0 + ∑∞
k1=1[F1i

k1
a cos(k1Ω1t) + F1i

k1
b sin(k1Ω1t)]; (19)

F2j(t) = F2i ,0 + ∑∞
k2=1[F2j

k2
a cos(k2 Ω2t) + F2j

k2
b sin(k2Ω2t)]. (20)

As for the mathematical expression of the mesh stiffness (Section 3), The Fourier Series of the
mesh force can be written by means of the exponential notation. Equations (19) and (20) become:

F1i (t) = F1i ,0 + ∑∞
k1=1[ Fk1

1i
eik1Ω1t + Fk1

1i
e−i k1Ω1t], (21)
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F2i (t) = F2i ,0 + ∑∞
k1=1[ Fk2

2i
eik1Ω1t + Fk2

2i
e−i k2Ω2t], (22)

With
FkG

Gi
=

1
2

(
FGi

kG
a − i FGi

kG
b

)
, (23)

FkG
Gi

=
1
2

(
FGj

kG
a + i FGj

kG
b

)
. (24)

Being the forcing functions F1i (t) and F2j(t) expressed as a series of harmonics with frequencies k1Ω1

and k2Ω2 respectively, it is convenient to separate the force vector F(t) into a sum of two vectors
whose components can be expressed as harmonics having frequencies k1Ω1 and k2Ω2, respectively
F̂1(t) (Equation (25)) and F̂2(t) (Equation (26)). Thus, let us represent the two vectors as follows:

F̂1(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

{0}Z1×1⎧⎪⎪⎨
⎪⎪⎩

F11
...

F12Z1

⎫⎪⎪⎬
⎪⎪⎭

Z1×1
{0}2Z2×1

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

N×1

, (25)

F̂2(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

{0}2Z1×1
{0}Z2×1⎧⎪⎪⎨

⎪⎪⎩
F21
...

F22Z2

⎫⎪⎪⎬
⎪⎪⎭

Z2×1

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

N×1

. (26)

The overall forcing function vector F(t) is

F̂(t) = F̂1(t) + F̂2(t). (27)

6. Forced Response Computation with MMTS

Section 6 deals with the development of a general analytical solution of the forced response of the
system under exam using MMTS. MMTS is a very used technique able to obtain approximations of
solutions to non-linear problems. It works by substituting different “scales” variables (according to the
level of approximation the user desires) to the independent variable of the equation, treating them
as independent variables. Being a frequency-based method, it allows the study of the response of a
complex system in a very flexible way, reducing considerably the computational time, with respect to
other time-based methods which provide a numerical and iterative solution to the problem. Before
going through the discussion of MMTS, it is advantageous to rewrite the equation of motion Equation
(4) in terms of modal coordinates. The use of modal coordinates leads to a great simplification of
the problem by decoupling the equation of motions. Moreover, it allows the direct evaluation of the
effect of a harmonic component of the excitation force on the respective mode shape that is excited
by that component. Thus, the following Paragraph 6.1 is dedicated to the transformation of the
equation of motion in modal coordinates while the mathematical development of MMTS is discussed
in Paragraph 6.2.

6.1. Modal Analysis and Transformation of the Equation of Motion in Modal Coordinates

Since the stiffness matrix K̂(t) contains time-variant elements, the computation of modal analysis
cannot be performed in general. For this reason, the computation of the modal analysis is performed
on the mean part of the stiffness matrix KC (Equation (14)) (KC is a symmetric matrix). Thus, let us
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consider the time-invariant (unforced and undamped) part of the equation of motion Equation (4)
(Equation (28)) and perform the modal analysis (Equation (29)).

M
..
x + KCx = 0; (28)

det
(

KC − ω2M
)
= 0, eigenvalue problem → ω2

n, ψn, n = 1 ÷ N; (29)

Ψ = [ψ1, . . . , ψn, . . . , ψN ]N×N , modal matrix
ωn, natural f requency

From modal analysis, the natural frequencies ωn and mode shapes ψn of the (mean) overall system
are obtained. Then, let us apply Direct Modal Transformation (DMT, Equation (30)) to the equation of
motion using the modal matrix Ψ and multiply the latter by the transpose of the modal matrix ΨT .
The resulting equation written in modal coordinates (u, vector of modal coordinates) is reported in
Equation (31).

x = Ψu . (30)

Mmod
..
u + Ĉmod

.
u + Kc,mod u + D̂(t) u = P̂(t), (31)

with: Mmod, modal mass matrix; Ĉmod, modal damping matrix; Kc,mod, modal mean stiffness matrix;

D̂(t) = ΨTK̂V(t)Ψ; (32)

P̂(t) = ΨT F̂(t) (33)

If the mode shapes are normalized with respect to the unitary modal masses, Mmod is equal to
the identity matrix and Kc,mod is a diagonal matrix having on its main diagonal the eigenvalues of the
system ω2

n. As anticipated in Section 2, damping is not modelled physically into the model. For the
sake of simplicity, damping is introduced by means of the modal damping ratio ςn to be associated to
each nth mode shape. It is possible to obtain the modal damping ĉn as:

ĉn = 2
ςn√

kmodn × mmodn
= 2

ςn√
ω2

n
, = 1 ÷ N; (34)

with mmodn modal mass of the nth mode shape (mmodn = 1, if the mode shapes are normalized with
respect to the unitary modal masses) and kmodn modal stiffness of the nth mode shape (kmodn = ω2

n,
if the mode shapes are normalized with respect to the unitary modal masses). Then, the modal damping
matrix Ĉmod is a diagonal matrix having on its main diagonal the modal damping ĉn, satisfying the
following relation that allows computation of the damping matrix in physical coordinates.

C = ΨT−1 Ĉmod Ψ−1 (35)

The diagonalization of most of the matrices inside the equation of motion allows us to write
singularly the equations of motion in modal coordinates (Equation (36)). The only term that is not
diagonalized is D̂(t) being a non-symmetric matrix that was not involved in the modal analysis. As a
consequence, in the nth equation of motion in modal coordinates D̂(t) must be expressed as sum of the
products of the elements D̂nr(t) (elements of the matrix D̂(t) at nth row and rth column) times the rth
modal displacement ur.

..
un + ĉn

.
un + ω2

n un +
N

∑
r=1

{
D̂nr(t) ur

}
= P̂n(t), n = 1 ÷ N (36)

The Equation (36) represents the useful equation for the development of MMTS by means of
which it is possible to compute the modal response un, in the frequency domain, of the generic nth
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mode shape subjected to a modal force P̂n(t). The development of MMTS will be presented in the next
Paragraph 6.2 starting from the single nth equation of motion in modal coordinates (Equation (35)).

6.2. Forced Response Computation Using MMTS

MMTS operates by substituting the independent time variable t with the time scales t0, t1, t2,
. . . , where t0 = ε0t, t1 = ε1t and t2 = ε2t and ε is the scale factor which describes the time scale.
The relation between the original time variable and the new time scales is expressed in Equation (37).
Here, the series approximating the old variable t is truncated at the second order (power ε2):

t = t0 + t1 + o
(

ε2
)
= t + εt + o

(
ε2
)
= t + τ + o

(
ε2
)

. (37)

As a consequence, the dependent variable un(t) as well as the derivative operators need to be
written (Equations (38)–(40)), in the new time scale variables:

un = un0(t, τ) + ε un1(t, τ) + o
(

ε2
)

, n = 1 ÷ N; (38)

d
dt

⇒ ∂

∂t
+ ε

∂

∂τ
+ o
(

ε2
)

, (39)

d2

dt2 ⇒ ∂2

∂t2 + 2ε
∂2

∂t∂τ
+ o
(

ε2
)

. (40)

The solution to the problem requires the proper manipulation of the equations of motion. Recalling
Equation (36), the manipulation consists of associating some terms of the equation to the coefficient ε

(Equations (41)–(43)). Let us associate the time-variant part of the stiffness matrix, D̂(t), the damping
matrix ĉn and the modal force P̂n(t) to the scale factor ε:

D̂(t) = ε D(t), (41)

ĉn = ε cn; (42)

P̂n(t) = ε Pn(t). (43)

Substituting Equations (41)–(43) into Equation (36), the latter becomes:

..
un + ε cn

.
un + ω2

n un +
N

∑
r=1

{ε Dnr(t) ur} = ε Pn(t), n = 1 : N. (44)

Once the new equation of motion Equation (44) is defined, the MMTS operates by substituting
the new expression of the modal response un(t) (Equation (38)) and the new derivative operators
(Equations (39) and (40)) into Equation (44). The resulting equation of motion will be an equation
where all the terms are characterized by a multiplying coefficient that is in general a power of the scale
factor ε (εn). Then, a separation of the terms according to the power of ε is performed, by creating n
different equations. The new equations are reported below (Equations (45) and (46)).

• Equation corresponding to the power ε0:

..
un0 + ω2

nun0 = 0 . (45)

• Equation corresponding to the power ε1:

..
un1 + ω2

nun1 = −2
∂2un0

∂t∂τ
− ∑N

r=1{Dnr(t) ur0} − cn
∂un0

∂t
+ Pn(t). (46)
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The solution of Equation (45) can be written in the general form

un0 = An(τ)eiωnt + An(τ)e−iωnt = An(τ)eiωnt + CC, (47)

where An(τ) is a function of the time variable τ. Substituting Equation (47) into Equation (46) and
adopting the notation in Equation (48), one obtains Equation (49):

.
(. . .) =

∂(. . .)
∂t

; (. . .)′ =
∂(. . .)

∂τ
; (48)

..
un1 + ω2

nun1 = −2
[
iωn A′

neiωnt + CC
]− ∑N

r=1
{

Dnr(t)
[
Areiωr t + CC

]}−
cn
[
iωn Aneiωnt + CC

]
+ Pn(t),

(49)

where the quantity CC represents the complex conjugate of the previous term.
In order to solve the N equations of motion (Equation (49)) in the modal coordinate u it is necessary

to develop the terms Dnr(t) and Pn(t) in their harmonic series:

D(t) = D1(t) + D2(t) + D3(t), (50)

D(t) =
∞
∑

s1=1
[Ds1

1 ei s1Ω1t + Ds1
1 e−is1Ω1t]+

∞
∑

s2=1
[Ds2

2 ei s2 Ω2 t + Ds2
2 e−i s2Ω2t]

+
∞
∑

s3=1
[Ds3

3 ei s3Ω3t + Ds3
3 e−i s3Ω3t]

(51)

P(t) = P1(t) + P2(t), (52)

P(t) = P1,0 + P2,0 + ∑∞
k1=1 [P

k1
1 eik1Ω1t + Pk1

1 e−i k1Ω1t]

+∑∞
k2=1 [P

k2
2 eik2Ω2t + Pk2

2 e−i k2Ω2t].
(53)

It is worth to remind that the fundamental frequency Ω1 is the speed of G1, the fundamental
frequency Ω2 is the speed of G2, linked to Ω1 through the gear ratio η = Z1

Z2 and the fundamental
frequency Ω3 is the frequency whereby a generic pair of teeth meshes (see Equations (11)–(13)).
Substituting the expressions Equation (51) and Equation (53) into Equation (49), one obtains the
extended pth equation of motion in modal coordinates with all the time-variant parameters developed
inside (see Appendix A, Equation (A2)). This equation contains all the harmonics of the excitation force,
but they can be treated singularly by computing the forced response to each harmonic component of the
force. Finally, a sum of all the response contributions can be performed, thanks to the superimposition
effect principle, so to compute the overall multi-harmonic response. Thus, the following discussion
analyzes the forced response to the generic kth harmonic component of P1(t) acting on the teeth of
G1. The same approach is used to compute the forced response to the second set of harmonics P2(t)
acting on the nodes of G2, but here they are not treated for sake of clarity. Let us consider the following
equation (Equation (54)) of the pth modal equation of the system, where only the generic kth harmonic
component of the force function P1(t) is considered:

..
up1 + ω2

pup1 = −2iωp A′
peiωpt

−∑N
r=1 ∑∞

s1=1[ D1
s1
pr Ar ei(s1Ω1 + ωr)t + D1

s1
pr Ar ei(s1Ω1 − ωr)t ]

−∑N
r=1 ∑∞

s2=1[ D2
s2
pr Ar ei(s2ηΩ1 + ωr)t + D2

s2
pr Ar ei(s2ηΩ1 − ωr)t ]

−∑N
r=1 ∑∞

s3=1[ D3
s3
pr Ar e

i(s3
Ω1
nT1

+ωr)t
+ D3

s3
pr Ar e

i(s3
Ω1
nT1

−ωr)t
]

−icpωp Apeiωpt + P1
k1
p ei k1Ω1t + CC.

(54)

It is now possible to investigate and remove the unwanted secular terms, inside the latter equation.
The elimination of secular terms represents a solvability condition for the solution of the problem,
because of the additional freedom introduced with the new independent variables. In order to eliminate
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secular terms, the resonant terms of each equation need to be forced to zero. The discussion upon
secular terms research and elimination is faced more in detail in the Appendix B. Two types of resonant
terms can be distinguished inside the equation Equation (54) which can give secular terms: the first
type gives “exact” secular terms and they are reported in Equations (55) and (56); the second type can
gives nearly secular terms when the excitation frequency k1Ω1 approaches to ωp, and they are reported
in Equations (57)–(59).

− 2iωp A′
peiωpt, (55)

− icpωp Apeiωpt, (56)

D1
s1
pr Ar ei(s1Ω1−ωr)t, (57)

D2
s2
pr Ar ei(s2 η Ω1−ωr)t, (58)

D3
s3
pr Ar ei(s3

Ω1
nT 1

−ωr)t. (59)

Since we are interested in the computation of the pth modal response, it is convenient to introduce
an auxiliary frequency variable σ to express the neighborhood of the excitation frequency k1Ω1 to the
pth natural frequency ωp:

k1Ω1 = ωp + εσ; (60)

Ω1 =
ωp

k1
+ ε

σ

k1
. (61)

By properly substituting the frequency variable σ and performing secular terms elimination by
equating to zero the sum of all the possible secular terms, in their critical conditions (see Appendix B
for a detailed development), one obtains the following equation in the unknown Ap, which is the
amplitude of the pth modal response up0:

−2iωp A′
p − D1

(2k1)
pp Ap ei 2 σ τ − D2

( 2ηk1 )
pp Ap ei 2στ − D3

( 2 nT1 k1)
pp Ap ei 2στ

−icpωp Ap + P1
k1
p ei στ = 0.

(62)

Now, let
Ap = ap eiστ . (63)

Substituting Equation (63) into Equation (62), it follows

− 2iωp

(
a′p + iσap

)
eiστ −D ap eiστ − icpωpap eiστ + P1

k1
p ei στ = 0, (64)

where
D = D1

(2 k1)
pp + D2

( 2 η k1 )
pp + D3

( 2 nT1 k1)
pp . (65)

In order to have a steady-state solution a′p =
∂ap
∂τ has to be null. By eliminating the common term

eiστ , the equation Equation (64) becomes:

2σωpap −D ap − icpωpap + P1
k1
p = 0. (66)

From Equation (66) it is possible to derive analytically an expression of ap as a function of the
frequency variable σ. As a consequence, the analytical solution of the modal response up0 (Equation
(67)) due to the kth harmonic of the excitation force P1(t) is derived.

up0 = Ap(τ)eiωpt + CC = ap(σ) ei (ωp+σε) t + CC. (67)
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Since ap is a complex quantity, it is convenient to express ap according to its real and imaginary
parts (Equations (68)–(70)). The analytical expression of the real and imaginary parts is derived as a
function of σ:

ap = aR + i aI ; (68)

aR =
PI
(DI − cpωp

)
+ PR

(
2σωp +DR

)
ω2

p

(
c2

p + 4σ2
)
−D2

R −D2
I

, (69)

aI =
aR
(DI + cpωp

)−PI

2σωp +DR
, (70)

where:
P1

k1
p = PR + i PI , (71)

D = DR + i DI , (72)

The latter expressions (Equations (68)–(72)) allow the computation of the modal response of the
pth mode shape in the frequency domain. Each mode shape, connected to a specific nodal diameter of
the system, is excited in resonance by some EO of the mesh force, according to the law reported in the
following equation Equation (73), from gear dynamics theory [9]:

EO = mZ ± ND , m = 1, 2, . . . . (73)

Thus, the construction of the multi-harmonic forced response is computed by considering, one by
one, each EO of the mesh force, associating it to the mode shapes, which are described by the relative
nodal diameter ND, excited by the selected EO and computing the modal responses. Once the modal
responses in the frequency domain are computed for all the EO, they are transformed through DMT
(Equation (30)), passing from modal coordinates to physical coordinates, and the forced response of a
given node is developed in the time domain (in our case the nodes of the teeth of the gears) as the sum
of all the mode shapes contributions (i.e., DMT). The validity of the superimposition effect principle
(as explained in the Introduction) allows the summation of all the responses due to the different EO in
the time domain. The result will be a multi-harmonic response, developed in the time domain. Since
the response is not described by a single harmonic it is not possible to acquire the amplitude of the
time domain response. Thus, the latter will be expressed by acquiring the peak-to-peak measure of the
time domain trend as function of a reference frequency (which can be the speed of G1 or the speed of
G2 as well) defining uniquely the excitations (both parametric and external) of the overall system. As a
matter of fact, setting a certain speed for G1 means also setting the speed of G2 since the speed of the
gears are linked by the gear ratio. As consequence, the mesh stiffness and mesh force, representing the
parametric and the force excitations respectively, directly depend on the speed of the two gears. Finally,
the reference frequency describes uniquely the operational conditions of the overall system. In the
next section an example of forced response is computed on a dedicated test case and a comparison
with Direct Time Integration (DTI) method is made to validate the MMTS methodology, developed
into this paper.

7. Forced Response Computed on Test-Cases

In this Section, a study of the forced response of a test case is presented. The aim is to show when
MMTS is applied for such applications and why it is convenient to use it. Such a problem can be
studied, on the other hand, by Direct Time Integration (DTI) of the equations of motion but this is a
very time-consuming method which makes difficult a detailed study of the forced response over a
wide range of operational frequency. Anyway, here DTI is used to validate the methodology that is
developed in this paper. More in detail, given a certain system model, characterized by given mass,
stiffness and damping matrices, two parallel studies are developed on the system, applying MMTS and
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DTI respectively. The validation of the MMTS methodology is made by comparing the peak-to-peak
(P2P) measures of the multi-harmonic response developed in the time domain, calculated with the
two methods. Here, the P2P result is plotted against a reference frequency, which is decided at the
beginning of the calculation and defines uniquely all the excitations of the system (both parametric
and external excitation). The reference frequency chosen for the P2P plots is the speed of Gear-1,
Ω1. As a matter of fact, the speed of Gear-2, Ω2, is directly connected to Ω1 through the gear ratio η.
Then, all the parametric and external excitations are directly defined. Through the test-case analysis,
the dynamic coupling phenomenon is investigated, by remarking its causes and consequences. It is
demonstrated that the dynamic coupling, caused by the presence of a time-variant mesh stiffness, leads
to a nodal coupling of certain nodal diameters of the meshing gears. To clearly note the phenomenon,
a specific test case is built. In more detail, the example which has been used several times in this
paper is considered. That is the case of a couple of gears (G1 and G2) having respectively Z1 = 10
teeth and Z2 = 20 teeth. The system model of each gear, as it was introduced at the beginning of the
paper (Section 2) is constituted by two nodes per sector of the gear (the number of sectors is equal to
the number of teeth). As consequence, each gear has number of dof equal to twice the number of its
teeth. Being the dimension of the gear model twice the number of the sectors, two modal families of
natural frequencies can be derived by performing modal analysis of both the gears considering them
as stand-alone components. In Figure 9a,b the frequency vs. nodal diameter diagram of the two gears
(considered as stand-alone components) is reported, given the mechanical characteristics of the gears
shown in table Tables 1 and 2.

(a) 

(b) 

Figure 9. (a) Frequency vs. ND diagram of Gear-1. (b) Frequency vs. ND diagram of Gear-2.
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Table 1. Mechanical characteristics of G1 model.

GEAR-1

Z1 10 Teeth

ND [0,...,5]
Mechanical characteristics

mb 0.2 (kg)
mc 1 (kg)
ka 107 (N/m)
kb 107 (N/m)
kc 108 (N/m)
damping ratio 0.005 (-)

Table 2. Mechanical characteristics of G2 model.

GEAR-2

Z2 20 Teeth

ND [0,...,10]
Mechanical characteristics

mb 0.2 (kg)
mc 2 (kg)
ka 107 (N/m)
kb 107 (N/m)
kc 108 (N/m)
damping ratio 0.005 (-)

The gears are coupled by means of a mesh stiffness of the same type described in Section 3. So,
it assumes for the nth pair of meshing teeth a constant value equal to kt when the pair is in contact,
it assumes a null value when it is not. In this test-case kt is equal to 106 N/m. The mesh stiffness
causes a modal coupling between some modes characterized by specific nodal diameters of the two
gears respectively. It is good to remember that the mesh stiffness does not have a remarkable influence
on the natural frequencies, which remains practically equal to those of the two gears considered as
stand-alone components, even though it may have an important influence on the dynamic response of
the overall system. In such a case the numbers of teeth Z1 and Z2 has a strong relation with each other.
This condition emphasizes the nodal coupling between specific nodal diameters of the gears. It is
worth to remind that such a system represents an unusual system because, in practice, gear systems
are never designed with such numbers of teeth to avoid the same couple of teeth meshes too often.
Nevertheless, this choice, which does not affect the validity of the methodology, aims to boost the
effect of the analyzed phenomenon of the dynamic coupling so to better understand it. In Figure 10
an example of nodal coupling is reported for the system under analysis. That is the case of a nodal
coupling between the nodal diameter ND-5 of G1 and the nodal diameter ND-10 of G2. By recalling
the vector of the physical coordinates of the system defined in Section 2 (Equation (1)), the mode
shape shown in Figure 10 contains both the nodal diameters. It means that an excitation of ND-5 of
G1 affects the vibration of G2 which will vibrate at the same natural frequency with a ND-10 shape.
It is important to remark that the ND-5 of G1 (considered as stand-alone component) has a natural
frequency ω5 = 1118 Hz (see Figure 9a). When the G1 is coupled to G2 by means of the mesh stiffness,
the ND-5 of G1 still has natural frequency ω5, but the mode shape of the coupled system associated to
that natural frequency shows an ND-5 mode shape coupled to an ND-10 of G2. In other words, it is
numerically demonstrated that a mesh stiffness with such a value of kt causes the coupling between
the nodal diameters of the gears without changing remarkably the natural frequencies with respect
to those of the gears (considered as stand-alone components). The choice to keep a value of kt that
does not cause a remarkable change in the natural frequencies is a reasonable assumption that verifies
what is experimentally found in the industrial applications. As a matter of fact, real test cases are
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characterized by mode shapes showing modal couplings between nodal diameters at given natural
frequencies, which are practically the same of those of the stand-alone gears. Thus, the test case under
exam aims at simulating a real coupled system where the dynamic characteristics of the mode shapes
and natural frequencies remain practically unchanged.

Figure 10. Mode shape of the system. Nodal Coupling between ND-5 of G1 and ND-10 of G2.

As it was described in Section 5, the external force acting on the system is a mesh force which
travels from one tooth to another one with the mesh stiffness. In other words, a force of value Fm acts
on the teeth nodes (with same value but with opposite direction) of a specific nth teeth pair when it is
in contact. So, as for the mesh stiffness, the Fourier series of the mesh force is studied, as described in
Section 5. In Figure 11a,b the harmonic content (or Engine Orders, EO) of the forces, acting on the two
gears respectively, is shown in terms of amplitudes of the various EO.

As anticipated in Section 6.2 (Equation (73)), a harmonic index EO of the travelling force excites
mode shapes characterized by a specific ND. Since the ND under analysis for G1 is 5, the EO excitation
that have been selected are: 5, 15, 25, 35. MMTS allows the computation of the modal response of the
mode shape of interest due to the selected EO. The forced response in the physical coordinates is easily
derived through Direct Modal Transformation (DMT). Here, the forced response (expressed as the
P2P measure of the multi-harmonic response developed in the time domain) of the teeth of the two
gears is computed, in a given operational speed range (the reference speed is the speed of G1) where
the excitation of the mode shape in Figure 8 occurs. What is expected is to see a resonance of the G1

due to the excitation of the ND-5 by some EO of the mesh force and an “induced” resonance of the
G2 due to the action of the latter EO exciting the G1. The fact that the second resonance is induced
by the first one is demonstrated by the fact that no excitation of the ND of G2 should be present for
that operational frequency conditions. As a matter of fact, by looking at the Campbell diagrams of the
gears, you can note that for G1 (Figure 12a) the involved EO crosses the natural frequency line in that
operational speed range, while for G2 (Figure 12b) no crossing of the natural frequency lines occurs by
the involved EO. Thus, the conclusion is that the second resonance on G2 is caused by the first one
on G1.

The P2P measure of the multi-harmonic response of the two gears computed using MMTS is
reported in Figure 13. Here, also the P2P measure computed by means of DTI is shown in order to
make a comparison between the two results. It is worthy to note that there is a big difference in terms
of computational time for the construction of the forced response using the two methodologies (MMTS
and DTI). In more detail, a DTI study can take some hours, and the computational time can increase
considerably as the number of dof of the system increases as well as the resolution of the operational
speed range and the integration time interval increase. As consequence, the computational efforts
can be practically unsustainable for systems with a large number of dof and very low damping ratios
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whereby DTI must integrate for larger time interval in order to reach a steady-state response, where
the transient part is completely extinguished (i.e., a real test-case of gear system where damping ratio
is lower than 0.1%). On the other hand, MMTS, operating in the frequency domain, results in a very
fast calculations of the forced response which can take few minutes and then it allows to select the EO
of interest which have an influence in a given operational speed range, neglecting the minor effects of
other EO and so reducing considerably the computational efforts. In both the analysis, two resonance
peaks are visible in a given operational speed range (speed of G1 from 210 Hz to 240 Hz). The blue
curves are the resonances of G1 computed respectively with MMTS and DTI. The same for the red
curves. The resonance of G2 is induced by the resonance of G1, as anticipated before. By looking at the
figures Figure 14a,b showing respectively the FFT of the time domain responses, computed through
DTI, of the gears (respectively shown in the figures Figure 15a,b), it is easy to note that the main
harmonic component of the multi-harmonic response in both cases is exactly the natural frequency
of the mode shape shown in Figure 10 which couples ND5 of G1 to ND10 of G2. This represents an
additional proof that the resonance of G2 is directly induced by the excitation of that single mode
shape by the mesh force on the G1. This is a clear example of dynamic coupling between two meshing
gears and MMTS allowed to forecast the resonance of G2 induced by the excitation of the ND of G1

and this could not be possible if you have considered the gears as stand-alone components. In that
case, no interaction between the ND of the gears can be studied.

(a) 

(b) 

Figure 11. (a) Engine Orders of mesh force acting on G1. (b) Engine Orders of mesh force acting on G2.
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(a) 

(b) 

Figure 12. (a) Campbell diagram of G1. (b) Campbell diagram of G2.

 
Figure 13. Peak-to-Peak measure of the multi-harmonic response of the gears. Comparison between
DTI and MMTS.
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(a) 

(b) 

Figure 14. (a) FFT of the response of G1 (Figure 14a). (b) FFT of the response of G2 (Figure 14b).

(a) 

Figure 15. Cont.
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(b) 

Figure 15. (a) Time domain response of G1 by DTI. (b) Time domain response of G2 by DTI.

8. Conclusions

The objective of this paper is to investigate the mutual interactions (dynamic coupling) which
affect the response of a couple of meshing gears, by developing a methodology able to compute easily,
with limited computational efforts, the forced response of the gears, without loosing the generality
and complexity of the system. As a matter of fact, here the gears are considered as compliant bodies.
As opposed to other methodologies which were developed in the past, whereby the assumption
of the gears as rigid bodies needed to be supported by the introduction of the transmission error
to simulate the compliance of the gears. Here, the challenge is to couple two compliant gears
(whose dynamic characteristics are automatically included) and to investigate how the dynamics
of a gear interacts with the other one when phenomena of mesh stiffness fluctuations occur. In addition
to that, the methodology provides guidelines for an analytical solution to the problem, allowing the
researcher to compute the forced response of a complex system undergoing both a parametric and
external excitation. The choice of MMTS for the mathematical solution of the linear time-variant
problem is addressed to its capability to provide an analytical solution to the problem, by strongly
simplifying it. This is a great advantage for applications like gear coupling where the simplicity of the
methodology (MMTS) compensates for the complexity of the system and allows for the analysis of the
behavior of the gears in a considerably wide range of operation.
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Appendix A Forced Response Computation

Complete pth equation of motion in modal coordinates including all the harmonic sets of both the
parametric and the excitation force, expressed in Fourier Series:
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..
up1 + ω2

pup1 = −2
[
iωp A′

pei ωp t + CC
]

−∑N
r=1 ∑∞

s1=1

{[
D1

s1
pr ei s1 Ω1 t + D1

s1
pre−i s1 Ω1 t

][
Areiωr t + CC

]}
−∑N

r=1 ∑∞
s2=1

{[
D2

s2
pr ei s2 η Ω1 t + D2

s2
pre−i s2 η Ω1 t

][
Areiωr t + CC

]}
−∑N

r=1 ∑∞
s3=1

{ [
D3

s3
pr ei s3

Ω1
nT 1

t
+ D3

s3
pr e−i s3

Ω1
nT 1

t
][

Areiωr t + CC
]}

−cp

[
iωp Apeiωpt + CC

]
+ P10,p + ∑∞

k1=1[ P1
k1
p ei k1 Ω1 t + P1

k1
p e−i k1 Ω1 t]

+P20,p + ∑∞
k2=1[ P2

k2
p ei k2 η Ω1t + P2

k2
p e−i k2 η Ω1 t].

(A1)

Further manipulations of Equation (A1) allows to write the right-hand side (RHS) of the equation
in a clearer form, by grouping the CC terms (Equation (A2)):

RHS = −2iωp A′
peiωpt − ∑N

r=1 ∑∞
s1=1

[
D1

s1
pr Ar ei(s1Ω1 + ωr)t + D1

s1
pr Ar ei(s1Ω1 − ωr)t

]
−∑N

r=1 ∑∞
s2=1

[
D2

s2
pr Ar ei(s2 η Ω1 + ωr)t + D2

s2
pr Ar ei(s2 η Ω1 − ωr)t

]
−∑N

r=1 ∑∞
s3=1

[
D3

s3
pr Ar ei(s3

Ω1
nT 1

+ ωr)t + D3
s3
pr Ar ei(s3

Ω1
nT 1

− ωr)t
]

−icpωp Apeiωpt + 1
2 P1,0 p + ∑∞

k1=1

[
P1

k1
p ei k1 Ω1 t

]
+ 1

2 P2,0 p + ∑∞
k2=1

[
P2

k2
p ei k2 η Ω1 t

]
+ CC.

(A2)

Appendix B Elimination of secular terms

Here, the possible secular terms are analyzed. Two types of resonant terms can be distinguished
inside the equation Equation (54) which can give secular terms: the first type gives “exact” secular
terms and they are reported in Equations (A3) and (A4); the second type can give secular terms as the
excitation frequency k1Ω1 approaches to ωp, and they are reported in Equations (A5)–(A7). These terms
are called nearly secular terms.

− 2iωp A′
peiωpt; (A3)

− icpωp Apeiωpt; (A4)

D1
s1
pr Ar ei(s1Ω1−ωr)t; (A5)

D2
s2
pr Ar ei(s2 η Ω1−ωr)t; (A6)

D3
s3
pr Ar ei(s3

Ω1
nT 1

−ωr)t. (A7)

Nearly secular terms become “exact” secular terms in specific conditions. Below, each nearly secular
term is analyzed to find the critical conditions which cause secular terms.

k1Ω1 = ωp + εσ . (A8)

• D1
s1
pr Ar ei(s1Ω1−ωr)t:

It produces secular terms for r = p and s1Ω1 approaching to 2ωp. The condition which verifies
this case is s1 = 2k1. As consequence, by substituting the latter relation, it follows:

s1Ω1 =
s1

k1
ωp + ε

s1

k1
σ = 2ωp + 2σε . (A9)

• D2
s2
pr Ar ei(s2 η Ω1−ωr)t :

It produces secular terms for r = p and s2η Ω1 approaching to 2ωp. The condition which verifies
this case is s2 = 2 η k1. As consequence, it follows:
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s2η Ω1 =
s2 η

k1
ωp + ε

s2 η

k1
σ = 2ωp + 2σε . (A10)

• D3
s3
pr Ar ei(s3

Ω1
nT 1

−ωr)t:

It produces secular terms for r = p and s3
Ω1
nT1

approaching to 2ωp. The condition which verifies

this case is s3 = 2 nT1 k1. As consequence it follows:

s3Ω1

nT1

=
s3 ωp

k1 nT1

+ ε
s3 σ

k1 nT1

= 2ωp + 2σε . (A11)

Now it is possible to eliminate secular terms by applying the critical conditions analyzed before,
summing up the resonant terms and forcing them to zero. It follows:

−2iωp A′
peiωpt − D1

s1
pp Ap ei (s1 Ω1 − ωp) t − D2

s2
pp Ap ei (s2 η Ω1 − ωp) t−

D3
s3
pp Ap e

i ( s3
nT1

Ω1 − ωp) t − icpωp Apeiωpt + P1
k1
p ei k1Ω1 t = 0.

(A12)

Substituting the equations Equations (A9)–(A11) into Equation (A12):

−2iωp A′
peiωpt − D1

(2 k1)
pp Ap ei ( 2σε ) t ei ωp t − D2

( 2ηk1 )
pp Ap ei (2σε) t ei ωp t−

D3
( 2 nT1 k1)
pp Ap ei ( 2σε )t ei ωp t − icpωp Apei ωp t + P1

(k1)
p ei σεt ei ωp t = 0.

(A13)

It is possible to eliminate the common term eiωpt into Equation (A13) and write the equation,
considering that εt is exactly equal to τ:

−2iωp A′
p − D1

(2k1)
pp Ap ei2στ − D2

(2ηk1 )
pp Ap ei2στ − D3

(2nT1 k1)
pp Ap ei2στ − icpωp Ap

+P1
k1
p ei στ = 0.

(A14)
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Abstract: Variable compression ratio (VCR) technology has long been recognized as a method for
improving the engine performance, efficiency, and fuel economy of automobiles, with reduced
emissions. In this paper, a novel hydraulic continuous VCR system based on the principle of an
adjustable hydraulic volume is introduced. The continuous variable compression ratio of the VCR
system is realized by the hydraulic system controlling the rotation of the eccentric pin to change
the positions of the top dead center (TDC) and the bottom dead center (BDC). The construction of
the mathematical model and simulation model of the VCR system is also presented in this paper.
The piston motion characteristics, flow characteristics, and pressure characteristics of the hydraulic
system of the VCR system at different engine speeds and adjustment quantities are studied by
simulation in this paper. The simulation results show that the VCR system has a fast response and
good dynamic characteristics, and can achieve continuous adjustment of the compression ratio.

Keywords: variable compression ratio; adjustable hydraulic volume; mathematical model; dynamic
characteristics; simulation

1. Introduction

Due to the increasingly severe energy crisis and environmental pollution [1], increasingly stringent
emission and fuel economy standards have been proposed by many governments [2], which make
improving the efficiency of engines an important topic. In China, the limit of fuel consumption will
be 5 L per 100 km up to 2020 [3]. In the United States and Japan, passenger vehicles will have to
achieve 23 km/L on average from 2025 [4]. Additionally, in Europe, the CO2 emission limit will be
60 g per kilometer from 2025 [5]. The major challenges in the automotive industry are improving
the engine efficiency by reducing the fuel consumption and reducing the engine emissions to meet
the emission standards. Researchers have found that variable compression ratio (VCR) technology
can provide further degrees of freedom to optimize the engine performance for various operating
conditions. At low power levels, the engine operates at a higher compression ratio to capture the
benefits of a higher thermal efficiency, while at high power levels, the engine operates at a lower
compression ratio to prevent knocking. By continuously changing the compression ratio, an engine
enables the optimum combustion efficiency to be obtained at all engine speed and load conditions,
resulting in a better engine performance, lower fuel consumption, and lower exhaust emissions [6–8].

Owing to the advantages of VCR, researchers and manufacturers have devoted much effort to
studying VCR technology. According to a survey, thousands of patents all over the world have been
published, and more than 120 different kinds of VCR mechanisms have appeared, since 2000, and
the numbers have kept increasing rapidly from 2013 up to the present date [3,8]. Forced Evolution
Virus (FEV) has developed a VCR engine in which the crankshaft bearing is carried in an eccentrically
mounted carrier that can rotate to raise or lower the top dead center (TDC) positions of the pistons in
the cylinder. The compression ratio of FEV’s VCR engine is adjustable by varying the rotation of the
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eccentric carrier [9,10]. Nissan uses a multi-link system to achieve VCR by inserting a control linkage
system between the connecting rod and the crankshaft, and connecting this to an actuator shaft [11,12].
The Saab VCR engine achieves VCR by dynamically modifying the cylinder head position [13]. Ford
has patented a means of varying the combustion chamber volume by using a secondary piston or
valve [14]. Gomecsys has proposed a VCR engine in which moveable crankpins form an eccentric
sleeve around the conventional crankpins and are driven by a large gear [15]. Honda has patented a
VCR engine in which the deck height of the piston is varied [16]. Hiyoshi et al. have proposed a VCR
engine in which the compression ratio could vary by adjusting the position of the added triangle that
totally changes the piston movement process [17]. Kadota et al. have invented a VCR engine with
a dual-piston system in which the compression ratio is varied by moving the TDC position with a
hydraulic system and spring [18]. Kleeberg et al. have realized VCR by moving the TDC of the piston
by adjusting the phase of the eccentric carrier inserted between the small-end of the connecting rod
and the piston with a hydraulic system placed on both sides of the connecting rod [19].

The idea of varying the compression ratio CR is almost as old as the combustion engine itself.
Over the years, various means have been proposed to realize VCR. However, there are many problems
in existing VCR solutions. For example, most of the VCR solutions require comprehensive changes to
existing engine architectures, few systems can realize the VCR continuously, and most of the VCR
systems are too complex [4,13,20]. Hence, a novel hydraulic continuous VCR system based on the
principle of an adjustable hydraulic volume is proposed in this paper. The hydraulic continuous VCR
system can change the top and bottom dead center positions by the cubic capacity of the volume
regulator, thereby allowing the compression ratio to be continuously changed. Due to the dynamic
characteristics of the hydraulic system being the key factors affecting the adjustment performance of
the hydraulic continuous VCR system, they are studied by establishing a mathematical model and
simulation model.

2. Structure and Working Principle of the VCR System

2.1. Structure of the VCR System

Figure 1 shows the structure of the connecting rod. The connecting rod is composed of eccentric
piston pin suspension, a piston pin, a connecting rod shank, a connecting rod cap, a left link, a left
cylinder, a right link, a right cylinder, a left globe valve, a right globe valve, and so on. The connecting
rod small end is equipped with an eccentric sleeve which houses the piston pin. The cylindrical surface
of the eccentric sleeve is matched with the hole of the connecting rod small end and thus the eccentric
sleeve can rotate in the hole of the connecting rod small end. The eccentric piston pin suspension is in
splined connection with eccentric sleeve. The eccentric piston pin suspension is connected to the left
link of left cylinder and the right link of right cylinder respectively by means of articulated connection.
Therefore, the eccentric sleeve would be rotated by changing the positions of the left cylinder and
the right cylinder. Thereby the effective connecting rod length and thus the compression ratio can be
varied by rotating the eccentric sleeve. Figure 2 is a schematic diagram of the hydraulic continuous
VCR system. Figure 2 shows that the hydraulic system of the continuous VCR system is composed of a
low-pressure oil source, high-pressure oil source, check valve, solenoid valve, left globe valve, right
globe valve, left cylinder, right cylinder, volume regulator solenoid valve, volume regulator, and so on.
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Figure 1. Structure of the connecting rod.

Figure 2. Schematic diagram of the hydraulic continuous variable compression ratio (VCR) system.

2.2. Working Principle of the VCR System

In the hydraulic continuous VCR system, compression ratio adjustment is realized by varying
the position of the piston pin installed in the rotating eccentric sleeve that is controlled by the left
cylinder and the right cylinder. As a result, the compression ratio adjustment completely relies on
forces and moments related to movement of the piston for actuation and no external energy is necessary.
The working principle of the hydraulic continuous VCR system is as shown below.

When it is necessary to adjust the compression ratio of the cylinder, the limit lever should be
adjusted to a reasonable position by the actuating device, according to the speed and load of the engine.
When the cylinder of the engine is running to the expansion stroke, the high-pressure oil circuit is
disconnected by closing the solenoid valve of the high-pressure oil source. The system is supplied by
the low-pressure oil source. At the same time, the solenoid valve of the volume regulator is turned on.
The oil in the oil circuit connecting the volume regulator, the left globe valve, and the right globe valve
flows into the volume regulator through the solenoid valve of the volume regulator, and the pressure
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of the connecting oil circuit then decreases. When the pressure of the connecting oil circuit is lower
than the closing pressure of the right globe valve, the right globe valve is turned on. At the same time,
due to the action of the high gas pressure on the surface of the engine piston, the oil pressure in the left
cylinder is still very high. As a result, the left globe valve that is controlled by the pressure of the oil
circuit is also closed. As the cylinder runs to the exhaust stroke, the gas pressure on the piston surface
of the cylinder gradually decreases. When the engine runs to the later stage of the exhaust stroke and
the early stage of the inlet stroke of the cylinder, the oil pressure of the left cylinder will be lower than
that set by the left globe valve, and the left globe valve will be turned on. At this stage, the inertia
force of the engine piston, piston pin, etc., which can move relative to the engine-connecting rod, will
point in the upward direction shown in the figure. Under the combined action of the inertia force
and the force of the oil pressure on the left piston, the center of the piston pin moves upward, which
drives the eccentric piston pin suspension to rotate clockwise, as shown in Figure 3a. The clockwise
rotation of eccentric piston pin suspension drives the left piston to move upward in the left cylinder
through the left link, and the volume of the left cylinder gradually increases. On the contrary, the right
piston moves downward in the right cylinder under the action of clockwise rotation of the eccentric
piston pin suspension, so that the volume of the right cylinder will gradually decrease. Since the
diameter of the left cylinder is larger than that of the right cylinder and the change of volume of the left
cylinder is also greater than that of the right cylinder, all the oil flowing out of the right cylinder flows
into the left cylinder. The same occurs for the left cylinder, so all the oil flowing out of the volume
regulator flows into the left cylinder until the piston of the volume regulator returns to the front of
the volume regulator by the spring force. While the pressure of the system is less than that of the
low-pressure oil source, the low-pressure oil source supplies oil to the system through the check valve,
and makes the system pressure the same as its oil pressure. As the right piston moves to the bottom
of the right cylinder, the left piston reaches its highest position and stops moving. At the same time,
the low-pressure oil source stops supplying oil to the system and the check valve is closed. A closing
system with the largest volume is formed by the left cylinder, the right cylinder, the volume regulator,
and their connecting circuits. The same maximum volume condition will be reached each time the
compression ratio is adjusted.

When the cylinder runs to the later stage of the inlet stroke and the early stage of the compression
stroke, the inertia force direction of the piston, piston pin, and other parts whose movements are
relative to the engine piston becomes downward. Under the combined action of the inertia force and
the force of oil pressure on the left piston and the right piston, the center of the piston pin moves
upward, which drives the eccentric piston pin suspension to rotate counterclockwise, as shown in
Figure 3b. The counterclockwise rotation of eccentric piston pin suspension drives the left piston to
move downward in the left cylinder through the left link, and the volume of the left cylinder will
gradually decrease. On the contrary, the right piston moves upward in the right cylinder under the
action of the counterclockwise rotation of the eccentric piston pin suspension, so that the volume of
the right cylinder will gradually increase. However, the volume variation of the left cylinder is larger
than that of the right cylinder; that is to say, only a part of the oil flowing out of the left cylinder can
flow into the right cylinder. Therefore, the oil pressure of the system increases gradually. When the
system pressure is greater than the pre-tightening force of the volume regulator spring, the piston of
the volume regulator is pushed into the regulating rod by the oil. The piston of the volume regulator
stops moving after it makes contact with the limit lever, and the movement of the left piston and the
right piston stops at the same time. The solenoid valve of the volume regulator is turned off. Then,
medium in the left cylinder and the right cylinder becomes incompressible so that the eccentric piston
pin suspension no longer rotates, as shown in Figure 3c. The oil in the volume regulator flows back to
the tank through the solenoid valve of the volume regulator and the piston of the volume regulator
returns to the front of the volume regulator by the spring force.

From above, the stroke of the volume regulator piston can be controlled by adjusting the position
of the limit lever properly, according to the required compression ratio. This means that the oil volume
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flowing into the volume regulator cylinder can be controlled. The volume of oil is equal to the sum
of the volumes of all hydraulic components in a closed hydraulic system. Therefore, when the cubic
capacity of the volume regulator is determined, the volume of the left cylinder and the volume of the
right cylinder are also determined because of their linkage and constant flow difference. Accordingly,
the stop positions of the left piston and the right piston are determined, and the position of the eccentric
piston pin suspension is also determined. Furthermore, the distance between the piston pin and the
hole of the connecting rod end is determined too. The effective length of the connecting rod can be
adjusted in this way, so the compression ratio of the engine is adjusted. As the cylinder compression
stroke continues, the pressure of gas acting on the piston surface continues to rise, and the left piston
will continue to move downward, which makes the system pressure rise rapidly. The left globe valve
closes when the system pressure is greater than the set pressure of the left globe valve and this is
maintained until the next compression ratio adjustment. The right globe valve is the same as the left
globe valve. At the same time, the solenoid valve of the high-pressure oil source is turned on, which
connects the high-pressure oil source and the connecting oil circuit. The supply of the high-pressure
oil source ensures that the left globe valve and the right globe valve are always closed.

If the compression ratio needs to be adjusted again, the above process only needs to be repeated.

 
         (a)                      (b)                    (c) 

Figure 3. Schematic diagram of the adjustment process. (a) First stage of adjustment; (b) second stage
of adjustment; (c) adjustment completion.

3. Mathematical Modeling

According to the working principle of VCR, the eccentric piston pin suspension rotates around
the center of the eccentric sleeve. As shown in Figure 4, the eccentric piston pin suspension, the left
cylinder, and the right cylinder form two crank slider mechanisms by using the engine-connecting rod
as the reference for motion. L0 is the eccentric size, L1 is the left arm length of eccentric piston pin
suspension, L2 is the left link length, L3 is the right arm length of eccentric piston pin suspension, L4 is
the right link length, θ is the angular displacement of eccentric piston pin suspension, α is the angular
displacement of the left link, β is the angular displacement of the right link, δ is the installation angle
of the left cylinder, ϕ is the installation angle of the right cylinder, F is the force of the engine piston
acting on the eccentric piston pin suspension, FL1 is the force of the left link acting on the eccentric
piston pin suspension, FL2 is the force of the left link acting on the piston of left cylinder, FLP is the force
of oil pressure on the piston of the left cylinder, FR1 is the force of the right link acting on the eccentric
piston pin suspension, FR2 is the force of the right link acting on the piston of the right cylinder, and
FRP is the force of oil pressure on the piston of the right cylinder.
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Figure 4. Schematic diagram of force.

According to the working principle of the VCR system and Figure 4, the system equations are
derived one by one, as follows.

The piston displacement of the left cylinder sdL can be expressed as

sdL =

√
(L1cos θ− L2sinα)2 + (L1sin θ+ L2cosα)2 (1)

The piston displacement of the right cylinder sdR is expressed as

sdR =

√
(L3cos θ− L4sinβ)2 + (L3sin θ+ L4cosβ)2 (2)

The equilibrium equation of eccentric piston pin suspension can be expressed as

F× L0cos θ+ FR1 × L3 cos(β+ θ) − FL1 × L2 cos(α− θ) = J
d2θ

dt2 (3)

where J is the moment of inertia of eccentric piston pin suspension.
The equilibrium equation of the left cylinder piston is expressed as

FL2 sin(α− δ) − FLP −mLP
d2sdL

dt2 − c
dsdL

dt
= 0 (4)

where c is the damping coefficient, mLP is the mass of the left cylinder piston, δ is the installation angle

of the left cylinder, FL2 = −FL1, FLP =
πd2

L
4 pL, dL is the diameter of the left cylinder piston, and pL is

the operating pressure of the left cylinder.
The equilibrium equation of the right cylinder piston is expressed as

FR2 sin(β−ϕ) − FRP −mRP
d2sdR

dt2 − c
dsdR

dt
= 0 (5)

where c is the damping coefficient, mRP is the mass of the right cylinder piston, ϕ is the installation

angle of the left cylinder, FR2 = −FR1, FR2 =
πd2

R
4 pR, dR is the diameter of the right cylinder piston,

and pR is the operating pressure of the left cylinder.
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The flow continuity equation in the left cylinder is as follows:

QL =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
πd2

L
4

dsdL
dt −βe

(
VL0 − πd2

L
4 SdL

)
dPL
dt the left globe valve opened

0 the left globe valve closed
(6)

where βe is the elastic coefficient of the hydraulic medium and VL0 is the initial volume of the
left cylinder.

The flow continuity equation in the right cylinder is as follows:

QR =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
πd2

R
4

dsdR
dt + βe

(
VR0 +

πd2
R

4 SdR

)
dPR
dt the right globe valve opened

0 the right globe valve closed
(7)

where VR0 is the initial volume of the right cylinder.
The flow continuity equation in the volume regulator is as follows:

QR =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
πd2

V
4

dsdV
dt + βe

(
VV0 +

πd2
V

4 SdV

)
dPV
dt the solenoid valve opened

0 the solenoid valve closed
(8)

where sdV is the piston displacement of the volume regulator, VV0 is the initial volume of the volume
regulator, dV is the diameter of the volume regulator piston, and pV is the operating pressure in the
volume regulator.

The equilibrium equation of the volume regulator piston is as follows:

πd2
V

4
pV −mV

d2sdV

dt2 − c
dsdV

dt
− FV0 − kV0sdV = 0 (9)

where FV0 is pre-tightening force of volume regulator spring, and kV0 is the stiffness of volume
regulator spring.

The flow continuity equation of the check valve is as follows:

QC =

⎧⎪⎪⎪⎨⎪⎪⎪⎩ Acd

√
2×(0.25−pL)

ρ , pL < 0.25 and the left globe valve opened

0, pL > 0.25 or the left globe valve closed
(10)

where Acd is the effective flow area of the check valve and ρ is the density of the hydraulic medium.
System flow balance equation:
According to the working principle of VCR, the system flow balance equation can be divided into

two cases. The first case is when the resultant force is upwards, and the flow of the left cylinder is
equal to the total of the flow of the right cylinder and the flow of check valve:

QL = QR + QC (11)

Another case is when the resultant force is downwards, and the flow of the left cylinder is equal
to the total of the flow of the right cylinder and the flow of the volume regulator:

QL = QR + QV (12)
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4. Simulation Model and Simulation Results

4.1. Simulation Model

Advanced Modeling Environment for performing Simulation of engineering system (AMESim)
was selected as the simulation software. The simulation model was established by the AMESim
software according to the working principle and construction of VCR. Figure 5 is the simulation model
of VCR. The compressibility of hydraulic oil and pressure loss existing in the physical system are
considered in the simulation model. The planar mechanical library of AMESim was used for the
modeling of the mechanical structure of VCR. Additionally, the hydraulic library of AMESim was used
for the modeling of the hydraulic system of VCR. In the simulation model, the variable hydraulic
orifices are used to simulate the hydraulic valve, including the solenoid valve, left globe valve, right
globe valve, and volume regulator globe valve, in the physical model. The switch of all variable
hydraulic orifices is controlled by the signal of the sensors. The low-pressure oil source is simulated by
a constant-pressure oil source. The high-pressure oil source is simulated by a subsystem that consists
of a fixed displacement hydraulic pump, pressure relief valve, and so on. An electromotor is used
to simulate the rotation of the engine driving the rotation of the crank axle. The motion between the
cylinder and piston of the engine is simulated by a driven prismatic pair. Furthermore, the force of the
engine piston is applied by the piecewise linear signal source. The parameter setting of the simulation
model should refer to the physical system, and the simulation parameters are shown in Table 1.

Table 1. Simulation parameters.

Item Parameter

Diameter of left cylinder piston (mm) 15.4
Diameter of right cylinder piston (mm) 13.8
Diameter of volume regulator piston (mm) 10
Diameter of volume regulator rod (mm) 5
Diameter of pipeline (mm) 6
Stroke of left cylinder (mm) 16
Stroke of right cylinder (mm) 16
Initial displacement of left cylinder piston (mm) 11.7
Initial displacement of right cylinder piston (mm) 4.3
Initial displacement of volume regulator piston (mm) 0
Initial pressure of right cylinder (bar) 10
Initial pressure of left cylinder (bar) 10
Initial pressure of volume regulator (bar) 0
Initial pressure of pipeline (bar) 2.5
Density of hydraulic medium (kg/mm3) 850 × 10−9

Effective flow area of check valve (mm2) 10
Maximum flow coefficient 0.7
Pre-tightening force of volume regulator spring (N) 35
Stiffness of volume regulator spring (N/mm) 1000
Hydraulic oil elastic modulus (bar/mm2) 7
Mass of crank axle (kg) 2
Mass of engine connecting rod (kg) 0.4
Mass of eccentric piston pin suspension (kg) 0.07
Length of left arm of eccentric piston pin suspension (mm) 26
Length of right arm of eccentric piston pin suspension (mm) 26
Length of pipeline (m) 0.3
Eccentric size (mm) 4
Pressure of low pressure oil source (bar) 2.5
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Figure 5. Advanced Modeling Environment for performing Simulation of engineering system AMESim
simulation model of variable compression ratio (VCR) system.

4.2. Simulation Results

In order to study the dynamic characteristics of the hydraulic system of VCR, the adjustment
process of different engine speeds and different regulating quantities was simulated. According to the
working principle and construction of VCR, the initial displacement of the left cylinder piston, the
initial displacement of the right cylinder piston, and the initial displacement of the volume regulator
piston were set to 11.7 mm, 4.3 mm, and 0 mm, respectively. The simulation results are shown below.

Figure 6 presents the simulation results of left cylinder piston displacement and right cylinder
piston displacement at different engine speeds with the adjustment of 3 mm. From Figure 6, we know
that the displacement of the left cylinder piston increases gradually to the stroke of the left cylinder,
and then decreases gradually, in contrast to the left piston, where the displacement of the right piston
first decreases to 0 and then increases gradually. It can also be seen that the greater the engine speed,
the greater the crank angle required to complete the adjustment process. There is a fluctuation of
piston displacement before the piston position is stable, and the fluctuation increases with the engine
speed. There are the same adjustment effects of piston displacement at 800 r/min, 1200 r/min, and
1500 r/min. Once the piston position is determined, the compression ratio is also determined according
to the structure of the VCR system. Therefore, 800 r/min, 1200 r/min, and 1500 r/min can have the same
compression ratio at the same adjustment quantity. However, the piston displacement at 2000 r/min is
greater than that at other engine speeds. In other words, when the engine speed is higher than a certain
speed, i.e., 1500 r/min, the adjustment effect of the VCR system will be affected by the engine speed
and it cannot obtain the same compression ratio as the lower engine speed. In order to ensure effective
adjustment of the compression ratio, the VCR system must work under a certain engine speed, i.e.,
1500 r/min. From Figure 6, we can also see that the adjustment of the piston position at the different
engine speeds is completed before 180◦, which enables the VCR system to achieve adjustment of the
compression ratio in one engine duty cycle.

Figure 7 presents the simulation results of the left cylinder flow and right cylinder flow at the
adjustment of 3 mm under different engine speeds. Figure 7 shows that both the inflow and outflow
of the left cylinder are larger than those of the right cylinder at each engine speed, with the same
adjustment. The figure also shows that the inflow of the left cylinder is greater than the outflow of the
left cylinder at each engine speed, with the same adjustment, and the outflow of the right cylinder is
smaller than the inflow of the right cylinder at each engine speed, with the same adjustment. This
is due to the diameter of the left cylinder being larger than that of the right cylinder and the linkage
between the two cylinders. It can be also seen that the flow increases with the engine speed at the same
adjustment quantity. The higher the engine speed, the less time it takes for the engine to rotate the
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same angular displacement. However, the flowing volume caused by the same adjustment quantity is
the same. Therefore, the higher the engine speed, the higher the flow.

 

Figure 6. Displacement of the cylinder piston at different engine speeds with the same
adjustment quantity.

 

Figure 7. Flow of cylinders at different engine speeds with the same adjustment quantity.

The simulation results in Figure 8 show that the pressure drops from the initial pressure of the left
cylinder and right cylinder to the same pressure as the system, and then gradually increases. When the
system pressure reaches the closing pressure of the variable hydraulic orifices, the variable hydraulic
orifices close. The pressure of the left cylinder and the pressure of the right cylinder rise sharply with
fluctuation after the variable hydraulic orifices close. The simulation results indicate that the pressure
fluctuation at a high engine speed is more severe than that at a low engine speed. We can also see that
the cylinder pressure increases with the engine speed, and the maximum pressure of the left cylinder
reaches 1800 bar at 2000 r/min, while the maximum pressure of the right cylinder is close to 2000 bar.
It is necessary to take measures to reduce the pressure in the left cylinder and right cylinder to ensure
the working reliability of the system.
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Figure 8. Pressure of the left cylinder at different engine speeds with the same adjustment quantity.

Figure 9 presents the simulation results of left cylinder piston displacement and right cylinder
piston displacement at 800 r/min, with different adjustment quantities. From the figure, we can see that
the displacement of the left cylinder piston increases gradually to the stroke of the left cylinder, and then
decreases gradually, and in contrast to the left cylinder piston, the displacement of the right cylinder
piston first decreases to 0 and then increases gradually. All piston displacement curves are almost
similar before the piston stops moving. The displacement of the left cylinder piston decreases with the
increase of the displacement adjustment of the volume regulator piston. However, the displacement of
the right cylinder piston increases with the increase of the displacement adjustment of the volume
regulator piston. According to the structure of the VCR system, if the positions of the left cylinder
piston and right cylinder piston are changed, the compression ratio of the engine will be changed.
The adjustment of the piston position at the different adjustment quantities is completed before 180◦.
Therefore, the VCR system can achieve adjustment of the compression ratio in one engine duty cycle,
which greatly ensures the reliable operation of the engine. In sum, the VCR system can change the
compression ratio of the engine by adjusting the maximum displacement volume regulator piston.

 

Figure 9. Displacement of the cylinder piston at 800 r/min with different adjustment quantities.

The simulation results in Figures 10 and 11 show the flow changes with the change of displacement
adjustment of the volume regulator piston at 800 r/min. There are the same flows for the left cylinder,
the right cylinder, and the check valve at different adjustment quantities before a 60◦ crank angle.
However, the flow of the volume regulator is zero during this period. The flow of the left cylinder is
equal to the sum of the flow of the right cylinder and the flow of the check valve before a 60◦ crank
angle. As the adjustment quantity is increased, both the duration angle and the flow of the medium are
increased when the crank angle is more than 60◦. During the period, the flow of the check valve is zero
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and the flow of the left cylinder is equal to the sum of the flow of the right cylinder and the flow of the
volume regulator. More hydraulic medium flows out of the left cylinder with the increase of adjustment
quantity, which increases the flow of each cylinder and prolongs the flow time of the medium.

 

Figure 10. Flow of 1 mm adjustment at 800 r/min.

Figure 11. Flow of 4 mm adjustment at 800 r/min.

Figure 12 shows the simulation results of the pressure in the left cylinder and the right cylinder
with different displacement adjustment of the volume regulator piston at 800 r/min. The pressure drops
from the initial pressure of the left cylinder and right cylinder to the same pressure as the system. When
the piston of the left cylinder moves downward, the system pressure rises gradually. The pressure
fluctuation in the left cylinder is strengthened as the adjustment increases after the variable hydraulic
orifices close. The pressure fluctuation of the right cylinder is opposite to that of the left cylinder. There
is no regularity in the stable pressure of the left cylinder and the right cylinder. The stable pressure of
1 mm adjustment is smaller than that of 2 mm adjustment, but larger than that of 4 mm adjustment.

In summary, this novel hydraulic continuous VCR system can continuously adjust the compression
ratio of the engine in one duty cycle of the engine, as long as the volume regulator is properly adjusted
according to the engine speed.

208



Appl. Sci. 2019, 9, 4484

Figure 12. Pressure of the cylinders at 800 r/min with different adjustment quantities.

5. Conclusions

Various approaches of VCR technology have been realized. However, up to now, no VCR
engines have been found in series production. One reason for this might be the fact that most of the
VCR solutions require comprehensive changes to existing engine architectures. A novel hydraulic
continuous VCR system based on the principle of an adjustable hydraulic volume is introduced in
this paper. The mathematical model of the novel VCR system, with an engine-connecting rod as the
reference material, is established, which clearly states the working principle of the VCR system from
the theory.

An AMESim simulation model of the novel VCR system was produced in this study. The dynamic
characteristics of the hydraulic system of the VCR system were comprehensively studied using the
simulation model. The simulation results show that the hydraulic system of the VCR system has good
adjusting dynamic characteristics. The left cylinder piston and the right cylinder piston have their
respective identical and defined positions at different engine speeds with the same adjustment quantity
under the low engine speed. The final position of the left cylinder piston decreases as the adjustment
increases, but the right cylinder piston reverses. Both the flow of the left cylinder and the flow of the
right cylinder increase with the engine speed and adjustment quantity. The pressure fluctuation and
stable pressure of the cylinders also increase with the engine speed after the variable hydraulic orifices
close. However, there is no regularity in the stable pressure of the left cylinder and the right cylinder.

The simulation results also show that the novel hydraulic continuous VCR system can achieve
continuous adjustment of the compression ratio of an engine.
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Abstract: The emergence extension system (a mechanical system) of nose landing gear (NLG) seriously
influences the reliability, safety and airworthiness of civil aircrafts. To efficiently realize the NLG
emergence extension, a promising driving plan of emergence extension is proposed in respect of the
reliability sensitivity analyses with a mixture of models. The working principle, fault tree analysis
and four reliability models are firstly discussed for NLG emergence extension. In respect of the
mixture of models, the reliability sensitivity analyses of emergence extension are then performed
under different flight speeds (270 Kts, 250 Kts, 220 Kts, and 180 Kts). We find dimpling torque
and aerodynamic torques of forward and after doors are the top three failure factors and the start
reliability is the most in emergence extension failures. Regarding the results, feasible driving plans
of NLG emergence extension are developed by adjusting the aerodynamic torque of NLG forward
door, and are validated by the aerodynamic torque experiment of forward door with regard to strut
rotational angle under the flight speed 270 Kts. It is indicated that (1) the adverse torque generated
by the new driving mechanism obviously reduces by about 24.8% from 1462.8 N·m to 1099.6 N·m,
and the transmission ratio of aerodynamic torque (force) is greatly improved when the NLG strut is
lowered near to 100◦; (2) under different flight speeds (180 Kts, 220 Kts, 250 Kts, and 270 Kts), the new
driving mechanism realizes the lower tasks of emergence extension which cannot be completed by
the initial driving mechanism; and (3) the lowering time of the new driving mechanism shortens
with the increasing flight speed. The proposed new driving mechanism is verified to be reliable for
emergence extension of aircraft NLG besides normal extension and to be a promising feasible driving
plan with high lowering reliability. The efforts of the paper provide an efficient driving mechanism
for the design of NLG in civil and military aircrafts.

Keywords: landing gear; emergency extension; reliability sensitivity analysis; driving mechanism;
mixture of models

1. Introduction

Landing gear is one of the key systems in aircrafts, which are used in take-off, landing and
ground operation [1–4]. The landing gear of civil aircrafts includes both normal retractable system
and emergency extension system. To improve the safety of aircraft landing, both Federal Aviation
Regulation Part 25 (FAR 25) [5] and China Civil Aviation Regulations Part 25 (CCAR–25–R4) [6]
stipulated that aircrafts must have an emergency measure to lower landing gear when its function fails
normally. During the past decade, approximately 68 flight accidents happened for the related civil
aircrafts such as Boeing, Airbus and other aircrafts, owing to the failure of landing gear system [7,8].
Obviously, the reliability of the retraction system seriously influences the safety of landing.
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However, landing gear retraction is a sophisticated system, which further comprises many
sub-systems like the mechanical, hydraulic, and control devices [9–11]. Hence, it is difficult to simulate
the real conditions of emergency extension in engineering. Currently, the analysis of retraction system
involves three categories of methods. (i) Theoretical analysis method performs the dynamic response
analysis of emergency extension with a mathematical model. Owing to the complexity of both
equations and ensuing calculations, the corresponding mathematical models are often simplified by
compromising the accuracy of calculations. (ii) Test method acquires the accurate results approximate
to the real conditions. However, this method is excessively time-consuming and costly. (iii) Simulation
method accurately analyzes the integrated system of landing gear emergency extension through
reasonable equivalence. The simulation analysis is generally facilitated with a co-simulation model of
all the mechanical, hydraulic and control systems.

In fact, scholars have carried out a lot of works in this area. For instance, Chang et al. [12] analyzed
the reliability of the steering mechanism of nose landing gear (NLG) by combining the dynamic
simulation model and first-order second-moment method with an artificial neural network. Choi et
al. [13] investigated the operational dynamic behaviors of a T-50 landing gear system using ADAMS and
discussed the effects of temperature, aerodynamics and maneuver load on normal/emergency operation
of landing gears and doors. Yin et al. [14] conducted the fault analysis of the emergency lowering of an
aircraft NLG by co-simulation method and then obtained the dynamic response characteristics of the
landing gear retraction system. Meanwhile, Yin et al. [15] established the dynamics model of landing
gear with the limit state equation to analyze the influence of key parameters on the reliability of the
retraction system. McClain et al. [16] introduced the improved landing gear system with the efforts
involving the design, test and integration of components and the failure investigation. Öström et al. [17]
discussed the co-simulation of two models including commercial-off-the-shelf software and low-cost
flight simulation model for landing gear. Lin et al. [18] proposed the deployment and locking theory of
mechanism and analyzed the reliability of a landing gear system from qualitative and quantitative
perspectives, by constituting a fault tree. Zhang et al. [19] examined the dynamic performance of
a landing gear system using ADAMS, during retraction (extension) operations under various flight
speeds and hydraulic fluid temperatures. Chen et al. [20] presented an efficient prognostic tool based
on stochastic filtering-based method, to predict the failure time of the landing gear retraction system.
However, these mentioned efforts hardly involve the efficient reliability model and the sensitivity
of different torques to the emergency extension of landing gear, which is significant for precisely
designing the sophisticated emergency extension system of landing gear. The main reasons are that in
engineering, the reliability of emergency extension is synthetically affected by start failure, continuous
movement failure, movement precision failure, and static strength failure. In this case, it is urgent
to develop an integrated reliability approach by considering many reliability models (i.e., starting
reliability model, continuous movement reliability model, movement precision reliability model, and
static strength reliability), for the comprehensive reliability sensitivity analyses of the emergency
extension system.

To address this issue, this paper will systematically analyze the emergency extension fault of
the NLG under the actual loading conditions. Firstly, the working principle of detailed emergency
extension and failure modes are introduced. Secondly, the safety boundary equation and variables
distribution of the reliability model are determined to establish the reliability models comprising
starting reliability model, continuous movement reliability model, movement precision reliability
model, and static strength reliability. In respect of the starting reliability model, the calculation approach
of failure probability is introduced in detail under different flight speeds. Next, the sensitivity analysis
of different torques to the emergency extension of landing gear is conducted to find the torques with
high influence level. Finally, a promising design plan is explored to solve the problem of emergency
extension fault and improve the reliability of NLG emergence extension for aircrafts, in respect of
experimental validation.
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The rest of the paper is organized as follows. In Section 2, the reliability models of NLG emergence
extension are discussed including working principle, fault tree analysis, reliability approach, and
mixture of models. The reliability sensitivity analyses of emergence extension are performed to find
the failure probabilistic of emergence extension and the effect levels of bottom events in the fault tree
model in Section 3. Section 4 proposes and validates efficient driving plans (driving mechanisms) by
the experiment of NLG emergence extension. Conclusions and findings are summarized in Section 5.

2. Reliability Modeling of NLG EmergencyExtension

For civil aircrafts, the retraction (extension) mechanism seriously influences the safety and
airworthiness of flights and the reliability of the landing gear system, which was strictly required in the
relevant clauses in FAR 25 and FAR 25.729 (c) [5,6]. Therefore, it is urgent to provide the emergency
measures to ensure the reliable lowering and lock of the NLG. The experiments on the effects of
aerodynamic force on NLG emergency extension were conducted under four flight speeds (i.e., 270 Kts,
250 Kts, 220 Kts, and 180 Kts) during the flight-test program of an aircraft, in which Kts is the unit of
flight speed. The test results show that the NLG could not lower to the designed angle degree and did
not possess the reliable lowing function required. To meet the requirements of airworthiness clauses, it
is necessary to address the emergency extension fault of civil aircrafts.

2.1. Working Principle of Emergency Extension

Landing gear generally consists of a retractable actuator, lock mechanism, shock absorber strut,
cabin door driving mechanism, and so forth. The doors and retraction mechanism of landing gear
are mechanically linked. In the case of an emergency, the emergency extension crank is rotated by
the emergency extension cable mechanism to overcome the spring force of the lock and to realize the
unlocking. Subsequently, under gravity and other external forces, the shock absorber strut of the
landing gear is lowered to a specific position to lock the lower-lock, so that the emergency extension
process is completed. In line with the function and geometrical analyses of emergency extension,
the normal operation of the NLG mechanism is correlated with landing gear gravity, door gravity,
aerodynamic force, damping force, unlocking force, and locking spring force. Figure 1 shows the
structure diagraph of NLG emergency extension.

 
Note: points (1,2, . . . , 8) indicate the connecting points between structures

Figure 1. Structure diagraph of emergency extension.
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In respect to Figure 1, the process of emergence extension is described as follows. The landing
gear is lowered and rotated around the strut rotation axis. When the landing gear is lowered, the shock
absorber strut rotates around the strut rotation axis. The rocker arm 2–3 is driven by the connecting
rod 1–2. The rocker arms 2–3 and 3–4 are rigid structures and move together. Then the connecting
rod 5–6 isdriven by the connecting rod 4–5. The rocker arm 6–7 moves with the rocker 5–6, and the
rocking arm 7–8 is carried by the connecting rod 6–7. In this time, the NLG is lowered and the forward
door of the landing gear is opened. Obviously, the parts 1–2–3–4–5–6–7–8 together constitute the
driving mechanism of the forward door. For the complex driving mechanism analysis of the forward
door, the driving mechanism was reduced as a planar four-link mechanism [21] and spatial four-link
mechanism [22] for movement reliability analyses with acceptable accuracy. The two simplifications
models will be applied to the reliability of movement precision in the next work.

2.2. Fault Tree Analysis of Emergency Extension

During the process of emergency extension, it must be ensured that the NLG always rotates
around the strut rotation axis. The torques of all components are induced by external loads and impact
on the emergency extension. These torques are listed in Table 1.

Table 1. Explanations of torques.

Symbol Meaning

M1 Torque on strut rotation axis produced by the gravity of NLG
M2 Torque on strut rotation axis produced by the gravity of door
M3 Torque on strut rotation axis produced by the aerodynamic force of strut and wheel
M4 Torque on strut rotation axis produced by the spring force of locking mechanism
M5 Torque on strut rotation axis produced by damping force
M6 Torque on strut rotation axis produced by friction
M7 Torque on strut rotation axis produced by after-door aerodynamic force
M8 Torque on strut rotation axis produced by forward-door aerodynamic force
M9 Torque on strut rotation axis produced by the unlocking force of upper-lock
MT Total torque

Table 1 shows the analysis of the torque produced by the forces acting on the strut during
emergency extension. The active torques produced by landing gear mass force play a leading role in
the early stages of emergency extension. In the later period of emergency extension, the aerodynamic
resistance torque of landing gear plays a leading role. Owing to the linkage design of the landing gear
door and landing gear, the aerodynamic force of forward door and after door produces a torque during
the whole process of emergency extension. The spring torque of the lock mechanism is inevitable. The
spring force should ensure the safety of the lock mechanism. The retractable actuator cylinder is fixed
on the airframe, because the piston rod of the retractable actuator cylinder is connected and moves with
the shock absorber strut in the process of lowering and rotation. Meanwhile, the hydraulic oil rapidly
flows in the actuator cylinder and return pipeline, to generate the damping torque of emergency
extension, which is determined by piston speed, return pipeline length, and so on. From the above
analysis, we can summarize the main reasons inducing the failure of emergency extension T as follows.

1 Excessive resistance torque on strut rotation axis (denoted by X1). The aerodynamic force of the
landing gear door is too large for the driving mechanism to overcome the passive torque by the
active torque of shock absorber strut, so that the landing gear cannot be lowered and locked.

2 Imprecise extension of landing gear (denoted by X2). The landing gear cannot be lowered to a
predetermined position owing to the motion accuracy of the mechanism.

3 Unlocked upper-lock. The upper-lock is unlocked (denoted by X3).
4 The lower-lock is not locked (denoted by X4).
5 Static strength failure of landing gear emergency extension (denoted by X5).
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In respect of the five fault reasons, the fault tree of emergency extension is established as shownin
Figure 2, in which the five bottom events indicate five failure reasons in the fault tree. Obviously, the
failure of one bottom event will lead to the failure of emergency extension.

 

Figure 2. Fault tree of emergency extension.

2.3. Reliability Method and Mixture of Models

The reliability models of the emergency extension mechanism include the mechanism starting
model, mechanism continuous movement model, mechanism movement precision model, and static
strength model [23]. These reliability models can be established based on the fault tree analysis of the
emergency extension mechanism and the mechanism reliability analysis theory [24]. For reliability
analysis, the four reliability models actually have similar procedures. In this study, the starting
reliability model is considered as a typical example to explain the reliability method. To start the
mechanism from stationary to motion state, it is ensured that the driving torque Md is larger than the
resistance torque Mr, i.e.,

M = Md −Mr > 0 (1)

The starting failure probability Pf is defined as the probability that driving torque is less than
resistance torque, i.e.,

P f = {Md −Mr < 0} (2)

With regard to the distribution characteristics of driving torque and resistance torque, the starting
reliability index of the mechanism is expressed as

β =
Md −Mr√

C2
dMd

2 + C2
r Mr2

(3)

where Cd is the variable coefficient of driving torque; Cr is the variable coefficient of resistance torque;
and Md and Mr denote the mean values of driving torque Md and resistance torque Mr.

In terms of the standard normal cumulative distribution function Φ(•) [25,26], the starting
reliability R is

R = Φ(β) (4)

The starting failure probability Pf is

P f = 1−R = Φ(−β) (5)

215



Appl. Sci. 2019, 9, 3578

In this case, the first-order second-moment method is used to calculate the starting reliability.
The rest of the reliability models are not repeatedly respected. The reliability model, safety boundary
equation, reliability index, and parameter distributions of the bottom event [23,27–29] are shown in
Table 2.

Table 2. Reliability model and distribution of bottom events in fault tree.

No. Bottom Events Reliability Models
Safe Boundary

Equation
Reliability Index Distribution

1 Excess passive torque X1
Starting reliability M M = Md −Mr β = Md−Mr√

C2
dMd

2+C2
r Mr2

Normal

Continuous
movement reliability

Mω
Mω = ω−ω∗ β = ω−ω∗√

C2
ωω2+C2

ω∗ω
∗2 Normal

2 Imprecise lowing X2 Movement
precisionReliability

θ0

θ0 = θ− θ∗ βθ =
μθ−μθ∗√
V2
θ∗+V2

θ
Normal3 Unlocked upper-lock X3

4 Failed locked lower-lock X4

5 Static strength failure X5
Static

strengthreliability Ms = S− L βM =
μS−μL√

C2
Sμ

2
S+C2

Lμ
2
L

Normal

Note: Md—the mean of driving torque Md; Mr—the mean of resistance torque Mr; Cd—the variable coefficient
of driving torque; Cr—the variable coefficient of resistance torque; ω—the mean of angular velocity ω; Cω—the
variable coefficient of angular velocity; ω∗—the mean of allowed angular velocity ω*; C2

ω∗—the variable coefficient
of velocity or angular velocity; μθ—the mean of θ; μθ∗—the mean of θ∗; Vθ—the standard deviation of θ; Vθ∗—the
standard deviation of θ∗; μS—the mean of mechanism static strength; μL—the mean of mechanism load; CS—the
variable coefficient of S; CL—the variable coefficient of L.

In terms of the above fault tree analysis, the relationship between bottom events and top events is
“or” for emergency extension. All the bottom events are minimal cut sets. The occurrence probability
PT of the top event is equal to the sum of the probability of occurrence for all the minimal cut-sets.
In this case, the failure probability of emergency extension is

PT =
5∑

i=1

P(Xi) (6)

where Xi (i = 1, 2, . . . , 5) is ith bottom event in the fault tree; and P(.) indicates the failure probability.
First, the failure probability of each bottom event with the reliability model is obtained by the

related parameters, such as geometric sizes, material performance parameters, lowering speed, and so
forth. With respect to Equation (6), the failure probability of the top event is obtained in the fault tree
of emergency extension.

As for the bottom event X1 (excess passive torque), the reliability models involve starting reliability
M and continuous movement reliability Mω. In the unlocking stage of emergency extension for the strut
rotation angle in [0◦, 2.66◦], the starting reliability model is applied to compute the failure probability
of the starting driving mechanism, while after unlocking (i.e., the strut rotation angle of landing
gear excess 2.66◦), the continuous movement reliability model is employed to evaluate the failure
probability of lowering the driving mechanism. In this paper, the maximum failure probability in the
whole motion process is regarded as the failure probability of the bottom event X1.

3. Reliability Sensitivity Analysis of Emergence Extension

In this section, the reliability sensitivity analyses of the NLG emergence extension system
comprising reliability analysis and sensitivity analysis are investigated to provide a reference for the
development and validation of a feasible plan for reducing emergence extension failure and faults.
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3.1. Reliability Analysis

3.1.1. Starting Reliability Analysis of Emergency Extension

As illustrated in Table 1, the amplitudes and directions of all the forces acting on the NLG and
the corresponding torque on shock absorber strut rotation axis vary during the process of emergency
extension. Therefore, it is necessary to carry out force balance analysis and reliability analysis in the
whole process of emergency extension. To ensure that the NLG can be lowered in an emergency, the
relationship between active torques and passive torques is investigated. The above nine forces act on
strut rotation axis in the form of torque. The total torque is expressed as

MT =
9∑

i=1

Mi = M1 + M2 + M3 + M4 + M5 + M6 + M7 + M8 + M9 (7)

Based on the starting reliability, the emergency extension is successful as MT > 0, or the emergency
extension fails. Obviously, the nine torques significantly influence the normal start-up of emergency
extension. When MT < 0, the emergency extension cannot be realized. It is necessary to further analyze
the relationship between torque and strut angle. Regarding the flight speed 270 Kts, the changing
trend of each torque and total torque with strut rotation angle during emergency extension are shown
in Figure 3.

As shown in Figure 3, (1) all the torques vary with the strut rotation angle during the emergency
extension. Merely, the torque on strut rotation axis M9 stops to act on the emergence extension
system after about 2.66 degrees (◦) of landing gear angle, because the point at 2.66◦ of landing gear
angle indicates that the upper-lock is unlocked to finish its mission, and its unlocking force on the
emergence extension system does not exist after 2.66◦ of landing gear angle; (2) the torques M1 and
M9 are conductive to the emergence extension in the whole process, and the torque M3 lowers the
emergence extension system in [0~2.66◦] and stop work after 2.66◦; (3) the torques M5 and M6 provide
a resistance against emergence extension, in which M5 is much larger than M6, which is very small in
the whole lowering process; (4) the torques M2, M4, M7, and M8 have both a positive and negative
effect on emergence extension, in which M2, M7 and M8 are firstly positive torques at 21.8◦, 69.2◦ and
35.1◦, respectively, and then negative while M4 is firstly adverse and then beneficial for emergence
extension; (5) the torque of MT reaches the minimum at 2.66◦ (unlocking completion stage) and 100.1◦
(ready locking stage), which indicate the two critical points inducing the failure of the emergence
extension system.

Figure 3. Change of NLG torques with strut rotation angle at 270 Kts.
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By importing the nine torques and variable coefficients Ci (i = 1, 2, . . . , 9) with strut rotation angle
into Equation (3), the starting reliability index β can be computed by

β =

9∑
i=1

Mi√
9∑

i=1
C2

i Mi2

(8)

where i is the ith torque.
With respect to Equation (8), the failure probability can be obtained by the standard normal

distribution function. Regarding the relevant engineering tests and empirical data [30–33], the variable
coefficients of nine torques are listed in Table 3.

Table 3. Variable coefficients of nine torque.

Torques M1 M2 M3 M4 M5 M6 M7 M8 M9

Variable coefficient Ci 0.03 0.03 0.08 0.03 0.03 0.03 0.08 0.08 0.03

3.1.2. Reliability Analysisof Emergency Extension Based on Fault Tree

With regard to the reliability model, the failure probability PXi of ith bottom event Xi can be
calculated quantitatively when the NLG emergency extension cannot be lowered at different flight
speeds. According to engineering experiments, we find that the maximum failure of bottom event
X1 occurs at [0◦, 2.66◦]. Therefore, we only consider the starting failure probability of the emergence
extension mechanism as the failure probability of bottom event X1 in this paper. The results on the
failure probability PXi under different flight speeds (270 Kts, 250 Kts, 220 Kts and 180 Kts) are shown in
Table 4.

Table 4. Failure probability of bottom events in fault tree.

Failure Probability
Flight Speed

270 Kts 250 Kts 220 Kts 180 Kts

PX1 1.2728 × 10−5 2.2401 × 10−5 4.0683 × 10−5 6.1819 × 10−5

PX2 5.7905 × 10−8

PX3 5.7026 × 10−8

PX4 5.7026 × 10−8

PX5 4.2655 × 10−6

PT1 1.7165 × 10−5 2.6838 × 10−5 4.5120 × 10−5 6.6256 × 10−5

As shown in Table 4, the failure probability of the top event (emergence extension) increases with
the decreasing flight speed. When the flight speed is at 180 Kts, the failure probability increases to the
maximum 6.6256 × 10−5. The main reason is that the strut aerodynamic torque of landing gear and the
aerodynamic torques of forward and after doorsreduce with the decline of the flight speed. In this
condition, the total torque of NLG and the angular acceleration of the rotating axis drop. Therefore,
when the emergency extension of NLG is put down, a large angular velocity is obtained for the rotating
axis due to large flight speeds, besides smaller failure probability for emergency extension. In other
words, low flight speed and angular velocity obtained against the rotating shaft will lead to larger
failure probability of emergency extension.

From the above analysis, it is seen that the starting reliability is the main factor influencing the
failure probability of emergency extension. Therefore, the sensitivities of the nine torques on starting
reliability were discussed to determine the specific influence of torques on the start reliability of
emergence extension system.
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3.2. Sensitivity Analysis

To identify the main influencing factors on emergency extension fault, the sensitivity analysis is
implemented under the flight speed of 270 Kts in this section.

3.2.1. Sensitivity Analysis of Torques

Sensitivity is defined by the ratio of change (or gradient) of failure probability to the change of
random variables. According to the reliability index of the NLG emergency extension mechanism in
Equation (3) and partial derivative, the sensitivity of the ith torque is

∂β

∂Mi
=

9∑
i=1

C2
i Mi

2 −C2
i Mi ·

9∑
i=1

Mi⎛⎜⎜⎜⎜⎜⎜⎝
√

9∑
i=1

C2
i Mi2

⎞⎟⎟⎟⎟⎟⎟⎠
3 (9)

in which ∂β
∂Mi

reflects the influence levels of the ith torque on the failure probability of emergency

extension. The larger the variation of ∂β∂Mi
is, the larger the influence of the corresponding torque on

reliability index and failure probability is.
By substituting the torque and the corresponding variable coefficient into Equation (9), the

sensitivities of each torque to start reliability are obtained as shown in Figure 4. When the landing
gear angle is 2.66◦, the corresponding unlocking is completed, and then M9 disappears.Therefore, the
sensitivity of M9 only exists in [0◦, 2.66◦].

Figure 4. Sensitivities degree of nine torques to strut rotation angle: (a) Sensitivity degree of M1;
(b) Sensitivity degree of M2; (c) Sensitivity degree of M3; (d) Sensitivity degree of M4; (e) Sensitivity
degree of M5; (f) Sensitivity degree of M6; (g) Sensitivity degree of M7; (h)Sensitivity degree of M8;
(i) Sensitivity degree of M9.
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As displayed in Figure 4, the sensitivities of nine torques have different change trends irregularly
with strut rotation angle. Therefore, it is difficult to specifically identify which torques are the
main factors influencing the failure probability of emergency extension with the variation of strut
rotation angle.

3.2.2. Effect of Main Torque on Failure Probability of Emergency Extension

To determine the significant torques on the failure probability of emergency extension, ranking
method is adopted to vividly order by the sensitivities of torques to the failure probability of emergency
extension with the changes of strut rotation angle. The ranking is shown in Figure 5.

 
Figure 5. Influences of the top three torques on the failure probability of emergency extension under
strut rotation angles: (a) the first torque number; (b) the second torque number; (c) the second
torque number.

As revealed in Figure 5a, both the damping torque M5 and the aerodynamic torques (M7 and
M8) of after and forward door are the three largest influencing the failure probability of emergency
extension. When the strut rotation angle changes in [0◦, 55.1759◦], M5 has the largest factor affecting
the failure probability of emergency extension. M8 will take the place of M5 and becomes the most
influential torque when the strut rotation angle varies in [55.2889◦, 79.2622◦]. With the further increase
of the strut rotation angle, M5 and M7 will become the most influential torques as the strut rotation
angle in [79.5208◦, 92.0710◦] and [92.5061◦, 101.1959◦], respectively. Similarly, we can see the variations
of the second and third torques with the strut rotation angle, as shown in Figure 5b,c. The ranking of
torques is useful to guide the design of a feasible plan in emergence extension reliability improvement.

4. Proposal and Validation of New Driving Mechanism Plan

The foregoing sensitivity analyses shows that the damping torque and the aerodynamic torques of
forward and after doors are the three main factors affecting the emergency extension failure. To address
the engineering problem of emergence extension faults, two feasibility plans are proposed at the flight
speed of 270 Kts in this paper.

Firstly, the NLG relies on kinetic energy to realize the emergency extension by reducing the
damping coefficient of the actuating cylinder. Through the transient simulations of the angle variation
of forward door with time under different damping coefficients of the actuating cylinder, the simulation
results are drawn in Figure 6.
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Figure 6. Angle change of forward door under different damping coefficients.

As demonstrated in Figure 6, (1) with the reduction of the damping coefficient, the lower NLG
strut is faster, but the position at which the NLG strut finally stop remains unchanged; (2) the strut
oscillates near the equilibrium position and has larger shock for smaller damping. When the damping
coefficient drops below 200, the strut can be lowered and locked. In this case, however, landing gear
have a larger impact on the aircraft since the lower strut only costs 3.75 s.

We verified the above simulation findings by ground tests. The test results show that it is
unacceptable to break through the dead point with the assistance of the kinetic energy, by reducing the
damping coefficient for the NLG. It is urgent to seek analternative plan.

Because the driving mechanism of the forward door is highly sensitive to aerodynamic force,
considering the location selection and assembly requirements of the driving point of the landing gear
strut, a new driving mechanism was proposed by selecting the actuating cylinder lug of landing gear
as the driving point. The design principles include the below steps.

(1) The point of intersection between the main structure and mechanism of NLG keeps invariability.
(2) The main force-transferring path of the forward door structure is unchanged.
(3) The mechanism has strong capacity forresisting forward door load.

The new driving mechanism of forward door is design as depicted in Figure 7.

 
(a) Initial driving mechanism (b) New driving mechanism 

Figure 7. New driving mechanism and force transmission path of forward door.

As shown in Figure 8a, since the working principle of the emergency extension of the initial
driving mechanism has been introduced in Section 2.1, we do not repeat it here. As shown in Figure 8b,
the new driving mechanism of the forward door is linked to the shock absorber strut by two rocker
arms and pull rods, in which the rotating axis of the rocker arm is fixed on the side plate of the landing
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gear door. Therefore, the switch of forward door can be driven by the shock absorber strut. When the
landing gear is lowered, the shock absorber strut rotates around the strut rotation axis 1. The rocker
arm 3–4 can be driven by the connecting rod 2–3. The rocker arms 3–4 and 4–5 are rigid and can move
together. The rocker arm 6–7 is driven by the connecting rod 5–6. The rocker arm 7–8 moves with
the rocker 6–7, and the rocking arm 9–10 is started by the effect of the connecting rod 8–9. Through
the above transmission of torques from point 1 to point 10 under the driving force provided by the
hydraulic system, the lowering function of NLG and the opening and closing of the landing gear
forward door are realized. Obviously, the driving mechanism of the forward door consists of nine
flexible manipulators (1–2, 2–3, 3–4, 4–5, 5–6, 6–7, 7–8, 8–9 and 9–10) and 10 driving pivots (1, 2, . . . ,
10). The working principle of the emergency extension of the initial and new driving mechanism is
vividly shown in Figure 8.

To validate the effectiveness and feasibility of the new design plan with the failure reason studied
in Section 3, the NLG system designed by the new plan of emergence extension is tested by the iron
bird test rig. The sketch map of the iron bird test system is illustrated in Figure 9 where Figure 9a is the
geometric model of the iron bird test rig, and Figure 9b indicates the test system of emergence extension.

  
(a) Initial driving mechanism (b) New driving mechanism 

Figure 8. Working principle of initial and new driving mechanism.

 
(a) Geometric model of iron bird test rig (b) Test equipment of emergency extension 

Figure 9. Sketch map of iron bird test system.

Through the experiment of the aerodynamic torque of forward door for the new emergence
extension system with regard to strut rotational angle under the flight speed 270 Kts, the test results
of new and initial driving mechanisms including the change curve and transmission efficiency of
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aerodynamic torque with strut rotation angle are drawn in Figure 10. In Figure 10, the transmission
ratio ζ [34] is calculated by

ζ =
T2

T1
=

dγ
dα

(10)

where T1 is the aerodynamic torqueof the landing gear forward door; T2 is the required lowering
torque to overcome T1; α indicates the strut rotation angle of NLG; and γ is the rotation angle of
forward door a certain state.

On the premise of limited design space and guaranteeing transmission efficiency of the mechanism,
the distribution of the transmission ratio directly affects the design size, weight, and transmission
life of driving mechanism. Therefore, the transmission ratiois regarded to reflect the transmission
performance of the driving mechanism.

As shown in Figure 10a, the adverse torque generated by the new driving mechanism is obviously
smaller than that generated by the initial driving mechanism during the emergency extension.
Compared with the initial driving mechanism, the adverse torque changes from −1462.8 N·m to
−1099.6 N·m and thus reduces by about 24.8%. The reduction of the negative aerodynamic torque is
promising to more easily open the forward door and improve the reliability of emergence extension,
which enhances the landing safety of aircrafts.

  
(a) Aerodynamic torque (b) Transmission ratio 

Figure 10. Test results of initial and new driving mechanisms at 270 Kts.

As indicated in Figure 10b, relative to the initial driving mechanism of the forward door, the
transmission ratio of aerodynamic torque (force) for the new driving mechanism is greatly improved
when the NLG strut is lowered near to 100◦, because the transmission ratio of the new driving
mechanism markedly decreases from −8.1 to −2.9 with respect of transmission ratio calculation.
Therefore, the new driving mechanism can efficiently transmit the torques. The feasibility of the new
design plan for emergence extension is verified again.

As seen from the above analysis, the emergency extension fault of NLG is mainly induced by
unreasonable mechanism design and weak ability of withstanding aerodynamic loads. The weak ability
may lead to abortively lock the landing gear for the forward door, resulting from the aerodynamic
resistance of the forward door, which can be offset by the gravity and aerodynamic forces. The results
show that the new mechanism has high transmission efficiency and transmission ratio although it is
more complex than the initial driving mechanism. Moreover, the new driving mechanism can also
slow down the closing speed of the forward door at the final stage in the lowering process of the
landing gear. To support the rapidity of the new driving mechanism in opening the forward door, we
tested the lowering time of the emergence extension and normal extension of aircraft NLG based on
the new and initial forward door driving mechanisms, under different flight speeds simulated on the
ground. The test results are listed in Table 5.
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Table 5. The lowering time of the initial and new driving mechanism.

Driving Mechanisms Flight Speed /Kts
Lowering Time of NLG/s

Emergency Extension Normal Extension

Initial driving mechanism

270 Failed lowering and lock 10.69
250 Failed lowering and lock 10.81
220 Failed lowering and lock 11.02
180 Failed lowering and lock 11.38

New driving mechanism

270 14.66 11.09
250 15.24 11.25
220 15.95 11.28
180 17.17 11.61

As shown in Table 5, (1) for the normal extension, the lowering time of the new driving mechanism
is about 11 s under different flight speeds (180 Kts, 220 Kts, 250 Kts and 270 Kts), which is slightly
longer than that of the initial driving mechanism. The reason is that the new driving mechanism
with nine arms has a more complex transmission path of force and torque, than the initial driving
mechanism with seven arms. However, the complexity only has a big impact on the transmission time
due to small increments in lowering time; (2) for emergence extension, the new driving mechanism
realized the lower tasks under different flight speeds of 180 Kts, 220 Kts, 250 Kts and 270 Kts, at which
the initial driving mechanism cannot be completed. Specifically, the emergence extension of the new
driving mechanism costs 17.17 s, 15.95 s, 15.24 s and 14.66 s against 180 Kts, 220 Kts, 250 Kts and
270 Kts, respectively. In addition, it is indicated that the lowering time of the new driving mechanism
shortens with the increasing flight speed.

Summarily, the proposed new driving mechanism can reliably lower the emergence extension
system of aircraft NLG, besides the normal extension system. The proposed new driving mechanism is
illustrated to be a promising feasible driving plan with high reliability.

5. Conclusions

The purpose of this paper is to propose an efficient driving plan (i.e., new driving mechanism)
of emergence extension for aircraft nose landing gear (NLG) through reliability sensitivity analyses
with a mixture of models, to address the emergence extension fault of the landing gear for the initial
driving mechanism. Through the reliability sensitivity analyses of the initial driving mechanism and
the validation of the proposed new driving mechanism, some major conclusions and findings are
summarized as follows:

1 Through the reliability analysis of emergence extension, it is illustrated that the start reliability has
the most failure probability in five reliability modes (starting reliability, continuous movement
reliability, movement precision reliability, and static strength reliability), indicating that the event
X1 (excessive resistance torque on strut rotation axis) seriously influences the reliability of NLG
emergence extension.

2 From the sensitivity analysis of NLG emergence extension, the effect levels of nine torques (M1,
M2, . . . , M9, explained in Table 2) on the failure probability of NLG emergence extension are
determined, and the sensitivity degrees of the torques M5, M8 and M7 are the top three by the
order by sensitivity degree for nine torques. The conclusion is promising guidance for the driving
plan design of NLG emergence extension.

3 Two driving plans of NLG emergence extension are designed in this paper. One is to adjust the
damping coefficients of the actuating cylinder, and the other is to the aerodynamics of forward
door. Through the comparison and validation of the two plans, the second driving plan is
acceptable, because this plan can reduce the adverse torque of emergence extension by about
24.8%, increase the transmission ratio of the driving mechanism, and address the emergence
extension fault problem and reliably realize the emergence extension of aircraft NLG besides the
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normal extension system. The proposed new driving mechanism is illustrated to be a promising
feasible driving plan with high reliability. The developed driving mechanism is promising in the
application of civil and military aircrafts, which supports the safety and airworthiness in flight.
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