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CONVERGENCE OF INTERACTION-DRIVEN EVOLUTIONS OF
DISLOCATIONS WITH WASSERSTEIN DISSIPATION AND SLIP-PLANE
CONFINEMENT

MARIA GIOVANNA MORA, MARK A. PELETIER, AND LUCIA SCARDIA

ABSTRACT. We consider systems of n parallel edge dislocations in a single slip system, repre-
sented by points in a two-dimensional domain; the elastic medium is modelled as a continuum.
We formulate the energy of this system in terms of the empirical measure of the dislocations,
and prove several convergence results in the limit n — co.

The main aim of the paper is to study the convergence of the evolution of the empirical
measure as n — co. We consider rate-independent, quasi-static evolutions, in which the motion
of the dislocations is restricted to the same slip plane. This leads to a formulation of the quasi-
static evolution problem in terms of a modified Wasserstein distance, which is only finite when
the transport plan is slip-plane-confined.

Since the focus is on interaction between dislocations, we renormalize the elastic energy
to remove the potentially large self- or core energy. We prove Gamma-convergence of this
renormalized energy, and we construct joint recovery sequences for which both the energies
and the modified distances converge. With this augmented Gamma-convergence we prove the
convergence of the quasi-static evolutions as n — co.

1. INTRODUCTION

It is well known that plastic, or permanent, deformation in metals is caused by the concerted
movement of many curve-like defects in the crystal lattice, called dislocations. What is not yet
known is how to use this insight to predict behaviour at continuum scales. It would be natural
to take a sequence of systems with increasing numbers of dislocations, and derive an effective
description in terms of dislocation densities. In various cases formal and rigorous convergence
results have been proved of the elastic energies generated by the dislocations (see the discussion
of the literature below), and this provides a good starting point.

However, macroscopic plasticity heavily depends on dynamic properties of the dislocations. The
most basic aspect of the motion of dislocation curves of edge type, that we study in this paper,
is a strong confinement to slip planes: each curve can move only in the plane spanned by its
Burgers vector and the tangent to the curve. Other essential dynamic phenomena are creation
and annihilation of dislocations, and their behaviour at obstacles; especially in small systems,
these latter phenomena are believed to be the main determining factors in the plastic behaviour
of metals [DNGO5, [CCI0].

Although models exist that describe the motion, creation, annihilation, and obstacle behaviour
of dislocations at the level of densities (see e.g. [GB99, [GCZ03| [YGG04l [YG05al, [YG05b, BGGZ06,
GGKOT7, IGGIL0]), these are phenomenological in nature, and the connection between these models
and more microscopic descriptions of dislocation motion is tenuous. Many different models exist,
and at this moment no good method is available to compare these or choose between them. For a
better understanding of the complex motion of dislocations it is therefore essential to understand
the upscaling of discrete-dislocation models to descriptions at the level of densities.

A mathematical theory of creation, annihilation, and obstacles can only be formulated in the
context of dislocation motion that is confined to the slip plane. In this paper we therefore make
a first step in the direction of the dynamics of dislocations, by proving a rigorous upscaling of a
system of moving edge dislocations in two dimensions with slip-plane confinement. Although this
confinement may seem a minor restriction, it actually makes the proof of the upscaling far more
complex.
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1.1. Setup. We restrict ourselves to straight and parallel edge dislocations in plane strain, and
we assume that only one slip system is active, with Burgers vector b = e¢; € R?, and that all
dislocations have the same sign. Since we will take the many-dislocation limit, we describe the
positions of the dislocations by a measure on a bounded open set 2 C R? (the cross section) of

the form

1
p=_ i:Zlézm {zi}is, C Q.
The dislocations interact with each other through the elasticity of the medium, which we assume
to be a homogeneous, isotropic, linearly elastic continuum; its properties are characterized by the
fourth-order stress-strain tensor C, which satisfies CF = Atr(sym F)Id + 2usym F with Lamé
constants A+ ¢ > 0 and p > 0.

Since the elastic energy density is not integrable close to a dislocation, we employ the core-
region approach of removing disks of radius €,, — 0 around the dislocations, leading to an effective
domain Q,,(p) = Q\ U?Zl B, (zj). In addition we assume that the dislocations are separated
from each other by a distance r,, — 0 and that they can only live in a closed rectangle R in (2
whose sides are parallel to the coordinate axes and which has a distance £ > 0 from the boundary
0f). We assume that ¢, and r, satisfy

en—=0, 7, =0, &,/r2 =0, r,n—=0 asn— occ. (1.1)

See Section [[.7.1] for comments on this choice.
At finite n, admissible measures p belong to the set

1 n
X, = {,u = Zézi such that {z;};=; C R and |z; — 2| > r,, for i # j}. (1.2)

i=1

The elastic energy of a measure pu € X,,, defined for convenience on the set P(£2) of all probability
measures, is

inf E,(u,B) if pe X,,

F?’L(,U“) = /BEAH(U’) (13)
+o00 if peP()\ Xy,
where
1
Ban®)i=3 [ C3:8dn (1.4)
Qn(l‘)

The tensor-valued field § has the interpretation of the elastic part of the strain. The admissibility
class A, (u) characterizes the incompatibility conditions on 5 generated by the dislocations:

An(p) == {5 € L2(QR¥2): B=0inQ\Qn(y), Curlf=0in (),
/ BTdleéforeveryi:L...,n}, (1.5)
aBEH(zi) n

where 7 is the tangent to 9B, (z;) and the integrand /7 is understood in the sense of traces (see
[CLO5] for details). The minimization problem is a reformulation of the standard elasticity
problem, in terms of the elastic strain f, with stress-free boundary conditions at 9§, (u).

Note that since the dislocation density u € X, is rescaled to have mass one, the incompatibility
of the strain § at every dislocation is of order 1/n. We also observe that in alternative to the
integral incompatibility condition in one could require the more familiar condition on the
circulation of the strain:

1 b
Curl § = n 2me
n

> H'OB., () inQ.
i=1

For more background on dislocations in general, see e.g. [Kro81) [HL82, [Cal07]; a more detailed
derivation of this model can be found in [GN95| [CL05, [GLP10].
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1.2. T'-convergence of the renormalized energy. The discrete evolutionary system at finite n
is defined by the energy functional F;, and a dissipation distance that we introduce below. We
first study the behaviour of F), as n — oo.

Garroni, Ponsiglione, and co-workers [GLP10, [DLGP12] show that as n — oo and €, — 0 the
energy F, has contributions of order 1 and of order n=!|loge,|. The contributions of order 1
stem from the interaction between pairs of distant dislocations, of which there are n2, each with
strength of order n~2 by the scaling in . The contributions of order n~!|log e, | arise from the
energy of order n~2|log,| contained in a neighbourhood of each of the n dislocations. Depending
on the relative size of n and |loge,|, one or the other will dominate.

In this paper we consider an evolution that conserves the total number of dislocations, and
therefore the self-energy of order n=!|loge,| is of no relevance, even when it is large. To extract
the interaction energy, we renormalize F),, by defining

1 n 1 n
F,(p)— — / CK? : K7 dx iftpeX,, p=—> 0d,,
Fulp) = 2n® ; QW n ; (1.6)
+o0 if pe P(Q)\ Xp.

Here K7 is a small correction of the canonical strain field K, generated by a single dislocation at
z in R?, as defined in Section The second term has the same scaling n~!|loge,| as the self-
energy, and approximately cancels the self-energy in the first term. The aim of this renormalization
is to extract that part of the energy that characterizes the interaction, and our first main result
(Theorem [3.3) makes clear in which sense this is indeed the case:

Theorem 1.1. Under conditions (L.1)) on €, and r,, the functionals F, T'-converge in the space
of probability measures P(Q) endowed with the narrow topology to the limit functional

Fooi=g [ Viws) dutint:

+irv1f{%/Q(CVv:Vvd:v+/Q | CK (@) o) d?-ll(:r)du(y)}, (1.7)
where
V(y,z) = /Q(CKy(ac) : K, (x) de. (1.8)

The first term in the limit F is a two-point interaction functional, with interaction potential
V(y,z). The potential in is related to the formula for the interaction between segments
of dislocations in infinite space that is widely used in the engineering literature (see e.g. [HL82l
(5-16)]). The distinction between this formula and V, and the second term in (L.7)), is generated
by the boundedness of €.

1.3. Quasi-static evolution of dislocations. In the second part of this paper we use the con-
vergence result above to pass to the limit in a rate-independent or quasi-static evolution that is
driven by F,,. Considering rate-independent evolution is a specific choice, and we motivate this
first.

At the atomic scale, dislocation motion is a complex, thermally driven random rearrangement
process, displaying such features as splitting into half-dislocations, joining of dislocations of dif-
ferent Burgers vectors, dislocation-core spreading, and many others. In addition, the presence
of interstitial atoms, vacancies, stacking faults, grain boundaries, and dislocations belonging to
different slip systems all interfere with the motion of a given dislocation line.

In this paper we consider dislocations as points in two dimensions, corresponding to straight
and parallel lines in three dimensions (often called the Discrete Dislocation Dynamics (DDD)
paradigm [GN95] [CGN99, [Zbi12]). For the evolution of DDD systems a choice has to be made
that expresses the lateral velocity of a dislocation line in terms of the local stress. Atomistic,
molecular-dynamics simulations suggest various motion laws, ranging from linear (e.g. [CCBY02])
to the rate-independent one of the type we adopt below [MT09]. The various types of obstacles
that a dislocation may encounter further modify the mobility (see e.g. [T'S76l (OP82]).
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These observations imply that there is no universal law for the mobility of edge dislocations in
two dimensions. Since we are interested in the mathematical side of these models, and especially
the mathematical formulation and treatment of slip-plane confinement, we choose a simple mobility
law for this paper: a rate-independent law. This rate-independent evolution is observed in a variety
of situations where the system can be compared to a point particle in a periodic potential. The wells
of this potential correspond to energetically favourable positions of the system, which translates
in the case of dislocations to energetically favourable positions of the defect. The spacing of the
wells can be either the Burgers vector, in the case of dislocations in pure crystals, or the typical
spacing of obstaclesﬂ

This locally periodic potential is tilted by a global driving force that varies on larger scales
and arises from the bulk elasticity. Motion in this tilted periodic potential is assumed to arise
from thermal fluctuations, leading to a jump process between wells with a rate that is determined
by the rate of escape from a well. Orowan [Oro40)] first formulated this concept of dislocation
motion and the Arrhenius rate expression that follows from it. In the one-dimensional case, with
a periodic potential with wells of depth e and spacing ¢, and a global force f, the rates of jumping
right and left are

ry=oae BT = qe BT

where & > 0 is a fixed constant and 3 = 1/kT is inverse temperature. The expected velocity
therefore is equal to 20 exp(—fe) sinh(B§£).

‘Rate-independence’ appears in this expression for the rate of motion when we take the low-
temperature limit f — oo:

0 ifs<—1
(—o00,0] ifs=-1
2ce Pesinh(Bfr) L m(%>, m(s) = { {0} if —1<s<1 (19
‘ 0,00) ifs=1
0 if s > 1.

Here the convergence is in the sense of graphs, and the limit m is a graph, i.e., a set-valued function.
In words: at low temperatures, motion only takes place when f = +e/¢, and for those two values
of § any velocity is possible; for smaller forces f the motion is arrested, and larger forces should
never appear (see Figure. What constitutes low temperatures can be understood in terms of an
energy comparison: low temperatures are those in which the thermal energy kT = B! is small
with respect to the activation energy e.

Inspired by these arguments we choose a rate-independent evolution for the discrete system. In
order to force a non-trivial evolution, we add a smoothly time-varying external load of the form

/Qf(x,t) dp(x). (1.10)

The function f can be interpreted as a time-varying potential for dislocations, in the sense that
the derivative 0y, f(z,t) acts as an additional horizontal force on a dislocation at z. For instance,
applying an appropriate time-varying boundary traction, one can achieve a spatially uniform shear
stress o(t) in the bulk, which can be represented with the potential f(z,t) = o(¢)z1. The total
energy for this system is then

Folpst) = Fulps) — /Q F 1) dp(z). (1.11)

We assume that each of the dislocations z; evolves by a rate-independent law of the type (1.9)).
The driving force § for each of the dislocations is the derivative of the energy with respect to the
position z;, — V., F,, (& Z;‘L:1 8.,,t). Since our edge dislocations are restricted to movement in the

INote added in proof: In the meantime Patrick van Meurs has proved a related evolutionary convergence result
in the case of a linear driving law [Meul].
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m(s)

F1GURE 1. The rate-independent limit.

direction of the Burgers vector b = e, the motion is one-dimensional, and only the horizontal or
first component of this force leads to motion:

4(t) € elm(fel : Vzi]?n<%zn:5zj(t),t)>. (1.12)
j=1

Note how the ‘equation’ above is an inclusion, since the right-hand side is multivalued. In
we have normalized the constant ¢/e to 1 for simplicity.

The flow rule can be interpreted as follows: for each i separately, and at each t, either
the velocity z;(t) is zero, or the force —e; -Vzi]?n equals £1; in the latter case, Z; is parallel to e;
and points in the same direction as the force.

1.4. Measure-valued formulation. Instead of considering solutions of in the classical
sense, we focus on solutions in the energetic or quasi-static sense [Mie05], given by Definition
below. For this we recast the problem as a rate-independent system in the space of probability
measures P(2), driven by ﬁn, with a Wasserstein-type dissipation, which we now introduce.

To motivate the definition, consider a smooth curve ¢t — pu(t) = % > i1 0,1~ Since dislocations
move parallel to b = ey, Z;(t) - ea = 0; therefore

o, /Q plaz) dpft)(a) = 0 Y plailt) e2) =0 forany o € CL(R).

Along the curve the integral on the left-hand side is preserved, implying that if g and v can be
transported into each other, then [¢(z2)d(p — v)(z) = 0; or equivalently, (mo)gpu = (m2)xv,
where mo : © — R is the coordinate mapping ma(z) := x2. This leads us to define the distance
function

sy Lo [ vl i = (e
400 otherwise,

(1.13)

where I'(u, v) is a restricted set of couplings of p and v,
D(p,v) :={y € P(QxQ):y(AxQ)=p(A4), v(2 x A) = v(A) for all Borel sets A C €,
and my(z) = ma(y) for y-a.e. (z,y) € A x Q}. (1.14)

This is the usual 1-Wasserstein or Monge-Kantorovich transport distance on P () [Vil03], except
for the additional restriction that mo(z) = w2 (y) for v-a.e. (x, y); this restriction forces the transport
to move parallel to b = e;. We describe some properties of this distance in Lemma [1.1]
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Now we have defined the driving functional ]?n and the dissipation distance d, a solution of the
quasi-static evolution is defined as follows.

Definition 1.2. A solution of the quasi-static evolution associated with Fy is a curve t — wu(t)
from [0, 7] into X,, that satisfies the two following conditions:

o global stability: for every t € [0,T] we have
Falp(t)t) < dv, u(t)) + Fu(w,t)

for every v € X,;
e cenergy balance: for every t € [0,T]

Folp().6) + D, 0,1]) = Fo(u(0),0) - / /Q F(s) dpu(s)ds,

where D(u, [0, t]) is the total dissipation of p on [0, ¢],

M
D(1,[0,1]) := sup { S d(u(ti), ultior)) s O=to <<ty =t, Me N}. (1.15)

i=1

In Section [] we prove the existence of a solution for this evolution at fixed n € N (Theorem [4.4)).

1.5. Convergence of the quasi-static evolutions. Now we have defined the energy of the
discrete system and its evolution in time, we turn to the convergence of this evolutionary system
as n — o0o.

The renormalized I'-convergence result in terms of measures (Theorem is the first ingre-
dient in passing to the limit, as n — oo, in the quasi-static evolution that we formulated above.
The second ingredient is a stronger recovery result, the existence of a joint or mutual recovery
sequence [MRSO08], for which both F,, and d converge. Specifically, if y, — u narrowly, and if v
is given, we need to construct v, such that

Fn(n) + d(pn, vn) = F(p) + d(p, v).

This is a stronger property than Theorem in a non-trivial way. To start with, the topology
of d is stronger than the narrow topology, implying that the recovery sequence generated by
Theorem does not necessarily converge in d. The situation is worse, however: since d(u,v) is
only finite on measures with equal vertical marginals ((m2)gp = (m2)%v), the finiteness of d(n, Vy)
requires v, to be an exact horizontal transport of pu,, i.e., the slip planes of u, and v, have to
coincide, and the numbers of dislocations on each of the slip planes have to be the same for the
two. Note that the recovery sequence v, necessarily depends on the whole sequence fy,.

Because of this tight binding between u,, and v,,, we prove the existence of such a joint recovery
sequence under a restriction on p,,: we require the minimal slip-plane spacing in p,, to be bounded
from below, and the numbers of dislocations on each slip plane to be bounded from above, both by
powers of n (see Definition and Theorem . In the context of convergence in the evolutions
this can relatively easily be achieved by imposing the same restrictions on the approximations of
the initial datum u°, since the evolution preserves these restrictions. The set of measures that can
be approximated this way includes all measures with bounded two-dimensional Lebesgue density,
but also some concentrated measures; see Lemma [5.2] for details.

Armed with this joint recovery sequence and setting

Flu,t) := F(u) —/ ft,x)u(t,x) de,
Q
in Section |5| we prove the following theorem (Theorem :

Theorem 1.3. Consider u° € P(Q2) such that there exists an approximating sequence 11, according
to Theorem with 1% — u° narrowly and F,,(u8) — F(u°). Assume that f € WH1(0,T;C(Q))
is giwen. For every n € N let t — p,(t) be a quasi-static evolution on [0,T] associated with Fo
and with initial value p2, according to Definition . Then
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(1) Compactness: There erxists a subsequence fi, (without change in notation) and a limit
curve 2 [0,T] = P(RQ) such that p,(t) — wu(t) narrowly for all t € [0,T;
(2) Convergence: The curve p is a quasi-static evolution associated with F and with initial

value p° (see (5.35) and (5.36)) ).

1.6. Strong formulations. In Section [6] we show that, as we claimed above, the quasi-static
formulation of Definition is equivalent to the strong formulation of when the solution is
smooth. In that section, we also give a formal argument suggesting that the quasi-static evolution
satisfied by the limiting measures u, as given by Theorem has a similar structure, which we
now describe.

We consider evolving measures ¢ — u(t) that are smooth in space and time, and which have
the property that there exists a smooth scalar field ¢ = ¢(t, ) such that

O + Ox, () =0 in the sense of distributions.

The field ¢ has the interpretation of the horizontal velocity of the dislocations. Such a curve of
measures solves the quasi-static evolution problem associated with F, i.e., conditions ([5.35) and

(5.36), if and only if
§F
—¢(t, ) O, @(u(t),t) = |o(t,x)|  for u(t)-ae. .

Here 6.F /dp is the variational derivative of F , and its xi-derivative at a point x has the interpre-
tation of the x1-component of the force acting on a dislocation at x. Similarly to the discrete case,
this implies that:

In pu(t)-a.e. z, either ¢(x,t) = 0, or the total force —[8,, 0F /du)(u(t), t)(z) equals
+1; in the latter case ¢ has the same sign as the force.

We briefly mention that the evolution systems of this paper, both at finite n and in the limit
n — 0o, have formal counterparts as solutions of the so-called Energy-Dissipation Inequality, see
e.g. [MRS09, MRS12]. However, the approach followed in these works generates a different class
of solutions than Definition [[.2] since solutions of the Energy-Dissipation Inequality only jump
when they lose their local minimality, while solutions of Definition jump as soon as they lose
global minimality.

1.7. Discussion. The research of this paper was driven by several aims. To start with, we
wanted to make a first step in connecting dynamic discrete-dislocation models with their upscaled
dislocation-density counterparts in a mathematically rigorous way; the slip-plane confinement is
an important aspect of this. Secondly, we wanted to formulate a clear I'-convergence statement for
edge dislocations in terms of dislocation densities (or measures), which is more convenient for dis-
location dynamics than the results of [GLP10], which are formulated in terms of the matrix field £.
Finally, we wanted to bring the mathematical and the engineering literature on dislocations closer
together; one striking difference is the preference in engineering to formulate problems in terms
of the interaction energy V', while this interaction energy is nearly absent from the mathematical
literature. Hence the explicit characterization of the T'-limit in terms of V' (Theorem [L.1)).

These aims suggested a number of differences with the current literature. For instance, we chose
to renormalize the elastic energy by subtracting the self-energy, which amounts to disregarding
that energy contribution; in the context of the evolution of preserved dislocation numbers this
makes sense, and leads to a simpler Gamma-convergence result (one single scaling regime instead
of three regimes, as in [GLP10]). We also restrict ourselves to the single-Burgers-vector case,
since the treatment of cancellation of dislocations of opposite sign should arise from a separate
modelling of the creation and annihilation of dislocation pairs.

The main methodological contributions of this paper lie in the details of the construction of the
recovery sequences in the two Gamma-convergence results (Theorems and . Even without
the slip-plane restrictions (Theorem , avoiding the singularity in the interaction potential
requires careful placing of the dislocations. In the case of slip-plane confinement, the restrictions
are much more severe, and subtle management of the different scales is required.
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We now comment more in detail on some issues.

1.7.1. Conditions on the separation of dislocations. For Theorem [I.1] the sequence p,, of empirical
measures is required to satisfy two separation requirements: the defects should be separated from
each other by at least r, — 0 and from the boundary by at least the fixed distance ¢ > 0.

The parameter r, represents the radius of the hard-core region. We require 7, to decay to
0 slower than the atomic distance parameter €,. More specifically, condition arises from
the difference between K™ and K, which in turn arises from the difference between imposing the
circulation condition via an integrated boundary condition as in or a Dirac delta as in .
The interaction energy difference between the two is bounded by O(y/e,/r3), and condition
makes this difference small. Without this separation we believe the limiting energy to be the same,
but we have no proof. In particular, the condition r,n — 0 implies that, if the dislocations are all
on the same plane, the intersection of the hard-core region with the plane has length converging
to zero, as n — 0.

The separation of the dislocations from the boundary 952 is related to the choice of boundary
conditions. With the no-stress boundary conditions that we impose at 0f2, dislocations can reduce
their energy by moving to the boundary (in essence they ‘vanish’ at the boundary). Taking this
possibility into account would require a modification of the renormalization term in 7 and
we leave this to a future publication. Note that similar conditions are present in other work;
for instance, the authors of [ADLGP14] prove the liminf inequality only for the case that no
dislocations are ‘lost’ in the limit. Although one could in principle use different, Dirichlet-type
boundary conditions to avoid this problem, it is not clear how to do this in our setup. The
energy we consider is indeed expressed in terms of a stress, and there is no natural deformation
associated to it; we could obtain a deformation via a Hodge-type decomposition of the stress, but
this procedure seems ad-hoc and not physically sound.

The condition that dislocations can only live in a rectangle R C €2 is a simplification that proves
to be very useful in the approximation results in Section [p|and in the construction of the recovery
sequence in Theorem A crucial point in our constructions is the possibility to spread out the
dislocations horizontally and our assumption on R guarantees that the modified positions are still
in the domain.

In addition, as pointed out before, for the joint recovery sequence in Theorem [5.5] we require the
admissible measures to satisfy an upper bound on the maximum number of dislocations per slip
plane and a lower bound on the minimum distance between slip planes, both in terms of powers
of the number n of dislocations (see Definition [5.1]). This condition allows concentration on a slip
plane or on a vertical line, but does not allow dislocations to be too close both horizontally and
vertically at the same time.

1.7.2. Related Work. The asymptotic behaviour of the quadratic dislocation energy for edge dis-
locations was already studied by Garroni, Leoni and Ponsiglione in [GLPI0]. One of the main
difference with our work is that we consider the reduced energy (|1.3]) instead of , and use
as main variable the dislocation density rather than the strain. Moreover, while in [GLP10] the
authors focus on the self-energy term of in the case of edge dislocations with multiple Burgers
vectors, we instead focus on the next term in the expansion, namely the interaction energy, and
simplify by restricting to one Burgers vector. A similar analysis as in [GLP10] has been done
in [DLGP12] without the well-separation assumption that we make (see (1.1))).

The focus on the interaction term of the energy for edge dislocations was already present in
the work of Cermelli and Leoni [CL05]. In [CLO5|] the authors define the renormalised energy
starting from a quadratic dislocation energy, and focus on the interaction term of the energy.
They however consider the case of a finite number of dislocations with different Burgers vectors,
and do not phrase their result in terms of I'-convergence, but instead they keep n fixed, and
therefore express their renormalised energy in terms of the positions of dislocations, rather than
densities.

For screw dislocations the interaction energy was derived from discrete models in [ADLGP14].
Moreover in [ADLGP14] the authors also considered the time-dependent case. More precisely they
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proved the convergence of the discrete gradient flow for the discrete dislocation energy with flat
dissipation to the gradient flow of the renormalised energy.

As for the slip-plane-confined motion, the only related work in the mathematical domain that we
know of is [BELM14], where the authors consider screw dislocations that may move along a finite
set of directions. Such a system presents different mathematical difficulties, since each dislocation
can, in theory, reach each point in the plane, in contrast to the single-slip-plane confinement of
this paper.

Finally, there is an intriguing question that arises from the comparison with current continuum-
scale modelling of plasticity (as in e.g. [GA05, [AGLGO5]). The limiting energy of Theorem is
non-local, with an interaction kernel that has no intrinsic length scale. However, ‘defect energies’
in the continuum-level modelling are usually assumed to be local (see e.g. [AGLGO05, Eq. (8.8)] or
[GAOS, Eq. (6.16)]). It is unclear to us how these two descriptions can be reconciled.

1.7.3. Extensions and open questions. Various extensions of the present work would be relatively
straightforward. The isotropy of C is only assumed for convenience, and without this property we
expect similar results to hold. The type of loading in the quasi-static evolution (the form of )
is also chosen for convenience; we expect that other types of loading can be treated with minor
changes, although we expect that the elasticity problem should then be formulated in terms of
displacements u rather than elastic strains 3.

The current restriction on the set of admissible initial data (see Definition is not fully
satisfactory. It would be very interesting, and useful, to understand wich class of quasi-static
evolutions can be approximated using discrete systems.

In this work we restricted our attention to the single slip case, namely to the case of parallel
slip planes, and with no loss of generality we considered b = e;. We moreover assumed that all the
dislocations are positive dislocations. This further assumption excludes the case of annihilation
and the presence of dipoles. Natural extensions would be to allow for both positive and negative
dislocations, and to consider the multiple Burgers vector case. It would also be very interesting
to include creation and annihilation in such a model, allowing the total variation of the density of
dislocations to change in time.

Another possible direction of investigation would be to consider other significant dissipations,
e.g., the flat dissipation considered in [ADLGPI4] (but still keeping our slip-confinement con-
dition); another example of this would be considering gradient-flow (quadratic-dissipation) time
evolution rather than quasi-static evolution.

One of the most interesting directions of extension is towards the three-dimensional case, where
dislocations are three-dimensional curves, and entanglement between dislocations has a crucial role
in evolution. For static Gamma-convergence very first results have recently been proved by Conti,
Garroni, and Massaccesi [CGM13], but the mathematical understanding of the three-dimensional
situation is still very much in its infancy.

1.8. Notation. We recall some definitions. We say that a sequence p,, in P(2) converges narrowly
to u € P(Q), and we write p, — p, if

/Qfdun—>/ﬂfdu, (1.16)

as n — oo, for every continuous and bounded function f : Q — R. If (u,) C P(Q) is such that
supp pn, C Q' for every n, where €’ is an open set compactly contained in €, and holds for
every f € C(Q), then p € P(Q) and p,, — p narrowly.

Below we list some symbols and abbreviations that are going to be used throughout the paper.
Since the problem is in the setting of planar elasticity, all functions and vectors below are defined
on a two-dimensional domain.
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a vector orthogonal to a € R? obtained by a counterclockwise rotation by /2
|7 ] integer part of r € R

skew F skew-symmetric part of a matrix F, skew F' = (F — F7)/2

sym F symmetric part of a matrix F, sym F = (F + FT)/2

Fu symmetric gradient, EFu = sym Vu

Lh 2 one- and two-dimensional Lebesgue measure
H! one-dimensional Hausdorff measure

T projection onto the coordinate e;

P(Q) non-negative Borel measures on 2 of mass 1
||(A)  total variation of € P(Q) in A C Q

fap push forward of p by f

Bu elastic strain associated with p

K7 K, singular strains associated with p

Uy, Vy displacements associated with p

I, I, auxiliary functionals associated with p

d slip-plane-confined Wasserstein distance

dq Monge-Kantorovich distance with cost ¢(x,y) = |z — y|

I(u,v)  set of couplings of p and v with only horizontal transport
I1(u,v) set of couplings of u and v

Fn renormalized energy

Fn total energy

Xn set of admissible discrete dislocation measures 1.2

Y. (v,¢) set of admissible recovery measures 5.2
P3.(€)  set of admissible limit measures Lemma

2. DEFINITIONS AND PRELIMINARIES

In the following  C R? is a simply connected bounded domain with Lipschitz boundary. We
moreover assume that it contains a closed rectangle R whose sides are parallel to the coordinate
axes and with dist(R,08) = ¢ > 0.

Before turning to the main theorems of this paper, starting from Section [3| we introduce five
auxiliary functions (Section , and use these to rewrite the renormalized energy (Section .

2.1. Auxiliary functions. In the arguments of this paper, five auxiliary functions play an im-
portant role: K, K", 8, u,, and v,. We now introduce these. For the notation we follow [CLO5],
and we set the Burgers vector b = e;.

The matrix-valued function K is defined as

K(x;2) := e1® (x—2)* +Vu(z —2) for every z # z,

2|z — z|?
where
plog |z| A+ p
v(x) = — eg —

2 (A + 2p) A (A + 2p)|z|?
and A, are the Lamé constants of the stress-strain tensor C. The function K (-;z) is the strain
field in R? generated by a single dislocation at z, with Burgers vector ey, and is a distributional
solution of

[(e1 - at)z + (e1 - z)zt]

{divCK(~;z) - in R2, 1)
Curl K(+;2) = e10, in R2.
For brevity we often write K, for K (-;z).
The matrix-valued function K™ is a perturbation of K, defined by
K"™(z;2) := K(2;2) + e2Vw(z — 2), (2.2)

with

_M e ~{EJ‘:E e 'ml'L
w(x)'_zw(/\+2u)\ml4[(l o+ (e1 - 2)a7].
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As before, we will often write K7(:) and w,(-) instead of K"(:;z) and w(- — z). The function
K™ is also the strain generated by a dislocation at z, but in the context of the exterior domain
R? \ B.,(z); the mismatch associated with the dislocation is enforced by a combination of a
stress-free condition and a circulation condition on the boundary:

divCK"(-;2) =0 in R*\ Be,,(2),
CK"(-;2)v =0 on 9B, (z), (2.3)

/ K"(z;2) 7(z) dH' (z) = e1.
0B, ()

The functions K and K" have the same far-field behaviour, and K™ converges pointwise to K as
en — 0.

For given u € X,,, the matrix-valued function 3, is the unique (up to skew-symmetric
matrices) minimizer of the energy E, in (L.4) subject to the circulation constraint (1.5)); it is
therefore the strain field generated by the dislocations that u represents. It satisfies the equations

{div CB,=0 in Q (),

CB,v=0 on 09, (1). (24)

For given p1 € X,, the vector-valued function wu, is a displacement generated by the
dislocations, as follows: since the left-hand side of

Bu(x) — %ZK"(:E, z) = Vau,(z)  for z € Q,(p) (2.5)
i=1

is curl-free in Q,, (), with zero-circulation boundary conditions on each of the dB._ (z;), it is the
gradient of a function u,. It can be interpreted as a corrector displacement field, which cancels
the non-stress-free boundary values of % > KL

We choose a fixed ball B contained in €2 such that dist(z, 0Q?) < ¢/2 for every x € B (and thus,
contained in Q,(x)). We will require that

/Buu(x) dx =0, /B skew Vu,,(z) dx = 0. (2.6)

The function u,, can be alternatively characterised in terms of a minimisation problem for the
functional I,, ,, defined as

I, . (u) == ;/Qn(u) CVu(z) : Vu(x) dx + % ; /BQTL(#) CK"™(x; zi)v(z) - u(z) dH  (z).  (2.7)

This will be proved in Lemma [2.I] at the end of this section.

The vector-valued function v, is very similar to u,: for given p € P(Q), it is the unique
minimizer of

I,(v) = %/Q(CVU(Z’) s Vo(z) de + /Q /(‘m CK (z;y)v(z) - v(z) dH  (x) du(y) (2.8)

on the class

{v € HY(;R?) : /

vdr =0, / skew Vo dz = O}. (2.9)
B B

Note the similarity between I,, ,,, which defines u,, and I,: if we take p = %ZZ 0z, then I, ,
and I, are very similar, differing only in the distinction between K" and K and in the domain of
integration. Indeed we will see below (proof of Theorem that if u,, — p, then u,, converges
to v, and I, ., (up, ) = I.(v).
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2.2. Rewriting the energy. Recall that the energies F,, and J,, are defined in (1.3) and (|1.6)
in terms of the minimiser 3, of the energy E, in (1.4) subject to the circulation constraint (1.5
Using (2.5) we rewrite F,,(u) for p € X, as

1
Fo(p) = / CB, : Budx
2 J(n
nQZ/ K™(x;2;) : K™ (x; 2 dm—|—2 222/ K™(x;2;) : K™(x;25) do
i=1 j#i n(p)

1< . 1

+ = Z CK"(z; %) : Vuy(x)dr + = CVuy(x) : Vuy(z) dx. (2.10)
AT () 2 Ja.w

Note that the first term in the above expression represents the self-emergy contributions of the
dislocations, while the second term represents the mesoscopic pairwise interaction energy between
two dislocations located at z; and z;. Concerning the last two terms, integrating by parts and
applying (2.3) yield

n

1
— CK"(x;2;) : Vuy(z) de
> [, ek Vuw

n -
=1

—Z (CK (@5 2i)v - uy () d’H —fZZ/ (w5 2)v - up (o )dHl(fE)'

=1 ]757, En(z.?)

Similarly, using (2.3)—(2.5) we obtain

/ CVuy(x) : Vuy,(z)dx
Qn(:“‘)

:_%Z 8Q(CK”(x;Zi)y.uM( ZZ/ (z; 2:)v - uy(x) dH (2).

=1 j#i En(za)
(2.11)
By these computations we have that for u € X,
i =ga X [ cRnKy
i=1 j#i
25/ NN |
+— CKlv-u,dH" — — CKZv-u,dH (2.12)
2n ; oo " 2n ;; 0., (=)
1 n
= —QZZ/ CK? : KT +—Z/ CK!v-u, dH', (2.13)
i j£i Y (p) O (1) ’

where in the last step we used the boundary condition ([2.3) to add the missing term in the double
sum.

The two terms above will result in the two terms in the limiting energy F (see (1.7))). To
recognize the second term, note that by the same calculation (2.11]), the second term is equal to
I, . (u,), which will converge in the limit to I,,(v,).

The energy decomposition above proves useful for the characterisation of u, in the following
lemma.

Lemma 2.1. Assume (1.1) and let p = %Z?Zl 0., € Xy, for some n € N. Then there exists a

unique u,, € H*(Qy,(1); R?) that satisfies (2.5)) and ([2.6). Moreover, there exist a constant C > 0,
independent of n, u, and u,, and an extension U, € HY(Q;R?) of u,, such that

1) < CllEuullL2 (@, () < C- (2.14)
In addition, the function u, minimizes the functional I, , defined in (2.7) on H' (€, (1n); R?).
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Proof. As mentioned before, the curl-free property of the left-hand side of implies that there
exists some u, € H'(Q,(1); R?) satisfying (2.5)). Since the minimizer of E,,(u, -) in A, (1) is unique
up to addition of skew-symmetric matrices, condition guarantees the uniqueness of wu,,.

We now prove (2.14)). For every u € H'(Q,(u); R?) the function

B() 1= xon, 0 2) (- D K" (520) + V)

i=1
belongs to A, (1). Thus, by (1.3) we have

1

P < BolpnB) =5 | | ©8:ds
n M

Developing the quadratic form on the right-hand side and taking into account the decomposition
(2.10) and the first equation in , one easily deduces that the function u, minimizes the
functional I, , on H'(Q,,(1); R?). In particular, considering u = 0 as a competitor and using the
coercivity of C on symmetric matrices, we deduce

CillBuul 720, ()

1 & . 1 « .
< D ICK™ (5 20) | 2o gl L200) + - > D ICK™ (5 20) 208, (=) luull 2208, , (2)))-
i=1 i=1 jAi
(2.15)

From the definition (2.2)) of K™, the definition (1.2]) of the admissible class, and assumption (|1.1)
it follows that

1 1 1 &2
sup |[CK™(x; z SC’SUp( +5% )gC(er—")gC,
€N | ( )l €O |’l} - Z7.| ‘x - Zi‘s L &

and, analogously, for i # j,

., 1 , 1 1 2\ _C
sup |CK"(x;z)| < C  sup ( +e; 3) < C(— + —3) < —. (2.16)
x€0B.,, (z5) z€0B.,, (2;) |£l7 - Z’L| |x - ZZ| Tn Tn Tn
Combining the two inequalities above with (2.15)), we have
Ven o
| BuplF2 0, ) < CllugllL2o0) + C - Z lupllLzos., () (2.17)

To control the norms of u, on the right-hand side, we proceed as follows. By Theorem in
the Appendix we can extend u,, to a function @, € H'(Q;R?) such that

1Bl L2 @) < CllEupll L2 @, (w5

where C' is a constant independent of n, p, and w,. Moreover, since @, = u, on the ball B where
(2.6) is satisfied, by the Korn and Poincaré inequalities we have

@) < CllEGu L2 ) < CllEuL 29, (1)) (2.18)
and by the continuity of the trace operator on 92
lupllrzo0) = lluullL200) < Clliullm@) < ClEuL L2, (1))- (2.19)

To estimate the norm of u, on the boundaries 0B;, (z;) we use polar coordinates centered at
the point z; on the annulus B, (2;) \ Be, (2;). For every 6 € [0,27] and every &, < s <r <7, we
may write

" Ou
w(:6) = u(r.0) = [ G (0.6 dp.
Thus,
2 2 " Ouy 2
(3 O < 2w (r, O + 200 | |70, 0)| o
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Integrating over [0, 27| yields

27 27
/ MW@WM%Q/ mwwﬁw+%J1 IV, de.
0 0 By, (2j)\Be,, (25)

We now integrate over r € [, r,] and divide by r,, — &,:

2
/ lu, [? dH' < / |uH|2dx+2rn/ |Vu,|? dz.
0Be,, (2;) Tn = &n JB,, (2)\B:, (z;) By, (2j)\Be,, (25)

Hence, by (2.18]) we conclude that

" C c . C
> 2o, () < \/T—HHUHHHl(Qn(u)) < \/T—n”uu”Hl(Q) < \/77||Euu||m(m(u))~ (2.20)

j=1
Combining (2.17)), (2.19), and (2.20)), and taking into account (1.1)), we obtain
Cve,

I BuplZ2 0, ) < CllBwl L2 0, ) + a7 [ EullL2 @, w) < CllEuLl L2, (1))

Therefore, using also (2.18)), we deduce (2.14)). O

3. I'-CONVERGENCE OF THE RENORMALIZED ENERGY

In this section we prove Theorem the Gamma-convergence of the renormalised energy
defined in ([L.6]). Before stating and proving the main theorem we state some useful properties of
the interaction potential V' appearing in the definition of the limit energy.

Lemma 3.1. The function V : Q x Q — R U {+o0} defined as

Viy,2) = /Q(CK(x;y) CK(z2)de ify # 2,

(3.1)
400 ify =z,
is well defined, symmetric, and continuous. Moreover, we have the following estimates:
e there exist two constants C > 0 and L > 0 such that for every y,z € Q with y # z
V(.2 < o(1-10g 272, (32)

e for every open set Q' compactly contained in §) there exist C(€Y') > 0 and R > 0 such that
for everyy,z € Y with0 < |y—z| <R

C(Q)(1 —logly — 2|) < V(y,2). (3.3)
Proof. From the definition of K it follows that there exists a constant C' > 0 such that
C
K(z;y)| < 3.4
Koz < o (3.4)

for every x # y. This implies that the integral in the definition of V(y,z) for y # z is finite.
Clearly V is symmetric, that is, V(y, z) = V(z,y).
We now prove (3.2). Let y, z € Q with y # z. From the definition of V' and from (3.4)) we have

T dzx

d
V(y,2)| < C/ —— <C —, (3.5)
olr —yllz - 2| Br(z) |z — yllz — 2|

because, Q being bounded, Q C Bp(z) for some finite L > 0 and every z € Q. With no loss of
generality we can assume that L > 2|y — z|. For convenience we set & := x — z and § := y — z;
then for the last integral in (3.5) we have

dx dx dz dz
T =~ ~ — == T =1~  ~° (3-6)
Br(z) |z —yl|z — 2| B (0) |Z[|Z — g By 5(0) Z]|1Z — 7l Br(0)\Bayy7(0) Z]|1Z — 7l
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If # € Bp(0) \ Byg(0), then | — | > ||| — [§]| = |#| — |§]; hence

dz dz Lo gr
—— < I T 27 —
BLO\Bay510) [ZIE =31 = S, 0)\Bayy 0) 121(17] — 19]) 2l T = 17

L £l
= 27 log (~ — 1) < —2rlog <) . 3.7
9 L 37
We now split the integral on By (0) in (3.6) into three terms:

dx dzx
—_— = + + — = (3.8)
Ba)5(0) |z]|Z — 9] Big1/2(0) Byg1/2(9) Bzm(0)\(B|g\/2(0)UB\@|/2(17)) |z]|Z — 9]

For the first integral in the right-hand side of (3.8) we have
di 2 di  4m [10/2
/ ~7~LL‘ — < — T"L‘:T,]T d’l':271',
Byg|/2(0) 2|z — gl ~ 9] Byg)/2(0) 1zl 19l Jo

since |Z — g| > ‘—gl for # € Byj|/2(0). Analogously,

dz
—— < 27.
Byy1/2(%) |z[|z — g
Moreover, for the last integral in the right-hand side of (3.8) we have
/ dz 4
Bayg O\ (Bi1/2(0)UB 512 1E11E =9
In conclusion, from (3.8)), we deduce

/ e iix — < 207.
Bs5(0) |Z(|z — 7

Finally, putting together (3.5)—(3.8]), and substituting back § = y — z we obtain
V(y,2)| <C <—27T log (|yLz|> + 207r> ,

which implies .

We now prove (3.3). Let {2’ be an open set contained in € with ¢ := dist(€’,9Q) > 0 and let
y,z € @ with y # z. Here we use an argument by [CLO5|. Let -, . be a line segment parallel to
z — y connecting z to 912, so that

Y

V,Z:{meQ:sz—i—s 736[0,5’2}}.
! EREl !

Let also m,, . be the unit normal vector to 7, .. Since Q\v, . is simply connected and Curl K (-; z) =
0in 2\ vy,., there exists a function v, . in Q\ 7, . such that K(-;z) = Vu, . in Q\ v, . and the
jump of v, , across 7, ., satisfies [v, .] = —e;. We can also assume that v, . has zero mean value
on 2\ 7y,.. By the divergence theorem we obtain

Vy,z) = /Q\ CK(z;y) : K(x;2) dx
Yy,z
= / CK(z;y) : Vuy . (x) dx
Q\’Y'y,z

= [ CR@yla) @) di @)~ [ CKG@mys(@) - @) di @), (39)

We first observe that the first integral on the right-hand side is uniformly bounded with respect

to y and z. Indeed, by
C C

CK(z;y)v(z)| < < —
(CK@iula)| < o < 5

(3.10)
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for every z € 9f) and every y € Q. Moreover, we have

1
/ |K(x;2)|de < C’/idm
N\ vy, = Q |$_ Z|

1 1
= C dxr + C/ dx
Bsa(z) 1T — 2| O\B; () T — 2]
2
< 7wC6+ TC
Therefore, the measures Dv, , = K(2)L? —e; ® my,z’HlL’yy,Z are uniformly bounded in .

By Poincaré-Wirtinger inequality we deduce that the functions v, . are uniformly bounded with
respect to y and z in the BV norm, hence their traces are bounded in L!(99Q;R?). In conclusion,
by the previous estimate and by (3.10) follows that the first term in (3.9)) is bounded.

We focus on the second integral on the right-hand side of (3.9). We note that for x = z+s é:i\ €

Vy,» We have

. o ()] = CK (o ahm (a) e = HATH) 1
—CK(z;y)my, - () - [vy,2(2)] = CK (25 y)my,. () 1_77()\+2,u) |z —y|+s

therefore

, o (e dH () = PATH)
/. CR w3 y)my.2 (@) - [oy.- (@)} dH (z) = T= 5

Since 5, , > dist(z,0Q) > ¢, we have

(= togly 2| +log(ly — 2l +5,..) )

log(ly — 2| + 5,,.) > logé.
Combining (3.9) with the previous estimates, we conclude that

N(/\+N) ’
>_0— PATH 1oely— 2 > C'(1 = log ly —
V(y,z) > -C T T2 ogly —z| > C'(1 —log |y — z),

where the last inequality is satisfied for |y — z| < R, with R small enough. This shows (3.3).

Finally, we prove the continuity of V. Let y,z € Q with y # z and let (y,), (2n) be two
sequences in {2 converging to y and z, respectively. For n large enough we clearly have y,, # z,.
It is easy to see that

CK(x;yn) : K(x,2,) = CK(z;y) : K(x;2) for a.e. x € Q.

Moreover, the sequence is dominated. Indeed, for 0 < § < i|y — z| we have

X\ (Bs (yn)UBs (2:)) [CK (@5 yn) + K (2, 2n)| < =,

while

X5 yn)0Bs (o) [CK (@i yn) K 20)| < Xy (a)oms o) T o

4C 1 1
(e =)
ly =2 \z —ynl |z — 2

and the function on the right-hand side is dominated since it is strongly converging in L' (by the
continuity property in L'). Thus, by the dominated convergence theorem we have

V(yn,zn) = lim 3 z)/Q(CK(xvyn) : K(.’E,Zn) dx

im
(ymzn)—>(y7z) (ynvzn)%
= / CK(z;y) : K(x;2)de =V (y, 2).
Q

Let now y = z € Q and let (y,), (2,) be two sequences converging to y. Let ' be an open
set compactly contained in  such that y € Q. Without loss of generality we can assume that
Yn £ 2n and Yy, z, € Q' for every n. Thus, we can use (3.3]) for n large enough and deduce that

lim  V(yn, 2n) = +00 = V(y,y).
(ynyzn)q(yvy)
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This concludes the proof of the continuity of V. O

Remark 3.2. Note that from (3.2) and (3.3]) follows that for every open set ' compactly con-
tained in € there exists a constant C(£2') > 0 such that for every y, z €
Vy,z) > —C1 (). (3.11)

We are now ready to prove the I'-convergence of the renormalised energy, which constitutes the
main result of this section.

Theorem 3.3. Assume (l.1). Then the functionals F,, T'-converge with respect to the narrow
convergence of measures, as n — 00, to the functional F : P(2) = RU {+o0} defined as

1 .
T2 //ng V(y,2) du(y) du(z) +min I,,(v),

if supp u C R, while F(u) := +oo otherwise. In the formula above V is the function defined in
(3-1) and I, is the functional defined in (2.8),

I,(v) = %/Q(CVU :Vodz + /Q /e}g CK (z;y)v(x) - v(x) dH (z) du(y)

on the class

{veHl(Q;RQ): /vdﬂczo, /skeWVvda::O}. (3.12)
B B

Remark 3.4. Since suppp C R and V is bounded from below on open sets compactly contained
in Q by Remark the interaction energy term in F is always well defined, possibly equal to
+00.

Proof of Theorem[3.3 Preliminary estimates. Let (y1,,) be such that p, € X,, for every n € N,
and let (2]");=1,...n» C R be such that

1 n
:ﬁ;(sz;.

For brevity we set (), := f.,,, tun := u,, and simply denote (i) by €,. Finally, let

Hn X Hn = % Z Zé(z?,z?)~

i=1 j#i

As a preliminary step, we shall prove that

n n _ 1
2&22;/ O i) K)o =5 | V002l Binn2) o)) (313

and
n

= Z CK™(z; 2" )w(x) - uy(2) dH (z) = E Z CK (x; 2w (x) - up (x) dH  (x) + o(1),

oo
(3.14)
where o(1) denotes an infinitesimal quantity, as n — co. Moreover, if we assume in addition that
Uy — @ narrowly, as n — co, then

lim S [ CK (w20 )w(e) - un(n) dH (@) = Ly(v,,) = min . (3.15)

n—o00 2N
i—1 700

The proof of (3.13)—(3.15) is split into several steps.
Step 1. Proof of m We first show that, as n — oo,

2n222/ CK"(w;2") : K™(z;2}) da:*2nQZZ/(CK s K(x;2]) dx + o(1).

i=1 j#i i=1 j#i
(3.16)
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Here we follow an argument in [CLO05, Proof of Theorem 5.1]. We recall that by we have
K"™(z;21) = K (3 21) + €2Vwy, ;, where we set w,, ;(z) :== w(z — 2*). Therefore,

/Q CK™(w;2;") : K"(z;2]) dv = /Q CK(x;2{") : K(x;2])dz
—|—»331/Q CK (z;2}") : Vwy, j(z) dr + €2 /Q CK(w;z2]) : Vwy i(v) dx
—I—ei/g CVwy,i(z) : Vwy j(x) dx

2

Applying the divergence theorem the last three integrals can be written as
€

Be,, (23}

/ (CK(z; 2] )v - wn j(z) + CK (z; 27 )V - Wy i(T) + e2CVwy, i (2)v - wy () dH (z)
_gn; /6

) (CK(x;z?)v-wmj(x)Jr(CK(x;z}’)v~wn7i(x)—|—£%(Can,i(x)1/-wn,j(x)) dH! ().

T
Since |K (z;79)] < Clz — 20| and |w(x)| < Clz|72, while |Vw(x)| < C|z|~3, we easily deduce

that the first term in the formula above is of order 2. As for the second term, by (1.1)) we have
2

o

ki, Y OBen (21)

(CK (2; 20 )v - wn j(x) + CK (2; 2] Jv - wn i () + £, CVw, 1 (2)v - wy, () dHl(fU)‘
2
< Csin( ! En

3 2
gn gn
FrE)=on(i+3)
while
g2 Z / ((CK(;U; 2 ) - wy (7)) + CK (25 2] )v - wp i () + eiCanyi(m)V W j (x)) d’}-[l(x)’
ke=i,j Y OBen (1))
1 1 1 € En €2
<C3 | ——4+—+=)=C2(14+24+2).
N En(girnJrEnr%Jrr%) rn( Jr"“n+ 727,)
Combining the previous estimates, we obtain
1 n
5 D2
i=1 j£i

(g 2™ N 7 xzin €Tz X,z X o
ey e = 5SS [ e K de o)

i=1 ji
To conclude the proof of (3.16f), it remains to show that

1 n n
HIL%ﬁZZ o CK(x;2") : K(z;2])dz = 0.
i=1 j#i n
Using again the estimate |K (z;10)| < Clz — 20|~ and (L.1]), we infer

|

CK(x;2]) : K(x;zn)dx’
i=1 j£i S\

(3.17)

Llrey

/ CK(z;2]): K(x; 2 )da:‘
i=1 ji k=1" Ben (21)

IN

2
C( 6’2‘+€”> ZCE"(HE;‘),
r2 Ty T
which proves (3.17) and, in turn, (3.16))
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Identity (3.13)) follows immediately from (3.16]), since by the definitions of V' and of p,, X u,, we
may write

oz ;;/CK //an /CK 3 y) (x;Z)dx) Apn ® i) (y, 2)
=5[] Vs E) ).

Step 2. Proof of . By Lemma for every n € N there exists an extension @, € H'(Q;R?)
of u,, such that

lanllzr @) < CllEunlz2(0,) < C, (3.18)
with a constant C independent of n. This implies that, up to subsequences, @, converges weakly
in H!(£2;R?) to some function v € H'(Q;R?). Since u,, (and thus @, ) satisfies the conditions ([2.6))
for every n, the function v belongs to the class . We also recall that by and (3.18]) we
have

C C
ZHUHHL2 (9B.,, (=] S\/i|\EUnHL2(Q) NS (3.19)

Using the boundary condltlon in , we have

% Z /ag CR™ (w327 ) - un(v) dH ()

,Z CK"™(x; 2™ - up (z) dH' ( —722/ CK"™(x; 2! - up () dH ().

oQ i=1 j£i gn(z ) ( )
3.20

Arguing as in the proof of (3.16)), it is easy to see that

n

72 (CK" (z; 2 - up(2) dH' (x) = lz CK (z; 20 - up(z) dH' (x) + o(1).  (3.21)

ne Fele)
i=1
Moreover, as a consequence of (2.16)) and (| m, we obtain
f‘ ZZ CK™(m; 2" - un(2) dH (z)] < C*/jg —0. (3.22)

i=1 j#i 6Bsn(zn) rn

Combining 7-, we deduce (3.14)).

Step 8. Convergence of the boundary energy terms. Assume now that u,, — p narrowly, as n — oco.
We prove that

nl;néo - Z CK (z; 2 - up () dH (x) = /Q - CK (z;y)v(z) - v(z) dH' (x) du(y). (3.23)
Since u,, = u, on 0f2, we have
— Z (CK (z; 2w - up () dH (x) = /Q ” CK (z;y)v(2) - tn(z) dH (2) dun(y).  (3.24)

Let now Q/ be the open set of all points in © with distance from 99 larger than ¢/2. By the
compactness of the trace operator the weak convergence of i, to v in H'(£2;R?) guarantees strong
convergence of the traces in L?(9§2; R?). This, in turn, implies

CE @ )(w) - (i) = o)) aH'@)| < e~ vllzom) sup IKC:9)l2200)

c .
Zltn = vl z2(00) = 0.
l

sup )
ye ' Joaq

IN
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Since supp pn, C ' for every n € N, the estimate above, together with the narrow convergence of
iy, to p, allows us to pass to the limit in (3.24) and obtain ([3.23)).

Step 4. Characterization of v. We now prove that v = v, that is, v is the unique minimizer of
the functional I,, on the class .

We have that |Q\ Q,| — 0 since implies that nr2 — 0 as n — co. Therefore, by lower
semicontinuity of the elastic energy with respect to weak convergence in L? we have

lim inf% CVu, : Vu, dx = lim inf} CVi, : Vi, dr > % / CVuv : Vudz.
Q

Combining the inequality above with (3.14) and (3.23)) yields
liminf I, ,,, (un) > I,(v).

n—oo

On the other hand, since u,, minimizes I,, ,, on H'(,;R?) by Lemma we have

Inp, (un) < I Mn( )
for every v € H'(Q;R?). Arguing as in (3.20)—(3.22), one can show that the functionals I, ,,
converge pointwise to I, on H'(Q;R?). Thus, we deduce that

IM( ) - hm lnf In Mn( ’ﬂ) S nll_{r;o I’”ﬂﬂn (u) = Iu(u)

We conclude that v is the minimizer of I, on the class (3.12)), that is, v = v,, and I,, ,, (u,) —

I,(v,). Together with (3.23)), this implies (3.15)), since
1
5 | [ cr@ia) v a0 dutw).
o Joq

where we used integration by parts and the Euler-Lagrange equations satisfied by v,,.

Liminf inequality. Let now (u,) be a sequence of measures such that u,, € X,, for every n € N
and p, — p narrowly, as n — oco. We shall prove that

liniinf]-'n(,un) > F(u). (3.25)

Clearly p satisfies supp p C R. We consider the decomposition of F,, given in (2.13]). Equation
(3.13) guarantees that

linrgicgf ZZZ/ CK"(z;2]) : K™(x; 2} )d:vfhnrglgf //QXQV(y,z)d(pn&,un)(y,z).

i=1 j#i
(3.26)
For M > 0 let Viy := V A M. We observe that supp pn,supp u C Q' for every n, where Q' is
the open set of all points in Q with distance from 9 larger than ¢/2; thus, by Lemma and
Remark the function V}; is continuous and bounded on £’ x ©’. Using the narrow convergence
of pn, X py, to u ® p, we infer

1 1
timint 5 ([ VA B = tmint 5[] Vi) i B an)0,2)
n—00 QxQ n—00 QxQ
1
> - / Var (v, 2) dp(y) dp(2). (3.27)
QxQ

Since M is arbitrary, (3.26)) and ( m yield

liminf 3 ZZ/ CK"™(w;2]") : K™(w; 2] ) dx > 5 // V(y, z) du(y) du(z).
n— 00 ey QxQ
Combining this inequality with and -7 we obtain

Limsup inequality. Let g € P(Q) be such that F(u) < +oo. In particular, we have that
supp ¢ C R. Since the energy estimates (3.13)—(3.15) are valid for any admissible sequence
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converging to p, it is sufficient to construct a sequence p, such that u, € X,, with u, — p
narrowly and

imsw s [ Vi don Ba)w <5 ([ Vi) dut) duto).

n—oo

Also in this case the proof will be split into several steps.
Step 1. Approzimation of the measure . Define the family of squares
Q" :={[0,2h)* + 2h(m, L) : (m,() € Z°},

and let {Qg}k:L___,Nh be the squares in éh intersecting the support of p. For k =1,..., Ny, let
Q" be defined as
QZ = {-xEQZ: T+ Aep + Ages EQZ, o<\ < h}

We define the approximating measures " as

for every h. Without loss of generality we can assume that supp p" C R for every h. Clearly
ph — p narrowly, as h — 0.
We claim that

limsup/ V(y, z) du" (y) du”( // V(y,2) du(y) du(z). (3.28)
QxQ QxQ

h—0

For M > 0 we consider the truncated function Vs := V A M and we write V = Vs + (V — V).

Let € be the open set of all points in £ with distance from 99 larger than ¢/2. Since
supp p",supp p C Q' for every h and V), is continuous and bounded on Q' x ', narrow con-
vergence yields

i [ Vit d Gl e) =[] Vit du) duty

< / / V(y, 2) du(2) dn(y).
QxQ
Therefore, (3.28) is proved if we show that
i lmsup [ (V{y,2) = Varly. ) di () du () =0, (3.29)
M — o0 h—0 QxQ

We observe that the bound (3.2) on V implies that
V(y,2)] >M = |y—=z|<Rum, (3.30)

for some Rjp; > 0 such that Ry; — 0, as M — oo. Therefore,

//QXQ(V(W)—VM(y,z))dm(z) " (y) </Q(/BRM(y) V(y,z)d,uh(z)> A (y).  (3.31)

By estimate (3.3)) of Lemma there exist C'(Q') > 0 and R > 0 such that
C() (1L —logly — 2|) < V(y,2) (3.32)

for every y, 2 € Q' with 0 < |y—2| < R. Since Rys — 0, as M — 0o, we can assume that Ry < R.
For every k = 1,...,Nj, and every p=1,..., P!, with P} = [Ry;/(2h)] + 1, we consider the set
of indices

Ity ={1<j < Np: Q) = Qi+ 2h(m,0), |m|V|¢] = p}.
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/Q(/BR . )V(y,Z) duh(Z)) dp" (y)

N, P}

-3y HEREL (Vi)

k=1p=1jer}

Ny, ( h(@h))2
+kZ:1 : At /QZ(/BRM@mQZ V(%Z)dz) w

For k = 1, .,Np and j € Ih we have that |y — 2| > (2p — 1)k for every y € QF, z € Qh thus,
estimate (3.2)) implies that

2p — 1)h .
Vy,z) < C(l —log %) for every y € Q' 2z € Q?,] € I,?’p.

On the other hand, since |y — z| < 2v/2(p 4 1)k for every y € QZ, z € Q? with j € I,’;p, estimate

(3.32) yields
cE@H(1- log(2v2(p + 1)h)) < V(y,z) for every y € Qr,z e Q?,j € I,i‘,p.

Therefore, we obtain

Z U(QZ});;(Q?) /QZ (/BRM(y)mQ? V(y, z) dZ) dy

JeLt ,
(2p —1)h
< ]GZI: (1—1 - )
= Y u Qh< —log(2V2(p + 1)h) + log 2‘[2(]”;1) )
JEI
= ¢ /;( 5 Vw2 du(2)) du(y) +C 3 w(@u(@))
jEI,’;)p k J je]}’fﬁ,p

Similarly, by applying (3.2)) and (3.32)) and using polar coordinates we have

Ahy)2 Qh 2
(M(h‘f))/g (/BRM@)sz Viy2)de)dy < C(u(hf))/z (/Bﬂh’(ym% Viy.2)dz) dy
C(u(@}) (1 —log(v2h))

< Oéﬁ(éﬁv(yﬂ)du(@)d n) + C(n@)"

A

IA

Combining together the previous estimates, we conclude that

/Q ( /B . V(y,2) duh(Z)) dp"(y)
< C/Q (/BRM(@» V(y,=2) du(Z)) du(y)+C/Qu(BRM () du(y),

where the right-hand side tends to zero, as Rp; — 0, since F(u) < +o0o. Owing to (3.31)),
this proves , hence the claim . In virtue of and of the metrizability of the
narrow convergence on P(€), it is sufficient to construct a recovery sequence for the approximating
measures p'".
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Step 2. Construction of the recovery sequence. Let us fix h > 0. For every n we denote with u”
an approximation of the measure p" defined in the previous step, of the following form:
Nh

h ._ E
M, 1= Ck,nXsz
k=1

where the constants c ,, are chosen in such a way that y/nul(Q") € Ny for every k and pu"(QF) —
p(Qh), as n — oo.
At this point we construct the recovery sequence p,, = %Z?:l dzn by choosing the points
z" € Q in the following way:
(1) to each square QF, allocate nu”(Q%) dislocations;
(2) in a given square Q}, choose |/nu' (QF) equispaced horizontal coordinates and y/nul(QF)
equispaced vertical coordinates. Then the dislocations will be located at the nodes of this
square grid, and their distance within the same square QZ satisfies the bound

ho C(h)
nuh Q) VP

since, by assumption (1.1)) nr, — 0, as n — co. Such a sequence is therefore admissible.

|27 = 27| >

> T,

By construction we have that unLQQ — ,U/hI_QZ narrowly, as n — oo, for every k. This implies
that p, — u narrowly as n — oo.

Step 3. Convergence of the energy. It remains to prove that

imsw s [ V) dim B0 < 5 ([ Vi) dil ) det ). (3.33)

n—oo

For k=1,..., N, and n € N we introduce the set
Ji={1<i<n: 2 €Q}}.

We then calculate

1 1 <
3 [ Vi din B =55 Y Ve

i,j=1
i#£]
Np
5 2 2V 2QZZVW] (3:34)
kt=1ieJ} k=14jeJy
k0 JEJ” i#j
For the first term in the right-hand side of (3.34 - we have that
Nh Nh
h
I X X vEnp =5 Y [ vedatwate. 6w
k=1icJ] lcE 1 ‘
kAL jet )

since V' is continuous and bounded on Q% x Q% for k # (. For the second term in (3.34) we

consider, for fixed M > 0, the decomposition V' = Vs + (V — V), where Vj; :=V A M. Since

the truncated function Vj; is continuous and bounded on an open set containing R x R, we have
Np Np

h
Hm LSS v Z// Varly )i @) di (). (3.36)
k=114 jeJn XQ
i

Combining together (3.34)—(3.36)), since Vj; <V, the claim (3.33]) follows if we prove that

Ny,

1 n n
]\/}IE)HOO llrrlrLsO%p 52 ; ‘;Jn(v - Vu)(z', 27) = 0. (3.37)
—1ijeJ;

i#]
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From (3.30), for large enough M (so that, in particular, Ry, < h) we have that, for every
k=1,...,Np,

1 1
NI ijeJp
i#j |2i =2} |<Rm
i#]
Now we denote with L? the size of the square grid in Q! formed by the dislocations locations, i.e.,
h
Ly = ———.
il (QF)
Then we can rewrite the last term in (3.38)) as
1 1 A
VIS ieJg p=2j€Jp (i,p)
\z?—z;z|<RM
i#]

where P}' is the integer part of Ry/L} and, for p=2,..., P},
Ji(ip)i={jeJi: (p— 1)L <2} — 2| < pLy}.
The cardinality of the set JJ(¢,p) can be estimated as
#(Ji (6,p)) < C(p* = (p—1)*) = C(2p + 1);
moreover, for every j € JJ'(4,p) we have, in virtue of (3.2),
(p—1)Ly
Vit )1 < (1 - og @7V,

Hence, we deduce

Y T ver| e Y S n(i- 0 =05

1€Jy p=2j€J7(i,p) i€ J) p=2
P’!L
CH#(J}) \- (p—1)Lg Ly
Sz ;(2P+1—2(p—1)10g 7 _SIOgT) (3.40)
It is easy to show that, for every p=2,..., P,
(p—1)L} C

—2(p—1)log — 2"k < .

(p—1log =——F— < o

therefore, the sum in the right-hand side of (3.40) can be estimated as follows:
Py

Z(?p—l—l—l—%—?)log L><CPk(1+
p=2

Combining this estimate with (3.40) and the definition of P}’ and L}, we deduce

‘2n2zz S Ve (Qk)(RM Ru wa)

Jr
n n\2 n\2
i€Jp p=2 jeJp (i,p) L (L) (L)

Ln) 4 OPIPE 1 1).

h h 3/2 h ) 2 h a2
< CRMW + CRM(H”(h#)) + C’R%%.
From the last estimate it follows that
h(hY)2 bl AR 2
hmsup’2 Z Z Z V(z ( (}gk)) JrCR?M%, (3.41)

1€Jy p=2j€J7 (i,p)
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Since Ry — 0, as M — oo, (3.38)), (3.39), and (3.41)) prove the claim (3.37)). This concludes the
proof of (3.33) and of the theorem. O

Remark 3.5. We observe that there exists a positive constant C' such that
Fu) > -C (3.42)

for every p € P(Q). Indeed, from (3.11]) follows directly that the interaction energy term is
uniformly bounded from below. Moreover, considering v = 0 as test function for I, in the class

(3-12), we obtain

1

f/ CVu, : Vy, dx < —/ CK (z;y)v(z) - v(z) dH' (x) du(y),

2 Jo aJoo
hence

9 C
|Evy|” do < ?H'UMHLZ(SQ)-
Q

By Korn’s inequality and the definition of the class we deduce that the functions v, are
uniformly bounded in H*(; R?) with respect to u, hence their traces are uniformly bounded in
L?(9€; R?) with respect to p. Finally, this implies that the minimum values I,,(v,,) are uniformly
bounded from below, as well.

‘We conclude this section with a characterization of the class where the I'-limit functional F is
finite.

Proposition 3.6. Let u € P(Q). Then F(u) < +oo if and only if p € H=1().
Proof. For every p € P(£2) we set

B2(2) = V() + /Q K ;) du(y), (3.43)

where v, is the function associated to p according to Section that is, the unique minimizer
of I, on the class (2.9). By Fubini Theorem we have that B e L' (Q;R**?). Moreover, 3% is the
unique (up to skew-symmetric matrices) solution of the system

divCs), =0 in ,

Cav=0 on 012, (3.44)

Curl B, = pe; in €2

Let now p € P(Q) N H~ (). Then the problem
1
min {5 CB(z) : B(x)dx : B € L*(KR**?), Curl B = ,uel}
Q

has a solution /3 (indeed, the class where the minimum is taken is not empty: for instance, we can
solve Au = pey, u € HH(Q;R?), and take as 3 a 7/2 rotation of Vu). Since 3 is a solution to
(B.44), we deduce that 3} € L*(Q; R**?). Now, by Fubini Theorem we may write

1 * *
5/ CB,: B, dx
Q

1 1
= 7/CVv#:Vvﬂdx+//CK(x;y):Vv#dxdu(y)+f/ V(y; z) du(y) du(z)
2 Ja aJa 2 Jaxe

= F(u),

hence we conclude that F(u) < 4o0.
Conversely, let p € P(Q2) be such that F(u) < 4+o00. By Step 1 in the proof of the limsup
inequality of Theorem [3.3| there exists a sequence (u) C L>°(Q) such that p — p narrowly and

lim sup F(u") < F(u) < +oo. (3.45)
h—0
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Let 8} be defined as in (3.43) with u replaced by p”. Since (u") € L>(2) (hence, in particular,
in H1(12)), the previous argument guarantees that 8; € L?(£; R?*?) and by Fubini Theorem

. /Q Ch;: By dw = Flun) (3.46)

for every h. Combining (3.45) and (3.46]), we obtain that the sequence (sym ;) is uniformly
bounded in L?(Q;R?**?).
On the other hand, since p — p, we have that Vv,n — Vv, weakly in L?(€;R?*?) and that

/K ) dp( A/K

in the sense of distributions. Thus, 8; — B/, in the sense of distributions. We conclude that
sym 3% € L?(Q;R?**?). By the generalized Korn inequality [GLPI0, Theorem 11] we deduce that
B € L*(€;R?*?), hence € H™ (). O

4. QUASI—STATIC EVOLUTION OF DISLOCATION ENERGIES

In this section we prove the existence of a quasi-static evolution for the energy-dissipation
system given by the renormalised dislocation energy F,, defined in (|1.6)), and the modified, slip-
plane-confined, Wasserstein distance d in ([1.13)) as dissipation distance.

4.1. Wasserstein-type dissipation. The dissipation term is defined in terms of a Wasserstein-
type distance d 7, which is finite only on pairs of measures with the same vertical
marginals. This implies that during the evolution only the horizontal positions of the dislocations
will be allowed to vary, i.e., each dislocation will be only allowed to move within its slip plane.
The next lemma summarises a number of properties of the distance d and its relation with the
standard Wasserstein distance d; and with narrow convergence. Recall that d; is defined by

dy(p,v) == 1nf // |z — y| dvy(z,y), (4.1)
YEL1 (1) J Jaxn

where T’y (1, v) is the following set of couplings of p and v:
Ly, v) == {y € PQxQ):y(AxQ)=p(A), v(Qx A) = v(A) for all Borel sets A C Q}. (4.2
Since 2 is bounded, the distance d; generates the topology of narrow convergence.

Lemma 4.1. The following properties are satisfied.

(1) Convergence in d implies narrow convergence.
(2) The dy-distance of measures p,v € P(Q) is bounded from below by the d;-distance of their
horizontal marginals, namely

dy(m1) e, (1) 40) < da () < d(p,v).

(3) The metric d is lower semicontinuous with respect to narrow convergence: if p — pu and
v — v, then d(p,v) <liminfy_eo d(pir, k).

(4) The dissipation D, introduced in , s lower semicontinuous with respect to pointwise
narrow convergence: if pi, o2 [0,T] — P(Q) are such that pg(t) — u(t) for all t € [0,T],
then D(u, [0,T]) < liminfy_, o D(ug, [0,T]).

(5) We have the dual characterization

(i) = sup{ | ou—dn: o ecx@),

|p(x1, 22) — ¢, 22)| < |21 — 27| for all 561756/1»$2}~ (4.3)

(6) Fore > 0 letdi . be the Monge-Kantorovich transport distance with cost function c.(x,y) =
|21 — 1| + €7 oz — yo|; then

d(p,v) = gl—i>%1+ die(p,v). (4.4)
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(7) For any measurable curve t — p(t,-), define
P(u,[0,T7) : mf{/ / |p(t, )| du(t) ¢ :(0,T) x R? = R Borel measurable,

Ot + O, (pu) = 0 as distributions on (0,T) x R2}, (4.5)

with the convention that inf ) = +oo. If P(u,[0,T]) < oo, then 2(u,[0,T]) = D(p, [0,T7]).

Remark 4.2. The condition that 2 < oo in Part [7] is necessary: for instance, for two points
x, T € Q with 9 = &, the curve p(t) = td, + (1 — t)dz has D(p, [0,1]) = |z1 — Z1|. However,
2(u,[0,1]) = +o0, since the ‘jumping’ of the mass from z to Z can not be represented by the
continuity equation dp + Oy, (pp) = 0.

Proof of Lemma[.1. By definition dy (u,v) < d(u,v), which implies Part[l} For Part We observe
that

v E€Di(v) = (m xm)uy € Di((m)gp, (m)4v).
Thus, using the fact that 71 (x) = 1, we have

d , = f —y1|d ,
(g = ik ] el @)

inf //RXR 21— yo| d((m1 x m1) ) (21, 91)

~v€eT1 (p,v)

— it // i1 () — m1(y)] dy (2, )
Y€l (1,v) J JR2 xR2

< [ eyl = din)
vyel'y (p,v) R2 xR2

We next prove Part [6] Note that dy o(u,v) < d(p,v). To prove d(p,v) = lim._o+ d1 (s, v),
first assume that d(u,v) < oo and let 71 . be an optimal transport plan for dy o(u,v); since p
and v are fixed, 71 . is tight, and as e — 0% we can assume that 1. — 71,0 in P(Q x Q). The
inequality

IN

1
T (2=l 2o = val) o) = o) < dlge)
QxQ

then implies that the limit satisfies 1 o € I'(ut, v). Therefore v, ¢ is admissible for d(u,v), and

hm(l)nfdl (v // lz1 — Y1l dyro(z,y) > d(p,v).

This, together with the inequality dy - (p, ) < d(u,v), proves . On the other hand, if d(p, v) =
00, then this argument implies that d; (i, v) can not remain bounded as € — 07, which again
implies l-b

From directly follows Part (3 ' since dj . is lower semicontinuous with respect to narrow
convergence for each ¢ > 0 and d; .(p,v) < d(u7 v). Part |4 I follows from Part [3[ and the defini-
tion .

We next prove Part |5} For a > 0 define the norm |(z1,22)|a = |71| + a~t|z2|, so that d; .
is the transport distance with respect to the norm | -|.. Fix > 0, and choose ¢ > 0 such
that d(u,v) < dq (s, V) +1; using the dual characterization for the Monge-Kantorovich transport
distance (e.g. [Vil03, Theorem 1.14]), there exists a function ¢ with |¢p(x) — o(y)| < |z — yle,
and such that dy o (p, v fQ (dp — dv). At the cost of another n we can also assume that
¢ € C(R?), so that

d(p,v) <2n+ /Q ¢ (dp — dv).

Since |¢p(z1,x2) — d(2], x2)| < |(21,22) — (2], x2)|c = |1 — 2}, ¢ is admissible in the supremum
in (4.3). Since n is arbitrary, it follows that d(u,v) is bounded from above by the right-hand side
in (4.3). For the opposite inequality, let v € T'(u, v). By applying the disintegration theorem to p
and v, we can write p(x1,x2) = ((z2)fla, (1) and v(y1,y2) = ((y2)Py, (Y1), where ¢ := (m2)ppu =
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(m9) v is the common vertical marginal of 1 and v. Since v only transports from points z to y

with xo = yo, we have y(z1,z2,y1,¥2) = ((22)0s,(Y2)Ya, (1,y1), where the marginal transport
plan 4., is an element of T’y (fiy,, Vs, ) for (-a.e. 5. We can then write

//QXQ|-7J—y|d’yxy // |21 — 1| dFa, (w1, 91) dC(2)

> /R 1 iy, Pag) dC(2)
> / / B0, 22) (dfiay — dirgy) ()

for any ¢ 1-Lipschitz in x1, from which follows the assertion.

For Part |z|, we first show the inequality D < 2. Since we assume Z(u,[0,T]) < oo, we may
choose an admissible ¢. For any ¢ € C°(R?) with |9,,&| < 1, write

1) = [ €@dn®) and gt)i= [ oat) 0 duto),
and note that g € L(0,T) since 2 (u,[0,T]) < co. From the continuity equation it follows that

Ocf = g in the sense of distributions on (0,7"), which implies that f is absolutely continuous. From
the fundamental theorem of calculus and the bound |9,,&| < 1 we then deduce

/Q £(2) (dulo) — du(s)) = / / Ot 2) 0 €(x) dp(t) dt < / / (¢, )| dpu(t) dt

In combination with the dual characterization (part [5]) this implies the inequality D < 2.
To show the opposite inequality 2 < D, by the same argument as above we have, for any
partition {t;} of [0,T], and &; € C°(R?) with |9,,&| <1,

Z/tbﬂ/gbt X mlgi )dﬂ( dt /gz d/u z+1) d/’“( ))SD(M’ [O’T])' (4'6)

By approximation it follows that
T
/ ¢t ) Oy, ((x) dp(t) dt < D(p, [0,T])  for all ¢ € CZ([0,T] x R?), [8,,¢] < 1,
0o Jr2

and by defining 9., =: 9, up to a modification outside of {2 to obtain compact support, we find

T
| o) vty dutt) dt < DGu0.7))  for all € C(0.7) x B, [9] < 1.
0 JR2
The inequality 2 < D then follows from the dual characterization of the total variation. O

4.2. Loading term. Let [0,7] be the interval of time in which we observe our process. The
evolution of the system is driven by a forcing term of the form

/Q F(t,2) du(z)

where f € WH1(0,T;C(Q2)), which leads to the time-dependent total energy ]?n(u, t) defined as

Folp,t) = /ftxdu

The function f in the force term can be interpreted as the potential of a force, in the sense that
O, f can be seen as a shear stress imposed on the system in the horizontal direction. This is clear
in the case f(t,z) = o(t)x1, where o is a time dependent but spatially uniform shear stress acting
on the body.
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4.3. Minimisation problem for the semi-discrete energy. In order to prove existence of
solutions for the continuous-time quasi-static problem (Definition we follow the common
strategy of time discretization, and we first study the minimisation problem that defines a single
time step. Given the current value u° of the dislocation density and the updated value of the force
potential f (for this discussion the time ¢ is fixed), the updated value of the dislocation density is
obtained by solving the minimisation problem

i {70 + dles®) = [ fau}. (47)

HEXn

Lemma 4.3 (Continuity of F,, and existence of solutions of the incremental problem). Let n € N
and let p*, 1 € X, be such that yu* — p narrowly. Then

lim }-n(ﬂk) = Fn(p).
k—o0
For i° € X,, and f € C(Q) the minimisation problem ([4.7) has a solution.

Proof. Since u¥ — p, we can choose a numbering of the n dislocation points z¥ of u* and z; of p
such that zF — z;. By Lemma the extended 1, are uniformly bounded in H L(Q;R?), and
a subsequence (not relabeled) converges weakly to some u € H'(2;R?), as k — oo. The trace of
@i, converges strongly in L?(9€;R?), as does the trace of @, on the moving boundaries 0B;, (F)
(indeed, this follows from the convergence 2¥ — z;, and the boundedness in H'(B., (0);R?) of
translates @ — @, (z — zF)). From the 1nequahtles

Inpu(u) < hkrgiorgf Ly () < likrgg.}f L, e (v) = Iy p(v) for all v € H'(;R?),

it follows that u = u, on Q, (1) and that the whole sequence converges.

To prove the continuity of F,,, consider the decomposition in (2.13)) for F,, (u*). The first term
converges as k — oo since K™(+; zF) is uniformly bounded on Q,,(1*). For the second term in
we use the strong convergence of u,, on the boundaries 9Q(u").

Finally, to prove the existence of a minimizer in (£.7), let (1*) C X,, be a minimising sequence,
and assume without loss of generality that y* — p narrowly and w,x — u, in H*(€;R?). More-
over, because of the separation condition in X,, # € X,,. The forcing term clearly converges; by
the lower semicontinuity of d (Lemma and the continuity of F,,

1mm%ﬁﬂﬂ+aww%—ﬁfw%qum+%wﬂ—4fwa

k— o0

which proves the minimality of the limit measure p and concludes the proof of the lemma. O

4.4. Quasi-static evolution. In this section we prove the existence of a quasi-static evolution
in the sense of Definition for a time-dependent force potential f € W11(0,T; C(1)).

Theorem 4.4. Let n € N and let puy € X, satisfy the stability condition

H@@—Lf@mmSH@Hﬂwww—Aﬂmw

for every v € X,,. Then there exists a quasi-static evolution t — p(t) from [0,T] into P(2) such
that 1(0) = po. In other words, the following two conditions hold:

(asl)n global stability: for everyt € [0,T] we have u(t) € X,, and

Fuln /j Ydu(t) < Fulw) +d(v, u(t) /f (48)

for every v € X,,;
(qs2),, energy balance: the map s — fQ s) du(s) is integrable on [0,T) and for every t € [0,T)

ﬁM@»+Mmmm—ljmmwhﬁwmm—ﬂjmmmm—ﬁ[jwmm&m.@w
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Remark 4.5. Note that if t — u(t) is a quasi-static evolution, then

(m2) 4 p(t) = (m2)4p(0) for every t € [0,T]. (4.10)

Indeed, owing to the regularity assumptions on f, condition (qs2),, implies that D(u, [0,T]) < +oo,
which in turn gives (4.10) by the definition of the dissipation distance d.

Proof of Theorem[].J} The theorem is a direct application of [MMO05, Theorem 4.5]. We sketch
the proof for the reader’s convenience.
For every k € N let (ti)i—o,...x be a partition of the interval [0,77] such that

0=t) <t <---<thF =T and _max ti — i7" — 0, as k — oco.
For every k € N we set pu? := po and for i > 1 we define pi as a solution of the following
minimisation problem (well-defined by Lemma [4.3]):

min {]—"n(y) +d(v, it / f(th) dl/
veX,

Since ,ufc_l is a competitor for this problem with finite energy, the minimum is finite. This implies
that d(ul, py ') < +00, so that (m2)gul = (m2)xp, ' for every i and k. In other words, (m2)xui =
(2) 10 for every i and k. By the minimality of ui and the triangle inequality we infer that

Folih) — / SO dpiy, < Fov) + d(v, k) — / F(t) dv (4.11)

for every v € X,,. Moreover, using again the minimality, the following discrete energy inequality
can be proved: for all 1 < j <k
J
Folpd) + ) d(p i) < Fopo Jrz:/ftz pl — pih. (4.12)

i=1

Now we let ui(t) be the piecewise constant right-continuous interpolation of (u%)i—1 . . In
particular, we have (ma)4 i (t) = (m2)# o for every t € [0,T] and every k.

By the definition it is clear that the functional F, is bounded from below by a fixed
constant (since F), is nonnegative, while the self-energy is bounded by C(ne,)~!). Using this
fact and we deduce that D(uy, [0,T]) < C for every k. Therefore, by Theorem in the
Appendix (or by applying the standard Helly s Theorem directly to the sequences (in k) of maps
t— z}“(t), Jj=1,...,n, where ug(t) = ZJ 1 §Zk(t)) there exist a subsequence (not relabelled)
and a function ¢ — p(¢t) from [0, 7] into P(), with D(u,[0,T]) < 400, such that p(t) — u(t)
narrowly, as k — +oo, for every t € [0,7]. It is also easy to check that u(t) € X, for every
t € [0, 7] and (ma)xu(t) = (m2)4po for every t € [0,T].

Condition (gs1),, follows now by passing to the limit in (4.11)). This is possible since F,, and the
force term are continuous with respect to narrow convergence, and convergence in d is equivalent
to convergence of the dislocation points for sequences of measures in X,,.

To prove condition (gs2),,, we can pass to the limit in and deduce an energy inequality.
The converse inequality can be proved using the global stability (gsl),, and an approximation of
t — u(t) in terms of piecewise constant maps. This is possible since the condition D(y, [0,T]) <
+00 is equivalent to saying that the maps t — z;(t) are BV functions from [0, 7] into R? for every
j =1,...,n, where p(t) = 3" j=102;(t)- Therefore, in particular, t — z;(¢) is continuous on
[0, T7, except possibly on a countable set of times. O

5. CONVERGENCE OF THE EVOLUTIONS

We now prove the convergence of the evolutions associated to F,, to an evolution associated to
the I-limit functional F, i.e., Theorem [L.3|in the introduction (as Theorem [5.8| below). We will
consider evolutions for F,, with initial values p belonging to a subset Y, (v, c) of the admissible
class X,,, defined as follows.
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Definition 5.1. Let n € N and let y = %22;1 0,,, for some z; € Q. Let S, be the set of slip
planes of i, and for s € S, let m, s be the number of dislocations on the slip plane s, i.e.,

Sy, :=supp [(m2)#pl, my,s = #{j: m(z;) =s}. (5.1)
For —% <v< % and ¢ > 0 we introduce the following class of measures:

. 1 1 1
B = pe X i Jo =12 enH0, mgem, < SedTL (6

In words, measures in Y, (7, ¢) have slip-plane spacing larger than en~2%7 and no more than
¢ 1n2+7 dislocations per slip plane. Note that the two properties required in the definition of the

class Y,, (7, ¢) depend only on the vertical marginal of a measure; therefore if u € Y,,(, ¢) for some
v and ¢ and v € X, is such that (m2)xv = (7m2)apu, then v € Y, (v, ¢).

Although the class Y, (v, c) imposes restrictions on the structure of admissible measures, we

can nevertheless recover a large class of measures in the limit, as shown in the following lemma.

Lemma 5.2. Assume (L1)) and let —1 <~ < 3 and ¢ > 0. Let P3(Q) be the class of measures
w € P(Q) such that there exists a sequence p, — w narrowly, as n — oo, with w, € Y,(vy,c) for
every n.

° If—%<’y<%, then

1
PIL() = {u €P(Q): supp p C R, (ma)pp < gﬁl}. (5.3)

o If v = 1, then P.(Q) is the set of all measures p € P(S2) such that supp p C R,
Sy, = supp [(m2)p] is finite,

min {[s —s'| 15,8 €5, s#s'} >, (5.4)
and 1
p(QN R x {s})) < - for every s € S,. (5.5)
Remark 5.3. We note that for —3 < v < 3 the class PI%.(Q) is nonempty if and only if

c? < LY(me(Q)). This follows from the second condition in (5.3) and the fact that u is a
probability measure. Analogously, for v = 1 the class P5(Q) is nonempty if and only if
c? < max{c, L1 (m3(Q))}. This follows from (5.5) and the fact that p is a probability measure,

taking into account that #5S,, < max{1, L!(m2(Q))/c} by (5.4).

Proof of Lemma[5-3 In what follows all the measures that appear are extended to zero outside (2.
Let p € P35.(2) and let p,, — p narrowly, as n — oo, with u, € Y, (v,c) for every n. Clearly
supp ¢ C R. Let I, be an open interval of length r > 0.

If —% <y < %7 then the maximum number of dislocations of p, contained in the horizontal
strip R x 1. is rn/c?. Therefore,

1
(m2)wp(ly) = p(R x L) < liminf i, (R x I.) < < LN(1,.).
n—00 C
This inequality implies that (mg)gp < c%ﬁl on every open set of R and thus, by approximation
on every measurable set.
If v = L, then the maximum number of dislocations of p,, in R x I, is max{n/c,rn/c*}. This

implies (5.5)), since S, := supp (m2)xp clearly has finite cardinality and satisfies (5.4)).

Let now —% < v < 1 and let u € P(Q) be such that supp p C R and (m2)xp < L' In

particular, for every interval I,. of length r > 0 we have
r
PR I) < . (5.6)

As a first step we assume that supp p C int R, where int R denotes the interior of R.
For every n € N we consider a covering {Q} of © made of a grid of squares of side h,, with
h,, — 0 chosen such that

1_ 1
n2 "h, =00, n2tTh, - 00, asn — oo. (5.7)
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We construct the approximating measures j, as follows. Let us consider the straight lines (7 :=
R x {cjn"2™}, j € Z. For every i and j such that QN L} # ) we allocate m} equidistant
dislocations on @7 N {7 at a distance ry, from o N %, where
my = V(QL)W%MJ.
by,

Note that h,/r, — +00, as n — oo, by (1.1)) and (5.7). Moreover, by (5.6)) the distance between
two dislocations in @)}' and on the same line is larger than

hp, — 21y, h?

1 c hy
n 2> o 1 25 iy
m; 2c (Qn)anFW 2npzt

5 > T

?

where the last inequality is satisfied in view of (1.1)) and .
Let I7' be the set of indices ¢ for which @7 1ntersects the line ¢7. Then the total number of
dislocations on £} can be estimated by

e < 3 MO e < ) e < L
ielr ieln ha ¢

—_

where S 1= Ujer»Q}' is a strip of height /, and the last inequality follows from (5.6). Since
supp pn, C R for n large enough, we conclude that p, € Y, (v,¢) (if () < 1, we can add the
dislocations needed in order for pu, to be a probability measure in the activated slip planes, at
distance larger than r,, from other dislocations).

We now check that u, — p narrowly. Note that the number of lines /7 intersecting a square

Q' is Lhnn%*7 /c|. Therefore, the total number of dislocations on each square Q7 is
hpnz =
pi = [7" - Jm"

Denoting by {z;i’"}jzlw,,p? the dislocations of the measures p, in 7, we may write

1
Hn = EZZ(SZ;n
1 g=1
Let now ¢ € C(€2). We have
1 Py _
[ odm = S33 0"
Q i
1 n R 1 & in i\n
= Zpi o(21") + o Z Z ((b(zj’ ) — o(z"),
i i j=1

where the last term tends to 0, as n — oo, by the uniform continuity of ¢ and the fact that
2™ — 2" < V/2hy, — 0. Moreover,

izi:p? (zi"")=7llzi:( —np(Qy +Z/ ¢)du+/§z¢du,

where again by the absolute continuity of ¢ the second term on the right-hand side tends to 0, as
n — oo. To conclude, it is enough to observe that

—Z\ = (@) (:1")

1

< Ligle o (R 4 M2 e )

< C ( 1 n 1 n 1 )

- nzh, nitvh, nhy
which goes to 0 by (5.7). In the last inequality we have used the fact that the number of squares
Q7 covering Q is of order 1/h2.
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In the general case, one can proceed as follows.

For every k € N let u* be a push-forward of p by a 1/k-retraction of its support; clearly
supp ¥ C int R. Then, we can construct an approximation (%) of u* as above. In particular,
for every k € N there exists N¥ € N such that d(uX, u*) < 1/k for every n > N* and we can
assume that Ny is strictly increasing with respect to k. The required approximation u, of u is
finally given by p, := u* for N¥ <n < Nk+1,

Assume now v = 1 and let p € P(2) be such that supp p C R, S, := supp [(m2) 4] has finite
cardinality, and 7 hold. In this case, to construct the approximating sequence, we locate
the dislocations on the slip planes of p (which by assumption are finite in number and spaced
at least ¢ from each other) by following a one-dimensional procedure on every slip plane. More
precisely, for every s € S, we subdivide the straight line R x {s} into a family of segments {I;""}
of length h,,, where h,, — 0 is chosen so that nh,, — oo and h,/(nr,) — co. In every segment
I7™ we allocate m;"™ equispaced dislocations at a distance r, from 9I;"", where

m;" = | p(I")n].
Note that the distance between two dislocations in I;”" is larger than

hp,—2r, _ 1 h,
> - END
~ 2np(L;)

h
>C— >,
n

ERD)

my

where the last two inequalities follow from (/5.5) and from our choice of h,. Moreover, again by
(5.5) the number of dislocations on every slip plane is less than n/c. Therefore, the sequence
supported on the dislocations positions defined above is in Y,,(7y, ¢) and similarly as before we can

show that it converges narrowly to u. O
Remark 5.4. We note that the case v = —% is irrelevant for our analysis since the corresponding
class of limit measures is contained in the class PJ%.(€2) with —% << %, as it can be easily

deduced from the proof of Lemma[5.2]

Let now f € WhH0,T;C(9)) and let (1Y) be a sequence of initial data with x9 € Y, (v, c) for
every n € N. By Theorem for every n there exists a quasi-static evolution ¢ — p, () with initial
value 19 and potential f, according to Definition Note that (m2)gpn(t) = (m2)xpl for every
t € [0,7] and every n by Remark Therefore, (i, (t) € Y, (v,c) for every t € [0,T] and every
n € N. Now, in order to pass to the limit in (gsl),, and (qs2),, we need to construct a so-called joint
recovery sequence for F,, relative to the distance d (as defined in [MRSO08]). This construction is
done in the next theorem and will also be used to guarantee the existence of admissible sequences
of initial data (see Remark [5.9).

Theorem 5.5. Assume (L) and fit —3 < v < § and ¢ > 0. Let p € PI(Q2) be such that
F(u) < 400 and let p, = p narrowly, as n — oo, with p, € Y, (v, c) for every n. Then for every

v e P(Q) with (me)pp = (m2)xv and F(v) < +oo, there exists a sequence (vy,) such that
() vn € Yu(y,¢) and (ma)ypin = (wa)gvn for every n;

(ii) vp, — v narrowly, as n — oo;

ii)

(iii) limsup d(pn, vn) < d(p,v);

n—oo
(iv) limsup Fp(vn) < F(v).
n—oo
The latter two conditions in Theorem motivate the name joint recovery sequence for the

sequence v,,. The construction of (v,) relies on some technical steps which are summarised in the
following Lemmas [5.6] and [5.7}

Lemma 5.6. Assume (1.1). Forn € N let {zI': i =1,...,n} be a family of points in  with
{z0'}i CR, and let pyn, == = >0, d.r denote the corresponding probability measure. Assume that

n

tn — w1 narrowly, as n — oco. Then for every v € P(Q) with suppr C R and (m2)up = (m2)xv,
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there exists a sequence (D) C P(Q), D = = 31" 8zn, such that supp D, C R, (w2)40n = (2) 4 4in
for every n, U, — v narrowly, as n — oo, and
lim sup d(pin, on) < d(p, v).
n—oo

Proof. Let v € P(2) be such that suppr C R and (m2)up = (m2)xv. Fix § > 0. For every
m € Z we set Sy, := QN (R x [md, (m + 1)d)) and we define p™ = S, and v™ := viLSp,.
From the assumption (m)xp = (m2)xv it follows immediately that (mg)gpp™ = (m2)pr™ and
u™(Q) = v™(Q). Moreover, from the definition of the distance d we have

d(pv) = 3 d(um ™), (5.8)

mEZ
We can construct a family {I},,cz of disjoint subsets of {1,...,n} with the following properties:
1
= — Z 0 —p™ asn — oo, forevery m€Z, (5.9)
" ierm
dist(2!,S,,) < for every i € I, m € Z,n € N, (5.10)
1
~#(L7) = 0, (5.11)

where I} :={1,...,n} \ UnezIl
For simplicity of notation we denote the Cartesian coordinates of z! by (&%,("). For every
neN, meZ, and i € I let f"” € R be chosen so that

- 5 D bgms — (m) ™, (5.12)

ielm

as n — 0o. Let T)" be the non—decreasing map from {& }ierm to {éjl“}lepn We define

:ln = Z 5(T7;n(ffb)7<7il) for m € Z.

iEI';{L

1%

Up to modifying slightly the choice of fr”l’”, if needed, we can assume that supp ;' C R. We note
that (5.12) and the definition of & imply

(m)xiy" = At = (m) g™, (5.13)

as n — oo. Clearly (m2)xunr = (m2) 400" Moreover, using the fact that 7" is non-decreasing, we
have

d(py' s 0p') = Z & = T (€] = di((m) gy, (1) 0m),
"ierm
so that by (5.9) and (5.13) we obtain
T (i 7)< d ()™ () ™) (519

for every m € Z.
Now we define

. . 1
DI ILE
meZ i€l
Clearly supp #,, C R since both 2] and pu, satisfy the same condition. We will now prove that
the sequence (7,,) satisfies
(1) (m2)plm = (m2)4pn for every n;
(2) limsupdy(Dy,v) < 36;

n—oo

(3) limsup d(jen, o) < d(p, v)-
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Property (1) holds by construction. Moreover, by Part of Lemma (5.8), and (5.14)), we have

limsup d(pn, 7)) < Y limsupd(uy, 07) = Y di((m0)pp™, (m1) ™)
n— 00

nreo mez mez
< > dp™v™) =d(p,v),
meZ

which proves condition (3).
To show (2), we introduce the auxiliary measures

Z(2) I
e Vm(Q)U if v™(Q) >0
pm if () = 0

for every n € N, m € Z, and
_ _ 1
e YL Y,
mez il

for every n € N. Since 0)7"(2) = u(2) — p™(£2), as n — oo, and (5.11)) holds, it is immediate to
see that 7, — v, as n — oo, and thus, di (¥,,v) — 0, as n — oco. In particular, we have

(m)gry' = (m)pv™, (5.15)
as n — oo.
Since lim,,—, o0 d1(7p, ) = 0, to prove condition (2) it is enough to show that
lim sup dy (9, 7)) < 30. (5.16)
n— o0

By (5.10]) the support of 2 and 7" is contained in R x [(m — 1)d, (m + 2)d] for every n € N and
m € Z. Therefore, for m € Z such that v™ () > 0, we have, by (4.1)) and (4.2)):

(o, o) < inf{// (Jo1 — y1| +36) dy(z,y): v € Fl(DT’L”,D;”)}
QxQ

wt { [/ e~y o) 7 € D((m) 00 (ma) g7) } + 35
Fl(Q)Xﬂ'l(Q)

di((m1) 42y, (T1)4,") + 30 0" ().

Combining this inequality with (5.13)) and (5.15)), we deduce that

limsupdy (2, 7,") < 36 0™ (Q)

nIr'n
n—oo

for every m € Z such that v™(2) > 0. Since &) = )" for every m € Z such that v™(2) = 0, we
conclude that
lim sup dy (O, 7)) < Z limsupdy (2, 7,") < 36 Z v™ () = 30,

which proves the claim (5.16)), hence condition (2).
To conclude the proof of the lemma it is enough to consider a sequence §x N\, 0 and apply a
diagonal argument. O

Lemma 5.7. Let 21,...,%2, € Q, n € N, be such that {%;}; C R, and let U := %Z?:l 0z, denote
the corresponding probability measure. Then there exists ng > 0, depending only on R, such that
for every n € (0,m0) there exists a modification v of 0, v = 23" 5. € P(Q), satisfying the
following properties:

(a) (m2)yv = (m2)u;

(b) d(D,v) <n;

(c) suppv C R;

(d) |mi(zi — 2j)| > L for every z;, z; € supp v such that w2 (2;) = ma(25), i # J,
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where m is the maximum number of dislocations per slip plane of U, that is,
m:=max#{i: m(3)=s, s € supp[(m2)xD]}.

Proof. Let S := supp [(7m2)4V] and for s € S let m; be the number of dislocations on the s-th slip
plane, as in (5.1). By definition m = maxscsms. We can rewrite the measure o by splitting its
vertical and horizontal marginals as

P, y) = Y =0 0,(y)s(a),

ses

where 75 € P(R) is the normalised dislocation density on the s-th slip plane. More explicitly, we
write

1Y s Y S
VSZHZ(S@: with {&] : i=1...,ms}:={m(%): % €supp ¥, ma(%;) = s},
5 i=1

and we assume without loss of generality that the points {&;} of the support of 75 are ordered
increasingly.

To construct the required modification v of 7, since we want to preserve the vertical marginals,
we will only modify the horizontal marginals U, for every s € S. More precisely, for every s € S
we consider a grid of size 7/ms and define G, as

Gs::{xe "z (x,s) € ’R}

ms
Now let v, := m% 22151 dz: be a minimiser of the following problem:
1 &
min{dl(f/s,,u) Pp= Z(Sacm x; € G, for every @, x; # x; if 4 #j},
S

i=1
where the points {zi} are ordered increasingly. Note that to guarantee that the above minimum
is taken over a class that is nonempty, n has to be smaller than the width of R (that we denote
by 19). By construction we have that

Ul
75 — 23] 2

ifi#£7 and (zf,s) € R for every i. (5.17)

S

Moreover, from the minimality it follows that
dy(Ds,vs) <. (5.18)
We now define the measure v € P(Q) as
m
V(l‘,y) = Z 758(y)l/8('r)
seS
From (5.17) it follows immediately that v satisfies (a), (c), and (d). As for property (b), we have
m
d(v,v) = —2dy (D
(V,V) Z ndl(VsWs)STh
ses
where the last inequality follows from (5.18)). O

We are now ready for the proof of Theorem [5.5. Roughly speaking, given u € P3.(Q2), a
competitor v with (ma)xp = (m2)xv, and w, € Y,(v,c¢) for every n with p,, — p narrowly,
Lemmas|[5.6]and [5.7] will provide a joint recovery sequence v, by moving the horizontal coordinates
of the points in the support of u,, so that the modified sequence converges to the given measure v.

Proof of Theorem[5.5 Let v € P(2) be such that (ms)xp = (m2)4v and F(v) < +o00. We consider
the cases v € (—3, 3) and y = 3 separately.

Let v € (-1, %) We apply Lemma|5.6/to the sequence (p,,) and to the measure v and construct
a sequence (7,). Then we apply Lemma to each measure 1, with n = n~277. In this way we
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obtain a new sequence (v,,) such that supp v, C R, (m2)xvy = (m2)# iy for every n, v, converges
to v narrowly (in view of Part [I] of Lemma [4.1] and (b) of Lemma [5.7), and

lim sup d(fin, vn) < d(p, v).
n—oo

We shall now prove that (1,) is the required joint recovery sequence. Taking into account that
(7T2)#I/n = (m2)#in, by property (d) of Lemma and by our choice of 7 we have that for every

zi'y 2 € supp vp, with i # j,

)

|2 — 27| > en P AenT2 T > en! T (5.19)

Therefore, v, € X,,. Since p, € Y, (7, ¢) and (m2)4vp = (72)#4tn, we conclude that v, € Y, (7, ¢).
In what follows we set ¢ = 1 for notational simplicity.
To complete the proof of the theorem we show that

lim sup F, (vp,) < F(v). (5.20)

n—oo
Applying the preliminary estimates (3.13)—(3.15) in the proof of Theorem and the decompo-
sition (2.13)), inequality (5.20|) is proved if we show that
1 1
imswp s [ V2de B <5 [[ Vedwwae. s
n—oo QxO 2 QxQ

To prove ((5.21)) we proceed similarly to the proof of the limsup inequality of Theorem Let
M > 0 be fixed, and set Va; :=V A M. By definition of v,, we have

1 1 1
- Vv d(v, X s = — V; 7,1’ n V -V n7 n
3 V10500002 = g 32 Vi) 3 (V=i )

175] z;ﬁj

1 n o _n
>~ 2 2 Z VM PR 2n2 Z Z V(Zz ,Z] ), (5 22)
1,J _1 i=1 i
7 |2] ==} |<Rum

where Ry — 0 as M — oo. Since the truncated function Vj; is continuous and bounded on an
open set containing R x R, for the first term in the right-hand side of (5.22]) we have that

1 |
tim g 30 Vet ) =5 J[ vitw2) v avto).
i#i
Since Vi <V, claim (5.21)) follows if we prove that for every i =1,...,n
1 n
11_1r>nOO h;n_}sup 3 Z Z V(2" z})| = 0. (5.23)

j#i
|2] ==} |<Rum

Let Qr,,(z) denote the open square centred at z with side length 2Ry;. Clearly Bg,, (27') C
Qr,, (27" for every i; therefore, if we prove

hm limsup — Z Z |V (2, 2})| =0, (5.24)

M—oo nsoo N im1 o
27 €QRy, (2]")

then (5.23)) will follow. First of all, by (3.2, we have the bound

Y wErai<oy Y (1-lgm ). (5.25)
=1 VE) i=1 VE)
27 €QRy, (2]") 27 €QRy, (2]")

Since the right-hand side of (5.25)) is a decreasing function of the distances between the dislocation
locations, the energy of any dislocation arrangement can be estimated from above in terms of
the energy of the most densely packed configuration. More precisely, taking into account that
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vp € Yy (7,1) and holds, an upper bound in ([5.25) is generated by the arrangement where
the slip planes are all at the minimum distance n~2%7 from each other, and are packed with
dislocations located at the minimum distance 1/n from one another. Without loss of generality
we therefore limit our analysis to this special arrangement, and we denote by z7' the corresponding
dislocation positions. Since replacing {2} with {Z'} increases the right-hand side of ([5.25)), we
have

N

1 & . C & |z Z7
S el Y (1l ). (5.26)
i=1 i i=1 j#i
2P E€QRy, (27) 21 €Qry, (31)
Let i =1,...,n be fixed. To estimate the right-hand side of (5.26[), we first consider the region
AT C QR,, (21") defined as the following union of concentric square annuli:

2

Pl
A= Qe(EN\ Qoo (), P i= (021,
p=2

We note that each annulus in the set A} intersects only the slip plane containing Z, since the
largest annulus of the family has outer side length 2P[*/n, which by definition is smaller than
2n=2 1, Since, by assumption, two active consecutive slip planes are at a distance n_%ﬂ, every
annulus in the set A? only contains dislocations in the same slip plane as Z]*. Moreover, there are
at most two dislocations in each annulus since, by assumption, the distance between dislocations
is 1/n, which is exactly the width of each annulus.

By these arguments, for p = 2,..., P* we have

-1
g -z =t vE e Qp(E)\ Qe (31). (5.27)

Therefore we can estimate the energy contribution in the sets A? by using (5.27)), and we obtain

n ~ B pr
1 |2 — 2| 2 p—1
15y (o) < 25w

i=1 21 €A}

IN

%(Pln — log(Py'!) + P} log(nL)). (5.28)
Since PJ* — 00, as n — 0o, we use the Stirling approximation

log(P!) = Plog P — P+ O(logP) as P — oo.
For the last term in we have

%(Pln — log(P/") + P log(nL)) = 2];171 (2 —log %) + O(IOgnpln ) (5.29)

Since P ~ n2 ™7, PP'/n ~n~2t7 — 0 as n — oo. Therefore, the right-hand side of (5.29) tends
to zero, and by ([5.28) we deduce that the energy contribution in A7 is negligible as n — co.
It remains now to estimate the energy contribution in the complement of the sets A7, i.e., in

B = Qry (7') \ A7

Note that B]* contains only dislocations located on different slip planes than Z'. This is because
the horizontal length of the region containing dislocations is less than n~217 while the outer side
of the largest annulus in A” is 2|n27]/n, which is larger that n=2%7 for n large enough.

We now write the region B} as the union of horizontal strips of height n_%“‘"ﬁ as

Py
Br=Jsp,  spmi={ee Bl M < mle - )| < (p+ i,
p=1
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where PJ' := |Rpym2~7|. Then we have

n sn _ zn el sn _ zn
%Z > (1_1°g|ZZLZJ|>§%ZZ > (1_1°g‘Z1LZ]|)’

i=1 27 €BT i=1p=1 zncgin

. . . . . . 1
Since the maximum number of dislocations per slip plane is n277,

pn

ziizo—l LT IR (LS N

] nesy
Now, the right-hand side of (5.30]) can be estimated as follows:

1 Py . pn7%+ry Run /L
EZnE‘LV(l—logT) §C’/ (1 —-logz)der < CRp(1—logRy);
p=1 0

thus, it tends to zero, as M — oo. This concludes the estimate of the energy contribution in the

sets Bl. In view of (5.26)), claim (5.24) is proved.

We now consider the case v = % For simplicity we assume that there is only one active slip
plane and ¢ = 1; moreover, we assume that supp [(72) #pn] = supp [(m2)4 1] = supp [(m2)xv] = {s}.
In this case the problem becomes one-dimensional and we can construct the recovery sequence by
hand, using the same ideas as in the proof of Theorem More precisely, following the steps of
the limsup inequality in Theorem [3.3] we first approximate the measure v by means of a sequence

(") supported on a subset of hZ x {s}, where

= U I, I, == [2m,2m + 1].
meZ

Up to a further approximation, we can assume that nv"(hl,,) € Ny for every h, n, and m. This
can be done without increasing the interaction energy. Moreover, since supp (ma) 42" = {s} and
vP — v narrowly, as h — 0, we have d(v",v) — 0, as h — 0. In other words, it is enough to
construct a joint recovery sequence for the measures vl

Let h > 0 be fixed. The recovery sequence v/ is obtamed by arranging nv"(hl,,) equispaced
dislocations {z!'} in every interval hl,,. We observe that v/ € Y,,(3,1) and (m2) gzl = (m2)s/in

for every n; in particular, for every i # j we have

C(h)
|2 = 2f 1 =2 == = 7. (5.31)
Moreover, by construction, v — v" narrowly. Since supp (m2)zv? = {s}, this implies that

(i, v)y) = d(p, v").
To prove that v/ is a recovery sequence it remains to show ((5.20) and, as for the case v # %,

this reduces to proving (5.23)). By (3.2) we have that
a2 = 2]

2! 2k
nz Z V2l < nz Z (1-10g =—)

|z;" *Z |<RM |27 72"\<RM
[nRay /C(h)]
¢ C(h)p
< = E 1—log —— 5.32
~ n ~ ( o8 nL )’ ( )

where the last inequality follows by estimating the energy of the distribution of dislocations of v
with the most densely packed configuration, from (5.31]). By taking the limit as n — oo in ([5.32)

we have
. 1 n R]u/L
nanéoﬁZ S VErEp) |<c/ (1 —logz) dz,

‘Z?sz;'lgR]w

7

and the right-hand side converges to zero, as M — oo. Therefore (5.23)) is proved also for v = %
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This concludes the proof of the theorem. O

5.1. Convergence of the evolutions. In this section we prove the convergence of the quasi-
static evolution for the renormalized energy defined as in and (| .

Theorem 5.8. Assume (L.I). Let f € WHH(0,T;C(2)) and let —1 < v < % and ¢ > 0. Let
u® € P(Q) with F(u) < +oo and let (1) be such that ub — p° narrowly, and

Fulbtn) = F(u), (5.33)
asn — 0o. For everyn € N assume also that 1Y € Yy, (v, ¢) and p2 satisfies the stability condition:
)~ [ 100, < Fo) + i)~ [ 70 (534

Q Q

for every v € X,,. For every n € N let t — u,(t) be a quasi-static evolution on [0,T] with initial
value ¥ and potential force f, according to Theorem|].4l Then

(1) Compactness: There exists a subsequence fi, (without change in notation) and a limit
curve i : [0, T] — P, (Q2) such that pn(t) — p(t) for allt € [0,T];

(2) Convergence: The curve u is a quasi-static evolution with initial value u° and force f
for the limit energy F and the dissipation D. More precisely, the following two conditions
are satisfied:

(qsl)oo global stability: for every t € [0,T] and for every v € P(Q),

Flu /f ) dpu(t) < F(v) + d(w, u(t) /f (5.35)

(452) o [ener]gy balance: the map t — fQ (t) du(t) is integrable on [0, T) and for every t €
0, T

Flu(t) + Dw[0.1]) - /Q Ftydult) = F / £(0) du(0 / / F(s) du(s) ds. (5.36)

Remark 5.9. The existence of an admissible sequence of initial data satisfying all the assumptions
of Theorem is guaranteed by Theorems and It can be constructed as follows. Let
10 € P.(Q) be such that F(i°) < +oo. By definition of P%,(€2) there exist 5, — 1 narrowly,
as n — oo, such that g0 € Y, (v,c) for every n. By applying Theorem top =v =7 and
tn = 1 we can replace the sequence (i0) with a new sequence on which the renormalized energies
F, converge to F(i°). In other words, up to replacing (49 ) with this new sequence, we can assume
that F,,(412) < C for every n. By Lemma the minimum problems

wip {700+ i)~ [ 70}

pneEX,

have a solution u! with finite energy. In particular, d(ul,i0) < oo for every n, which implies
(m2)ppld = (m2) il for every n. Thus, ud € Y, (v,c) for every n. By the triangle inequality uf)
satisfies the stability condition . Moreover, up to subsequences, there exists u° € P(Q) such
that u9 — u® narrowly, as n — oo. From the minimality we also deduce that

Ful12) + d(u, 42) - / F(0)dul, < Fo(2) — / £(0)dal

hence F, (1) < C for every n and from the liminf inequality of Theorem [3.3 . we deduce that
F(u®) < +o0. It remains to show . By Theorem [5.5] there exists a sequence (19) such that
V9 € X, for every n, v — u° narrowly, as n — 0o, and

lim d(pd,v2) =0, limsup F,, (v2) < F(u°). (5.37)

n— oo n—oo

From the stability condition (5.34) we have

Fulil) - /Q FO0) i < Ful0) + d(12, ) — /Q £(0) dv
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Owing to the liminf inequality of Theorem and to (5.37)), we can pass to the limit in the above
expression and get ((5.33)).

Remark 5.10. Note that if ¢t — p(t) is a quasi-static evolution, then
(m2)4p(t) = (m2)xp(0) for every t € [0,T]. (5.38)

Indeed, owing to the regularity assumptions on f and to (3.42)), condition (gs2). implies that
D(u, [0,T]) < 400, which in turn gives ([5.38) by the definition of the dissipation distance d.

Proof of Theorem[5.8 Compactness. Using the regularity assumption on f and assumption
(5.33)) on the initial data, we infer from the energy balance (qs2),,

Fultin(t)) + D(pn, [0,1]) < C (5.39)

for every n and every t € [0,7]. On the other hand, the energy estimates (3.13)) and (3.14) in the
proof of Theorem [3.3] yield

Falia) =5 [ V(02 ) B a0 5:2)

+ L Z CK™(x; 2/"(t))v - uy,, (t) dH (z) + o(1),

2n P le)

where o(1) is a quantity tending to 0, as n — oo, uniformly in ¢. By Lemma [2.1] and Remark
we deduce that

Fn(pn(t) = =C
for every n and every ¢t. Combining this inequality with (5.39)), we obtain

D(pn, [0,T]) < C. (5.40)

In particular, this implies that d(u,(t), u2) < oo for every t € [0,7] and every n and, in turn, that
(m2) g pin (t) = (m2)pl for every t € [0,T] and every n. Since ud € Y, (v,c) by assumption, we
conclude that p, () € Y, (v, ¢) for every ¢t € [0,7] and every n.

By Theorem and we can guarantee that there exists a map ¢ — pu(t) from [0, 7] into
P(£2) such that, up to a subsequence,

Ha(t) = u(t)  narrowly,

as n — oo, for every t € [0,T]. By definition of P3%.(Q2) we clearly have that u(t) € P3.(€2) for
every t € [0,T]. Moreover, by (5.39) and Theorem we have

Flnlt)) < limint F, (1 (1) < O (5.41)

for every ¢ € [0,T]; in other words, F(u(t)) < oo for every t € [0, T].

Convergence. We now prove condition (gsl)s. Let us fix ¢ € [0,T] and let v € P(Q). Clearly,
it is enough to prove for v € P(Q) such that F(r) < oo and d(v, u(t)) < oco. This last
condition implies, in particular, that (m2)xv = (m2)xu(t). By Theoremthere exists a sequence
(vy) such that v, € Y, (v, c) for every n, v, — v narrowly, as n — oo, and

limsup d(vp, pn(t)) < d(v,u(t)) and limsup F,(v,) < F(v). (5.42)
n—oo n—00
Since v,, € X, for every n, the minimality condition (qsl),, implies

Fulin(t)) - /Q F(E) dpn(t) < A fn(8)) + Fo(vm) — /Q £(t) dv.

Combining (5.41)) and (5.42)), we can pass to the limit in this inequality and obtain .

By (5.41)), the lower semicontinuity of the dissipation, and , we can now pass to the limit
in the energy balance (qs2), and prove an energy inequality. The converse energy inequality can
be deduced from the global stability. O
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6. STRONG FORMULATION OF THE EVOLUTION PROBLEMS

In this section we derive the strong formulation of the quasi-static evolution for the discrete
renormalised energy (1.6) and for the limit energy , under the assumption that they are
sufficiently regular for the various arguments to be valid.

6.1. Discrete energy. Our starting point is the formulation (4.8)—(4.9)) of the quasi-static evo-
lution for the renormalised energy. For simplicity of notation, since p(t) = £ 3" | 6., ;) we write

1
_ g/QWn(x,zl(t),...,zn(t))dx.

We note that the force term reduces to

JRCEZG thzz

We assume that supp p(t) C int R and |2;(t) — z;(t)| > ry, @ # j, for every ¢ € [0,T]. Moreover,
we suppose that p(t) varies smoothly with respect to time, so that

D(p, [0,¢]) Z/ |2:(s) - e1] ds. (6.1)

Note also that by (4.10) we have
for every i = 1,...,n. We also assume that the forcing term is regular enough, for instance
f e Wh0,7;C1(£2)), and W, is continuously differentiable with respect to the points in the
support of p (this latter condition depends on the regularity of the functions z — K,).

In (gs1), we consider the measure 237" 8, (4)4n,e, as a competitor of p(t), with [n;| small
enough, and we obtain

1 1<
nAWn(x,zl(t)7...,zn(t))dx—niz:f(t,zi(t))

1
< E/S;Wn(xazl(t)‘i’nlelw-w ()+nn61 d$+ Z|772| ,7Zf t Zz +771€1)

Choosing 7; > 0 and 7; = 0 for i # j, we can divide by 7; and pass to the hmlt as n; — 0, and
obtain

— /Q VoW x, z1(t), ..., 2n(t)) - €1 da + Oy, f(E, 2:(t)) < 1. (6.3)

Repeating the same argument for 7; < 0 we have

— /Q VoW x, 21(t), ..., 25 () - €1 dx + Oy, f(E, 2:(t)) > —1.

Therefore, we deduce
= [ VW@ a0, ) e do 4 0, (5 0)] <1 (64)
Q

foreveryi=1,...,n
Differentiating (qs2), with respect to time, we obtain

0 (= [ Tl a0 0) dr 4 Va0 ) = Zm el
— Q
In view of and 7 this is equivalent to
(= [ VaWate a0 2alt) - erdo+ 00, f05(0) ) Galt) - ) = 50 ea]  (65)

for every i =1,...,n.
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The flow rule (6.5 is rate-independent. Moreover, together with (6.4), it implies that when
the inequality in (6.4) is strict for some ¢, then it must be 2; - e; = 0. When (/6.4) holds with the
equality for some 7, then Z; - e; may be different from zero and satisfies

Zi(t)-e1 = A (— /Q Vo Wa(z, 21(t), ..., 20 () - €1 dz + 5x1f(t,zi(t))>

for some A\ > 0.

6.2. Limiting energy. The limiting quasi-static evolution is in this case given by ([5.35)—(5.36)),

where we set
Flu,t) : / f(t)

We now follow the same arguments as in Section E but for the energy F. We assume for
simplicity that supp u(t) C int R for every ¢ € [0,T]. We choose ¢ € C°(), and for n > 0 small
enough we define perturbations u” of u(t) by (writing = (z1, z2) for an element of Q)

Pt =Thu(t),  T'(x):= (x1+np(z), z2).

Note that if 7 is small enough, then 7" is a smooth one-to-one map from €2 to €. Since the map
x +— T"(x) is an admissible transport map, we have

d(p?, pu(t)) < [ Jo1 — (21 +ne(x)| dp(t)(z) = n/ o (@) du(t) ().
Q Q

To estimate the effect of this perturbation on f, we note that 0,u" = —0,, (pu") at n = 0, and
calculate

g%mﬂmw—fwwmmﬂ=(jﬁmmw@muﬁzéwm@?mmwww,mm
where

t/nydu 5 [ CK@uw) v ) ' @) - fz.0). (6)
The second term follows from using the general principle that if h(s) = inf, g(v, s), with
unique minimizer v, depending smoothly on s, then h/(s) = (9s9)(vs, $).

Now using p" in (gsl)eo, dividing by 7 and taking the limit n — 0, we find

§F
_/Qspazla(u(t),t) du(t) S/Qlcpldu(f)

which is the equivalent of (6.3]). Since ¢ is arbitrary, we similarly deduce that

§F
8115—(u(t),t)(:6)‘ <1 for u(t)-a.e. x € Q. (6.8)

I
Continuing the argument from the discrete case, we assume that p is smooth in space and time,
and we write du(t) = p(t, z) dz. By (4.5)) there exists a Borel measurable ¢ satisfying the equation

Opp(ty ) + Opy (H(t, ) pu(t, ) =0 for all ¢ and for pu(t)-a.e. z,

DWMWZ//W@WMMWM&

Differentiating (qs2) in time and calculating as in we find

/@txm5(<>>uxm+/thmum -0,

Again, in combination with (6.8] ., this implies

~0(t,2) 90, 5 (u0,0) = 6(60)|for e

such that
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which is the counterpart of (6.5)). At u(t)-a.e. z, therefore, either ¢(x,t) = 0, or the total force
satisfies —[0y, 0F /ou](p(t),t)(x) = £1; in the latter case, ¢ points in the direction of the force.

7. APPENDIX

In this appendix we state and prove an extension result (Theorem [7.1]), and a Helly-type
theorem.

Theorem 7.1. Let  be an open set in R2. Let § and let z1,...,2z,, n € N, be such that
|zj — 2| > 49 for every j # k and dist(z;, 0Q2) > 26 for every i. Then there exists a positive
constant C, independent of §, of the z;’s and of n, with the following property: for every u €
HY(Q\ U, Bs(2:); R?) there exists an extension @ € H*(Q;R?) of u such that

[Eu120) < C||Eu“L2(Q\U?:1§5(zi))' (7.1)

Proof. Let u € HY(Q\U™ , Bs(2;); R?). By [OSY92, Lemma 4.1] for every i = 1,...,n there exists
a function @' € H'(Bas(2;)) such that @' = u on Bas(2;) \ Bs(2;) and
1B || 2285 (20) < Coll Bl L2y (cop\Bis(za))» (7.2)
where the constant C is independent of u. By a scaling argument it is easy to see that C is also
independent of 4 and of z;.
It is now enough to define

_Ja'  in Bs(z),

' u  otherwise.
Clearly 1 is an extension of u and @ € H*(£2;R?). Moreover, (7.2)) yields

1Bl = 1B 5oy + 3 NEG e,y
=1
n
2 2 2
< NBulZa @, Bagey + CF D BT ey Bstenny
=1
< (1+CY)|Eul?

L2(Q\UP_, B;5(2:))’
which proves (7.1)). O

Theorem 7.2. Let t — pg(t) be a sequence of maps from [0,T] into the space P(QQ). We assume
that there exist an open set ' CC Q and C > 0 such that
supp pux(t) C (7.3)
for every t € [0,T] and every k, and
D(ﬂkv [07 T]) <C (74)
for every k. Then there exists a subsequence (not relabelled) and a map ¢t — u(t) from [0,T] into
P(Y), with D(p,[0,T]) < C, such that
up(t) = p(t)  narrowly (7.5)
for every t € [0, T).
Proof. Let @ be a countable and dense subset of [0, T] containing 0. Using a diagonal argument,
assumption (7.3 implies the existence of a subsequence k; — oo and a map t — () from @ into
P(£2) such that
pr, (t) — p(t) narrowly
for every t € (). We now define
Dy () = Dyug, . [0,]).
The functions Dy, are non-decreasing with respect to time; moreover, Dy, (T) < C and Dy, (0) =0
for every j. By Helly’s Theorem we deduce that, up to subsequences,

lim Dy, (t) = D(t) Vtel0,T],
J—00
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and the limit function D(t) is also non decreasing in ¢ and bounded by the same constant C'. We
now define the set

6:={0}u {t € (0,7 : lim D(s) = D(t)}.

s—t—
Note that, by definition, for every 0 < s <t < T we have
d(Mk‘j (t)7 luk]‘ (8)) S Dk]‘ (t) - ij (S) (76)

Let t € ©. Then, for every € > 0 there exists s € @ such that s <t and D(t) — D(s) < €. Then,
by (7.6)), for large enough j (note that j = j(¢,s))

A (), () < <.
By Part 2] of Lemma [£.1] this implies that

d (e, (), i, (5)) < e
Then, for every i,j € N we have the bound

dy (.uki (t)’ Hk; (t)) <2+d; (ILLki, (5)7 Mk, (5))a

entailing that (pg;(t)) is a Cauchy sequence in d;. Therefore, py, (t) converges narrowly to some
limit measure p(t) for ¢ € ©. Since the complement of © in [0,7] is at most countable, up to
extracting a further subsequence we have by a diagonal argument that py, (t) converges narrowly
to a measure u(t) for every t € [0,T]. O
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