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The quantum theory is the first theoretical approach that helps one to successfully 
understand the atomic and sub-atomic worlds which are too far from the cognition 

based on the common intuition or the experience of the daily-life. This is a very 
coherent theory in which a good system of hypotheses and appropriate mathematical 
methods allow one to describe exactly the dynamics of the quantum systems whose 

measurements are systematically affected by objective uncertainties. Thanks to 
the quantum theory we are able now to use and control new quantum devices and 

technologies in quantum optics and lasers, quantum electronics and quantum 
computing or in the modern field of  nano-technologies.
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Quantum Theory as Universal Theory  
of Structures – Essentially from  

Cosmos to Consciousness 
T. Görnitz 

FB Physik, J. W. Goethe-Universität Frankfurt/Main 
Germany 

1. Introduction 

Quantum theory is the most successful physical theory ever. About one third of the gross 
national product in the developed countries results from its applications. These applications 
range from nuclear power to most of the high-tech tools for computing, laser, solar cells and 
so on. No limit for its range of validity has been found up to now.  

Quantum theory has a clear mathematical structure, so a physics student can learn it in a 
short time. However, very often quantum theory is considered as being “crazy” or “not 
understandable”. Such a stance appears reasonable as long as quantum theory is seen 
primarily as a theory of small particles and the forces between them. However, if quantum 
theory is understood more deeply, namely as a general theory of structures, not only the 
range is widely expanded, but it also becomes more comprehensible (T. Görnitz, 1999).  

Quantum structures can be material, like atoms, electrons and so on. They can also be 
energetic, like photons, and finally they can be mere structures, such as quantum bits. 
Keeping this in mind it becomes apprehensible that quantum theory has two not easily 
reconcilable aspects: on the one hand, it possesses a clear mathematical structure, on the 
other hand, it accounts for well-known experiences of everyday life: e.g. a whole is often 
more than the sum of its parts, and not only the facts but also the possibilities can be 
effective.  

If henadic and future structures (i.e. structures which are related to unity [Greek "hen"] and 
to future) become important in scientific analysis, then the viewable facts in real life differ 
from the calculated results of models of classical physics, which suppose elementary 
distinctions between matter and motion, material and force, localization and extension, 
fullness and emptiness and which describe any process as a succession of facts. From 
quantum theory one can learn two elementary insights: 

1. Not only facts but also possibilities can influence the way in which material objects behave. 
2. The elementary distinctions made in classical models are often useful, but not fundamental. 

Quantum theory shows that there are equivalences between the concepts of matter and 
motion, material and force, localization and extension, fullness and emptiness, and so on, 
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and these equivalences can be reduced to one fundamental equivalence: the equivalence of 
matter, energy and abstract quantum information.  

2. How to understand the laws of nature? 

Mankind searched for laws of nature to be braced for future events and to react on them. 
A rule and even more a law is only reasonable for a multitude of equal events. For a 
singular and therefore unique event the idea of a rule is meaningless because of the lack 
of a  recurrence. The required equality  for applying rules or laws will be achieved by 
ignoring differences between distinct events. Therefore, as a matter of principle,  laws of 
nature are always approximations, eventually very good approximations at the present 
time. If a law of nature is expressed in the form of a mathematical structure - which is 
always the case in physics - then this structure may conceal the approximate character of 
the law. This can lead to confusion about the interpretation of some laws and their 
correlations. One should keep this in mind when interpretational questions of quantum 
effects are to be deliberated.  

3. What is the central structure for an understanding of quantum theory? 

To understand the central structure of quantum theory one has to inspect how composite 
systems are formed. 

In classical physics the composition of a many-body system is made in an additive way. The 
state space of the composed system is the direct sum of the state spaces of the single particle 
systems. This results in a “Lego world view” of smallest building blocks – of one or another 
kind of “atoms”. In this view the world has to be decomposed into ultimately elementary 
objects – which never change - and the forces between such objects. This picture about the 
structure of reality was generally accepted for more than two millennia.  

Composite systems in quantum physics are constructed in a fundamentally different way. 
The state space of a composed quantum system is the tensor product of the state spaces of 
the single particle systems. To explain quantum theory we have to start with this structural 
difference. However, “tensor product” is a very technical concept. Is it possible to relate this 
concept to something familiar  in every day live?  

 
Fig. 1. The additive composition of two objects in classical physics, the states of the parts are 
outlined by white and black circles. The relational composition in quantum physics, marked 
by arrows, create the new states of the composed object. They are neither black nor white. 
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Let us recall that “relations” create a product structure. One can say that the new states of a 
composed object are the relational structures between the states of its parts. Therefore 
quantum theory can be characterized as the physics of relations;  it can be seen as a clear 
mathematical implementation of a familiar experience of life: A whole is often more than the 
sum of its parts.  

Up to now this central aspect of quantum theory is often misunderstood. In physics, and 
also in the philosophy of sciences, one speaks, for example,  of  "particles", i.e. electrons and 
so on, in a weakly bound system. This is certainly useful from a the practical point of view, 
but does not apply to the basic issue. In principle, two interacting electrons are "one object 
with charge -2" –  and not two independently existing particles.  

Relational structures create networks, in the essence they are plurivalent. In such a network 
many different connections between two outcomes are possible. This leads us to a further 
characterization of quantum theory, namely, quantum theory as “the physics of possibilities”.  

 
Fig. 2. Relations are not unique, they constitute possibilities.  

 
Fig. 3. When quantum particles have the possibility to go through both slits without 
controlling their passage, then one will find more then two maxima on a screen behind the 
slits. Position “A” can be reached if one of the holes is open, but no longer if both are open 
and not controlled. 

 Distant source

    Intensity

Controlled holes: 
2 maxima

Uncontrolled possibilities 
for both holes:  
more then 2 maxima
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In our daily life we are influenced not only by facts of the past but also by future 
possibilities, which we anticipate, wish for, or are afraid of. Quantum theory deals with 
possibilities only. We have to understand that also possibilities can have an impact –  not 
only facts.  

If in a double slit experiment quantum particles have the possibility of going through both 
slits without controlling their passage, will find more than two intensity maxima on a screen 
behind the slits. If the passage through the slits is controlled, which means that the passage 
through one of the slits becomes a fact, then only two maxima will result. This is comparable 
to experience of our everyday life: control restricts possibilities and thereby influences 
human behavior.  

4. The indissoluble relation between classical physics and quantum physics: The 
dynamic layering-process 

There are some popular but insufficient ideas about the distinctions of quantum physics and 
classical physics. One misleading distinction concerns the scope of application to 
microphysics and macrophysics, respectively. It is true that in microphysics only quantum 
theory is applicable; nevertheless there are also many macroscopic quantum phenomena. 
Another topic is the difference between continuous and discontinuous effects, the former 
being attributed to classical physics. However, it should be recalled that many operators in 
quantum physics have continuous spectra. Popular but false is also the distinction between 
a "fuzzy" quantum theory and a "sharp" classical physics. It ignores that quantum theory 
provides for the most accurate description of nature we ever had. Classical physics 
nourishes  the illusion of exactness. Its mathematical structure is based on the assumption of  
“arbitrarily smooth changes” of any variable. While this is a precondition for calculus, it is 
by no means always afforded by nature. At very high precision the quantum structure will 
become important anyway, as quantum physics is the physics of preciseness.  

Often there is no need for the precision of quantum theory. At first sight most of the 
processes in nature appear to be smooth. However, upon closer inspection, all actions are 
quantized, they appear in discrete “numbers” or “steps”. One may say that, strictly 
speaking, all changes are quantum jumps. So a quantum jump is the smallest non-zero 
change in nature - which may explain why this concept is so attractive in politics and 
economics. 

Since the early days of quantum mechanics Bohr has insisted that classical physics is a 
precondition for speaking about quantum results. It is impossible to ignore that for humans; 
there are not only possibilities but also facts. For an adequate description of nature we need 
both parts of physics, classical and quantum physics. Its connection can be described as a 
“dynamic layering-process”. The classical limit transforms a quantum theoretical 
description into a classical one, the process of quantization converts classical physics  into 
quantum physics.  

It seems evident that quantum theory is the foundation of classical physics. The existence of 
all the objects handled so successfully by classical physics can only be understood adopting 
quantum theory. It may be recalled that the existence of atoms, having opposite charges 
inside, is forbidden by classical electrodynamics. On the other hand, classical physics is a 
precondition for the appearance of quantum properties. The quantum properties of a system 
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become visible only if its entanglement with the environment is cut off. Such a cut can be 
modeled mathematically only in classical physics.  

The laws of classical physics ignore the relational aspects of nature. While thus being 
inferior to the quantum laws, they are potentially much easier to apply. For large objects, the 
relational aspects are very small, so that often there is no need to employ a quantum 
description.  

 
Fig. 4. Dynamic layering process between classical and quantum physics. 

5. The meaning of quantization 

Concerning quantization many concepts have been proposed (a good overview can be 
found in Ali & Engliš, 2005), and one may wonder whether here a simple fundamental 
structure can possibly be established.  

 
Fig. 5. Quantization of a bit: From the two states {0,1} of a bit to a two-dimensional complex 
state space of a qubit. 
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Ignoring for the moment the canonical quantization, a general structure can be inferred from 
the quantization of a bit with its two states {0,1} to a qubit: here quantization is obtained by 
constructing all complex-valued functions on the set of two points, resulting in a two-
dimensional complex space C².  

In a related way, path-integral quantization can be interpreted as constructing all functions 
on the set of the classical pathways. At  first glance, second quantization seems to be 
different. However, the construction of a state of the quantum field in terms of states of 
quantum particles is analogous to the construction of an analytical function in terms of 
powers of the variable. The analytical functions are dense, e.g., in the set of continuous or 
measurable functions, and even distributions conceived as limits of analytical functions. So, 
in a certain sense, the analytical functions represent “all functions”, and a quantum field can 
be interpreted as “the functions on the set of quantum particles”.  

In conclusion, we may say: Quantization is the transition from the manifold of the facts to the 
possibilities over the facts – where the possibilities are given in the form of functions on the 
manifold of facts. It even seems possible to state: “Quantization is (actually) second 
quantization.” In this sense Einstein’s invention of photons was the first demonstration of 
quantization.  

How can the canonical quantization of classical mechanics, characterized by a bisection 
(“polarization”) of variables, be interpreted in the present context?  

The explanation can be given as follows: Mechanics is the classical limit of quantum 
mechanics in that all operators commute. In quantum mechanics the position operator acts 
multiplicatively on wave functions over position space, while the momentum operator acts 
multiplicatively on wave functions over momentum space. A duplication replacing Φ(x) or 
Ψ(p) by R[x,p] allows for the commutation of position and momentum. Accordingly, in 
classical mechanics positions and momenta are the fundamental variables; the polarization 
reverses this duplication.  

The essence of quantization can summarized in the sentence: Quantization is the transition 
from the facts to the relational network of possibilities associated with the facts -  
mathematically represented by a linear space of functions defined on the set of the facts.  

A further characterization is as follows: The quantization of a system is the transition from a 
nonlinear description in a low-dimensional space, where the system may have  many or 
infinitely many degrees of freedom (e.g. classical mechanics or electromagnetic fields), to a 
linear description of many or infinitely many systems with few degrees of freedom in an 
infinite-dimensional space (e.g. quantum bits, photons, or other field quanta). This reminds 
of the exponential map and its conversion of products, being nonlinear, into sums, which 
are linear.  

6. Quantum theory relativizes distinctions 

Quantum theory is consistent with everyday experience indeed, but in non-living nature 
quantum effects become essential only at a high precision scale. At high precision, though, 
effects may appear that are not so evident from the everyday experience in the world 
around us.  
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Already in school the so-called wave-particle-duality is a subject. According to quantum 
theory, one and the same quantum object can act, depending on the circumstances, more like a 
wave or more like a particle, that is, as a more extended or more localized object. As we have 
discussed, quantum states can be understood as extended functions on facts, and it is thus an 
essential non-local theory. We may say: Quantum physics is the physics of non-locality. A strict 
distinction between locality and non-locality is relativized by quantum theory.  

Quantum theory demonstrates that transformations between matter and motion or between 
force and material are possible. Of course, Einstein’s famous formula E = mc² was found in 
special relativity, but in any related experiment antimatter is involved. This genuine 
quantum concept shows that the transformation between matter and motion is an effect of 
quantum theory.  

Motion is often declared as a property of matter, but quantum theory shows that matter and 
motion are equivalent. This happens always in the large accelerators, but it is also related to 
the central philosophical aspect of second quantization: The distinction between object and 
attribute depends on the context. One and the same quantum particle is an object in 
quantum mechanics and is an attribute of a quantum field. Therefore we can state that 
quantum theory discloses an equivalence between objects and attributes. That quantum theory has 
relativized the distinctions between objects, structures and attributes (or tropes as some 
philosophers say) is also of philosophical relevance.  

Matter is visible and inert, forces are invisible and not impenetrable. From the quantum 
point of view, however, the distinction of force and matter reduces to the difference between 
quanta of integer or half-integer spin. In the large accelerators, those quanta are  
transformed among each other. So quantum theory unveils an equivalence between forces and 
matter.  

The model of the Dirac sea shows up that even the distinction between emptiness and plenitude 
is relativized by quantum theory.  

7. The quantum theoretical equivalence of matter, energy and quantum information 

In addition to what was discussed above, quantum theory allows for a completely new 
perspective on the three entities matter, energy and quantum information. Already since 
1955 C. F. v. Weizsäcker has speculated on the possibility of founding physics on quantum 
information. His “Ur-Theory” grows up from the intention "Physics is an extension of 
logics" (Weizsäcker, 1958, p. 357). As the basis for the envisaged reduction he has proposed 
quantized binary alternatives referred to as "Ur-Alternativen" or urs. Werner Heisenberg 
wrote about Weizsäcker's concept "… that the realization of this program requires thinking 
at such a high degree of abstraction that up to now – at least in physics – has never 
happened.” For him, Heisenberg, “it would be too difficult”, but v. Weizsäcker and his 
coworkers should definitely carry on. (Heisenberg, 1969, p. 332) For a long time, however, v. 
Weizsäcker’s project was hardly appreciated, and one may wonder about the lack of 
recognition. 

One reason may be that the concept was far too abstract. Moreover,  there were almost no 
relation to experimental evidence. At that time, the quantities v. Weizsäcker proposed were 
beyond the imagination of the physicists. That one proton is made up of 1040 qubits is a hard 
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sell in physics even today. Another serious problem was that v. Weizsäcker's models were 
inconsistent with general relativity at that time. 

As essential step forward, it proved necessary to go beyond the urs. v. Weizsäcker (1982, p. 
172) proposes „An »absolute« value of information is meaningless". But this is a 
contradiction to his claim (1971, p. 361): “Matter is information". Matter has an absolute 
value, as zero grams of matter is a clearly defined quantity. Therefore, with regard to an 
equivalence of matter and information, the latter must have an absolute value as well. So there was 
the need to extend the concept of »information« to one which is “absolute”. At that absolute 
level, one must do without reference to an “emitter” or “receiver”, and – even more 
important -  dispense with the concepts of meaning or knowledge, at least initially. This is 
the basic precondition for establishing the equivalence of matter and information.  

Here it proved necessary to make a connection to modern theoretical und empirical 
structures of physics, especially Bekenstein's and Hawking’s entropy of black holes, and a 
rational cosmology. Physics is more than an »extension of logics«, and, in physics 
information differs from destination, or meaning, or knowledge. Meaning always has a 
subjective aspect too, so meaning cannot be a basis for science and objectivity.  

If quantum information is to become the basis for science it must be conceived as absolute quantum 
information, free of meaning. It is denominated as “Protyposis” to avoid the connotation of 
information and meaning. Protyposis enables a fundamentally new understanding of matter which 
can seen as “formed”, “condensed” or “designed” abstract quantum information. Absolute 
quantum information provides a base for a new understanding of the world ranging from 
matter to consciousness. Protyposis adds to E=mc², that is, the equivalence of matter and 
energy, a further formula (Görnitz, T 1988², Görnitz, T., Görnitz, B. 2008) :  

 N = m c² tcosmos 6π/ħ (1) 

A mass m or an energy mc² is equivalent to a number N of qubits. The proportionality 
factor contains tcosmos, the age of the universe. Today a proton is 1041 qubits. A 
hypothetical black hole with the mass of the universe would have an entropy of order 
10123. If a particle is added, the entropy of the black hole increases proportionally to the 
mass-energy of the particle. If a single proton is added to the cosmic mass black hole, the 
entropy will rise by 1041 bits. These 1041 qubits "are" the proton, and only very few of those 
qubits will appear as meaningful information. All the others are declared as mass or 
energy. The cosmic mass black hole has an extension corresponding to the curvature 
radius of the universe. If the hypothetical proton disappears behind the horizon, any 
information on the proton is lost, and thus the unknown information, that is, the entropy, 
becomes maximal.  

8. Relativistic particles from quantum bits 

For a precise definition of a particle one has to employ Minkowski space. Here, a relativistic 
particle is then represented by an irreducible representation of the Poincaré group. Such a 
representation can be constructed from quantum information by Parabose creation and 
destruction operators for qubits and anti-qubits (urs and anti-urs) with state labels  running 
from 1 to 4.  
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Let be| the vacuum for qubits, p the order of Parabose statistics and r,s,t {1,2,3,4}. The 
commutation relations for Parabose are 
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then the operators for the Poincaré-group get the form: 
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For a photon is |σ| = 1. 

A massive spinless boson at rest, constructed on the Minkowski-vacuum |0, with rest mass 
m = P0  0, momentum P1=P2=P3= 0, and Parabose-order p >1 is given by:  
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Another example (Görnitz, T., Görnitz B., 2002) is a massive fermion at rest with spin 1/2, 
constructed on the Minkowski-vacuum |0, with mass m = P0  0, spinz= -½, momentum 
P1=P2=P3= 0 and Parabose-order p >1: 
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Indeed, matter can be seen as a special form of abstract quantum information.  

The possibility to create relativistic particles via quantum bits is essential for many aspects 
in the scientific description of nature. The change of the state of such an object amounts to a 
transformation  associated with an element of the Poincaré group. In this operation the 
number and structure of its qubits will be changed. Interactions between matter – i.e. 
fermions – is effected by exchanging bosons. On the basis of the theory outlined here, this  
always appears as an exchange of qubits.  

For everyday purposes, one may state: 

 Matter is inactive, it resists change.  
 Energy can move matter.  
 Information can trigger energy.  

9. The relationships between quantum information, particles, living beings and 
consciousness 

Einstein's equivalence, E=mc², does not imply that the distinction between matter (having a 
restmass) and energy is always dispensable. Pure energy, e.g. massless photons, behave 
differently than massive particles. However, particles with mass can emit and absorb such 
photons. On the other hand, photons of sufficiently high energy can be transformed into 
particles with rest mass.  

Analogous relations apply to quantum information. If it should be localized then the 
mathematical structure implies that this information must have an material or at least an 
energetic carrier. However, a qubit needs not to be fixed to such a carrier. Here it should be 
recalled that the carriers themselves are special forms of the protyposis, in the same way as 
material objects can be understood as being special forms of energy.  

A further aspect is even more interesting: there is an analogy to the conversion of the energy 
of motion of a massive body into massless photons. The photons can separate from the mass 
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Einstein's equivalence, E=mc², does not imply that the distinction between matter (having a 
restmass) and energy is always dispensable. Pure energy, e.g. massless photons, behave 
differently than massive particles. However, particles with mass can emit and absorb such 
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particles with rest mass.  
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and travel apart, but then they are no longer localized in space, only in time, as the structure 
of a rest mass in Minkowski space any longer applies. Of course, the equivalence E=mc² is 
not affected by this.  

Qubits too may change a carrier or separate from it. In the latter case, they are no longer 
localizable in space and time, because  neither the structure of an energy nor of a rest mass 
in Minkowski space applies any longer. While qubits can form particles with and without 
mass – and therefore fields – there is no reason to assume that they always have to form 
particles. Obviously, quantum information does not necessarily become manifest in the form  
of particles or fields.  

The autonomous existence of the protyposis, of absolute quantum information, can solve 
some of present problems in science. The dark energy in cosmology, for example, could be a 
non-particle form of protyposis, as will be addressed below. 

In connection with a living body qubits can become meaningful. For animals, meaning not 
only depends on the “incoming” information, but also on the respective situation and the 
particular living conditions of the animal.  

Meaningful information can change its carriers, for instance from a sound wave to electrical 
nerve impulses, and allows for control unstable systems, such as living beings. Obviously, 
this finding will greatly influence the scientific understanding of life and mind. (see Görnitz, 
T., Görnitz, B., 2002, 2006, 2008). Mind is neither matter nor energy, rather it is protyposis in 
the shape of meaningful quantum information.  

For a scientific understanding of the mind a dualistic conception would be in contradiction 
to all science. Concerning the materialistic alternative, mind is clearly no matter, and a 
reduction of mind to small material particles will not succeed. Protyposis, more specifically, 
the equivalence of protyposis, matter, and energy, and its eventual manifestation as 
meaningful information, offers a solution to this problem.  

Life is characterized as control and timing, enabled by quantum information. Only unstable 
systems can be controlled. Living systems are unstable because they are far from the 
thermodynamical equilibrium. In the self-regulation of organisms – extending even to 
consciousness in the later stages of the biological evolution – quantum effects can become 
operational at the macroscopic level.  

Consciousness is quantum information carried by a living brain, it is quantum information that 
experiences and knows itself.  

This is not an analogy, but rather a physical characterization. It means that it is no longer 
required to perceive the interaction between quantum information in the shape of matter 
and quantum information in the shape of consciousness as a phenomenon beyond the field 
of science.  

The scientific description of consciousness opens also the way to extend the Copenhagen 
interpretation of quantum theory. Usually it is stated that a measuring process has 
happened when an observer has notified a result. But as long as the observer and his 
conscious mind are not subjects of physics, a theory of measurement seems to be beyond 
physics as well. Here, the central role of quantum information will become important. In an 
abstract way, a measurement can be seen as the transition from a quantum state comprising 
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all its possibilities to a conclusive fact. Generating a fact by measuring, results in the loss of  
information on all other potential states. The quantum eraser experiments show that a 
virtual measurement can produce a real fact only if the information on the quantum 
possibilities is lost.  

However, before addressing the intended extension of the Copenhagen interpretation, we 
take a closer look to the structure of the cosmic space,  as there is an essential connection.  

10. Quantum information and the introduction of the cosmic position space 

The Minkowski-space is a very good approximation in the domain of our laboratories and 
our environment. However, while the Minkowski-space is essential for an exact description 
of particles, the real position space in cosmology is different from this idealization. Since 
Einstein we know that the physical space can be curved.  

The idea of understanding position space as a consequence of the symmetry of quantum 
bits was first proposed by von Weizsäcker (1971, p. 361; 1982, p. 172). He and 
Drieschner (1979) showed how qubits can explain that the space of our physical 
experience is three-dimensional. This was the first attempt to establish the 
dimensionality of physical space from first principles. (As an aside, to argue that space 
has in reality 10 or even 26 dimensions is not really convincing.) However, their models 
were not consistent with general relativity. This problem can be overcome by group 
theoretical considerations.  

Any decision that can scientifically be decided, can be reduced to quantum bits. The states of 
a quantum bit are represented and transformed into each other by its symmetry group. The 
symmetry group for a quantum bit is spanned by the groups SU(2), U(1), and the complex 
conjugation. The essential part of the quantum bit  symmetry group is the SU(2), a three-
parameter compact group. Any number of quantum bits can be represented in the Hilbert 
space of measurable functions on the SU(2), which as its largest homogeneous space is an S³. 
This Hilbert space is the carrier space for the regular representation of the SU(2) that 
contains every irreducible representation of this group. The three-dimensional  S³ space is 
identified with the three-dimensional position space.  

Using group theoretical arguments, a relation can by established between the total number 
of qubits and the curvature radius R of the S³ space (Görnitz, T., 1988). A spin-1/2-
representation of the SU(2) group, the representation of a single qubit, is formed from 
functions on the S³ space having a wave length of the order of R. If the tensor product of N 
of such spin-1/2-representations – i.e. of N qubits - is decomposed into irreducible 
representations, then representations associated with much shorter wavelengths can be 
found. The multiplicities of such representations increase with decreasing wavelengths. 
They are high up to functions with a wavelength in the order R/√N. Here the multiplicities 
reach a maximum. Because of an exponential decrease of the multiplicities, the shorter 
wavelengths seem not to be of physical relevance. An N-dependent metric on this S³ is 
established by introducing a length related to this maximum: 

 λ0 = R/√N (9) 

as the length-unit is introduced.  
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as the length-unit is introduced.  
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If the S³ space is identified with the position space, a cosmological model results using three physically 
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length.  
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From the metric of this model the Einstein-tensor Gik can be computed, and, using the 
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obtained. Both tensors appear as being proportional to each other.  

If it is demanded that this proportionality between Gik and Tik is conserved also for local 
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length – according to λPl = λ0·√3/2 is introduced, one obtains with κ= 8πG/c4: 

 Gik = κ  Tik (10) 

In this cosmological model the dark energy can be interpreted as protyposis, i.e., as absolute 
quantum information, that is homogeneous and isotropic, and not organized in the form of 
quantum particles.  

11. The measuring process – reinterpreting the Copenhagen interpretation 

After the clarification of the relation between abstract quantum theory and space, we will 
turn to the strangest concept in quantum physics, namely the measuring process. Here the 
strongest discomfort results because the unitary time evolution of a quantum system 
appears to be interrupted.  
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A comprehensive review on the different attempts to solve this problem has been given by 
Genovese (2010). In this review most of the modern attempts are addressed, but 
fundamental earlier work, e.g. by Heisenberg or v. Weizsäcker, is not cited. I think, “the 
transition from a microscopic probabilistic world to a macroscopic deterministic world 
described by classical mechanics (macro-objectification)” is less of a problem, and also one 
should not say that the Copenhagen interpretation “is weak from a conceptual point of view 
since it does not permit to identify the border between quantum and classical worlds. How 
many particles should a body have for being macroscopic?”(Genovese, 2010).  

Rather the problem seems to stem from the conceptual fixation of physics on the more than 
2000 years old notion of “atoms” of one or another kind as basic structures. Quantum theory 
opens the possibility to recognize that more abstract structures – quantum information – 
should be viewed as the fundamental entities. This will open a new perspective for the 
measuring process as well.  

As already mentioned, the measuring process is often seen as the most controversial aspect 
of quantum theory. The “normal” time evolution in quantum theory is a unitary process. In 
the Schrödinger picture the time-evolution of the wave function is given by 

 
ˆˆ( ) ( ) (0) (0)

i Ht
Schr Schr Schrt U t e      (11) 

where Ĥ  is the Hamiltonian of the system under consideration. In an equivalent way, 
referred to as Heisenberg picture, the time- dependence can be shifted to the physical 
operators:  

 
ˆ ˆ†ˆ ˆ ˆˆ ˆ( ) ( ) (0) ( ) (0)

i iHt Ht
Heis Heis HeisA t U t A U t e A e     (12) 

The  time evolution according to the Schrödinger equation of the system  conserves the 
absolute value of the scalar products and does not change the total probability. In the 
measuring process, by contrast, the so-called “collapse of the wave function” is no longer 
unitary. There has been much discussion about this disruption in the description of the 
regular time evolution and whether that disruption can possibly be avoided. Let me very 
briefly recall the essential aspects.  

If a quantum system is in a state Φ, then in the measuring process every state Ψ can be 
found if  

 < Φ | Ψ> ≠ 0 (13) 

The probability ω to find Ψ if the system is in the state Φ is given by  

 ω = |< Φ | Ψ>|² (14) 

The so-called many-worlds-interpretation of QM assumes that there is no break in the 
unitary time evolution. It is postulated that any possible Ψ will be a real outcome of the 
measurement, but for every Ψ there is a separate universe in which this outcome is realized 
as a factum. For most people this interpretation is not acceptable because of the fantastical 
ontological overload thereby introduced. However, with a simple “one-word-dictionary” 
(Görnitz, T., Weizsäcker 1987) it can be translated into the normal world view: just replace 
“many worlds” by “many possibilities”. 
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The Copenhagen interpretation introduces an observer who is responsible for stating that a 
result has been found. If the observer can verify that the process has occurred, the result can 
be seen as a factum. Given that any description of reality needs a person to do the 
description, the introduction of an observer into the description of nature does not seem to 
be a serious constraint. However, the problem here is that this construct does not allow one 
to include the observer himself in the scientific description, which ultimately has to be based 
on physics, that is, quantum theory. In a conversation, reported to me by v. Weizsäcker 
about the necessity of a “cut” between quantum and classical physics and the movability of 
that cut, Heisenberg argued that the cut cannot be moved into the mind of the observer. 
According to v. Weizsäcker, his friend Werner Heisenberg said: “In such a case no physics 
would remain ”.  

This point of view is easily understandable, because at that time the range of physics was 
limited to material and energetical objects, but did not yet extend to quantum information. 
Since then much experimental and theoretical work on quantum information has emerged, 
indicating the mind can be understood as a very special form of quantum information. 
Therefore it is no longer warranted to keep the mind totally outside the realm of physics. 
(see Görnitz, T., Görnitz, B., 2002, 2008) However, for a scientific description of the observer 
and even of his mind, the original Copenhagen interpretation has to be extended.  

What is the role of the observer. Let the quantum system be in a state Φ. After the measuring 
process the observer has to realize that all the possible states Ψ did not turn into real facts 
except for the final Ψf, which is associated with the actual outcome of the measurement. 

But left with Ψf , the information about the former state Φ is no longer available. The only 
remaining information on Φ is that Φ is not orthogonal to Ψf. Obviously, this only very 
vague and imprecise information as, in general, infinitely many states will be not orthogonal 
to Ψf.  

If the observer comes to know the result of the measurement associated with Ψf , he will use 
this new wave function for the future description of the system. It is useful to describe this 
change of the wave function as a result of the change in the observer’s knowledge. (Görnitz, 
T., v. Weizsäcker 1987, see also: Görnitz, T., Lyre 2006). The measurement provides new 
knowledge and the observer can take that into account. 

Now the intriguing question is how does a fact come about in physics if there is no observer 
to constitute it?  

In a pure quantum description no facts can arise (at least when one does not resort to 
infinite many degrees of freedom, as done in the algebraical description by Primas (1981)). 
While classical physics does describe facts, the classical description does not make any 
difference between past and future facts, all events being determined in the same way. 
More specifically, in classical physic the “real character” of time with its difference 
between past and future does not appear. Neither in classical nor in quantum physics the 
irreversibility of a factum is a consequence of the respective mathematical structure. Both 
theories have a reversible structure, and the irreversibility encountered, for example, in 
thermodynamics is attributed to the describers imperfect knowledge of the microscopic 
configurations of the system. However, imperfect knowledge cannot be the cause of a 
physical occurrence.  
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Information plays the central role in the measurement process. However, as long as 
information is only understood as being “knowledge”, a human observer has to be 
supposed. My proposal is to expand the role of information, which will allow us to explain 
how facts arise in the scientific description of nature, even without supposing an observer in 
the first place.  

Apparently, only in the measurement, i.e. in the transition from the quantum to classical 
description, physics does discriminate before the event and after the event. This means that 
the problem of how events occur must be solved. In this regard, I think the experiments 
with the quantum eraser ( Scully et al., 1991, Zajonc et al., 1991, Herzog et al., 1995) may 
shed some light on the role of the observer. 

The first such experiments were "double slit" experiments. If it is possible—at least in 
principle—to get the “which-way” information about the slits, there will be no interference; 
otherwise, interference patterns should appear. 

As the quantum eraser shows, it is not a disturbance by the observer which causes the 
measuring process; rather, the crucial factor here is the loss of information concerning the 
original state Φ. As to Scully and Walther (1998) state: “It is simply knowing (or having the 
ability to know even if we choose not to look at the Welcher-Weg detector) which eliminates 
the pattern. This has been verified experimentally. Hence one is led to ask: what would 
happen if we put a Welcher-Weg detector in place (so we lose interference even if we don’t 
look at the detector) and then erase the which-way information after the particles have 
passed through? Would such a “quantum eraser” process restore the interference fringes? 
The answer is yes and this has also been verified experimentally.”  

To make clear what happens, it is useful to describe the process somewhat differently. 

The authors say “… and then erase the which-way information.” However, the information 
is not taken out of the system and then destroyed. On the contrary, the which-way 
information can leave the system only potentially. If indeed the information had left the 
system, a factum concerning the “Weg” would have been produced and interference would 
be absent. However, this was not the case; the information was returned into the system 
and, in fact, not able to leave it. Both “ways” remained possible, no path became factual, and 
the interference appeared.  

Thus, the essential aspect of a measurement is whether some information on the state of the system 
under consideration is lost. 

As long as there is the possibility that the information can come back into the system, no real 
factum has been created and no measurement has occured. Only if it is guaranteed that the 
information (or at least a part of it) has left the system for good, a factum has been created 
and a measuring result can be established. 

Each state of a quantum system is “co-existing” with all other states not orthogonal to it. In 
this huge manifold of states there are eigenstates of the measuring interaction. In the 
measuring process associated with the respective measuring interaction one of the 
eigenstates becomes factual when the information on all the other states has been lost.  

That the measuring process relies on a loss of information seems contradictory, but, in 
fact, it is not: in the measurement a huge amount of quantum possibilities is reduced to 
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the distinct classical information on a fact. The information about the measuring result is 
factual and, that is, classical information which can be replicated. Such classical 
information can be repeatedly taken out from the system; the measuring result can be 
read out repeatedly.  

How can this loss of information modelled? 

An essential step towards a better understanding was accomplished by the theory of 
quantum decoherence, originating with the work by Zeh (1970). Decoherence can explain 
how, in an approximate way, a quantum object acquires classical properties. There is a 
recent and detailed book (Schlosshauer, 2007) to which the reader is referred to for technical 
details. The central point is that for the composite system of the object, the measuring 
device, and the environment, the non-diagonal elements in the partial density matrix of the 
object become exponentially small in a short time. Therefore, the object density matrix 
rapidly assumes a form reflecting the situation of a classical probability for an unknown fact 
within an ensemble of possible facts.  

It is occasionally stated, however misleadingly, that decoherence solves the measuring 
problem. This is not the case. Zeh wrote (1996, S. 23) that an environmental induced 
decoherence alone does not solve the measuring problem; this applies even more to a 
microscopic environment, where decoherence does not necessarily lead to an irreversible 
change. Joos (1990) wrote: “that the derivation of classical properties from quantum 
mechanics remains insufficient in one essential aspect. The ambiguity of the quantum 
mechanical dynamics (unitary Schrödinger dynamics versus indeterministic collapse) 
remains unsolved. The use of local density matrices presupposes implicitly the measuring 
axiom, i.e., the collapse.” And he proceeds in his text as follows: “certain objects for a local 
observer appear classical (so defining what a classical object is), but the central question 
remains unsolved; why in the non-local quantum world local observers exist at all?” 

To answer this question one has to take into account, besides quantum information, the 
cosmological aspects of quantum theory. 

Decoherence in a system is caused by the interaction with a macroscopic device, which in 
turn is embedded in an even larger environment. As a consequence, information flows out 
from the quantum object. As long as this information is restricted to a finite volume, there is 
no fundamental obstacle preventing the information from coming back into the quantum 
object. However, any environment is ultimately coupled to the cosmic space, being 
presently nearly empty and dark. This cosmic boundary condition is the reason that in the 
end, perhaps with some intermediate steps, the information can escape without any realistic 
chance for  ever coming back.  

As long as a quantum system is completely isolated, so that not even information can escape, it will 
remain in its quantum state, comprising all its respective possibilities. Only if a system is no longer 
isolated, allowing information to escape, which usually will be effected by outgoing photons, a factum 
can arise. 

Of course, mathematically one is confronted with a limiting procedure. To prove rigorously 
that no information will ever come back, an infinite time limit has to be considered. 
Alternatively, an environment is needed with actually infinite many degrees of freedom in 
order to have superselection rules in a strong sense. ( Primas, 1983). 
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As far as an observer of the process is concerned, he may decide that for all practical 
purposes the appearance of a factum can be acknowledged. In view of the cosmological 
conditions, dispelling any expectations that the information will come back, one does not 
have to assume that the creation of a factum depends on the perception of the observer. On 
the other hand, there may be still a role for the observer, namely, to assure the end of the 
limiting process. Loosely speaking, one may say that the observer has to “guarantee” that 
the information on all the other possible states Ψ does not come back and turn the 
measurement into an illusion.  

Usually, outgoing information will be carried mostly by photons. Because the cosmos is 
empty, dark and expanding with high velocity there is no chance that an outgoing photon 
will be replaced by an equal incoming photon. As is well known, the cosmos was not always 
as it is today. In the beginning, the cosmos was dense and hot. Going back to the earliest 
stages of the universe, it was ever more likely that an outgoing photon was matched by an 
equal incoming one. This means  that the idea of creating facts becomes more and more 
obsolete when approaching the singular origin. Concomitantly, the structure of time with 
the difference between past, present and future looses gradually its significance, to 
disappear completely in the neighbourhood of the singularity. Obviously, without the 
familiar structure of time the conceptuality of empiricism has no meaning, nor  has the 
concept of empirical science.  

The generalization of “knowledge” to “information,” more exactly to “quantum information,” opens 
the possibility to extend the Copenhagen interpretation in such a way that the observer and his 
consciousness can be included in the scientific description. ( see Görnitz, T., Görnitz, B., 2002, 
2008). 

The intention here is not only to describe quantum processes in the brain but also quantum processes 
of the mind.  

That biological processes, like vision, i.e., the absorption of photons in the retina, or the 
absorption of photons in a plant and the subsequent transport of the electrons in the process 
of photosynthesis, must be described as quantum processes is already well-known. (Engel et 
al., 2007).  

This suggests that in the brain, perhaps the most complicated organ in biology, quantum 
processes will play a crucial role, even when decoherence happens just as much. However, 
the effect of decoherence decreases for decreasing mass of the quantum objects. Decoherence 
is weakest for massless objects, such as photons. Photons are essential as carriers of 
information in the brain, as the supporter of thoughts. As a hint at the role of photons in the 
brain, one may see the forensic fact that the personality of a patient has passed away if 
photons can no longer be found in the EEG. 

12. Conclusions 

As all science is approximation, a good description of nature incorporates its decomposition 
into objects and forces between them and their factual description – done by classical 
physics –  as well as taking into account the possibilities and the aspect of wholeness as 
done by quantum theory. The dynamical layering-process describes the interrelations 
between the classical and the quantum approaches. 
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Quantum theory, being the most successful fundamental physical theory, can be understood 
as the physics of relations, possibilities, and nonlocality. At the core of quantum theory is 
the equivalence of locality and nonlocality, matter and force, wholeness and emptiness, and, 
last but not least, the equivalence of matter, energy, and quantum information.  

These fundamental equivalences, based on absolute quantum information, allow for a 
foundation of the cosmological concepts as well as the inclusion of consciousness in the 
scientific description of nature.  
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1. Introduction

The relation of mathematics to physics and its influence on physics have been a topic of much
interest for some time. A sampling of the literature in this area includes Wigner’s paper, "The
Unreasonable Effectiveness of Mathematics in the Natural Sciences" (Wigner, 1960) and many
others (Bendaniel, 1999; Bernal et al, 2008; Davies, 1990; Hut et al, 2006; Jannes, 2009; Omnès,
2011; Tegmark, 2008; Welch, 2009). The approach taken by this author is to work towards
a comprehensive theory of physics and mathematics together (Benioff, 2005; 2002). Such a
theory, if it exists, should treat physics and mathematics as a coherent whole and not as two
separate but closely related entities.

In this paper an approach is taken which may represent definite steps toward such a coherent
theory. Two ideas form the base of this approach: The local availability of mathematics and
the freedom to choose scaling factors for number systems. Local availability of mathematics
is based on the idea that all mathematics that an observer, Ox, at space time point, x, can, in
principle, know or be aware of, is available locally at point x. Biology comes in to the extent
that this locally available knowledge must reside in an observers brain. Details of how this is
done, biologically, are left to others to determine.

This leads to the association of a mathematical universe,
∨

x, to each point x.
∨

x contains all
the mathematics that Ox can know or be aware of. For example,

∨
x contains the various types

of numbers: the natural numbers, N̄x, the integers, Īx, the rational numbers, Rax, the real
numbers, R̄x, and the complex numbers, C̄x. It also contains vector spaces, V̄x, such as Hilbert
spaces, H̄x , operator algebras, Opx, and many other structures.

The universes are all equivalent in that any mathematical system present in one universe is
present in another. It follows that

∨
y contains systems for the different types of numbers as

N̄y, Īy, Ray, R̄y, C̄y. It also contains H̄y, Opy, etc. Universe equivalence means here that for any
system type, S, S̄y is the same system in

∨
y as S̄x is in

∨
x .

For the purposes of this work, it is useful to have a specific definition of mathematical systems.
Here the mathematical logical definition of a system of a given type as a structure (Barwise,
1977; Keisler, 1977) is used. A structure consists of a base set, a few basic operations, none or a
few basic relations, and a few constants. The structure must satisfy a set of axioms appropriate

2



2 Will-be-set-by-IN-TECH

for the type of system being considered. For example,

N̄x = {Nx,+x,×x, <x, 0x , 1x} (1)

satisfies a set of axioms for the natural numbers as the nonnegative elements of a discrete
ordered commutative ring with identity (Kaye, 1991),

R̄x = {Rx,+x,−x,×x,÷x, <x, 0x , 1x} (2)

is a real number structure that satisfies the axioms for a complete ordered field (Randolph,
1968), and

C̄x = {Cx,+x,−x,×x,÷x, 0x, 1x} (3)

is a complex number structure that satisfies the axioms for an algebraically closed field of
characteristic 0 (Shoenfield, 1967).

H̄x = {Hx,+x,−x, ·x, �−,−�x, ψx} (4)

is a structure that satisfies the axioms for a Hilbert space (Kadison, 1983). Here ψx is a state
variable in H̄x. There are no constants in H̄x. The subscript, x, indicates that these structures
are contained in

∨
x .

The other idea introduced here is the use of scaling factors for structures for the different
number types. These scale structures are based on the observation (Benioffa, 2011; Benioffb,
2011; Benioffc, 2011) that it is possible to define, for each number type, structures in which
number values are scaled relative to those in the structures shown above. The scaling of
number values must be compensated for by scaling of the basic operations and constants
in such a way that the scaled structure satisfies the relevant set of axioms if and only if the
original structure does.

Scaling of number structures introduces scaling into other mathematical systems that are
based on numbers as scalars for the system. Hilbert spaces are examples as they are based
on the complex numbers as scalars.

The fact that number structures can be scaled allows one to introduce scaling factors that
depend on space time or space and time. If y = x + μ̂dx is a neighbor point of x, then the real
scaling factor from x to y is defined by

ry,x = e�A(x)·μ̂dx. (5)

Here �A is a real valued gauge field that determines the amount of scaling, and μ̂ and dx
are, respectively, a unit vector and length of the vector from x to y. Also · denotes the scalar
product. For y distant from x, ry,x is obtained by a suitable path integral from x to y.

Space time scaling of numbers would seem to be problematic since it appears to imply that
comparison of theoretical and experimental numbers obtained at different space time points
have to be scaled to be compared. This is not the case. As will be seen, number scaling plays
no role in such comparisons. More generally, it plays no role in what might be called, "the
commerce of mathematics and physics".

Space time dependent number scaling is limited to expressions in theoretical physics that
require the mathematical comparison of mathematical entities at different space time points.
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Typical examples are space time derivatives or integrals. Local availability of mathematics
makes such a comparison problematic. If f is a space time functional that takes values in some
structure S̄, then "mathematics is local" requires that for each point, y, f (y) is an element of
S̄y. In this case space time integrals or derivatives of f make no sense as they require addition
or subtraction of values of f in different structures. Addition and subtraction are defined only
within structures, not between structures.

This problem is solved by choosing some point x, such as an observers location, and
transforming each S̄y into a local representation of S̄y on S̄x. Two methods are available for
doing this: parallel transformations for which the local representation of S̄y on S̄x is S̄x itself,
and correspondence transformations. These give a local, scaled representation of S̄y on S̄x in
that each element of S̄y corresponds to the same element of S̄x, multiplied by the factor ry,x.

The rest of this paper explains, in more detail, these ideas and some consequences for physics.
The next section describes representations of number types that differ by scaling factors.
Sections 3 and 4 describe space time fields of complex and real number structures and the
representation of ry,x in terms of a gauge field, as in Eq. 5. This is followed by a discussion of
the local availability of mathematics and the assignment of separate mathematical universes
to each space time point. Section 6 describes correspondence and parallel transforms. It is
shown that �A plays no role in the commerce of mathematics and physics. This involves the
comparison and movement of the outcomes of theoretical predictions and experiments and
the general use of numbers.

Section 7 applies these ideas to quantum theory, both with and without the presence
of �A. Parallel and correspondence transformations are used to describe the wave packet
representation of a quantum system. It is seen that there is a wave packet description that
closely follows what what is actually done in measuring the position distribution and position
expectation value. The coherence is unchanged in such a description.

The next to last section uses "mathematics is local" and the scaling of numbers to insert �A into
gauge theories. The discussion is brief as it has already been covered elsewhere (Benioffa,
2011; Benioffc, 2011). �A appears in the Lagrangians as a boson for which a mass term is not
forbidden. The last section concludes the paper.

The origin of this work is based on aspects of mathematical locality that are already used in
gauge theories (Montvay & Münster, 1994; Yang & Mills, 1954) and their use in the standard
model (Novaes, 2000). In these theories, an n dimensional vector space, V̄x , is associated with
each point, x, in space time. A matter field ψ(x) takes values in V̄x . Ordinary derivatives are
replaced by covariant derivatives, Dμ,x, because of the problem of comparing values of ψ(x)
with ψ(y) and to introduce the freedom of choice of bases. These derivatives use elements
of the gauge group, U(n), and their representations in terms of generators of the Lie algebra,
u(n), to introduce gauge bosons into the theories.

2. Representations of different number types

Here the mathematical logical definition Barwise (1977); Keisler (1977) of mathematical
systems as structures is used. A structure consists of a base set, basic operations, relations,
and constants that satisfy a set of axioms relevant to the system being considered. As each
type of number is a mathematical system, this description leads to structure representations
of each number type.
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4 Will-be-set-by-IN-TECH

The types of numbers usually considered are the natural numbers, N̄, the integers, Ī, the
rational numbers, Ra, the real numbers, R̄, and the complex numbers, C̄. Structures for the
real and complex numbers can be defined by

R̄ = {R,+,−,×,÷, <, 0, 1}
C̄ = {C,+,−,×,÷, 0, 1}.

(6)

A letter with an over line, such as R̄, denotes a structure. A letter without an over line, as R in
the definition of R̄, denotes the base set of a structure.

The main point of this section is to show, for each type of number, the existence of many
structures that differ from one another by scale factors. To see how this works it is useful to
consider a simple case for the natural numbers, 0, 1, 2, · · · . Let N̄ be represented by

N̄ = {N,+,×, <, 0, 1} (7)

where N̄ satisfies the axioms of arithmetic (Kaye, 1991).

The structure N̄ is a representation of the fact that 0, 1, 2 · · · with appropriate basic operations
and relations are natural numbers. However, subsets of 0, 1, 2, · · · , along with appropriate
definitions of the basic operations, relations, and constants are also natural number structures.

As an example, consider the even numbers, 0, 2, 4, · · · in N̄ Let N̄2 be a structure for these
numbers where

N̄2 = {N2,+2,×2, <2, 02, 12} (8)

Here N2 consists of the elements of N with even number values in N̄. The structure N̄2 shows
that the elements of N that have value 2n in N̄ have value n in N̄2. Thus the element that has
value 2 in N̄ has value 1 in N̄2, etc. The subscript 2 on the constants, basic operations, and
relations in N̄2 denotes the relation of these structure elements to those in N̄.

The definition of N̄2 floats in the sense that the specific relations of the basic operations,
relation, and constants to those in N̄ must be specified. These are chosen so that N̄2 satisfies
the axioms of arithmetic if and only if N̄ does. A suitable choice that satisfies this requirement
is another representation of N̄2 defined by

N̄2
2 = {N2,+,

×
2

, <, 0, 2}. (9)

This structure is called the representation of N̄2 on N̄.

N̄2
2 shows explicitly the relations between the basic operations, relations, and number values

in N̄2 and and those in N̄. For example, 12 ↔ 2,+2 ↔ +,×2 ↔ ×/2, <2↔< . These relations
are such that N̄2

2 , and thereby N̄2, satisfies the axioms of arithmetic if and only if N̄ does.

N̄2
2 also shows the presence of 2 as a scaling factor. Elements of the base set N2 that have value

n in N̄2 have value 2n in N̄. Note that, by themselves, the elements of the base set have no
intrinsic number values. The values are determined by the axiomatic properties of the basic
operations, relations, and constants in the structure containing them.

This description of scaled representations applies to the other types of numbers as well. For
real numbers let r be a positive real number in R̄, Eq. 6. Let

R̄r = {R,+r,−r,×r,÷r, <r, 0r, 1r} (10)
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be another real number structure. Define the representation of R̄r on R̄ by the structure,

R̄r
r = {R,+,−,

×
r

, r÷, <, 0, r}. (11)

R̄r
r shows that number values in R̄r are related to those in R̄ by a scaling factor r.

R̄r
r gives the definitions of the basic operations, relation, and constants in R̄r in terms of those

in R̄. These definitions must satisfy the requirement that R̄r satisfies the real number axioms
if and only if R̄r

r does if and only if R̄ does.1

Note that the base set R is the same for all three structures. Also the elements of R do not
have intrinsic number values independent of the structure containing R. They attain number
values only inside a structure where the values depend on the structure containing R.

The relationships between number values in R̄r
r, R̄r , and R̄ can be represented by a new term,

correspondence. One says that the number value ar in R̄r corresponds to the number value ra in
R̄. This is different from the notion of sameness. In R̄, ra is different from the value a. However,
a is the same value in R̄ as ar is in R̄r as ra is in R̄r

r. The distinctions between the concepts of
correspondence and sameness does not arise in the usual treatments of numbers. The reason
is that sameness and correspondence coincide when r = 1.

For complex numbers, the structures, in addition to C̄, Eq. 6, are

C̄r = {C,+r,−r,×r,÷r, 0r , 1r}, (12)

and the representation of C̄r on C̄ as

C̄r
r = {C,+,−,

×
r

, r÷, 0, r}. (13)

Here r is a real number value in C̄. a is the same number value in C̄ as ar is in C̄r. Otherwise
the description is similar to that for the natural and real numbers. More details on these and
other number type representations are given in (Benioffb, 2011).

3. Fields of mathematical structures

As was noted in the introduction, the local availability of mathematics results in the
assignment of separate structures, S̄x, to each point, x, of space time. Here S denotes a type of
mathematical structure. The discussion is limited to the main system types of concern. These
are the real numbers, the complex numbers, and Hilbert spaces. Hilbert spaces are included
here because the freedom of choice of scaling factors for number types affects Hilbert spaces
as they are based on complex numbers as scalars.

3.1 Complex numbers

Parallel transformations between C̄x and C̄y for two points, x, y, define the notion of same
number values between the structures. Let Fy,x be an isomorphism from C̄x onto C̄y. With

C̄x = {Cx,+x,−x,×x,÷x, 0x, 1x}
C̄y = {Cy,+y,−y,×y,÷y, 0y, 1y},

(14)

1 The relations between the structures are also valid for negative values of r, provided < in Eq. 11 is
replaced by >, and appropriate changes are made in the axioms to reflect this replacement.
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Quantum Theory of Multi-Local Particle
Takayuki Hori
Teikyo University

Japan

1. Introduction

In those days before the development of the gauge field theories there were many attempts
to construct multi-local field theories of hadrons. The motivation for that was in the existence
of wide variety of hadrons which may be categorized by quantum numbers indebted to
the presumed internal structures. The success of QFD and/or QCD, however, impressed
us the power of the local field theories of quarks and leptons, and swept away almost all
alternative attempts describing the low energy physics. On the other hand the concept of the
multi-locality (or non-locality) was promoted to the string model which is now regarded as
one of candidates of the quantum gravity.

Although the realm of validity of the local field theory may be extended to the Planck scale
the conceptual gap between the string and the local field theory is so large that we cannot treat
them on an equal footing. Is there no room for the multi-local field theory in describing the
phenomena near the Planck scale?

We have sought the theoretical possibility of the multi-local objects, consisting of N particles,
which stay in an intermediate position between the local particle and the string. In the
papers (Hori, 1992)−(Hori, 2009) we have constructed the models with N = 2, which have
resembling properties as the string, though extremely simple in structure. The simplest
model with N = 2 is a system of two relativistic particles with specific interaction among
them. We called the object as a bilocal particle. We have found a hidden gauge symmetry
in the bilocal model (Hori, 1992), which reveals SL(2, R) in the canonical theory. This causes
the pathological property that the amount of the gauge invariance does not match with the
number of the first class constraints in the canonical theory. This means breakdown of Dirac’s
conjecture (Dirac, 1950).

The BRST analysis of the bilocal model shows the existence of spacetime critical dimensions,
D = 2 or D = 4 (Hori, 1996). But the quantum theory of the model can not be treated in the
similar way as the ordinary gauge theories, since the ghost numbers of the physical states are
not zero. Because the reason of the difficulty is in the constraint structure we have constructed
an improved version of N = 2 model based on the object called complex particle (Hori, 2009).

The coordinates of a complex particle are complex numbers and depend on the internal time.
In the lagrangian formulation the gauge degrees of freedom is two in the ordinary sense.
This causes the breakdown of Dirac’s conjecture as in the bilocal model. We argued that
a modification of the definition of the physical equivalence remedies the situation, and the
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Of course we do not intend to claim that the present model is the theory of the nature and
for that reason the dimension of our spacetime should be four. However, it is interesting that
there exist simple models other than the string, which have critical dimensions. We hope that
the future investigations along with the direction described here may open a new perspective
in the area of quantum gravity where some non-locality of a fundamental object should play
the central role in the Planck scale.
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1. Introduction

When we open our eyes on earth for the first time, light generates the sensation of vision in
our mind. If there was no light, our way of thinking would undoubtedly be quite different.
Therefore, it is natural to ask the question, what is light? Our early inquisitiveness about light
is documented in many stories and characters from almost all religions and cultures. Later,
with the development of science, we tried to use more rigorous techniques to understand the
nature of light. However, regardless of intense investigations for centuries on this subject, we
are far from obtaining a convincing answer to the question “what is light?” Einstein seems to
have put it best1:

“All the fifty years of conscious brooding have brought me no closer to answer the question, ‘What are
light quanta?’ Of course today every rascal thinks he knows the answer, but he is deluding himself.”

It is clear from the preceding remarks that this question represents one of the ever-lasting ones
in physics. Although, at this stage one does not fully understand the nature of light, one can
nevertheless study its properties. In this context, one may recall Feynman’s illustration of the
principle of scientific research (Feynman et al., 1985):

“. . . in trying to get some idea of what we’re doing in trying to understand nature, is to imagine that
the gods are playing some great game like chess, let’s say, and you don’t know the rules of the game, but
you’re allowed to look at the board, at least from time to time . . . , and from those observations you try
to figure out what the rules of the game are.

To understand the nature of light thus scientists have lead to investigate different properties
of it. Coherence and polarization may be identified as the two important ones. In this
chapter, we will give brief descriptions of them, and will show how the two apparently
different phenomena can be described by analogous theoretical formulations, which involve
incorporating the statistical fluctuations present in light.

Detailed descriptions of the history of the theories of coherence and polarization may be found
in many scholarly articles [see, for example, (Born & Wolf, 1999; Brosseau, 2010; Mandel &
Wolf, 1995). It may be said that the topic originated in Hooke’s conjecture about the wave
nature of light (Hooke, 1665), which was put in a sounder basis by Huygens (Huygens, 1690).

1 From Einstein’s letter to Michael Besso, written in 1954.
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1. Introduction 
A brief history of thoughts on covalent bonding 

The mechanism of covalent bonding is the basis of molecule formation and therefore of all 
of chemistry. It is a phenomenon which is extremely well characterized experimentally. The 
properties of covalently bonded molecules can also be reproduced and/or predicted by 
increasingly accurate calculations using the methods of quantum chemistry. These days, 
such calculations can be routinely performed using commercial program packages which 
are readily available to all chemists, who frequently find that molecular properties are 
simpler to calculate than to measure or track down in the literature. In the light of this 
success it is remarkable that the physical explanation of the origin of covalent bonding is 
still a subtle and contentious issue generating much discussion. The aim of this chapter is to 
reveal the origin of covalent bonding in simple terms and with illustrations allowing 
subtleties to be clarified and arguments to be settled. We shall propose that a deeper and 
more general analysis than hitherto widely known shows the merit and limitation of 
previous explanatory models and offers important clues for the understanding of the 
present computational methods of quantum chemistry and their future development. Our 
discussion will employ two very simple but very different theories of electronic structure – 
the Thomas-Fermi theory and the Hückel model of planar conjugated hydrocarbon 
molecules – which contain within them a full range of the dominant mechanisms needed to 
describe covalent bonding. The analysis presented here is in turn based on earlier articles [1-
6] and a thesis which is not yet published in all its essential parts [7]. 

A brief historical review of the understanding of covalent bonding is in order. The first 
model of covalent bonding which remains very relevant today is that of Lewis who 
understood that the periodic variation in chemical stability of the elements was the origin of 
chemical bonding and of the covalent bonding mechanism in particular [8]. The model of 
Lewis suggested that atoms which do not have an inert gas like electronic structure seek to 
achieve such a structure and its particular stability by either electron transfer between 
atoms, forming ionic bonds, or by electron sharing in forming covalent bonds between 
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atoms in molecules. The Lewis diagrams can be used to identify the bonds formed. Both 
mechanisms are in principle always present but more or less applicable and nature seems to 
confirm that molecules with very obvious Lewis structures according to ionic (valence 
electron transfer) or covalent (valence electron sharing) mechanisms are particularly stable. 
In our view the Lewis model – at its simple level without reference to any form of mechanics 
– is valid and useful. The difficulties start when one tries to interpret the bonding 
mechanisms identified by Lewis in more mechanical terms. 

The ionic bonding mechanism lends itself readily to a mechanical interpretation. One needs 
only to note that ionic bonds form when the electron transfer to create inert gas like ions at 
infinite separation requires relatively little energy since electron affinities and ionization 
energies are unusually close. Once the ions have formed one can then estimate the binding 
energy released when they approach to form an ionic structure. Doing this for, e.g., NaCl, 
gives a good prediction of the ionic bond strength. One immediately also understands that 
such ionic molecules are very reactive due to their polar nature and form extended crystal 
structures rather than inert molecules. Thus the ionic bonding mechanism is very simple to 
understand in terms of well known properties of the atoms. The complicating quantum 
mechanical effects are hidden in the properties of the atoms and reflected in the periodically 
variable ionization energies and electron affinities. 

The covalent bonding mechanism presents a far more difficult case. The physical 
explanation is still debated despite the apparent truth of the Lewis electron sharing model 
and the ability of modern quantum chemistry to account for the bond strengths to great 
accuracy. The question is how to physically interpret the calculations based on the quantum 
mechanical Schrödinger equation for the electronic structure of atoms and molecules. A first 
significant interpretation was offered by Hellman [9] already in the 1930-s soon after 
quantum mechanics had been developed. He suggested that covalent bonding should be 
understood as a quantum mechanical effect due to the lowering of ground state kinetic 
energy associated with the delocalization of valence electron motion between atoms in the 
covalently bound molecule. Although we shall find much which is correct in this proposal 
the picture is clouded by apparently contradictory facts. Most chemists at the time were 
reluctant to assign covalent bonding to a quantum effect. Instead the idea, seemingly 
supported by the Lewis diagrams with their electron pairs placed between bonded atoms, 
that electrostatic interaction between these pairs and the positively charged atomic centers 
in the molecule was the origin of the covalent bond became favored by most authors of 
introductory texts on chemistry. This view was supported by Coulson who in his famous 
book Valence [10] in 1961 pointed to the Virial Theorem of Coulombic systems which 
showed rigorously that when a molecule in its equilibrium (lowest energy) configuration 
was formed from infinitely separated atoms the kinetic energy rises by half as much as the 
potential energy drops. Thus it appeared that kinetic energy – in complete disagreement 
with Hellman’s proposal – opposed bonding while the electrostatic interactions were the 
cause of bonding. It seemed therefore that the covalent bonding mechanism could be 
understood as an extension of the ionic bonding mechanism to include the effect of electron 
pairs located at bond midpoints between atoms. In more detailed discussions bond 
formation was seen to be associated with excess electron density placed around bond 
midpoints by constructive overlap of atomic orbitals in bonding molecular orbitals. For 
more recent elaboration of the electrostatic view of the mechanism of covalent bonding see, 
e.g. a book by Burdett [11] and an essay by Bader and coworkers [12]. 
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This view of covalent bonding as an electrostatic interaction was generally accepted among 
chemists even though Ruedenberg [13] already in 1962 showed that the Virial Theorem was 
in small molecules like H2+ and H2 a reflection of orbital contraction, i.e., the tightening of 
the electron density around the two nuclei rather than the displacement of electron density 
into the region around the bond midpoint. Ruedenberg suggested that this contraction of 
atomic orbital or electron density around the atomic nucleus could be thought of as a 
“promotion” of the atom to a smaller size appropriate in the molecule. If this promotion was 
performed at a certain cost in increased energy at infinite separation then the subsequent 
formation of the molecule would follow the proposal of Hellman and show a decrease in 
kinetic energy due to valence electron delocalization which stabilizes the bond. An 
alternative procedure followed by most early applications of quantum chemistry to the 
calculation of covalent bond energies is to use frozen atomic orbitals in a minimal basis set 
calculation in which case the orbital contraction identified by Ruedenberg is completely 
absent. In this case the Virial Theorem is completely violated in the bond formation which is 
again – as predicted by Hellman – due to the lowering of the kinetic energy upon electron 
delocalization. One may then – as suggested by Kutzelnigg [14]– at the end of such a 
calculation allow the orbital exponents reflecting degree of contraction around the nuclei to 
be optimized. The Virial Theorem now is satisfied but only a small decrease in both total 
energy and bond length is found. Thus one can see that the ability to resolve the covalent 
bonding mechanism is hardly dependent on whether the Virial Theorem is satisfied or only 
weakly so. Recent discussion of this issue can be found in articles by Ruedenberg [15] and 
Kutzelnigg [16] and work cited therein. 

2. The current impasse 
The problem we are currently faced with in the understanding of covalent bonding is that 
we have a well formed empirical concept of a covalent bond which is arguably the very 
foundation of chemistry and we have within modern quantum chemistry many 
approximate theories which allow us to compute the structures, energies and other 
properties of covalently bonded molecules with high and ever increasing accuracy. 
Remarkably we still have not agreed upon how to provide an appropriate physical 
explanation of the observed and calculated covalent bonding. Clearly the arguments of 
Hellman and Ruedenberg in terms of kinetic energy lowering and that of Coulson and many 
authors of chemistry textbooks in terms of electrostatic interactions as the source of covalent 
bonding have their “grains of truth” but they also contain apparent contradictions which 
may confuse students or make textbook authors avoid the issue of physical understanding 
of covalent bonding altogether.  

Most quantum chemists appear to be pragmatic about this state of affairs and are not greatly 
concerned with the lack of physical understanding as long as their methods can 
quantitatively resolve covalent bonding. Bader [12] and others strongly maintain that 
chemical bonding must be thought of as due to an electrostatic interaction connected with 
the redistribution of electron density to yield a build up in the interatomic (~ bond 
midpoint) region. Others, e.g. Frenking, [17] seek insight into chemical bonding from an 
energy decomposition analysis (EDA) using the results of modern quantum chemistry for 
molecules with various types of chemical bonds. This can be thought of as a refinement of 
the discussion about the roles of kinetic or potential energies and whether one or the other is 
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performance of Thomas-Fermi theory for atoms and molecules can be found in the book by 
Parr and Yang on “The Density-Functional Theory of Atoms and Molecules” [24] where also 
many correction schemes have been discussed. It is our purpose here to reveal as clearly as 
possible the underlying causes of the failure of the original TF theory – particularly the 
reason why atomic reactivity and covalent bonding are absent. It then becomes possible to 
not only understand how to correct the theory but also to identify the origin of atomic 
reactivity and the covalent bonding mechanism in its general form.  

4.1 Thomas-Fermi Theory for one-dimensional motion 

We begin by considering the familiar particle-in-the-box system where a single electron is 
moving in a potential V(x) = 0 for 0 < x < L, and = Ð elsewhere. Given the classical kinetic 
energy T = p2/2m it is clear that the classical phase space volume below an energy E is Ǹ(E) 
= 2p(E)L = 2(2mE)1/2L and the density of states is Ȑ(E) = (2m/E)1/2L . The energies separating 
states are obtained from Ǹ(EF,n) = nh, which yields EF,n = (nh/2L)2/2m . Finally the TF energy 
eigenvalues are obtained as – 
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This result strongly resembles the exact relation En = h2n2/8mL2 as shown in Figure 1, but the 
TF result is always slightly lower.  

 
Fig. 1. Comparison of Thomas-Fermi (filled square) with exact (diagonal line) 1D particle-in-
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Fig. 3. Comparison of Thomas-Fermi (filled squares forming jagged line) and exact (diagonal 
line) energy eigenvalues for the cubic box potential in 3D. 

generally too low due to the lack of gradient kinetic energy but they are also nondegenerate 
and smoothly progressing with decreasing energy gaps while the exact results show larger 
and very variable energy gaps but strong degeneracies of the energy levels.  

The same comparison of exact and TF energies for the isotropic 3D harmonic oscillator in 
Figure 4 show only this latter error where the TF energy levels are nondegenerate with 
smoothly decreasing energy gaps while the exact spectrum shows constant energy gaps as 
for the 1D harmonic oscillator but rapidly rising degeneracy. 

The “degeneracy deficiency” seen in the TF eigenvalues of both the particle-in-the-cube and 
the isotropic 3D harmonic oscillator is due to the assumption of rapid ergodic electron 
dynamics which ignores the separability of the x, y and z-directed motion of the electron in 
these two potential wells. If we were to account for this separability and apply the TF theory 
to each 1D motion in the axial directions independently then the degeneracies would be 
recovered and we would have perfect agreement between 3x1D TF results and exact results 
for the harmonic oscillation and only the gradient error remaining in the case of the motion 
in a cube as shown in Figure 3.  

The identification of the “dynamical error” in standard TF theory above is of the utmost 
importance since the degeneracies in the spectra of the electron motion in a cube or in an 
isotropic 3D harmonic oscillation are a reflection of what we call “shell structure” in the case 
of atoms. Thus we can see already that the TF theory ignores shell structure and we shall 
show below that it thereby also ignores atomic reactivity. In order to correct TF theory for 
this error we need to explicitly account for the dynamical constraints, i.e. non-ergodicity and 
hindered electron dynamics, which is present in real electronic structures. This is easy to do  
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Fig. 4. Comparison of Thomas-Fermi (filled squares in jagged line) and exact (diagonal line) 
energy eigenvalues for the isotropic 3D harmonic oscillator. 

in the case of separable electronic motion as above but will be more subtle below as we 
approach realistic atomic and molecular systems. 

The dynamical error illustrated above can be seen to be related to the loss of shell structure 
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This potential is shown in Figure 5.  
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Fig. 5. The 1D double square well potential. 

 
Fig. 6. Comparison of the energy splitting between ground and first excited states of a 
double square well motion in one dimension. The TF theory shows constant and large 
splitting while the exact result decreases rapidly towards zero with increasing barrier width. 
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 En,l,m = -1/2n2 , n = 1,2,…, l = 0,1,.. n - 1, m = -l, -l + 1, … l - 1, l. (8) 

However, the electron has spin – either up or down. We have so far considered spinless 
particles. Allowing for spin while maintaining the ergodic quantization of the original TF 
theory will double the phase space as the electron is allowed to rapidly flip from up to down 
or vice versa. The results above therefore describe doubly degenerate energy levels which 
correspond to a form of “nonergodic” TF theory which conserves spin. The standard TF 
theory, on the other hand, will populate both spin up and spin down phase space with one-
electron states which are spin-depolarized giving nondegenerate energy levels. Figure 7 
shows both the fully ergodic (original) TF energy eigenvalues as well as those obtained by 
the spin-nonergodic TF theory described above. The clear picture seen is that the Thomas-
Fermi energies behave reasonably apart from the inability to resolve the highly degenerate 
shell structure of the correct quantum results. This will be a key fact in the resolution of 
reactivity and covalent bonding proposed below. 

4.3 The hydrogen molecule ion 

The simplest molecule, the hydrogen molecule ion H2+, has an electronic potential composed 
of two displaced hydrogen atom potentials, hence the total potential energy including the 
internuclear repulsion (all in atomic units) is - 

 
( ) 1 1 1

a b
V r

r r R
= - - +  (9) 

where ra and rb represent the distance of the electron from nuclei a and b respectively and R 
is the internuclear separation. 

The first two terms in equation (9) correspond to a double well potential of two superposed 
hydrogen Coulomb wells while the third term represents the repulsion between the two 
protons. The integral determining the phase space volume below an energy E, Ǹ(E), is now 
harder to find analytically but still easy to determine numerically. We leave those details 
aside and consider the results obtained by the “nonergodic” (i.e., spin conserving) form of 
Thomas-Fermi theory. In Figure 8 we show the electronic, internuclear and total energy of 
the ground state as a function of the internuclear separation R. 

It is clear from the figure that while the electronic energy is weakly attractive the 
internuclear repulsion is stronger and the total energy is weakly repulsive. The phase space 
integrations are readily extended to generate excited state energies and the corresponding 
bond energy curves for the first ten states of H2+ in the spin conserving TF theory are shown 
in Figure 9 below. 

The non-bonding character of the Thomas-Fermi results is not related to the choice of spin 
conserving or original spin-unpolarized theory. As will be even more clear after 
consideration of the successfully bonding Hückel theory below the problem of the Thomas-
Fermi theory is related to the inability to resolve the constraints on the electron dynamics. In 
the case of the calculations for H2+ above the loss of bonding is related to the inability to 
resolve left-right electron transfer between the two coulombic potential wells located on the 
protons. As seen very clearly in the case of the two non-overlapping square wells in 1D 
above the TF theory will effectively quantize the motion as if the dynamical hindrance of the  
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Fig. 8. The Thomas-Fermi energies for H2+ obtained in the “nonergodic” (spin conserving) 
theory are shown as a function of bond length R. From the top we have the internuclear, 
total and electronic energies. 

 
Fig. 9. Total energies for the lowest ten states of H2+ in the spin conserving form of Thomas-
Fermi theory. 
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barrier was not present – irrespective of its width. In the same way the TF results for H2+ 
above have a character as if the electron transfer is rapidly delocalized for all bond lengths 
in stark contrast to the slowing down of this transfer by an increasingly broad barrier for 
increasing bond length seen in the exact quantum mechanical results. This will be discussed 
in greater detail in connection with the Hückel model below.  

We conclude this examination of the Thomas-Fermi theory with the observation that it is 
able to follow broad trends in the density of energy eigenstates quite well but fails to resolve 
degeneracies and near-degeneracies in the spectrum due to dynamical conservation laws 
and other constraints such as potential barriers penetrable only by tunneling. In order to 
confirm our notion that this failure is also the cause of its inability to predict covalent 
bonding we now turn to the Hückel theory which despite its simple empirical nature is able 
to resolve covalent bonding very well. We shall particularly consider the representation of 
dynamics afforded by the Hückel theory to find therein the reason why it succeeds where 
the Thomas-Fermi theory fails. 

5. Covalent bonding as described by the Hückel Molecular Orbital (HMO) 
model 
Hartree-Fock and modern DFT based on the Kohn-Sham kinetic energy both successfully 
describe covalent bonding – albeit with some quantitative errors due to incorrect description 
of electron correlation effects. Common to these theories is the key role played by molecular 
orbitals formed from modified atomic orbitals as the covalently bound molecule is created. 
It is clearly the nature of these molecular orbitals and their orbital energies which carries the 
information about the covalent bonding mechanism. In order to most graphically illustrate 
the covalent bonding mechanism we shall therefore reexamine perhaps the simplest form of 
molecular orbital quantum chemistry, the Hückel molecular orbital model, which 
successfully captures the covalent bonding mechanism. In particular we shall 

¶ claim that Hückel theory, appropriately interpreted and extended, is the minimal and 
precisely focussed explanation of all forms of covalent bonding, 

¶ use the Hückel model to illustrate the concept of quantum ergodicity in the context of 
electron dynamics, 

¶ show that Hückel theory displays the direct relation between electron delocalization 
and quantum ergodicity which in turn is the key to covalent bonding, and 

¶ argue that all main types of bonding, including resonance stabilization, can be 
systematically organized according to the degree of delocalization employed in the 
stabilization. 

The molecular orbitals (MO) of a molecule are, by definition, solutions of the Hartree-Fock 
equations, i.e. eigenfunctions of the Fock operator 

 
ˆ

i i iFy ey=  (10) 

where F̂ is an effective one-electron Hamiltonian operator for a single electron within the 
molecule which interacts with the nuclei and all other electrons. Thus we have 

 ˆ ˆ ˆ ˆ ˆ
NF T V J K= + + - , (11) 
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where T̂  is the kinetic energy operator of an electron, ˆ
NV  and Ĵ  represent the Coulomb 

interaction of an electron with the nuclei and all other electrons respectively, and K̂  is the 
exchange operator which accounts for the fermion nature of the electrons, i.e. the anti-
symmetry requirement on the total many-electron wave function. In the majority of 
quantum chemical applications the MO-s are constructed from atom centred basis functions 
{ }kc ,  

 i ki k
k

Cy c=ä . (12) 

The Hartree-Fock equations, when projected onto the space spanned by the above atomic 
orbital (AO) basis, become matrix eigenvalue equations 

 eFC = SC , (13) 

where S and F are the overlap and Fock matrices, 

 kl k lS c c= , (14) 

 
ˆ

kl k lF Fc c= . (15) 

The Hückel MO method is developed from Hartree-Fock theory through a series of 
assumptions and approximations. 

1. As Hückel theory was formulated primarily for conjugated hydrocarbons, i.e. planar 
molecules, the s - p separability applies and hence the Fock equations are block-
diagonal: 

 s s s s s

p p p p p

å õå õ å õå õå õ
=æ öæ ö æ öæ öæ ö

ç ÷ç ÷ ç ÷ç ÷ç ÷

F 0 C 0 S 0 C 0 0
0 F 0 C 0 S 0 C 0

e
e

 (16) 

Hückel theory is then concerned with the calculation of the p-MO-s only, by solving 

 F C = S Cȏ ȏ ȏ ȏ ȏe . (17) 

2. The p basis set is assumed to be a minimal basis, consisting of atomic 2p orbitals, one on 
each carbon atom. Assuming that the molecule is in the xy plane, its p MO-s are then 
constructed in terms of the set of 2pz AO-s of the carbon atoms. 

3. All diagonal elements of the p Fock matrix are represented by a single parameter, a, 
which represents the energy of an electron in a 2pz atomic orbital that includes its 
interaction with the rest of the molecule, according to the definition of a diagonal Fock 
matrix element. All off-diagonal elements between AO-s on neighbour, i.e. bonded 
atoms, are assigned a single parameter, b, which is assumed to be a negative quantity. 
All other off-diagonal Fock matrix elements are assumed to be negligible. The neglect of 
integrals between non-neighbour atoms is known as the tight-binding approximation, 
and, as Ruedenberg [26] pointed out, it is a justifiable first approximation, whereas “the 
outright neglect of neighbour overlap is not.” The Hückel (Fock) matrix is thus  
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 a b= +F I Mȏ  , (18) 

where I is the unit matrix and M is the topological or connectivity matrix which 
specifies the presence or absence of bonds between all pairs of atoms. For butadiene, for 
example, we have 

 

0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0

å õ
æ ö
æ ö= æ ö
æ öæ öç ÷

M  , (19) 

where the numbering of carbon atoms and hence of the 2pz atomic orbitals is sequential, 
starting at one end of the molecule. 

4. In the simplest formulation of Hückel theory the 2pz atomic orbitals are assumed to be 
orthonormal. The Hückel p-MO equations are then simply 

 F C = Cȏ ȏ ȏ ȏe .  (20) 

The corresponding eigenvalues are 

 i ie a l b= + , (21) 

where the coefficients { }il  are eigenvalues of the topological matrix M. We will refer to 
this approach as the standard Hückel model. We recall here, however, that the neglect of 
overlap between neighbour atoms is not a justifiable approximation according to 
Ruedenberg's analysis [26]. 

Since b is negative, the bonding, non-bonding and antibonding MO-s correspond to 
positive, zero and negative eigenvalues of M, respectively. The energies of the MO-s directly 
correlate with the number of nodal planes. Thus, for butadiene the normalized MO-s and 
their energies are 

 ( ) ( )1 2 3 4 1 2 3 4

0.37 0.60 0.60 0.37
0.60 0.37 0.37 0.60
0.60 0.37 0.37 0.60
0.37 0.60 0.60 0.37

y y y y c c c c

å õ
æ ö- -æ ö= æ ö- -
æ öæ ö- -ç ÷

 (22) 

 1 2 3 41.62 , 0.62 , 0.62 , 1.62e a b e a b e a b e a b= + = + = - = - . (23) 

For any given MO the presence of a nodal plane between two neighbour atoms is indicative 
of antibonding character between those particular atoms, as the node signifies destructive 
interference of the AO-s. For butadiene thus, occupancy of the second MO would weaken 
the p-bond between atoms 2 and 3, while strengthening those between atoms 1 and 2, as 
well as between 3 and 4. Such effects are given a quantitative measure by the first order 
reduced density matrix in the AO representation, D, which in Hückel theory is generally 
known as the charge and bond order matrix. It is defined as  
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 †D = C nCȏ ȏ , (24) 

where n is the diagonal MO occupancy matrix with elements 2, 1 or 0. The off-diagonal 
elements of D are the bond orders, with values ranging from 0 to 1, where Dpq = 1 signifies a 
conventional two-centre p-bond, as in ethylene. In butadiene the p-bond orders are 0.89, 0.45 
and 0.89. Thus, Hückel theory predicts in a qualitatively correct manner that there is an 
alternation of p-bond strengths in conjugated polyenes which accounts for the observed 
variation of CC bond lengths. In fact, the Hückel-SCF model [27], in which the b-parameters 
are defined to be bond length dependent, while the bond lengths in turn are determined on 
the basis of the corresponding bond orders in a self-consistent way, has been found to be a 
useful and reliable computational approach in a number of applications [28-32]. 

As noted above, the most obvious discrepancy of the standard Hückel model is the neglect 
of the overlap integrals between the 2pz AO-s on neighbour atoms, i.e. atoms which are 
directly bonded to each other. This approximation actually introduces an inconsistency in 
that if such an approximation were justified, then b would also be negligible since the latter 
is overlap dependent. The justification, in the words of Coulson, is that “Historically, people 
have tended not to include it (overlap) because it turns out not to make much numerical 
difference” [33]. However, in the spirit of the Hückel parametrization, this problem is easily 
remedied, by approximating the overlap matrix S as 

 g= +S I M , (25) 

where g, a third Hückel parameter, is a measure of the average overlap integral between the 
2pz AO-s on bonded atoms. Since Fp, M and S have a common set of eigenvectors, U, i.e., 
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where l is the diagonal matrix of eigenvalues of M. The eigenvalues, e, and eigenvectors, Cp, 
of the generalized eigenvalue equations (17) are simply 
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 1 2( )g -= +C U Iȏ l . (28) 

This formalism, originally proposed by Wheland [34], will be referred to as the standard 
Hückel model with overlap. In comparison with the two-parameter standard model, the 
inclusion of differential overlap integrals results in higher energies, except for non-bonding 
MO-s whose energies would be unaffected. Thus, the bonding MO-s become less bonding, 
while the antibonding ones become more antibonding. The MO energy levels for butadiene 
obtained by the application of these two Hückel models are compared in Figure 10. An 
important consequence of the above parametrization is that the only change in the MO-s 
brought about by the introduction of explicit overlap is their renormalization, whereby all 
elements of the i-th column vector of U are multiplied by a (re)-normalization constant of 

1 2(1 )ig l
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Since 1N ² , the orthogonalization process results in increased density close to the centre of 
the dominant AO which is compensated by a reduction in density in the nodal region of the 
OAO. 

An important aspect of the orthogonalization procedure is the behaviour of the kinetic 
energy matrix elements. In the AO basis the diagonal elements are large and positive, while 
the off-diagonal elements are at least an order of magnitude smaller. With regard to the 
latter, it is instructive to rewrite such a quantity as 

 
2

ˆ ( ) ( )
2

f T g d f g
m

¤

-¤
= Ð ÖÐñ r r rZ  (36) 

where 2h p=Z , h being Planck’s constant, and m is the electronic mass. According to the 
above equation (obtained via integration by parts) the sign of the kinetic matrix element is 
determined by the relative signs of the gradients of the wave functions f and g in the overlap 
region. In the case of two AO-s on different atoms the signs of the bond-perpendicular 
gradients of the two AO-s are the same, but would be different for the bond-parallel 
components for all reasonable bond distances. Hence an off-diagonal kinetic energy matrix 
element would consist of a negative bond-parallel component and a positive bond-
perpendicular component. 

The kinetic energy matrix elements obtained from the above H2+ calculations are shown in 
Figure 12. We note that as the molecule forms, i.e. the internuclear distance decreases, the 
effect of Löwdin orthogonalization is to increase the diagonal kinetic energy elements but 
decrease the off-diagonal elements to negative values. The former effect is the increasing 
Pauli repulsion with increasing overlap, while the latter represents the energetic 
stabilization associated with electron delocalization, i.e. covalent bond formation.  

The effect of Löwdin orthogonalization on the potential energy (nuclear attraction) matrix 
elements is quite different, as shown in Figure 13. In the OAO basis the coupling matrix 
element Vab is near-zero at all distances, while Vaa varies inversely with the kinetic term Taa. 
In fact the sum Taa + Vaa is largely constant throughout the range of bond lengths: it varies 
between -0.698 Eh at R = 5 a0 and -0.871 Eh at R = 1 a0.  

The total energy, when expressed in terms of the OAO matrix elements, is simply 

 [ ]1 .aa aa ab abE T V V R T+ = + + + +  (37) 

Noting that the sum of the bracketed terms monotonically increases with decreasing bond 
distance, it follows that the equilibrium binding, which occurs in the region of 2.5 a0, is 
entirely due to the contribution of the coupling kinetic energy matrix element Tab to the 
energy. The conclusion that follows is well known, inasmuch as an MO calculation using a 
fixed exponent minimal basis predicts that covalent bonding is due to a drop in the kinetic  
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region. In the case of two AO-s on different atoms the signs of the bond-perpendicular 
gradients of the two AO-s are the same, but would be different for the bond-parallel 
components for all reasonable bond distances. Hence an off-diagonal kinetic energy matrix 
element would consist of a negative bond-parallel component and a positive bond-
perpendicular component. 

The kinetic energy matrix elements obtained from the above H2+ calculations are shown in 
Figure 12. We note that as the molecule forms, i.e. the internuclear distance decreases, the 
effect of Löwdin orthogonalization is to increase the diagonal kinetic energy elements but 
decrease the off-diagonal elements to negative values. The former effect is the increasing 
Pauli repulsion with increasing overlap, while the latter represents the energetic 
stabilization associated with electron delocalization, i.e. covalent bond formation.  

The effect of Löwdin orthogonalization on the potential energy (nuclear attraction) matrix 
elements is quite different, as shown in Figure 13. In the OAO basis the coupling matrix 
element Vab is near-zero at all distances, while Vaa varies inversely with the kinetic term Taa. 
In fact the sum Taa + Vaa is largely constant throughout the range of bond lengths: it varies 
between -0.698 Eh at R = 5 a0 and -0.871 Eh at R = 1 a0.  

The total energy, when expressed in terms of the OAO matrix elements, is simply 

 [ ]1 .aa aa ab abE T V V R T+ = + + + +  (37) 

Noting that the sum of the bracketed terms monotonically increases with decreasing bond 
distance, it follows that the equilibrium binding, which occurs in the region of 2.5 a0, is 
entirely due to the contribution of the coupling kinetic energy matrix element Tab to the 
energy. The conclusion that follows is well known, inasmuch as an MO calculation using a 
fixed exponent minimal basis predicts that covalent bonding is due to a drop in the kinetic  
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Fig. 12. Kinetic energy matrix elements for H2+ with respect to (non-orthogonal) 1s AO-s and 
Löwdin OAO-s. 

 
Fig. 13. Potential energy (nuclear attraction) matrix elements for H2+ with respect to (non-
orthogonal) 1s AO-s and Löwdin OAO-s. 
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energy as the molecule’s constituent atoms come together. The same conclusions apply in 
the more general case of optimised exponents, provided we allow for orbital contraction, as 
pointed out by Ruedenberg.  

To provide more insight into the mathematical reasons for these changes consider the 
diagonal and off-diagonal matrix elements of the (Hermitean) kinetic energy operator T̂ that 
arise when two real orbitals are Löwdin orthogonalized, as described above. The 
transformed matrix elements are 
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Using the overlap and kinetic energy matrix elements computed for H2+ at a range of 
distances we find that in both expressions the terms involving the diagonal matrix elements, 

i.e 1 1T̂c c  and 2 2T̂c c , are dominant. (The same pattern has been found for the pp 

orbitals of ethylene and benzene, computed at the SCF/STO-3G level of theory, to be 
discussed later.) The net result is that the kinetic energy of an OAO is larger than that for the 
AO, and the off-diagonal kinetic energy matrix element between two OAO-s is negative, as 
noted above. The physical explanation for the increased kinetic energy content, in the words 
of Weber and Thiel [37], is that “the orthogonalization accounts for the Pauli repulsion of the 
electrons at other centres and prevents penetration into these regions, thus effectively 
reducing the volume for an electron in the OAO and increasing its kinetic energy”. In the 
case of Löwdin orthogonalized AO-s the dominant contributions arise from the regions 
where the dominant component of a given OAO interacts with the “orthogonalization tail” 
of the other, and where the gradients of the OAO-s with respect to all coordinates differ in 
sign. 

In the context of Hückel MO theory, we note that the energy of H2+ at any distance can be 
written in terms of distance dependent a and b parameters: 

 ( ) ( ) ( ) 1 ,E R R R Ra b+ = + +  (40) 

where 

 ( ) ( ) ( )aa aaR T R V Ra = +  (41) 

and 

 ( ) ( ) ( ) ,ab abR T R V Rb = +  (42) 
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where the matrix elements are evaluated in the OAO basis. While similar, but more 
complex expressions can be easily derived for the standard Hückel model with overlap, the 
inherent simplicity of the former makes it more attractive. More importantly, however, in 
the Hückel model in OAO basis, the Pauli repulsion is rigorously separated from the effects 
of delocalization and covalent bonding. In other words, use of OAO bases represents a 
natural starting point for the analysis and ultimately the understanding of covalent 
bonding. 

5.2 The ethylene molecule 

Ethylene is the classic p-bonded molecule which often serves as the starting point for the 
parametrization of Hückel MO theory. The bonding and antibonding p MO-s of ethylene are 
formally the same as the s MO-s of H2+, but there are two important differences: (1) p MO-s 
are constructed from pz-type MO-s which are parallel to each other, hence their interaction 
matrix elements are in general smaller than those of s and p AO-s in head to head 
arrangements. (2) In a many-electron molecule such as ethylene the potential energy of a 
given electron includes its interaction with all other electrons, as well as the field due to the 
nuclei, as implemented in the SCF process. 

Computed values of the kinetic and potential matrix elements of the 2pz AO-s and OAO-s 
are shown for a range of C-C distances in Figures 14 and 15. The CH distances and bond 
angles are fixed at their experimental values. The matrix elements were calculated from 
SCF/STO-3G kinetic energy and Fock matrix elements of ethylene. The potential energy 
matrix elements are simply 

 
Fig. 14. Kinetic energy matrix elements for 2pz orbitals of ethylene with respect to (non-
orthogonal) AO-s and Löwdin OAO-s. 
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Fig. 15. Potential energy matrix elements for 2pz orbitals of ethylene with respect to (non-
orthogonal) AO-s and Löwdin OAO-s. 

 , , , .ij ij ijV F T i j a b= - =  (43) 

where Fij is the Fock matrix element between AO-s i, j. 

The C-C distance dependence of these matrix elements is qualitatively the same as what was 
obtained for H2+ (Figures 12 and 13). Consequently the same observations and conclusions 
apply for the formation of a simple p-bond in ethylene as for the s-bond in H2+. Thus, in the 
OAO representation p-bonding is the result of the negative kinetic interaction between the 
two OAO-s. As the p MO-s are eigenfunctions of the p block of the Fock matrix (see equation 
(10)), the Hückel parameters can readily be identified as the appropriate Fock matrix 
elements of a minimal basis computation, i.e. 

 , .aa abF Fa b= =   (44) 

The p orbital energies of ethylene as a function of the C-C distance, as obtained in the 
current SCF/STO-3G calculations, are given in Figure 16. As expected, the splitting of the 
bonding and antibonding energies is strongly dependent on the interatomic distance. This is 
a consequence of the distance dependence of the kinetic energy matrix element Tab, which in 
turn determines the behaviour of the Fock matrix element Fab, ie. b of Hückel theory. The 
kinetic energies (relative to that of a 2pz AO) of the bonding p and antibonding p* MO-s are 
also shown in Figure 16. Clearly, the distance dependence of the MO-s is determined by 
their kinetic energy content. 

We conclude this section with the observation that the Hückel description of p- bonding in 
ethylene is exactly the same as that of the covalent bond in H2+. In both molecules the  
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Fig. 16. Total orbital and kinetic energies of the bonding p and antibonding p* MO-s of 
ethylene computed at the SCF/STO-3G level of theory. The kinetic energies are relative to 
that of a 2pz AO (1.4777 Eh). 

bonding and antibonding energy levels can be determined in terms of the Hückel a and b 
parameters, where a represents the energy of an electron in an OAO and b is the coupling 
matrix element between the OAO-s on the bonded atoms of the molecule. b is negative and 
predominantly kinetic in character. Thus for the bonding MO, which is the in-phase 
combination of the OAO-s, the energy stabilization relative to the OAO-s is due to 
delocalization and the concomitant drop in kinetic energy. The opposite holds for the 
antibonding MO, the out-of-phase combination of OAO-s, where the energetic 
destabilization is due to the presence of the extra node in the MO. 

5.3 Benzene 

In conjugated molecules there is an extra degree of stabilization of the bonding MO-s due to 
the extra degree of possible p delocalization. To further test the performance of the above 
Hückel models with regard to describing and interpreting p-bonding in planar conjugated 
hydrocarbons, we decided to parametrize the Hückel models on the basis of an ab initio 
minimal basis (STO-3G) Hartree-Fock calculation on benzene at its experimental 
equilibrium geometry. The high (D6h) molecular symmetry is evident in the overlap and 
Fock matrices; there are only four distinct type of elements in each, as indicated in Table 1, 
which lists the converged Fock, overlap and kinetic energy matrix elements in the 2pz AO 
basis and also in the Löwdin orthogonalized (OAO) basis. The in-plane (x,y) components of 
the kinetic energy matrix elements are also shown (as TC ). 
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i,j 
AO OAO 

S F T TC  F T TC  

1,1; 2,2; 3,3;... 1.000 -0.103 1.478 0.296 0.004 1.590 0.362 
1,2; 2,3; 3,4;... 0.214 -0.254 0.075 -0.081 -0.251 -0.263 -0.157 
1,3; 2,4; 3,5;... 0.026 -0.041 0.000 -0.018 0.010 0.017 0.010 
1,4; 2,5; 3,6;... 0.010 0.014 -0.004 -0.009 0.023 -0.013 -0.008 

Table 1. Benzene: Overlap, Fock and kinetic energy matrix elements (in Eh) in AO and OAO 
bases from ab initio (HF/STO-3G) calculations. (The orbitals are numbered sequentially 
around the ring.) 

First, we note that the Hückel approximation, whereby off-diagonal overlap and Fock 
matrix elements between orbitals on atoms which are not directly bonded to each other (as 
listed in the last two rows of Table 1) are neglected, is justified. Secondly, however, the 
differential overlaps, i.e. S12, S23,…can hardly be judged as negligible. Thirdly, the 
orthogonalization has resulted in diagonal Fock matrix elements that are uniformly higher 
in energy, as expected, since the orthogonalization results in orbital contraction as well as 
delocalization by virtue of the “orthogonalization tails” possessed by the OAO-s. As 
discussed earlier in the section on H2+, an off-diagonal kinetic energy matrix element would 
consist of a negative bond-parallel component, TC , and a positive bond-perpendicular 
component, T^ . In the case of benzene the former is actually the in-plane component. In the 
case of non-orthogonal AO-s the two components are positive and negative. As expected, 
Löwdin orthogonalization increases the diagonal elements of the kinetic energy matrix by 
~0.11 Eh, but decreases both bond-parallel and bond-perpendicular components of the off-
diagonal elements to large negative values. 

As the data in Table 1 indicate, in the (non-orthogonal) AO basis the Fock matrix elements, 
in particular the off-diagonal elements, F12, F23,…are dominated by potential energy 
contributions. However, the large and definitely non-negligible overlap integrals, S12, 
S13,…are indicative of substantial Pauli repulsion, so that in the OAO basis the off-diagonal 
Fock matrix elements are almost entirely kinetic in character. Moreover, the increase in the 
diagonal Fock matrix elements brought about by the orthogonalization process is largely 
due to the analogous increase in the diagonal kinetic energy matrix elements. 

Another notable consequence of the orthogonalization procedure is the decrease, by 
approximately a factor of 4, in the magnitude of the Fock matrix elements between AO-s on 
next nearest neighbouring atoms, viz. 1,3; 2,4; 3,5;... elements. 

Utilizing the appropriate ab initio Fock and overlap matrix elements of benzene we can 
parametrize the three Hückel models as follows:  

1. Standard Hückel model: 

 11 22 h... 0.103F F Ea = = = = -  (45) 

12 23 h... 0.254F F Eb = = = = -  

0g = . 





 
Advances in Quantum Theory 134 

Despite its simplicity, the standard model with overlap has not gained much popularity, 
largely because most workers in the field, especially prior to the development of more 
sophisticated semi-empirical and indeed ab initio methods, found that the standard model 
works well without the explicit allowance for overlap, as noted for example by Coulson [33]. 
It was also appreciated that the standard model can be regarded as being formally 
equivalent to the Hückel model in OAO basis, i.e. the neglect of overlap is rigorously 
justifiable [35]. Depending on the problem at hand, be it the estimation and/or 
rationalisation of stabilities in terms of p-delocalization, or the interpretation of electronic 
spectra, the a and b parameters of Hückel theory are treated as adjustable empirical 
parameters, chosen so as to best fit experimental data. As remarked above, choosing a and b 
to best model ab initio minimal basis SCF MO-s and their energies is a pedagogical exercise - 
we do not suggest that such a procedure is superior or preferable to the accepted practice 
when it comes to “real” applications. The difference between the two models arises, of 
course, in the computation of the MO coefficients. Use of the OAO basis implies that the 
MO-s are  

 -1 2= S Uy c  (48) 

where U is the matrix of eigenvectors of the of the topology matrix, M. 

As a further test of the three Hückel models for benzene, the kinetic and potential energy 
components of the computed orbital energies are listed in Table 2, where each MO is 
labelled by the number of its nodal planes.  

 
  

Number 
of nodes 

e  T  V-  

1 2 3 4 1 2 3 4 1 2 3 4 
Standard 
Hückel -0.61 -0.36 0.15 0.41 1.63 1.55 1.40 1.33 2.24 1.91 1.25 0.92 
   

Hückel 
with overlap -0.43 -0.29 0.19 0.71 1.14 1.28 1.79 2.33 1.57 1.57 1.59 1.61 
   

Hückel 
in OAO 
basis 

-0.50 -0.25 0.26 0.51 1.06 1.33 1.85 2.12 1.56 1.57 1.60 1.61 

   

ab initio 
(HF/STO-
3G) 

-0.46 -0.28 0.27 0.50 1.08 1.32 1.82 2.16 1.54 1.60 1.55 1.66 

   

ab initio TC      0.06 0.20 0.50 0.70     

Table 2. Benzene: Total orbital energies of Hückel and ab initio MO-s and their kinetic and 
potential energy components (in Eh). 

The two Hückel models, which include overlap, reproduce the ab initio kinetic and potential 
orbital energies quite accurately, providing further support for the view that these models 
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capture the essential features of the more sophisticated ab initio approach to MO theory. 
Neglecting differential overlap integrals, as invoked in the standard model, yields 
qualitatively different results: the ordering of the MO-s in the standard model is determined 
by the potential energy, as the apparent kinetic energies of the MO-s depend inversely on the 
number of nodes, due to the neglect of Pauli repulsion. To help with our understanding of 
these effects consider the kinetic energy associated with a given MO, as obtained from 
equation (27): 
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where aT and bT are the kinetic energy components of a and b respectively. As noted 
already, in the standard model the kinetic energy contributions to the b parameters, 
although effectively negligible, are actually positive. The variation in kinetic energy among 
the MO-s is largely determined by the variation in energy denominators which depend 
inversely on the eigenvalues, { }il , which in turn are in a direct relationship with the total 
energies, { }ie . However, in the absence of Pauli repulsion, i.e. overlap effects, the kinetic 
energy of the i-th MO would be determined by the energy numerator aT + libT alone, which 
gives rise to the incorrect nodal dependence of the kinetic energy. 

The apparent non-physical behaviour of the MO energies is a basic flaw of the standard 
Hückel model. It is caused by the inconsistency which is implicit in the formalism, i.e. the 
neglect of differential overlap in the parametrization of the overlap matrix, but not in the 
parametrization of the Fock matrix. We believe that from a pedagogical point of view we 
should not advocate this model as a qualitatively correct representation of the electronic 
structure of conjugated p-electron molecules, but rather as the first step in the development 
of an acceptable, i.e. physically correct, theory. 

The above results graphically illustrate the importance of overlap integrals in the 
calculation of molecular wave functions and energies as well as in the description and 
interpretation of chemical bonding. Overlap integrals make an important contribution to 
the quantum mechanical coupling of (non-orthogonal) AO-s and, more generally, of atom-
centred basis functions. Their neglect, as in the standard Hückel model, results in MO-s 
and energetics which would provide an incorrect interpretation of covalent bonding in 
terms of kinetic and potential energies. With the help of judiciously chosen empirical or 
semi-empirical parameters such overlap effects can be “folded” into those parameters in a 
range of popular semi-empirical methods which neglect differential overlap, although 
ultimately, as shown by the work of Weber and Thiel [37], significant improvements in 
accuracy and reliability can be achieved by the direct incorporation of overlap into these 
models. In the case of Hückel MO theory this can be achieved simply by adopting the 
OAO representation. 

The interpretation of covalent bonding via the Hückel theory is particularly transparent by 
utilizing the model in OAO representation, as the role of kinetic energy and its origins in the 
context of bonding can be clearly seen. Löwdin orthogonalization of the AO-s accounts for 
the presence of Pauli repulsion between electrons in the AO-s and results, most 
significantly, in the contraction of the AO-s. The coupling between the resulting OAO-s is, 
however, very strong, negative and predominantly kinetic in character. Electronic 
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transparency and quantum mechanical sophistication, as well as being a method that 
combines computational speed with surprising accuracy. The same applies, in our view, to 
standard p Hückel MO theory, although in most practical molecular applications today the 
level of accuracy that’s required cannot be achieved by such a simple model. It can, 
however, help us understand covalent bonding. 

6. The quantum dynamical content of Hückel Theory 
We have seen above that Hückel theory resolves covalent bonding in terms of a kinetic 
coupling allowing p-electrons to form delocalized molecular orbitals. Now we shall show 
how this in fact resolves the interatomic flow of electrons which can vary in extent (degree 
of delocalization) and rate. Thus the Hückel model can be seen as a simple theory of 
molecular electron dynamics. In turn we shall be able to deduce that covalent bonding is 
most generally understood as due to a quantum dynamical mechanism relating to the 
facilitation of interatomic electron transfer. 

As suggested by the examples above, the Hückel p-MO-s of polyenes are expected to be 
delocalized. A simple, yet convincing way to demonstrate this is to utilize the analogy 
between Hückel theory and the finite element method (FEM) representation of wave 
functions of a “particle in a box”, which is a familiar example to chemistry students. It is also 
known as the Free Electron Molecular Orbital (FEMO) model for conjugated p systems 
[42,50]. It represents the simplest quantum mechanical treatment of conjugated molecules, 
whereby the p-electrons are assumed to be fully delocalized within a one-dimensional box, 
the length of which is chosen on the basis of the total distance between the end-atoms of the 
conjugated system. The system, used also in our discussion of Thomas-Fermi theory above, 
is defined by the square-well potential: 
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and solution of the one-dimensional Schrödinger equation yields the following energy 
eigenvalues and (delocalized) eigenfunctions: 
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where h is Planck's constant and m is the mass of the particle, i.e. here the electron. 

An unusual but, in the context of this work, instructive way to solve this problem is to use 
the finite element method. This is a basis set method where, in the simplest implementation, 
the basis functions are roof functions, centred at equidistant grid-points {xk}: 
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Now, we note that the structures of these translational Hamiltonian and overlap matrices in 
the FEM roof-function basis are precisely those of the standard Hückel model with overlap 
which we discussed above. Thus we merely identify the Hückel parameters as follows: 

 
2

2
3 ,
2 m

a =
D
Z  (58) 

2

2
3
4 2

1 .
4

m
ab

g

= - = -
D

=

Z

  

The energy eigenvalues, { }ie , and the corresponding matrix of eigenvectors, C, are given by 
equations (27) and (28). Since the basic form of the eigenvectors is independent of the 
magnitudes of the parameters a, b and g, we can conclude that the Hückel eigenvectors for a 
linear polyene will be completely delocalized over the entire carbon back-bone of the 
molecule the same way as the eigenfunctions of the particle in a box. 

It is worth noting that the eigenvalues, l, and eigenvectors, U, of the corresponding 
topology matrix, M, can be written in analytic form [42]: 
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where yn is the n-th (exact) eigenstate of the particle in a box, as given by equation (53). The 
coefficients of the roof functions in a given global wave function yn are thus the same as the 
coefficients for the 2pz AO-s at corresponding carbon sites in the Hückel scheme, all given by 
the numerical value of yn evaluated at the grid-point in question. The analytic formulae in 
equations (59) and (60) actually found their way into the chemical literature as solutions of 
the Hückel equations for linear polyenes [42]. Analogous analytical formulae exist for 
(mono-) cyclic polyenes, where complete delocalization of the Hückel MO-s can be similarly 
demonstrated by analogy with the particle on a ring problem. 

Since the eigenvectors of the particle in a box correspond to wave functions that are fully 
delocalized within the square well, the model describes free translation of the particle inside 
the box. In other words, if at some time t = 0 the particle is represented by a localized wave-
packet ( ,0)xx , the time-evolution of the latter is given by  



 
Advances in Quantum Theory 140 

2

2
3 , if 1 ,
4

0 ,                otherwise.

k l
m

= - = °
D

=

Z
 

Now, we note that the structures of these translational Hamiltonian and overlap matrices in 
the FEM roof-function basis are precisely those of the standard Hückel model with overlap 
which we discussed above. Thus we merely identify the Hückel parameters as follows: 

 
2

2
3 ,
2 m

a =
D
Z  (58) 

2

2
3
4 2

1 .
4

m
ab

g

= - = -
D

=

Z

  

The energy eigenvalues, { }ie , and the corresponding matrix of eigenvectors, C, are given by 
equations (27) and (28). Since the basic form of the eigenvectors is independent of the 
magnitudes of the parameters a, b and g, we can conclude that the Hückel eigenvectors for a 
linear polyene will be completely delocalized over the entire carbon back-bone of the 
molecule the same way as the eigenfunctions of the particle in a box. 

It is worth noting that the eigenvalues, l, and eigenvectors, U, of the corresponding 
topology matrix, M, can be written in analytic form [42]: 

 2 cos
1n

n
N
pl = -
+

, (59) 

  2 sin
1kn

nkU
N N

p=
+

 (60) 

( )n
L k
N
y= D , 

where yn is the n-th (exact) eigenstate of the particle in a box, as given by equation (53). The 
coefficients of the roof functions in a given global wave function yn are thus the same as the 
coefficients for the 2pz AO-s at corresponding carbon sites in the Hückel scheme, all given by 
the numerical value of yn evaluated at the grid-point in question. The analytic formulae in 
equations (59) and (60) actually found their way into the chemical literature as solutions of 
the Hückel equations for linear polyenes [42]. Analogous analytical formulae exist for 
(mono-) cyclic polyenes, where complete delocalization of the Hückel MO-s can be similarly 
demonstrated by analogy with the particle on a ring problem. 

Since the eigenvectors of the particle in a box correspond to wave functions that are fully 
delocalized within the square well, the model describes free translation of the particle inside 
the box. In other words, if at some time t = 0 the particle is represented by a localized wave-
packet ( ,0)xx , the time-evolution of the latter is given by  

The Role of Quantum Dynamics in Covalent Bonding –  
A Comparison of the Thomas-Fermi and Hückel Models 141 

 ( ) ( ) ( ) ( ), ,0 expn n n
n

x t x iE t xx y x y= -ä Z  (61) 

and therefore the probability density, P(x, t), of this wave packet evolves in time according 
to 
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 where the eigenfunctions, { }ny , of the (time-independent) Hamiltonian, are assumed to be 
real. 

As an illustration of the movement of a wave-packet, let it initially correspond to the first 
roof function, f1, i.e., 
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The probability density at a given grid-point xk at time t is then 
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For N = 4 the application of this equation (utilising equations (27), (28), (59) and (60) for the 
coefficients {Ckn}and energies {En} yields the results shown in Figure 20.  

 
Fig. 20. Time evolution of probability density P(xk,t) at a given grid-point xk for a wave 
packet defined as the roof function f1 at t = 0, in a basis of 4 roof functions (N = 4), with the 
grid-point index k shown in the figure. 

The time-evolution of the densities at the four grid points within the box demonstrates the 
movement of density from one end of the box to the other including reflections from the 
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ends and the broadening of the initial wave packet. Since the time-independent eigenstates 
of the Hamiltonian are completely delocalized, an electron initially localized at one end of 
the box is able to freely traverse the box, i.e. fully access the available phase space. The time 
average of the probability density at a given grid-point is simply 

 ( ) ( )
0

1lim ,k kP x dtP x t
t

t t­¤
= ñ . (65) 

Approximating the integral by discrete summation, we define ( )kP x
t

 which represents 

the time average of the probability density calculated for a finite value of t. A plot of the 
computed values of ( )kP x

t
 as a function of t for the current problem is shown in Figure 

21. It provides a convincing illustration of the rapid convergence and uniformization of the 
probability densities at the various grid points. The fully converged values are 
( ) ( )1 4 0.3P x P x= =  and ( ) ( )2 3 0.2P x P x= = . 

As shown above, the Hückel type Hamiltonian reflects translation which is free within the 
region spanned by the delocalized eigenfunctions. Hückel MO theory therefore describes 
the free translation of electrons among the atoms of the linear structures established by the 
carbon atoms of a planar conjugated hydrocarbon molecule, which form a “molecular wire”. 
The values of b and g will give the moving electron an effective mass and a velocity. The 
shifts in orbital energies, downward for bonding MO-s, which brings about the energetic 
stabilization of the molecule, are clearly associated with the “delocalization of the electronic 
motion.” The fundamental mechanism of covalent bonding is therefore electron 
delocalization. 

 
Fig. 21. Time averages of probability densities <P(xk)>t as a function of the elapsed time t, 
with the grid-point index k shown in the figure. 
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7. Quantum Ergodicity and the Hückel Model 
The Hückel model is about the coupling of carbon atoms, formation of delocalized 
molecular orbitals and electron translation along “molecular wires” but most of all it is 
about stabilization of p-bonded conjugated hydrocarbon molecules. Why does 
delocalization lead to stabilization? The answer can be given at different levels of 
explanation. The simplest answer may be to appeal to the Uncertainty Principle, as it clearly 
defines the connection between spatial localization and zero-point energy of a quantum 
particle. This relationship is particularly clearly demonstrated by the behaviour of a particle 
in a box, as summarized by equation (52), whereby the (kinetic) energy of the particle is 
inversely dependent on the size of the box, L. The more we localize particle motion, by 
reducing L, the higher the zero-point energy becomes along with increased spacing between 
energy levels, since 
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1 2
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E E
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Thus, it is clear that if the interaction of atoms results in delocalization of the valence 
electrons, then this must, in general, decrease the occupied orbital energies of the system 
and thereby its total energy, resulting in the formation of a molecule. This was discussed by 
Hellmann [9], who, although aware of the Virial Theorem, emphasised the drop in kinetic 
energy due to delocalization upon molecule formation. Reality is however a little more 
complex. As indicated in the Introduction, the accurate energetics of molecule formation 
(which satisfy the requirements of the Virial Theorem) appear to contradict Hellmann's 
ideas, because they also account for orbital contraction. As shown by Ruedenberg and co-
workers [13, 38-41], the correct analysis of the energetics from the point of view of covalent 
bonding needs to separate the atomic orbital contraction effects from the molecular 
interference and delocalization effects. 

At another, and possibly deeper level of explanation, we point out that the reactivity of atoms 
is related to the presence of nonergodic constraints which are relaxed as the molecule forms, 
thereby lowering the energy. The concept of quantum ergodicity is not widely known nor 
without subtlety. A classical (microcanonical) system is said to be ergodic if its trajectory 
dynamics uniformly accesses, or covers, all parts of the (momentum-position) phase space 
which are consistent with a given total energy. Following the original suggestion of von 
Neumann, it was proposed [51] that a quantum system is ergodic if and only if the spectrum 
of energy eigenstates is non-degenerate. Thus a system with a degenerate energy specrum 
would be classified nonergodic. Subsequently it has been recognized that a degree of 
ergodicity could be discerned from the corresponding degree of regularity of the spectrum of 
energy eigenvalues, with an ergodic system displaying a smooth variation of energy gaps 
which translate into a corresponding smooth variation in the total density of states of the 
system [51]. By contrast, a nonergodic system would display random variations in the energy 
gaps. While there is no doubt about the validity of such a correlation between ergodic 
properties of a system and its spectral properties, we believe that quantum ergodicity is more 
directly related to the character of the energy eigenfunctions. This suggestion has been made 
and explored in earlier work on anharmonically coupled harmonic oscillators [52]. 
Consequently, the definition we adopt here is that a quantum system is ergodic if the energy 
eigenfunctions are maximally delocalized in any local basis set. The full implications of this 
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definition may not be immediately obvious. There are many conceivable local basis sets to 
examine and the meaning of “maximal delocalization” is not readily apparent either. 
However, in some cases the application of the above definition is straightforward. Such is the 
case with the Hückel model of conjugated polyenes, because the relevant local basis set is 
obviously the set of carbon 2pz AO-s which are used to construct the Hückel MO-s, as 
illustrated for benzene in Figure 22. 

In the absence of the coupling the localized basis functions form degenerate sets of zeroth 
order energy eigenfunctions. The coupling transforms them into p-MO-s with a band of 
energies. The MO-s may be maximally delocalized or not, depending on the underlying 
molecular geometry. The larger the coupling and the greater the degree of delocalization, 
the broader the energy band becomes, with energy levels which are more evenly spaced. As 
the occupancy of the MO-s is in Aufbau manner, in order of increasing energy, the broader 
the band of energies, the greater the energetic stabilization. Thus, the ergodic character of 
the p-MO-s, being indicative of the degree of delocalization and rate of electron transfer, 
leads to maximal binding.  

  
Fig. 22. Benzene: (a) Contour maps of 2pz AO, and (b) lowest energy Hückel p-MO 
displaying delocalization and maximal spread in terms of the localized basis. (Plane of 
contour map: 0.32 a0 above molecular plane. Contour levels are 0.002×2n, n = 0,1,2,... ) 

A remarkable feature of the Hückel model is that the actual nature of the eigenstates is 
unaffected by the strength of the coupling. As indicated by equation (28), the relative 
contributions of the AO-s to a given MO is determined entirely by the topology of the 
molecule. The presence of overlap coupling between the AO-s only affects the normalization 
of the MO. Thus the slightest coupling leads to the formation of delocalized MO-s, as 
dictated by the topology of the molecule, which reflects a degree of ergodicity that is a 
geometrical feature, being independent of the coupling matrix element b and/or overlap g. 
Only the rate of electron transfer among the atoms reflects the magnitude of the coupling. 
(Indeed, in the absence of any coupling, a polyene with n C-atoms would be n-fold 

(a) (b)
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degenerate which would be unaffected by any unitary transformation of the AO basis, 
including the one that diagonalizes the topology matrix M of the molecule.) 

It should be clear then that from a fundamental quantum mechanical point of view covalent 
bond formation can be interpreted as the relaxation of dynamical constraints which make 
the non-bonded atoms or molecular fragments nonergodic. In H2+ for example, the 
important constraint is the spatial confinement of the electron to the vicinity of one of the 
protons when the internuclear distance is large. As the distance decreases towards the 
equilibrium value the localization constraint is relaxed and the electron is able to more 
rapidly delocalize over the two protons. The same mechanism operates in the formation of 
the 2-electron s-bond in H2 or the analogous p-bond in ethylene, but the process now 
involves two electrons of opposite spin. In the case of butadiene there is an additional 
stabilizing delocalization as the p-electrons are able to move along the whole chain of four 
carbon atoms. Similar additional delocalization is present in longer polyene chains and in 
cyclic molecules such as benzene. The covalent bonding mechanism in all these molecules is 
consistent with a more ergodic form of electron dynamics in the molecules than in the 
corresponding H atoms or in a hypothetical ethylene system without a p-bond (b = g = 0). 

It is instructive to examine the character of the energy eigenstates of a polyene chain with 
reference to the ergodic hypothesis. The conventional valence-bond picture of a conjugated 
polyene is in terms of alternating single and double bonds between the carbon atoms, 
although the importance of delocalization is recognised by the introduction of resonance 
involving several canonical structures. In the Hückel MO model each carbon atom 
“donates” a 2pz AO towards the formation of delocalized p-MO-s, which are then occupied 
by the p-electrons of the molecule, one from each atom. Thus, p-bonding is delocalized right 
from the start, although it is customary to describe the individual CC bonds in terms of 
bond orders, which are readily obtained from the MO coefficients and which for a polyene 
typically range from ~0.5 to ~0.8. As noted already, correction for non-zero overlap will 
renormalize the MO-s but will not affect the relative magnitudes of the coefficients. We 
claim that the Hückel eigenstates exhibit maximal delocalization in the 2pz AO basis. The 
support for this claim comes from the fact that the Hückel MO-s are formally equivalent to 
the particle-in-a-box eigenfunctions expanded in terms of roof functions, as discussed in the 
previous section. As this analogy has general applicability, we conclude that Hückel models 
of polyene chains exhibit full ergodicity and free translation of all electrons within the 
bounds established by the molecular chain. 

In the case of cyclic polyenes, exemplified by benzene, the rotational symmetry and the 
cyclic boundary conditions impose restrictions which, as shown in Figure 17, result in two 
pairs of doubly degenerate (highest occupied and lowest unoccupied) MO-s. Such a pattern 
is typical of cyclic polyenes: Systems with an even number of carbon atoms have just two 
non-degenerate p-MO-s and only one, if the number of carbons is odd [42]. Application of 
the von Neumann definition to the latter would imply that the electron dynamics in cyclic 
polyenes is not fully ergodic. The degeneracies arise, however, as a result of the rotational 
character of electronic motion in systems with only cyclic boundary conditions and they 
correspond to the classical nonergodicity associated with the absence of reflection. Thus, the 
direction of motion, forward or backward, is an additional constant of motion. The motion is 
nonergodic for the trivial reason that direction cannot be reversed, but the rotation is still 
“free” in the sense that there are no barriers of any kind.  
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The analogous free electron MO model of cyclic systems is “the particle on a ring” whose 
energy eigenvalues and eigenfuctions are [42] 
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where n = 0, °1, °2,…, I is the moment of inertia of the particle and q is the angular 
coordinate. With the exception of the ground state (n = 0) all states are doubly degenerate, 
forming forward and backward rotating pairs of eigenstates at each energy. 

8. Chemical bonding and delocalization 
Recognizing the central role of delocalization in the quantum mechanical description of 
molecular electron structure, chemical bonding can be given a unified and physically correct 
description. We recognise that there are two separate sources of stabilization:  

i. Transfer of electrons due to differences in electronegativity, and  
ii. Delocalization of electronic motion.  

In both cases the process of bonding brings the system towards ergodic and rapid electron 
dynamics. Due to the inherent asymmetry between bonded atoms in the former case, the 
ergodic dynamics in such systems is largely local, resulting in the type of interaction which, 
in the limiting case of complete charge transfer, we describe as ionic bonding. The covalent 
bonding mechanism, illustrated so clearly by the application of Hückel theory to polyenes, 
which implicitly accounts for resonance stabilization that is associated with conjugation and 
aromaticity, is a direct consequence of the relaxation of constraints which releases the 
bonding electrons to move freely among the bonded atoms of the molecule.  

It is widely appreciated that ionic and covalent bonding represent two limiting bonding 
scenarios, with a continuous spectrum in-between, including bonds described as ionic 
bonds with covalent character, polar covalent bonds or covalent bonds with ionic character. 
Molecular orbital theory naturally covers all possible cases. This is most easily demonstrated 
by using perturbation theory to deduce the eigenvectors and eigenvalues (correct to first 
and second order respectively) of the following model Hamiltonian for a hypothetical 
heteronuclear diatomic molecule with two valence electrons, in a basis of two valence 
orbitals fa, fb, which are localized on the two atoms, a and b: 

 
a b
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= æ ö+ Dç ÷

H . (69) 

In this equation Da (>0) is nominally the difference in ionization energies of the two atoms, 
i.e. an energetic measure of their electronegativity difference. Assuming that fa and fb are 
orthogonal, the MO-s (in non-normalized form) and their energies are readily shown to be 
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provided b/Da << 1. In the limiting case of very large electronegativity difference and 
sufficiently small coupling, i.e. b/Da º 0, the model predicts ionic bonding, whereby ya, the 
lower energy MO, accommodating both electrons, is entirely localized on atom a. The 
energetic stabilization of the ion pair is of course due to the Coulomb attraction of the 
oppositely charged ions. For small but finite values of b/Da, ya contains some contribution 
from fb, i.e. there is some delocalization, signalling a degree of covalent character to the 
predominantly ionic bond. These effects increase with decreasing Da, corresponding to 
increasing covalency (through the regime when low order perturbation theory is no longer 
applicable). In the limit of Da = 0 we have a homonuclear diatomic with fully delocalized 
MO-s 

 a by f f° = °  (72) 

and a fully covalent bond with the two electrons equally shared by the two atoms. 

In extended systems, ranging from just triatomics such as NO2 to polyenes like benzene to 
crystalline solids such as graphite there is an increased degree of delocalization that can 
extend over the whole molecule, culminating in macroscopic delocalization that takes place 
in metallic systems such as solid sodium or graphite. Thus, metallic bonding is just a natural 
extension of the very basic covalent bonding mechanism that occurs in H2+! The success and 
reliability of computational models based on MO theory to systems ranging from diatomics 
to proteins and to solids (in the form of the tight binding method briefly discussed above) 
provides convincing practical support for our belief that the MO model contains all the 
essential physics needed to correctly account for the wide range of bonding interactions of 
atoms and molecules that account for the chemistry of our world. 

Depending on the system of interest and the accuracy we require of a specific calculation, 
the basic MO model may need to be extended so that the computed molecular wave 
function better approximates the exact wave function. This requires the use of large orbital 
basis sets as well the explicit inclusion of dynamical electron correlation, predominantly 
between electrons of opposite spins, which, by definition, is neglected in the Hartree-Fock 
formalism. For example, the quantitative prediction of a covalent bond dissociation energy 
requires the inclusion of correlation in the quantum chemical model since correlation 
contributions to bond dissociation energies are typically 25 - 50%. Another well-known 
deficiency of the (single configuration) Hartree-Fock method is its inability to correctly 
describe dissociation processes which involve the breaking of one or more two-electron 
covalent bonds, as occurs e.g. in the dissociation of H2 (from its ground state), which 
requires a multi-configuration treatment, i.e. the inclusion of non-dynamical (static) electron 
correlation. Irrespective, however, of the nature of the correlated wave function, whether it 
is multi-configuration SCF, configuration interaction or coupled cluster, it implicitly 
includes electron delocalization. This is obvious when a given correlated wave function is 
constructed in terms of delocalized MO-s, such as canonical SCF MO-s, or even localized 
SCF MO-s, e.g. two- or three-centre bond orbitals and lone pair orbitals, which, relative to 
the atomic orbitals, are of course considerably delocalized. Delocalization is less obvious 
when the total wave function is constructed directly from atomic orbitals, as in Valence 
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Bond Theory. For example, the Heitler-London wave function of H2 is built in terms of 
atomic configurations 1sa(1)1sb(2) and 1sb(1)1sa(2). While these correspond to localized 
electrons (on atom a or b), their (in-phase) combination, representing the ground state of H2, 
is clearly a delocalized two-electron wave function. 

9. Implications for Thomas-Fermi and modern Density Functional theories 
We have seen above the direct relation between covalent bonding and valence electron 
dynamics which in turn is related to canonical orbital delocalization and energy splitting. 
The original Thomas-Fermi theory effectively assumes ergodicity of electronic motion and 
maximal transfer rates which in molecular orbital representation would mean maximally 
delocalized and energy separated canonical orbitals. Thus the atoms are according to the TF 
theory already relaxed into inert gas form and molecules are unstable since the effects on 
stability due to dynamical constraints posed by atomic shell structure and potential barrier 
hindrance of interatomic electron transfer cannot be resolved to favor molecule formation. 
Here we have emphasized the value of the understanding this failure provides concerning 
the mechanism of covalent bonding. The obvious follow up question is whether it is – given 
this understanding – possible to correct Thomas-Fermi theory and obtain a more useful but 
still “orbital free” form of TF-theory. 

It is clearly possible to remove the assumed ergodicity with respect to spin-flipping as we 
have done here in our analysis of the hydrogen atom and the hydrogen molecular ion. It is 
also possible to recognize that quantization must be done separately and individually for 
the atoms of an infinitely expanded molecule. Thus we could immediately see that the 
energy of H2+ would be lower at equilibrium separation than at infinite bond length where 
the energy should – with local quantization – be that of a hydrogen atom. In fact, we have in 
earlier work [4-7] explored the possibility of comparing traditional ergodic TF energies with 
nonergodic locally quantized TF energies to estimate the reactivity of atoms and the 
maximal stabilization possible by assuming that there were no dynamical constraints on the 
electronic motion for a molecule at its equilibrium geometry. This work was done using 
simplified exponential electron densities and empirical von Weiszäcker correction to allow 
atomic TF energies to agree with experiment or accurate quantum chemical results. The 
results have clearly shown that Thomas-Fermi theory, with or without spin and space 
localization imposed on the electronic motion and therefore also on the quantization, is 
capable of providing a measure of atomic reactivity and bonding efficiency in the formation 
of molecules. The picture one finds is in good agreement with chemical intuition. First row 
atoms are more reactive than those in the second row. Oxygen is the most reactive atom and 
– due to Pauli and internuclear repulsion and remaining constraints on electronic motion – 
only a small fraction (typically a quarter) of the stabilization energy available in principle is 
actually realized in the molecule at equilibrium.  

An “orbital free” true density functional theory that can accurately predict reactivity and 
covalent bonding at all stages of molecule formation has still not been found. This is in itself a 
signal that covalent bonding is not – despite the Hohenberg-Kohn theorem [53] – readily 
described in terms of electron density. Wave functions, here in terms of one-electron orbitals, 
provide the best route to covalent bonding. The reason is, we hope, very clear from our 
analysis above: the canonical orbitals of Hartree-Fock, Hückel or modern density functional 
theory capture the character of the electron dynamics in the most direct manner and thereby 
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Bond Theory. For example, the Heitler-London wave function of H2 is built in terms of 
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also reactivity and bonding. It has been noticed in connection with DFT applications to solids 
[54] that Thomas-Fermi theory can be corrected for the “nonbonding flaw” by a zeroth order 
orbital calculation where the one-electron Hamiltonian is generated from the Thomas-Fermi 
electron density and no iterations to consistency are performed. We have independently 
investigated such orbital corrections and verified [7] that the Thomas-Fermi results for electron 
densities of molecules can similarly be used to generate approximate one-electron 
Hamiltonians of the Fock or Kohn-Sham type which then yield energies of a quality nearly as 
good as that obtained by converging the corresponding Hartree-Fock or DFT calculations. This 
again illustrates the power of the molecular orbital analysis and the fact that it so effectively 
comprises and corrects the flaw of the Thomas-Fermi theory. 

A final reflection on the evolution of modern DFT suggests that it is – perhaps surprisingly – 
more beholden to the Kohn-Sham method of estimating kinetic energy by an introduction of 
orbitals than it is to the Hohenberg-Kohn theorem which gave the density functional theory 
of electronic structure its legitimacy. Without a solution to the “nonbonding flaw” DFT 
would have remained of marginal interest in the great computational advance on molecular 
and solid state electronic structures over recent decades. The Kohn-Sham scheme inserted 
the molecular orbital analysis which – precisely as in the Hückel theory above or in the 
orbital correction of Thomas-Fermi theory – effectively resolved the electron dynamics and 
related mechanisms of reactivity and bonding. This suggests that improved functionals of 
either higher accuracy or computational efficiency must retain the ability to resolve the 
electron dynamics – if not by orbitals then by some other method no less able to describe the 
intimate coupling between electronic motion and stability. 

10. Conclusions 
The contrast between the total failure of the Thomas-Fermi theory and the success of the 
Hückel molecular orbital model in describing covalent bonding has shown very clearly that 
the mechanism of bonding is fundamentally of dynamical origin. Interatomic transfer of 
valence electrons, present to a degree in the molecule but absent between the separated 
atoms, relaxes the energy penalty of the constrained quantization in a dissociated molecule. 
The molecular orbitals obtained either by the application of Hückel theory, or by ab initio 
Hartree-Fock methods, capture the delocalization and orbital energy splitting which 
represent the spatial degree as well as the rate of valence electron transfer which underlies 
covalent stabilization. Thomas-Fermi theory employs an ergodic quantization scheme as if 
the delocalization and the rate of electron transfer were always maximal irrespective of 
bond lengths and potential and other barriers restraining such a flow. As soon as it is 
recognized that quantization must be done independently for separated atoms, Thomas-
Fermi theory becomes capable of addressing reactivity and bonding. The non-bonding flaw 
is then identified, but without the use of molecular orbitals the quantitative prediction of 
covalent stabilization as a function of bond length is still too demanding for Thomas-Fermi 
theory. The obvious remedy to the problem was proposed by Kohn and Sham [55] in their 
famous prescription for the evaluation of kinetic energy. Our view is that the reintroduction 
of molecular orbitals, as in the Hückel model, provides the key to the quantitative 
representation of the valence electron dynamics and its effect on covalent stability. 

The dynamical mechanism of covalent bonding as described above allows us to understand 
why earlier explanations of covalent bonding as due either to kinetic energy lowering or 
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electrostatic potential stabilization through electron density redistribution and build up of 
density around bond midpoints have led to persistent disputes. Both these mechanisms play 
a vital but subsidiary role to the dynamical relaxation which is the fundamental mechanism 
of covalent stabilization. Thus there are molecules with particular electronic structures 
and/or wave functions obtained by specific quantum chemical methods for which the 
description of bonding may agree or disagree with either of these earlier explanations of 
covalent bonding. This is because the fundamental valence electron transfer between atomic 
centres in the molecule may result in either potential or kinetic energy lowering which in 
themselves represent stabilization processes, but which are nevertheless less general than 
the underlying dynamical mechanism. Only the most general description of the mechanism 
will give us the full benefit of understanding the bonding seen in all types of molecules and 
computational methods.  

Our analysis above has focused on the qualitative understanding of covalent bonding but 
we are convinced that a gain in such understanding will also bring advantages in the 
quantitative prediction of bonding. There are good reasons to believe that such benefits will 
first be found in the development of new density functional methods with improved 
performance with respect to computational efficiency and accuracy. Our work so far indeed 
contains a number of suggestions for the improvement of DFT and we look forward to 
much further progress in the future. 
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1. Introduction 
Throughout these centuries, the origin of life is an intriguing question that still remains 
unanswerable (Nadeau & Subramaniam, 2011). Moreover, the growth and evolution of each 
living species in nature is governed by a life code, an acronym widely famous as DNA that 
means deoxyribonucleic acid (Rittscher, 2010). With a function of organic acid, the great 
DNA action consists into the organization and regulation of the genetic informations, which 
are simply so-called as genes (Gräslund et al, 2010). Thus, due to the immensity of genes to 
be taken into account, the DNA composition transformed it into a large olygomer formed by 
nucleotide subunits (Jung & Marx, 2005), and therefore DNA is considered one of the largest 
macromolecules ever known. Within the cellular environment, the DNA is organized into 
some very long structures so-named chromosomes, which are duplicated through the cell 
division process.  

In the view of the recent history, however, in fact DNA is considered the cornerstone of the 
biological science, and therefore the appealing to investigate its structure was always an 
exciting task. Briefly, in 1868 the physicist Miescher (Dahm, 2008) has proposed the first 
DNA evidences. After that, precisely in 1878, the nucleic acid was isolated as primary 
nucleobases by Kossel (Jones, 1953). However, only in the beginning of the last century that 
these nucleobases were understood as being formed by phosphate groups linked by ester 
bonds of the 2-deoxyribose (see Fig. 1). Some time later, the discovering of the X-ray 
diffraction by Röntgen (Frankel, 1996) has aided Astbury (Astbury, 1947) to conclude that 
DNA had a regular structure. Furthermore, it was by the X-ray diffraction studies of 
Franklin and Gosling (Franklin & Gosling, 1953), in 1952, that Watson and Crick (Watson & 
Crick, 1953) informed the most modern structure of DNA as a double-helix form (Watson, 
1980).  

The DNA double-helix is stabilized by means of hydrogen bonds between nucleotides as 
well as stacking interactions among the aromatic nucleobases widely known as adenine (A),  
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Fig. 1. Representation of the DNA structure. 

cytosine (C), guanine (G) and thymine (T), which are tied to ester/phospate. In this context, 
it is widely established that these two types of base pairs form different hydrogen bonds. In 
other words, A and T form two hydrogen bonds N–H···O and N···H–N, whereas G and C 
form three hydrogen bonds O···H–N, N–H···N, and N–H···O, as can be seen in the Fig. 2. 
On the other hand, the stability of the DNA is also ruled by the interactions formed by G 
and C, which are recognized as intra-strand base type of stacking. 

 
Fig. 2. Illustration of the hydrogen bonds between nucleotides. 

The biological science is well-known as one of the most interdisciplinary areas due to the 
large number of molecular processes occurring simultaneously within the living organisms 
(Cech & Rubin, 2004), in particular those related to the DNA functionality. Until nowadays, 
however, the discovery of the DNA structure is seen as one of the most important scientific 
conquests of all time. It was by this bioscientific scenery that an immense variety of contexts 
were grouped to congregate one unique idea: molecular recognition and its biochemical 
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functionality (Iqbal et al, 2000; Laskowski, 1996). According to Hitaro (Hitaro, 2002), the 
biological understanding is closely related to the examination of structure and dynamics of 
the cellular functions in a cooperative way, not in isolated parts of the own organism. In 
corroborating to this, as a guide Stahl et al (Stahl et al, 2010) affirm that the molecular 
recognition is stated whether an attractive interaction provoked by the approaching of two 
molecules, which possess at least a slight difference of electronegativity between them. So, 
we would like to emphasize that a careful attention to the knowledge about the profile of 
the interaction types seems to be necessary.  

Some time ago, a historical review signed by Martin and Derewenda put in proof a ransom 
of the concepts related to the hydrogen bonding (Martin & Derewenda, 1999). It was quoted 
some important researchers in this regard, such as Linski, Orgel, Nernst, Werner, and finally 
Lewis, that is considered one of the pioneers of the contemporary chemistry at work with 
systems formed via hydrogen bonds. However, Latimer and Rodebush have published the 
first report about hydrogen bond investigations in aqueous medium. Well, Astbury 
suggested a structure to the alfa-queratine caused by interactions of the NH and CO groups 
on the peptide bonds. Pauling and Mirsky revisited the protein structure and emphasized 
that peptide bonds were formed through the hydrogen bonds between the oxygen and 
peptide nitrogen. In meanwhile, Huggins has carefully analyzed the results reported by 
Astbury (Astbury, 1947), and noted that the amide hydrogen to behave out of the plane 
unless molecular resonance effects were enhanced, so that the single pair of electrons of 
nitrogen was also in the peptide chain.  

Nevertheless, the theory cyclol of proteins in the peptide chain advocated by Wrinch have 
the form –C(OH)···N instead of –(CO)···(NH)–, as it was known. In theory, no classical 
hydrogen bond could be formed. Thus, Pauling was quick to recognize the flaws in your 
publishing model in July 1939, in which he emphasized the planarity of the peptide bond. 
Pauling published his article weeks before the Nazis invaded Poland on September 1. 
However, the same year Pauling also released his classic book ‘The Nature of the Chemical 
Bond’, who was one of the leading spokesmen for the dissemination and development of 
the history of chemical bond and hydrogen bond, so far. After several years of insights 
and discussions, Pauling affirmed in its theories that hydrogen bonds (Y···H) are formed 
by electronegative differences between proton donors (H) and their acceptor ones (Y), as 
already mentioned (Pauling, 1939). However, Pimentel and McClellan did not agree with 
this electronegative criterion, and they stated that hydrogen bonds can exist if the 
hydrogen is bound to any other atom (Pimentel & McClellan, 1960). Some years later, 
theoreticians established some physical conditions in order to unveil the nature of the 
hydrogen bond. For instance, when the electrostatic attractive is the dominant 
phenomenon undoubtedly the intermolecular system is stabilized by means of hydrogen 
bonds (Umeyama & Morokuma, 1977). In opposition to this, van der Waals systems are 
widely known as weakly bound because the London dispersion forces are the main 
contributions (Cukras & Sadlej, 2008).  

Traditionally, besides oxygen, but fluorine and nitrogen are the most known proton 
acceptors in systems stabilized at light of the H···F and H···N hydrogen bonds. However, 
the proton character is a quite accepted parameter, and thereby, the hydrogen bond model 
leads to X–H+ȃ···Y-ȃ. It can be perceived a charge separation interpreted as charge 
transference between HOMO and LUMO orbitals of the proton donor and acceptor, 
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respectively. With this in mind, it was established that other proton acceptor types can be 
useful, such as the unsaturated hydrocarbon centers, by which the X–H+ȃ···ȏ-ȃ hydrogen 
bonds emerged with great evidence. In this scenery, it become stated that a single element is 
not answerable for the formation of the hydrogen bond, but ideally the cornerstone of this 
interaction is site with high electronic density, which at this time is assumed as formed by 
electronegative elements or unsaturated bonds. The magnificence of the ȏ centers becomes 
reliable upon the formation of the ȏ-ȃ···ȏ-ȃ sandwich stacking, whose profile is known as one 
of the weakest interaction with strength in range of 1-3 kcal/mol, being considered then as 
London’s dispersion forces beyond the van der Waals contacts often devoted to weak 
hydrogen bonds.  

The interpretation and forward comprehension of all kind of events and phenomena 
inherent to the DNA environment is not an easy task (Šponer et al, 2001-2002), but in recent 
years the applicability of the chemical methods, physical theories and spectroscopy analyses 
have been decisive in accurate investigations of the biological systems (Shogren-Knaak et al, 
2001). On the other hand, this has yielded intense debates among the expert theoreticians, 
and a lot of computational approaches have been implemented with the purpose to 
decompose the total energy into the following terms: electrostatic, dispersion, charge 
transfer, polarizability, and exchange potential (Umeyama & Morokuma, 1977). Surely, 
other interaction types also occur, such as dihydrogen bonds, halogen bonds or stacking, but 
in practice the most important is the availability of appropriated methodologies to the 
examination of all properties of these interactions. In general, this requirement is displayed 
on the basis of theoretical calculations, such as those from ab initio, semi-empirical or DFT 
nature, where all of them are always implemented to seek and find the deeper potential 
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On the other hand, a long time the scientific community would felt a necessity of a 
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points of molecular surface through the integration of the electronic density by taking into 
account the formalism of quantum mechanics for subspace. Thus, the principle adopted by 
Bader was purely based in quantum mechanics, but with the purpose to describe the atomic 
behaviour within the molecular environment. By revisiting the trajectory of the QTAIM 
development, Bader simply took into account the atomistic cooperative activity, by which 
atoms were defined in a molecule as open systems able to exchange charge and momentum 
with their neighbours. 

The QTAIM benchmark is treat confined systems by means of boundary conditions, in 
which the molecular or atomic surfaces and their shapes are enable to transfer momentum.  
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Where the expressions for * Ò  and its property density ʍ Ò  are given by: 
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The great goal here is transform each property into a particle density in a real space in 
according to the operation of ᷿ Ὠ†, which sums the spins over all coordinates denoted by r in 
a surface space indicated by Ǹ. If we take into account that Schrödinger and Heisenberg’s 
equations define the changes on state function and how these changes affect an average 
value of an observable. In this context, one of the most appropriated procedures to obtain a 
great relationship concerned to the observable, energy (E) for instance, is dedicated to the 
Ehrenfest’s theorem, by which the time rate of change of the average values of an electronic 
position Ò and momentum Ð Éᴐᶯ yields the following relation: 
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& means a force exerted on an electron at position Ò by an average distribution of the 
remains electrons as well as by a nuclear framing yielding the force exerted on the electron 
density. In a real surface space, this kind of force is computed as: 

Ὂ Ὠ† ‪ᶻ ​ Ὗ ‪ ὨὶὊ ὶ ὨὛ  ȟ ὶ „ ὶ Ȣ ὲ ὶ  (6)

In this equation, the momentum of flux density of the QTAIM is distinguished by the stress 
tensor „ ὶ  , whose physical nature indicates a dimension of energy density. 
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The stress tensor ʎ Ò  is defined through the derivation of the Newton’s equation of motion 
(Bader, 1991):  
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The Lagrangian formalism should be used to account the kinetic (K) and potential (U) 
energies, what results in the next equation: 
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To set out the QTAIM formalism, it was used the principle of least action for particle motion 
in subspace conditions. Well, the principle of least action states that a quantity (q) derived 
from wave function is minimized in space and time (t1 and t2) and the atomic surface of a 
open system is modelled as a zero-flux surface, by which the time variations in end points is 
zero (see Fig. 3), as well as the surface also is zero in the extreme of functions, what can be 
summarized as: 
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Fig. 3. Description of the principle of least action. 

In this equation, L symbolizes the Lagrangian defined by the kinetic (K) and potential (U) 
energies. In surface, dW12 vanishes according to the Euler-Lagrange equation, and therefore, 
the Schrödinger’s equation for normalized wave function can be determined as: 

 Ὄ  Ὁ  π Ὄ ᶻ Ὁ ᶻ π (11) 

with ( ᴐ ᶯ 5Ȣ In terms of quantum mechanics, the Lagrangian of the state functions is 
defined as: L(Ƿ, ÐǷ, ɰ,t). In regards to the first-order variation in Ƿ, it can be obtained the 
Schrödinger’s equation Ὥᴐ (ɰ as the Euler-Lagrange equation Ƿ(q,t) dependent of 
time. In this context, by solving the Schrödinger’s equation ƢǷ = EǷ on the basis of the 
classical Hamilton-Jacobi equation for a stationary state reduces the quantum Lagrangian to 
J(ȗ, Ðȗ) in order to minimize the total energy. If the wavefunction is normalized, an 
undetermined multiplier in J(ȗ, Ðȗ) is executed, thereby a new functional G(ȗ, Ðȗ ) is 
obtained. Moreover, it should be pointed out that G(ȗ, Ðȗ) and L(Ƿ, ÐǷ, ɰ,t) are functional 
of Ðȗ and ÐǷ whose kinetic energy are respectively given as follows: ᴐ ​ Ȣ ​   

and ᴐ  ᶯ ɰ . Thus, it can be stated the difference between two forms of kinetic 
energy as proportional to the Laplacian (L) of the electronic density: 
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Ruled by the Gauss’s surface theorem over a spatial region S(Ǹ):  
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where K(Ǹ) and G(Ǹ) represent the kinetic energy densities, which are equivalent to the 
Laplacian of the charge density, Ð2Ȑ(r). If the surface S(Ǹ) is one of zero-flux at any point r 
where n is a normal vector, K(Ǹ) = G(Ǹ) and becomes established the equation (1), whose 
meaning defines the surface by which the atom is delimited as zero-flux of charge density 
(Fig. 4). In other words, the value of the first electronic density derivative is zero, whereas 
the second derivatives go to a minimum or maximum of charge concentration.  

 
Fig. 4. Topology with representation of the zero-flux surface. 

The relationship between surface conditions and high and low electronic density sites is 
ruled by the virial theorem. By assuming the contributions of the kinetic and potential 
energies, elevated and depressive charge density regions are modelled by the positive 
(kinetic energy density G is positive) and negative (electronic potential energy density U is 
negative) Laplacian values, as demonstrated by the equation (16):  
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with 
2

G N ȗ * . ȗdȓ
2m
= Ð Ðñ
Z , in which G is the gradient kinetic energy density and Ƿ is an 

antisymmetric many-electron wavefunction (Matta & Boyd, 2007). By the action of the 
kinetic (G) and potential (U) energy operators, QTAIM identifies maximum and minimum 
of electronic density in the molecular surface and the chemical bonds are classified as 
closed-shell whether Ð2Ȑ(r) > 0 or shared interactions when Ð2Ȑ(r) < 0. As aforesaid, the 
negative Laplacian indicates high concentration of charge density (uphill) whereas depletion 
of charge density is motivated by the positive Laplacian (downhill). The Laplacian Ð2Ȑ(r) is 
defined by the sum of the eigenvalues of the Hessian Matrix H (Ð2Ȑ(r) Ɖ Ȋ1 + Ȋ2 + Ȋ3) (see 
Equations 17), whereas the electronic density Ȑ(r) is described as a set of critical points, such 



 
Advances in Quantum Theory 160 

as Cage Critical Points (CCP), Ring Critical Points (RCP), Bond Critical Points (BCP), and 
Nuclear Attractor (NA).  
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All these critical points are specific, and their internal formalisms are ruled either by the 
sum of the eigenvalues signs (Ȋ1 + Ȋ2 + Ȋ3) as well as by the number of non-zero eigenvalues. 
Therefore, it is obtained a coordinate pair (r, s), which can be used to classify the critical 
points above cited. For instance, the coordinates of CCP, RCP, BCP, and NA are (3,+3), 
(3,+1), (3,-1), and (3,-3). As explained above, r is a coordinate where a normal vector is 
aligned perpendicularly to molecular surface, but now r is interpreted as an intermediary 
point wherein two gradient paths of electronic density emerge from two bonded nuclei. 
Actually, this analysis is routinely applied in many investigations, in particular the 
application in systems formed by hydrogen bonds must be worthwhile. As widely 
established, these arguments have been also applied successfully to study ȏ-systems 
(Oliveira & Araújo, 2011) and hydrogen-bonded complexes (Oliveira et al, 2009). As such, it 
can be seen critical points as extremes of electronic density, that is, maximum or minimum 
in each particular case. For instance, the BCP coordinates (3,-1) implies that the 
tridimensional (x, y, z) electronic density is extreme, whereas -1 is the summed result of two 
maximum (two -1 signs) and one minimum (one +1 sign) of electronic density. By the nature 
of the ȏ···H hydrogen bonds, the proton donor is aligned perpendicularly to the ȏ cloud, 
but in regards to QTAIM critical points, the BCP (3,-1) between the carbon atoms above 
mentioned is the attractor for the bond path linking the hydrogen to the CƉC, C=C, and C–C 
bonds. In this context, the coordinate (3,-1) is considered an able QTAIM source to accept 
protons along the CC bonds.  

One of the most usual types of interactions existing in DNA structure is the hydrogen bond. 
As already mentioned, the formation of a hydrogen bond claims by one center with high 
electronic density, such as those containing lone electron pairs. In this context, a lot of 
proton acceptors possessing great electronic density have been exhaustively examined, e.g., 
hydrogen peroxides (HP). The great insight to investigate the capability of hydrogen 
peroxide in genetic environment is due to its presence in human blood as a metabolic 
bioproduct. It is widely reported the formation of several interaction complexes at the DNA 
level, of which the adenine base is one of the most used in this regard. Thus, the work 
elaborated by Dobado and Molina (Dobado & Molina, 1999) display great informations 
about the formation of hydrogen complexes on the DNA structure, in particular those 
composed by adenine and HP. As depicted in Fig. 5, there are multiple hydrogen bonds 
formed, in general, they are mutual once HP is functioning either as proton acceptor or 
proton donor, and due to this it is not easy to estimate the real strengths of these hydrogen 
bonds. From the structural point of view, the values of the hydrogen bond distances vary  
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as Cage Critical Points (CCP), Ring Critical Points (RCP), Bond Critical Points (BCP), and 
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protons along the CC bonds.  

One of the most usual types of interactions existing in DNA structure is the hydrogen bond. 
As already mentioned, the formation of a hydrogen bond claims by one center with high 
electronic density, such as those containing lone electron pairs. In this context, a lot of 
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bioproduct. It is widely reported the formation of several interaction complexes at the DNA 
level, of which the adenine base is one of the most used in this regard. Thus, the work 
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about the formation of hydrogen complexes on the DNA structure, in particular those 
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Fig. 5. The adenine···hydrogen peroxide complexes 

between 1.8 Å and 2.1 Å. In terms of the QTAIM approach, by the topological contour plots 
of these geometries illustrated in the Fig. 6 became reliable to put in discussion the 
hydrogen bond profiles between adenine···HP.  

 
Fig. 6. Ð2r(r) contour maps for the hydrogen bonds. 
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As can be seen, the structural nature of the hydrogen bond within these complexes is justly 
cyclic once two intermolecular BCP were located adenine and HP. According to QTAIM 
virial theorem of electronic energy, these BCP above mentioned are the source to obtain the 
Laplacian and electronic density quantities. It can be observed that the N–H···O 
(adenine···HP) and O–H···N (HP···adenine) hydrogen bonds were characterized not only in 
terms of the positive values of Laplacian fields and low amounts of electronic density, but 
also by the location of the RCP, what leads to the identification of large cyclic structures 
formed by seven or up to eight members. However, the charge concentration measurement 
on the RCP is valid to debate the hydrogen bond strength. As such, it was computed the 
higher r(r) value of 0.04 e/ao3 for O–H···N, whereas it was found 0.025 e/ao3 for N–H···O. In 
spite of this, the Ð2r(r) values of 0.1 e/ao5 and 0.06 e/ao5 also indicate that O–H···N is a pure 
closed-shell interaction albeit N–H···O cannot be one a typical one. In other words, the 
hydrogen bond is formed when HP is the strongest proton acceptor, what in this sense 
could be concluded that HP is a Lewis’s base.  

The formation of hydrogen bond is a quite diversified event and not occurs uniquely by 
means of independent species or isolated monomers, but also within the same structure 
whether the acceptor and donor of protons are located in appropriated molecular sites. 
This type of interaction is recognized as intramolecular, and its functionality on the DNA 
structure has been well examined. In this context, Hocquet (Hocquet, 2001) provided an 
explanation to the different conformations C3’-endo/anti and C2’-endo/anti of the 
deoxyribonucleosides, namely as 2’-deoxycytidine (dC), 2’-deoxythymidine (dT), 2’-
deoxyadenosine (dA), and 2’-deoxyguanosine (dG) pictured in the Fig. 7 due to the 
formation of intramolecular hydrogen bonds between the purine base and the sugar 
group.  

 
Fig. 7. Chemical structure and atom numbering of the four 2’-deoxyribonucleosides.  
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Fig. 8. Geometry optimized structures of 2’-deoxycytidine (dC) and the molecular graph 
showing all BCP and RCP. 

The QTAIM calculations used to examine the conformations of these deoxyribonucleosides 
revealed the existence of BPs and an intermediate BCP along them. In according to the 
molecular graph (see Fig. 8), it is quoted the formation of the O5’···H6, O5’···H2’ and 
O2···H1’ in C2’-endo/anti, whereas O5’···H6 and O4’···H6 interactions in C3’-endo/anti. In 
comparison with other traditional works, the values of the electronic density and Laplacian 
correspond to median hydrogen bond strength, although it should be mentioned that low 
r(r) values followed by positive Ð2r(r) provide a closed-shell interaction. In this scenery, we 
would like to say that the proton donor feature of H6 diminish as follows dT > dC > dA > 
dG. Nevertheless, it was demonstrated that dT shows higher electronic density in 
comparison to the remaining deoxyribonucleosides. In exception, the C2’-endo/anti 
conformation of dC presents an O5’···H6 hydrogen bond weak, but in other hand, the C3’-
endo/anti conformation has a normal electronic density value but its Laplacian is very high, 
what signify the existence of closed-shell interaction. 

Subramanian et al (Parthasarathi et al, 2004) have used QTAIM topological parameters, such 
as electronic densities, Laplacian shapes, and chemical descriptors to investigate the 
formation of DNA base pairs and which hydrogen bond profiles are formed among them. In 
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Fig. 9 is illustrated the bond paths, BCPs as red dots, and RCPs as yellow dots of the 
Guanine···Cytosine Watson and Crick (GCWC) and 2amino-Adenine···Thymine 
(2aminoAT) DNA complexes, which are formed by means of three stable hydrogen bonds. 

 
Fig. 9. Molecular graphs of DNA bases. 

Initially, the QTAIM protocol indicates the existence of the hydrogen bonds N–H···O and 
N–H···N in conformity with their positive Laplacian values accompanied by low electronic 
density accounts, meaning the existence of a closed-shell interaction between these DNA 
entities. So, if we take into account the Koch and Popelier’s criteria to ensure the 
characteristics of hydrogen bonds (Koch & Popelier, 1995), the alterations on the charge 
density of the proton donors are one of the most drastic events occurred after complexation. 
Of course that the QTAIM topological parameters are used in this insight, such as the 
appropriated values of electronic density and Laplacian values at the BCP, or even the 
mutual penetration between proton donors and acceptors. 

Furthermore, one of the most important analyses in structures stabilized via hydrogen 
bonds is the measurement of its interaction strength, which can be obtained through the 
topological descriptors, e.g., electronic density, Laplacian, and electronic density energy, 
these in association with molecular parameters, such as interactions energies, structural 
distances, and vibrational stretching frequencies. In fact, these relationships have been very 
useful in studies of hydrogen-bonded complexes, but it was also used to investigate the 
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interaction strength between the DNA base pairs. Well, in Fig. 10 is plotted a relationship 
between the interaction energies and the electronic densities computed in each 
intermolecular BCP not only in regards to GCWC and 2aminoAT, but other DNA types are 
also included in this analysis, of which we can cite Cytosine···Cytosine (CC), two 
Thymine···Thymine configurations (TT1 and TT2), two Adenine···Adenine configurations 
(AA1 and AA2), as well as other ones.  

 
Fig. 10. Relationship between the interaction energy and total r(r) of the DNA base pairs.  

Through the correlation coefficient value of 0.859 can be perceived a good and linear 
relationship between the electronic density in the range of 0.030 and 0.055 e/ao3 and the 
interaction energy between 9-15 kcal/mol. It can be seen that DNA pairing bases 
stabilized by three hydrogen bonds are most strongly bound, once the electronic densities 
of these systems are more than 0.05 e/ao3, and thereby they are not placed in the linear 
region. Notably, it is by the fact that the supermolecule approach is not accurate for 
determining the interaction energy in systems formed by three hydrogen bonds or higher, 
e.g. GCWC and 2aminoAT, we can assume that slight deviations in the linear adjustments 
should occur.  

Nevertheless, additional hydrogen bonds beyond than two previously identified are 
possible, mainly in GG3 complex but in GG1 not. Ideally it could be possible to identify a 
bifurcate hydrogen bond O6···H(C8) and O6···H(N2) in GG1, although it was not possible 
to characterize any BCP or RCP for these two interactions, what makes QTAIM unfeasible to 
be used in this regard. However, the application of the Laplacian instead of the electronic 
density as topological descriptor to predict the interaction strength is very useful in many 
situations. To the best of our knowledge, the hydrogen bond strength on the DNA bases is 
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also unveiled through the relationship between the interaction energy and the Laplacian 
computed in each intermolecular BCP, either those with two hydrogen bonds or even with 
three ones. This relationship is illustrated in Fig. 11, by which a correlation coefficient of 
0.827 was obtained. We can observe that similar results were obtained in comparison to that 
presented for the electronic density. The low electronic density values as well as the 
depletion characteristic of the Laplacian corroborated themselves, and in this sense, these 
two QTAIM parameters show similar efficiency to predict the interactions strength of the 
DNA bases of pairs. 

 
Fig. 11. Relationship between the interaction energy and total Ð2r(r) of the DNA base pairs. 

As is widely known, the interaction strength is the cornerstone to preserve the molecular 
stabilization, and in the DNA scenery, it has been demonstrated that their nucleobases 
provide the molecular stability of the DNA chains due to the number of the hydrogen 
bonds to be formed, and indeed, their strengths are included in this context. Among the 
DNA structures well-known, it has been noticed that ȏ stacking and hydrogen bonds are 
the most important types of interaction that retains the DNA helical structure with great 
influence of the guanine and cytosine nucleobases. In an overview, these nucleobases in 
olygonucleotides form are stabilized by distinct energies, i.e., 20 kcal/mol for hydrogen 
bonds whereas 2.40 kcal/mol for ȏ stacking. In order to understand the connectivity 
between hydrogen bonds and ȏ stacking, a symbolic model system was examined, in 
which the action of the benzene upon the formation of the C6H6···GC and C6H6···CG 
complex must be worthwhile (Robertazzi & Platts, 2006). In according to the Fig. 12, the 
bond paths and BCP of the C6H6···GC (a) and C6H6···CG (b) complexes can be analyzed. 
The QTAIM results show that no significant variation could be found between (a) and (b),  
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Fig. 12. Topologies of (a) benzene···GC and (b) benzene···CG. 

i.e., the electronic density for the hydrogen bonds and ȏ stacking are in the range of  
0.001 e/ao3. 

Likely, a decisive argument changes the conclusion highlighted above: inclusion of benzenic 
structures with the following substituents –NO2, –F, –CH3, –CHO, –OH, and –NH2 into the 
ternary complexes (a) and (b). This action should be useful to demonstrate that the 
hydrogen bonds and ȏ stacking can be affected by the hardness (n) of the substituted 
benzene, whose definition according to the Density Functional Theory (DFT) (Geerlings et al, 
2003) is based on second derivative of electronic energy (E) with respect to the number of 
electrons (N) for a constant external potential (r)U d : 
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The great goal of this insight is the reduction of the charge transfer from guanine (G) to 
cytosine (C) with stacked substituted groups on the benzene structure. For example, 
changing –NO2 by –NH2 cytosine is a better proton acceptor with increase of the electronic 
density at the BCP of the hydrogen bonds H1···N3 and H2···O2, but otherwise, a worse 
proton donor causes an increase in the electronic density, what could lead to confirm surely 
that ȏ stacking does influence the formation of hydrogen bonds between G and C. As can be 
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seen, hydrogen bonds and ȏ stacking bring great deformations on the molecular sites of the 
DNA, but its ideal structure is preserved. In accord with Meggers et al (Meggers et al¸ 2005), 
DNA polymer analogous formed by ȏ stacking interactions in agreement with Watson-
Crick pairing scheme of bases produces Ȁ-double helix with absence of the backbone sugar 
residues. Definitively, hydrogen bonds and ȏ stacking interactions are not independent, as 
already discussed the influence between them.  

The nucleobases dimers are formed by ȏ stacking interactions, which can be also 
subdivided into intrastrand (a) and interstrand (b), as illustrated below. As widely-
known, the formation of stacking interactions is closely compromised with the formation 
of the gene codes. In this context is that, in addition to the hydrogen bonds, the ȏ stacking 
contacts should be carefully reliable to interpret the DNA structure and the Ȁ-helix 
formation.  

 
Indeed, there is an intense discussion about the formation of hydrogen bonds on the 
nucleobases dimers. For instance, in recent years the triple hydrogen bonds occurrence on 
nucleobase has been evaluated through the application of high-level calculations, by which 
a slight difference in range of 3 kcal/mol between the dimer and the individual hydrogen 
bonds was discovered. Due to this, recently Matta et al (Matta et al, 2006) have developed a 
theoretical investigation of WC dimeric derived from the DNA fragments. It was quoted the 
existence of three types of hydrogen bonds, namely as N–H···O, C–H···O, and N–H···N. 
The first hydrogen bond type occurs between A and T as well as in G and C. The second 
hydrogen bond is recognized as triple between A and T. Finally, the last hydrogen bond 
model makes itself presents in a double format between A and T as well as G and C. Thus, it 
should be important to comment each one of these hydrogen bonds and their influence on 
the DNA structure.  

It is observed a slight higher concentration of Ȑ(r) in the CG complex in comparison to AT, 
in which the values are 0.028 e/ao3 and 0.025 e/ao3, respectively. Moreover, the H···O 
hydrogen bond is sensitively weak in AT once the value of Ȑ(r) is 0.006 e/ao3. Furthermore, 
the ellipticity curvature Ȋ3 is smaller in AT rather than in CG, what indicates a less charge 
density accumulation in the intermolecular region of the AT system. Only for mention, the 
remaining Ȋ1 and Ȋ2 are perpendicular to the BP of the hydrogen bonds, what makes their 
negative results and then are not taken into account. In according to the Equation 15, the 
virial potential operator U is negative over the entire molecule, whereas G is positive. If U is 
the dominant term, a high electronic density concentration is assumed, as can be seen in 
shared interactions such as covalent or unsaturated bonds. In other words, the electrons are 
placed on the BCP. The same reasoning can be dedicated to G, although the kinetic 
contribution diagnoses closed-shell interactions, or in this current work, the hydrogen bonds 
N–H···O and H···O. Thus, it was suggested an alternative approach to the virial expression 
in order to propose a novel term so-called as electronic energy density H: 

 H 2G U= +  (19) 
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Well, it is by the contributions of G and U that H is estimated. It was observed negative 
values of H not for N–H···O, but actually to N–H···H. The main feature of the N–H···H 
hydrogen bond is its length, which is very short in AT than in CG. Thereby, the electronic 
density Ȑ(r) of 0.052 e/ao3 is AT is higher than CG, whose value is 0.038 e/ao3. Nevertheless, 
these hydrogen bonds exhibit positive value of Ð2Ȑ(r) as well as negative electronic energy 
density H, what is anomalous for closed-shell interactions, but it can be an indication of 
shared electronic density. However, Fig. 13 illustrates different ȏ stacking interactions on 
DNA structure.  
 

 
Fig. 13. Molecular graph of the nucleobase dimer duplexes. 

It was discovered some diversity of ȏ interactions formed by the N···N, C···C, C···N, and 
O···N contacts. These, some are intrastrand and other ones are interstrand. For the third 
structure, G4···C7 and G5···C6, in addition to the six hydrogen bonds, eight ȏ stacking 
interactions are known, of which six are intrastrand whereas two are interstrand. As 
remarkably defined, the values of the electronic energy density H are positive due to the 
contribution of G accompanied by U with smaller negative amounts. By this relationship, 
the Laplacian fields are positive, and in this current analysis were obtained values of Ð2Ȑ(r) 
in range of 0.009-0.039 e/ao5, what no doubts in regards to the profile of closed-shell 
interactions remains about these interactions. In comparison with some typical hydrogen 
bonds formed, the Ȑ(r) values of the intrastrand and interstrand ȏ-stacked contacts are very 
low, but the lowest charge concentration is found in intrastrand situations. In an overview, 
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it was quoted that albeit these π stacking interactions are weak, surely they can influence the 
geometry and stabilization of the DNA structure. 
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1. Introduction

The quantum theory of fields on curved space-times, which is of actual interest in astrophysics
and cosmology, is faced with serious difficulties arising from the fact that some global
properties of the theory on flat space-times become local when the background is curved.
The principal impediment on curved manifolds is the absence of the Poincaré symmetry
which gives rise to the principal invariants of special relativity (i.e. the mass and spin) and
assures the stability of the vacuum state. This drawback encouraged many authors to avoid
the principal steps of the quantum theory based on canonical quantization looking for new
effective methods able to be used in theories on curved manifolds. Thus a particular attention
was payed to the construction of the two-point functions of the axiomatic quantum field
theory (Allen & Jacobson, 1986) or to some specific local effects as, for example, the Unruh’s
one (Unruh, 1976). However, in this manner some delicate problems related to the fields with
spin may remain obscure.

For this reason we believe that turning back to the traditional method of canonical
quantization we may open new perspectives in developing the quantum field theory on
curved space-times. According to the standard interpretation of the quantum mechanics, our
basic assumption is that the quantum states are prepared by a global classical apparatus which
includes the natural and local frames. This means that the quantum observables must be
defined globally as being conserved operators which commute with that of the field equation.
Therefore, the quantum modes have to be determined as common eigenfunctions of several
complete systems of commuting operators which include the operator of the field equation.
These mode functions must be orthonormalized with respect to a suitable relativistic scalar
product such that the subspaces of functions of positive and respectively negative frequencies
remain orthogonal to each other in any frame. This conjecture leads to a stable vacuum state
when we perform the canonical quantization which enables us to derive the propagators and
especially the one-particle operators. Moreover, the theory of the interacting fields may be
developed then as in the flat case using the S-matrix and the perturbation theory since the
normal ordering of the operator products do make sense thanks to the stability of the vacuum
state.

The theory of quantum fields with spin on curved backgrounds has a specific structure since
the spin half can be defined only in orthogonal local (non-holonomic) frames. Therefore,
in general, the Lagrangian theory of the matter fields has to be written in local frames
assuming that this is tetrad-gauge covariant. Thus the gauge group L↑

+ ⊂ SO(1, 3) (of
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1. Introduction

Since the discovery of the accelerated expansion of the universe(Fadely et al., 2009; Fu et al.,
2008; Hicken et al., 2009; Kessler et al., 2009; Massey et al., 2007; Mantz et al., 2009; Percival
et al., 2009; Reid et al., 2009; Riess et al., 2009; Schrabback et al., 2009; Suyu et al., 2009;
Vikhlinin et al., 2009),(Bennet et al., 2010; Jarosik et al., 2010; Komatsu et al., 2010; Larson
et al., 2010), much attention has been attracted to the generalized gravity theories of the
f (R)-type(Caroll et al., 2004; Sotiriou & Faraoni, 2008; Nojiri & Odintsov, 2006). Before the
discovery, such theories have been interested in because of its theoretical advantages: The
theory of the graviton is renormalizable(Utiyama & DeWitt, 1962; Stelle, 1977). It seems to be
possible to avoid the initial singularity of the universe which is the prediction of the theorem
by Hawking(Hawking & Ellis, 1973) (Nariai, 1971; Nariai & Tomita, 1971). And inflationary
model without inflaton field is possible(Starobinsky, 1980).

There is a well-known equivalence theorem between this type of theories and Einstein gravity
with a scalar field(Barrow & Cotsakis, 1988; Maeda, 1989; Teyssandier & Tourrence, 1983;
Wands, 1994; Witt, 1984). The theorem states that two types of theories related by a suitable
conformal transformation are equivalent in the sense that the field equations of both theories
lead to the same paths. Many investigations have been devoted to this issue(Magnano &
Sokolowski, 1994; Sotiriou & Faraoni, 2008). In this work, we first review classical aspects
of the theorem by deriving it in a self-contained and pedagogical way. Then we describe
the problems of to what extent the equivalence holds. Main problems are: (i) Is the surface
term given by Gibbons and Hawking (Gibbons & Hawking, 1977) which is necessary in
Einstein gravity also necessary in the f (R)-type gravity? (ii) Does the equivalence hold also in
quantum theory? (iii) Which metric is physical, i.e., which metric should be identified with the
observed one? Next we solve the problem of the surface terms or the variational conditions.
The surface term is not necessary since we can impose the variational conditions at the time
boundaries that the metric and its "time derivative" can be put to be vanishing. This simplicity
could be added to the advantages of f (R)-type gravity. Quantum aspects of the theorem
are then summarized when we quantize the theory canonically in the framework of the
generalized Ostrogradski formalism (Ezawa et al., 2006) which is a natural generalization to
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1. Introduction 
This chapter looks at the concept of gravitational quantisation and the intriguing possibility 
that it may enable understanding one of the most mysterious problems in astrophysics: the 
nature and origin of dark matter. The concept of gravitational quantisation is relatively new, 
and from the traditional quantum mechanical viewpoint it raises questions about the 
applicability of quantum mechanics to gravitational fields, and also questions about the 
applicability of quantum mechanics on macroscopic scales, because the quantisation states 
of gravitational fields are sometimes large. Quantum physics was after all, originally 
developed to describe the behaviour of electrons in atoms and quickly became the 
recognised way to accurately model the physics of atomic-sized systems. Although it was an 
obvious extension that the structure of nuclei, which were even smaller, could also be well 
described using a wave-mechanical approach, for many years this was the limited domain 
in which quantum theory operated. Nevertheless the success of applying quantum physics 
to nuclear phenomena showed (1) that quantum theory was appropriate to potentials other 
than electrical (in this case the strong nuclear force) and (2) that it provided a correct 
description of nature over a range of scales (< ~2 fm for nuclear structure compared to > ~50 
pm for atoms). The success in modelling nuclear phenomena did not necessarily mean 
however that quantum theory was suitable for describing nature over all scales and that it 
applied to all other types of potentials. For example, the existence of a region where 
quantum physics breaks down and classical physics takes over still remains a debated issue, 
but if such a region exists, at what scale does it happen? And secondly, for what other 
potentials or pseudo-potentials might quantum theory be valid and how would this validity 
be demonstrated? 

With respect to the first question, we argue that there are at present no experiments that 
invalidate quantum theory at any scale, and that quantum-based predictions of classical or 
macroscopic measurements are expected to equally agree with those of classical 
calculations, provided careful attention is paid to effects such as decoherence (Zurek, 1981, 
1982, Chou et al., 2011, Lamine et el., 2011, Jaekel et al., 2006, Schlosshauer, 2007). Indeed 
isolating a consistent value for the scale of the so-called mesoscopic region between the 
quantum and classical domain, above which classical theory would dominate, has proved 
elusive and experiments have continued to demonstrate the applicability of quantum 
physics at macroscopic scales. However, as the many newly-observed macroscopic quantum 
phenomena demonstrate, this does not preclude the possibility that quantum theory may 
lead to additional novel macroscopic phenomena that have no classical analogue. Examples 
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include experiments involving superconductivity and superconducting interference devices, 
and the experiments with entangled photons, atoms and molecules (Nakamura et al., 1999, 
Ketterle, 2002, Van der Wal et al., 2000, Zbinden et al., 2001, Schmitt-Manderbach et al., 
2007). 

With respect to the second point, recent experiments have also observed quantum effects in 
potentials and pseudo potentials other than electromagnetic or nuclear. In seminal work by 
Nesvizhevsky et al., 2002, quantised states of the gravitational field were observed in the 
laboratory. These remarkable experiments demonstrate for the first time that particles form 
gravitational eigenstates in gravitational potential wells, and hence that particles in 
gravitational potentials conform to the laws of quantum physics in the same way that 
electrons do in the electrical potentials around nuclei (despite any apparent but ongoing 
inconsistency between quantum mechanics and general relativity). If relatively pure 
gravitational quantum eigenstates can form in a laboratory situation then the question arises 
as to whether such eigenstates might exist naturally elsewhere in the universe, and if so, 
what their theoretical properties might be. 

Research in the area of quantum gravity has been active for some time (for general reviews 
see DeWitt and Esposito, 2007, Rovelli, 2008 and Woodard, 2009). It should be noted that the 
aim in this chapter is not to develop a theory of quantum gravity. Quantum gravity seeks to 
produce a unified theory of quantum physics and general relativity under all conditions, 
particularly in regions of strong gravity where classical Newtonian approaches break down. 
Such a theory does not yet exist and is not needed in the current context, where a 
Newtonian formulation of gravitational quantum theory is used. The purpose here is to 
examine properties of the predicted quantum based eigenstates that exist predominantly in 
the weak gravity regions of (possibly deep) gravitational wells and to study the behaviour 
of particles in these regions using the traditional quantum eigenspectral decomposition of 
the particle wavefunctions in terms of their energy eigenstate basis vectors. That is, we do 
not include eigenstates that might have significant amplitude fractions in regions of strong 
gravity such as near black holes (and such states should not be needed as they form a small 
fraction of the eigenspectral decomposition for particles in weak gravity regions), and we 
assume that those states that are included in the decomposition may be approximated by 
ignoring any small fraction of their eigenstate function that does encroach on such regions. 
It will turn out that the use of a quantum gravitational approach introduces novel properties 
to particles that enable dark matter to arise as a natural consequence of cosmic evolution 
without the need for new particles or physics beyond traditional quantum theory. 
Coincidentally we will see that not only can gravitational quantisation potentially solve the 
dark matter problem, but also that it compels the introduction of a new paradigm for the 
macroscopic description of particles and their interaction properties. 

The first evidence that dark matter might exist appeared over 70 years ago with Zwicky’s 
observations of high rotation velocities of galaxies in the Virgo cluster which pointed to 
excess unseen mass (Zwicky, 1937). About 30 years later (Rubin, 1970) showed that the 
orbital speeds of stars and gas within galaxies did not fall off with radial position in a 
Keplarian manner as expected, but maintained a constant velocity as far out as could be 
measured. These galactic rotation curves seemed to clearly show that galaxies also 
contained mass beyond that that would be expected from their visible component. 
Significantly this “missing” mass is not a small fraction of the visible component. Instead it 
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dominates, making over 80% of the expected 27% matter content of the universe, and much 
more than this in some galaxies. Because these controversial observations seemed 
inexplicable and had such radical implications for the understanding of the universe they 
were initially treated with scepticism. Evidence has continued however to point to a 
universe whose dominant matter content remains a mystery. Strong evidence supporting 
this hypothesis also comes from observations of gravitational lensing and also those from 
the Wilkinson Microwave Anisotropy Probe (WMAP). These ‘dark’ particles are essentially 
invisible: as far as observations reveal, they do not radiate energy, are transparent to 
electromagnetic radiation and weakly interacting with ordinary (baryonic) particles.  

Cosmologists’ currently favoured solution is the cold dark matter theory (CDM) or the more 
recent modification that includes dark energy, lambda cold dark matter (LCDM) (Primack, 
2001). The theory is based then on the hypothetical existence of an as yet undiscovered 
weakly interacting elementary particle. Although no such particle is predicted from the 
standard model of particle physics, there are extensions to the standard model such as 
supersymmetry (Feng, 2010) that potentially have theoretically predicted particles that 
might function as long-lived weakly interacting particles. Given that such a particle exists, 
numerical simulations of LCDM have been developed, and these have been very successful 
in predicting the very large scale structure of the universe (see Croft and Estathiou, 1993, 
Colberg et al., 1997). In these simulations the structure of the universe grows by 
gravitational coalescence of dark matter particles to initially form small agglomerations that 
then combine in a process of hierarchical merging (Knebe, 1998, Diemand and Moore, 2009) 
to form the clusters and large galaxies seen today. Numerical simulations initially using 
particle masses of 41~ 10 kg (because of computational constraints) and later smaller masses 
both give similar and excellent prediction of large scale universal structure. 

Despite the successes of LCDM cosmology on large scales, it faces some very serious 
challenges on the galactic scale and below (Kroupa et al., 2010). The problems have been so 
difficult that some cosmologists have questioned the validity of the entire LCDM theory. 
The numerical simulations of CDM produce steep cusp-like density profiles at low galactic 
halo radii, an overabundance of satellite galaxies and problems with the predicted angular 
momentum (ibid.). Additionally, the observation of fully formed galaxies like the Milky 
Way at very early times in cosmic history presents a formation mechanism problem since it 
is difficult to understand how this could have happened via hierarchical merging, a 
cornerstone of LCDM cosmology for understanding galaxy formation, in the limited time 
available (ibid.). 

There have been several proposed alternate theories to the idea that the dark matter 
observations arise as the result of hidden mass. One group of these alternative solutions is 
based on the notion that the equations describing gravity on large scales may need to be 
modified. The idea, originally due to Milgrom (1983) - Modified Newtonian Dynamics or 
MOND has now many variations that include relativity and generalisations of quantum 
gravity. These theories all have the effect of modifying gravity in such a way as to explain 
the galactic rotation curves and thus also remove the need for the explanation of the dark 
matter observations in terms of unseen excess mass. However evidence that the “dark 
matter” observations are truly the result of the existence of extra unseen matter continues to 
grow and it has become increasingly difficult to explain dark matter in terms of modified 
gravity. One group of relatively recent observations compelling for the bona-fide existence 
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of dark matter are those of galactic cluster collisions such as the famous Bullet cluster, 1E 
0657-56. In the Bullet cluster evidence is seen of the separation of dark matter from the 
visible components as a result of the collision. The dominant mass component, the dark 
matter, along with the individual galaxies within the cluster have passed through one 
another largely unaffected, but the gas components have interacted and are seen between 
the two now separated dark matter/galactic cluster components (Clowe et al., 2006). 

The suggestion that gravitational quantisation might play a direct role in the solution to the 
dark matter problem was first made by Ernest (2001) and later using a fundamentally 
different approach by Chavda and Chavda (2002). In the former case (the approach in this 
chapter) Ernest considered the effects that the eigenspectral array describing the 
wavefunctions of traditional particles has on their interaction properties, while Chavda and 
Chavda consider the bound quantum eigenstate of two micro black holes and suggest that 
due to their binding, the constituent black holes of such a system will not lose mass in the 
expected manner (i.e from Hawking radiation). In this way micro black holes formed in the 
early universe could be still present today rather than having evaporated at earlier times 
and hence function as an alternative dark matter candidate like the neutralino. 

2. Naturally occurring gravitational eigenstates: Quantum wavefunctions with 
limited eigenspectral range and the connection with dark matter 
2.1 Conditions for naturally occurring gravitational eigenstates 

Predicting the behaviour of particles in gravitational fields using quantum mechanics is in 
principle simple. One applies the non-relativistic Schrodinger equation to a Newtonian 
potential to yield its eigenstates and energies. Once the eigenstates are known, the temporal 
evolution of any particle in that potential is determined from the temporal evolution of the 
eigenspectral array that describes the initial wavefunction, essentially what is classically the 
initial conditions of the particle. Several authors have developed theoretical and numerical 
solutions to these types of equations under various conditions (Bernstein et al., 1998, Doran 
et al., 2005, Vachaspati, 2005, Gossel et al., 2010) and used them to make predictions about 
various physical phenomena ranging from astrophysical processes such as rates of accretion 
onto black holes, to understanding the behaviour of a gravitational Bose-Einstein 
condensate. 

Very little work has been done however to investigate the potential existence or theoretical 
properties of gravitational eigenstates and their consequences for astrophysics (Ernest 2009a, 
2009b). The simplest gravitational eigenstate system would feasibly consist of two neutral, 
spin-zero elementary-type particles in a bound state. The problem for such a system is that 
the binding energy is unrealistically small. For example, if the masses were ͯρπ  kg, the 
most highly bound state, with principle quantum number ὲ ρ has a binding energy of 
ͯ ρπ  eV which is minuscule compared to typical universally pervading energies, for 
example, cosmic microwave background photons (ͯς ρπ  eV) or the observed dark 
energy component of ͯρ GeV m-3 (Tegmark et al., 2004). 

The easiest way to increase the binding energy is to increase one or more of the two 
masses of this two component system. By pushing the component masses to ‘grains’ of 
ͯρπ  kg each, the energy of the ὲ ρ state becomes a healthy -10 eV. But there are 
things to consider than just the binding energy. Given typical densities of ρπ
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ρπ  ËÇ Í  for the masses, the physical size of each is ͯρπ  Í. The initial and simplest 
mathematical approach involves two single point potentials and clearly requires that the 
‘physical extent’ of the masses should not encroach into any significant fraction of the 
space occupied by the eigenfunction, otherwise the effective potential between the two 
changes, and the description in terms of a simple Schrödinger equation breaks down. For 
ὲ ρ, the scale of the -10 eV energy eigenstate above is ͯρπ  Í so that this condition is 
clearly not satisfied. For higher n states, the position of the wavefunction is shifted to 
larger radii, which alleviates this difficulty, but the binding energy of the eigenstate 
approaches zero. One way to circumvent these difficulties is to consider a small 
elementary type particle (say of mass 271.7 10-³  kg) bound in the central potential well of 
a much larger mass and consider only large values of n, and particularly the high angular 
momentum states where ~l n  (see Table 1) 
 

Central mass  
M (kg) 

n  value at 
eigenstate  
energy ~1 eV 

Eigenstate 
 ‘size’ for  

~l n  (m) 

Physical radius of central  
mass (m) assuming  
density 3 3~ 5 10  kg m-³  

1010  27.6 10³  93.5 10-³  17.6 10³  
2010  127.6 10³  13.5 10³  51.6 10³  

246 10³ (MEarth) 174.6 10³  62.1 10³  66.4 10³  
3010 (MSun) 227.6 10³  113.5 10³  83.5 10³  
4010  327.6 10³  213.5 10³  117.6 10³  

Table 1. Eigenstate ‘size’ versus central mass size for a fixed binding energy (1 eV ~ 5000 K) 
and ‘orbit mass’ 271.7 10-= ³ kg. 

With a central point mass potential well, for a given fixed binding energy Ὁ , the quantum 
number n is proportional to the central mass M . (see solutions to equation (1) below). 
Additionally, for the high angular momentum states ( ~l n ), the average effective eigenstate 
radius and thickness are proportional to M  and 1/2M  respectively, while the physical size 
of the central mass grows only as 1/3M . Thus although the value of n required to form an 
eigenstate which ‘clears’ the physical extent of the central mass increases as the central mass 
is increased, the critical value of n required to do this corresponds to a more highly bound 
structure the larger M is. Thus by increasing the central mass sufficiently it is possible to 
obtain a well-bound structure and maintain an eigenstate which does not encroach on the 
physical extent of the central mass. This behaviour is illustrated in Table 1. What constitutes 
‘well-bound’ is arguable, but for a binding energy of 1eV and an ‘orbit mass’ of ͯρπ ËÇ, 
Table 1 shows that the required central mass needs to be of the order or greater than the 
mass of the Earth. Certainly for the solar mass (ͯρπ  ËÇ) and above the condition is easily 
achieved and the analysis can be carried out using a single particle simple Newtonian-type 
Schrodinger equation. 

2.2 Connection with dark matter 

What connection does dark matter have with gravitational eigenstates? Quantum mechanics 
is simply an alternative way to model nature, most useful on small scales. But we do expect 
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that quantum physics should equally well model all classical macroscopic phenomena, 
predicting essentially identical results, a belief echoed in the correspondence principle. Yet 
quantum theory has already yielded many novel macroscopic non-classical phenomena, so 
could a quantum mechanical description of the motion of elementary particles in a galactic 
potential also yield new insights? Remarkably, a quantum description of gravitationally 
bound particles does indeed predict new and intriguing effects. The reason comes from the 
predictions that quantum theory makes about variations in the interaction cross sections of 
particles based on their eigenspectra, which can exhibit unique properties in the case of 
macroscopic gravity. 

2.2.1 Cross sections and eigenspectra 

The concept of describing interactions in terms of a cross section has been one of the most 
fundamental and useful in physics. Simply put, cross sections measure the effective area 
that one particle (the ‘target’ particle) presents to another (the ‘bullet’) when interacting. 
Additionally, it is a measure of the rate at which a reaction occurs. In the laboratory, 
measurements of cross sections are made using a localised ‘beam’ of bullets, measuring the 
rate at which they ‘hit’ the target, and performing an analysis generally based on the 
assumption of a uniform incoming ‘plane wave’ of particles. But whilst it may seem 
reasonable, there is an implicit assumption in this about the nature of wavefunctions 
representing the particles. There is also often an assumption that a measured cross section is 
somehow independent of all but the most evident characteristics of the wavefunctions 
representing the particles involved in the measurement. 

Some aspects of the wavefunction that affect the cross section are obvious. For example 
classically the ‘chance’ (and hence rate) at which two particles placed in a box will interact 
depends on the size of the box. This is trivially allowed for in the experiment by including 
the ‘beam intensity’ in the analysis. Likewise no one finds it surprising that cross sections 
depend on temperature because it is clear we are changing the fundamental nature of the 
interaction. Importantly though, this represents a specific example of how the 
wavefunction characteristics, in this case the eigenspectral wavelengths, affect the 
relevant overlap integrals that determine the rate of reaction and the cross section. But 
there are also subtleties of the wavefunctional form that can lead to dramatic changes in 
the resulting cross section of a particular interaction. In short, the measured cross section 
for any interaction is intimately linked to the eigenspectral array of the wavefunctions 
representing the particles involved. If the eigenspectral array from which the particle 
wavefunction is composed contains a significant fraction of states that are weakly 
interacting (aka ‘dark eigenstates’), then the measured cross section for that interaction 
will be much reduced. 

2.2.2 Dark eigenstates of the eigenspectral ensemble of a large gravity well 

The remarkable thing about the eigenspectral ensemble of a large gravitational structure 
such as a galactic halo is that, in addition to the vast array of states which would normally 
make up the quantum description of any localised ‘visible’ particle, it also contains vast 
numbers of gravitational eigenstates that are weakly interacting or ‘dark’. These dark states 
are the highly excited, high angular momentum (high ( , )n l ) states of Figure 1 (those closest 
to the left hand curve of the ( , )n l  diagram, that is the dotted curve 1p = where we have  
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Fig. 1. Schematic ( , )n l diagram showing the high n, l, m -valued stationary states, drawn to 
emphasize the values of the parameter p n l= -  (dotted curves). Each solid circle on the 
diagram represents 2 1l + , z-projection (m-valued) substates. 

introduced the notation p n l¹ - ) and are somewhat analogous to the Rydberg states in 
atoms, but have much long lifetimes, extreme stability and are much more robust because of 
the physical scale of the potential. A wavefunction whose eigenspectral array on the (n,l) 
diagram determines it as existing as a relatively localised particle in classical phase space 
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Fig. 5. Schematic ( , )n l state diagram showing how characteristics of low-p initial (u(r)i) 
states, and final (u(r)f) states lead to weak interaction: 
case (a) small change in p Ý similar SOF; transitions possible, 0RI ¸  but , ( ) ~ 0E mvD D  
case (b) small change in p Ý similar SOF; , 1n lD D >>  Ý , ( ) 0E mvD D >> , but initial final 
states spatially distinct Ý ~ 0rI  
case (c) large change in p Ý large differences in SOF; , 1n lD D >>  Ý , ( ) 0E mvD D >> , but 
large relative SOF Ý ~ 0rI  

the choice of the final state) but still maintain large differences in lD  and nD . This however 
requires significant ‘p-crossing’ and, in a similar way to figure 9 of Ernest (2009b), we expect 
the resulting differences in spatial oscillation frequency to result in 0RI º , irrespective of 
the interaction Hamiltonian involved. Again we note that: 

¶ A halo consisting of ordinary particles composed predominantly of low-p eigenspectral 
components will be weakly interacting with particles and therefore have difficulty in 
thermalising and hence redistributing its eigenspectral distribution to that of traditional 
localised, Maxwellian eigenspectral compositions. 
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For interactions between identical particles there is the possibility that exchange degeneracy 
enables particles in very different p   states to still interact because of ‘SOF swapping’. This 
can be seen by writing down the symmetric/antisymmetric form of the two-particle 
(eigenstate+perturbing particle) overlap integral. The SOF of the initial and final eigenstates 
could theoretically work together with the SOF of the eigenspectral components of the initial 
and final perturbing particle states to allow a p -crossing transition even when the SOF of 
the initial eigenstate is very different from the final. Optical thickness follows from such a 
particle interaction because low- p  eigenspectral components may then be transferred to 
more strongly interacting components. This possibility enables the prospect of limited 
interchange of baryons in dark states with traditional ‘Maxwellian’ matter during cosmic 
history. Potentially it offers a solution to the significant astrophysical problems of a 
continued source of star forming material in galaxies, the disk-halo conspiracy (mass 
distribution follows radial luminosity), the production of ionised gas from precessional 
galactic jets as observed in M42 at temperatures consistent with those expected from outer 
halo interactions, and the hot interacting gas in the Bullet cluster collision. 

5. A formation scenario 
A short account of the possible qualitative model of the formation of dark halos was given 
by Ernest (2006) and we summarise that approach here. There is still considerable work to 
be done in developing and testing the validity of the approach but the qualitative scenario 
does provide a general basis for how formation would need to proceed. Given the 
properties of particles in dark gravitational eigenstates, it is reasonable to expect that once 
particles have eigenspectral distributions that are dark, that, aside from for the types of 
particle interactions discussed above, they could largely remain in these distributions over 
cosmic times. Clearly the processes involved are dynamic and on-going, and the proportion 
of particles with dark eigenspectral distributions depends on the rates at which distributions 
are transferred back and forward between dark and visible states during cosmic history. 
Detailed calculations of these processes are potentially very difficult because not only do the 
transition rates depend on their closeness to the 1p =  diagonal, but the dynamic 
redistribution of matter concurrently changes the shape of the potential well and hence the 
overlap integrals involved in the rate calculations. 

In the formation scenario proposed, each massive dark ‘eigenstructure’ halo is occupied by 
baryons and electrons in a self-assembled massive gravitational potential, each of which is 
initially seeded by the potential well of a supermassive black hole formed at the last, e+/e- 
phase transition at ~ 0.75t s in the early universe. Such black holes were themselves 
originally one of the first candidates proposed as a solution to the dark matter problem, but 
it was shown that their abundance could only provide up to 10-7 of the closure density (Hall 
and Hsu, 1990). However in the present scenario we note that if a PBH is sufficiently large it 
can continue to accrete baryonic matter. Under normal circumstances this is countered by 
photon pressure via baryon-photon oscillation, but this process is critically dependent on 
the cross section for Compton scattering which is significantly reduced if the eigenspectral 
distribution of the captured baryons is biased toward dark states. In the present scenario 
therefore, the black holes formed at the last phase transition act as the seed potentials to 
capture baryons and electrons that then transfer to dark eigenspectral distributions thereby 
insulating them from the baryon-photon oscillation process and enabling them to add to the 
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